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Adjacency matrix

● The basic mathematical representation of a network is 
its adjacency matrix:



  

Directed network

● For a directed network Aij = 1 if there is an edge from j 
to i



  

Degree

● The degree of a node is just the number of connections 
it has
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● Degree:

● Sum of degrees:

● Average degree:



  

● Houston
● Detroit
● New York

● The degree can be used as a centrality measure
● A node is arguably more important or influential if it 

has more connections
– An airport with more flights
– A person with more acquaintances
– A metabolite that participates in more reactions



  

Eigenvector centrality

● But it's not just how many people you know that 
counts.  It's also who you know.

● Define centrality of vertex i to be proportional to the 
sum of the centralities of its nieghbors:

● Or



  

Eigenvector centrality

● Which eigenvector should we choose?
– The Perron-Frobenius theorem says that only one 

eigenvector has all elements positive—the 
eigenvector corresponding to the largest eigenvalue

● This defines the eigenvector centrality
● A version of this idea, under the tradename PageRank, 

lies at the heart of the Google search engine
– Find a set of pages that match your query
– List them in order of rank



  



  

Paths

● A path or walk in a network is a set of 
nodes and edges traversed in order

● How many paths are there from vertex i 
to vertex j?

● Similarly:



  

The small-world effect
● A geodesic path is the shortest path 

between two vertices
● Stanley Milgram's 1967 experiment

– 296 people were asked to get a 
letter to a target person in Boston 
(196 from Nebraska and 100 from 
Boston)

– Letters could only be passed along 
a chain of first-name acquaintances

– They took an average of 6.2 steps to 
get there

New York Times



The small-world effect
● If each person knows 100 people then:

– Number of people 1 step away from you is 100
– People 2 steps away is 100 x 100 = 10,000
– People 3 steps away is 100 x 100 x 100 = 1,000,000
– People 4 steps away is 100,000,000
– People 5 steps away is 10,000,000,000

● But 10 billion is more than the total number of 
people in the world



And in general dimension d



● In a network the surface can be proportional to volume
● Equivalent to choosing d infinite



Chowell et al. 2007

Spanish flu, San Francisco 1918-1919



  

Components



  



  

Components



  

● Take n vertices and add m edges at random

The random graph

Solomonoff Rapoport

Erdős Rényi



  

The random graph

● Average degree:

c=
2m

n

● Probability of an edge:

p=
m

n2 
=

2m

n n−1
=

c

n−1



  

p = 0 p = 1



  

Giant component

● Let u be the probability that a randomly chosen vertex 
does not belong to the giant component:

● But p = c/(n – 1) so

● Now define S = 1 – u and



  

Giant component



  

Degree distribution

● Many other properties also don't match, including 
degree correlations and clustering coefficient


