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Summary

We introduce an accurate cell-centered method for modeling Darcy
flow on general quadrilateral, hexahedral, and simplicial grids. We
refer to these discretizations as the multipoint-flux mixed-finite-
element (MFMFE) method. The MFMFE method is locally con-
servative with continuous fluxes and can be viewed within a varia-
tional framework as a mixed finite-element method with special
approximating spaces and quadrature rules. We study two versions
of the method: with a symmetric quadrature rule on smooth grids
and a nonsymmetric quadrature rule on rough grids. The frame-
work allows for handling hexahedral grids with nonplanar faces
defined by trilinear mappings from the reference cube. Moreover,
the MFMFE method allows for local elimination of the velocity,
which leads to a cell-centered pressure system. Theoretical and nu-
merical results demonstrate first-order convergence on rough grids.
Second-order superconvergence is observed on smooth grids. We
also discuss a new splitting scheme for modeling multiphase flows
that can treat higher-order transport discretizations for saturations.
We apply the MFMFE method to obtain physically consistent
approximations to the velocity and a reference pressure on quadri-
lateral or hexahedral grids, and a discontinuous Galerkin method
for saturations. For higher-order saturations, we propose an effi-
cient post-processing technique that gives accurate velocities in the
interior of the gridblocks. Computational results are provided for
flow in highly heterogeneous reservoirs, including different capil-
lary pressures arising from different rock types.

Introduction

Geological media such as aquifers and petroleum reservoirs ex-
hibit a high level of spatial variability at a multiplicity of scales,
from the size of individual grains or pores, to facies, stratigraphic,
and hydrologic units, up to the sizes of formations. In spite of its
importance to a number of scientific disciplines—including the
management and protection of groundwater resources, the reposi-
tion of nuclear wastes, the recovery of hydrocarbons, and the
sequestration of excessive carbon—understanding physical flow
and chemical reactions in heterogeneous geological media and
their interplay remains a challenge. Moreover, in modeling geo-
logical systems, different physical processes need to be consid-
ered on different spatial and temporal scales, and may require
different models and data. The spatial variability in the physical
and geochemical properties of formations, together with measure-
ment limitations, leads to uncertainty in describing medium prop-
erties, which in turn motivates the need for stochastic treatment of
flow and reactive transport in such media. Thus, in modeling com-
plex flow processes in porous media, it is essential for one to be
able to apply accurate and efficient algorithms that can be
enhanced to treat multiscale and stochastic models.
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In this paper, we discuss the development of a family of numer-
ical schemes for modeling Darcy flow—the MFMFE methods.
The MFMFE methods allow for an accurate and efficient treatment
of irregular geometries and heterogeneities such as faults, layers,
and pinchouts that require highly distorted grids and discontinuous
coefficients. More precisely, these schemes are shown to be cell-
centered discretizations, and to have convergent pressures and
velocities on general hexahedral and simplicial grids.

The development of the MFMFE methods has been motivated
by the multipoint-flux approximation (MPFA) methods (Aavats-
mark 2002; Aavatsmark et al. 1998a; Edwards and Rogers 1998;
Edwards 2002). In the MPFA finite-volume framework, subedge
(subface) fluxes are introduced, which allows for local flux elimi-
nation and reduction to a cell-centered scheme. Similar elimina-
tion is achieved in the MFMFE variational framework, by
employing appropriate finite-element spaces and special quadra-
ture rules. Our approach is based on the BDM, (Brezzi et al.
1985) or the BDDF; (Brezzi et al. 1987) spaces with a trapezoidal
quadrature rule applied on the reference element [see also
Wheeler and Yotov (2006), Ingram et al. (2010), Wheeler et al.
(2012b)]. We refer to Brezzi et al. (2006) for a similar approach
on simplicial grids, as well as to Klausen and Winther (2006a, b)
for a related work on quadrilateral grids using a broken Raviart-
Thomas space, and to Aavatsmark et al. (2007) and Klausen et al.
(2008) for papers using both approaches. There are also papers
studying connections between the MPFA method and the lowest-
order Raviart-Thomas RT( mixed-finite-element method. In Voh-
ralik (2006), it is shown that on triangles the latter can be reduced
to a nonsymmetric MPFA method without numerical quadrature.
In Younes and Fontaine (2008), this method is compared numeri-
cally to our method from Wheeler and Yotov (2006) based on
BDM,; spaces and numerical quadrature, which leads to a sym-
metric and positive definite (SPD) formulation [see also Friis
et al. (2008) for a related SPD finite-volume formulation on trian-
gles]. On quadrilaterals, connections between the MPFA method
and the RT, mixed-finite-element method with quadrature are
investigated in Edwards (2002) and Edwards and Pal (2008).

We remark that because the MFMFE methods can be viewed in
a variational framework as mixed finite elements, multiscale and
multiphysics extensions such as the mortar mixed-finite-element
methods (Arbogast et al. 2000, 2007; Wheeler et al. 2012c) and the
enhanced-velocity method (Wheeler et al. 2002) allow for multi-
scale approximations, treatment of nonmatching grids, and coupling
of different numerical algorithms and different physics in adjacent
subdomains. The multiblock variational framework is useful in
designing optimal parallel solvers that use efficient interface multi-
scale bases as interface preconditioners and subdomain solvers such
as algebraic multigrid. These approaches have also been shown to
be convergent and efficient when applying stochastic methods for
uncertainty analyses (Ganis and Yotov 2009; Wheeler et al. 2011)
and applying the MFMFE methods for multiscale modeling of non-
linear-flow problems in porous media (Wheeler et al. 2010a).

In this paper, we illustrate the behavior of the MFMFE method on
quadrilateral and hexahedral grids applied to modeling single-phase
and multiphase flow in porous media. Hexahedral grids are typically
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encountered in geological models and can represent highly irregular
geometries with fewer elements than tetrahedral grids. In the case of
steady single-phase Darcy flow, we present examples that indicate
first-order convergence of the face fluxes on rough grids and second-
order convergence on smooth grids. We also show that an effective
post-processing procedure can be employed that gives first-order
velocities in the element interior. The variational formulation of the
MFMEFE method allows one to use a posteriori error estimates devel-
oped for mixed-finite-element-type discretizations (Pencheva et al.
2010) in adaptive mesh-refinement simulations. We present an
example illustrating the effectiveness of such an estimator.

We next extend the MFMFE method to single-phase, slightly
compressible Darcy flow and perform a grid refinement study that
confirms convergence of the method for this nonlinear time-
dependent problem. We also illustrate the flexibility of the
MFMEFE method to model realistic subsurface geometries by pre-
senting a simulation on the reservoir from the Brugge benchmark
project (Peters et al. 2010).

Finally, we develop a splitting scheme for two-phase flow in
porous media that allows us to apply the MFMFE method for the
pressure equation and a discontinuous Galerkin or a finite-volume
method for the saturation equation [see also Hoteit and Firooza-
badi (2008) and Sun and Wheeler (2011)" for related work on
coupled RT, mixed finite elements and discontinuous Galerkin].
The postprocessing procedure mentioned previously provides
accurate velocities in the interior of the gridblocks that are needed
for second-order approximation of the saturations. The reader is
referred to Aavatsmark et al. (1998b) and Edwards (2006) for
related approaches to modeling multiphase Darcy flow using con-
trol volume discretizations. We present two-phase flow simula-
tions for highly heterogeneous reservoirs, as well as for coupled
rock types with different capillary pressures.

The remainder of the paper is organized as follows: Formulation
of the MFMFE method, theoretical convergence, and computational
results for single-phase Darcy flow are described in the next section.
Subsequent sections are devoted to extensions of the MFMFE
approach to slightly compressible single-phase flow and multiphase
flow, respectively, before conclusions are presented in a final section.

Accurate Cell-Centered Discretizations on
Hexahedral and Simplicial Grids

Consider a single-phase Darcy flow on a domain Q C RY,
d = 2,3, with a Lipschitz continuous boundary

=—KVpinQ, ... ... ... ... ... (1)
Veu=finQ, ... ... ... .. L. (2)
p=00n0Q, ..... ... ... . (3)

where u is the Darcy velocity, p is the pressure, and K is a sym-
metric, uniformly positive definite tensor with L () components
representing the rock permeability divided by the fluid viscosity.
The choice of homogeneous pressure boundary conditions is
made for simplicity of the presentation; other boundary conditions
can also be treated. The weak formulation of Eqs. 1 through 3
reads: find u € H(div; Q) and p € L*(Q), such that

(K", v) — (p, V-v) =0, ¥v € H(div; Q),
(V-u,w) = (f,w), Yw € L*(Q),

where  H(div; Q) := {v € (L*(Q))*
denotes the inner product in L*(Q).

:V-ve L2(Q)} and (-,

Definition of the MFMFE Method. MFMFE methods have
been developed and analyzed in Wheeler and Yotov (2006),
Ingram et al. (2010), and Wheeler et al. (2012b, c) for simplicial,
quadrilateral, and hexahedral grids. The method is defined as fol-
lows: find u;, € V), and p, € W), such that

" Private communication.
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(Kfluh,v)Q — (pn, V-v) =0, Vv € V),

(Vuy,w) = (f,w), Yw e W,
There are two key ingredients in the method. The first is an appro-
priate choice of mixed-finite-element spaces (V) and W)) and
degrees of freedom. The second is a specific choice of the numeri-
cal integration rules for (-, '), in Eq. 6. These two choices allow
for a flux variable defined at a vertex to be expressed by gridblock
pressures surrounding the vertex. This results in a nine-point or
27-point pressure stencil in logically rectangular 2D or 3D grids.

The quadrature rule (Eq. 15) can be symmetric or nonsymmet-
ric. We call the method a symmetric or nonsymmetric MFMFE
method based on the quadrature rule. The symmetric and nonsym-
metric MFMFE methods are closely related to the reference and
physical space MPFA methods, respectively (Aavatsmark 2002;
Aavatsmark et al. 2007; Edwards and Pal 2008). On smooth hexa-
hedral grids, both the symmetric and nonsymmetric MFMFE
methods give first-order accurate velocities and pressures, as well
as second-order accurate face fluxes and pressures at the cell cen-
ters (Wheeler and Yotov 2006; Ingram et al. 2010; Wheeler et al.
2012b). On highly distorted hexahedral grids with nonplanar faces
(Wheeler et al. 2012b), the convergence of the symmetric
MFMEE can deteriorate while the nonsymmetric MFMEFE still
gives a first-order accuracy. On simplicial grids, the two quadra-
ture rules in Eq. 15 are the same because the Jacobian is a con-
stant matrix, and the method gives first-order accuracy for the
velocity and pressure. The nonsymmetric quadrature rule was first
proposed in Klausen and Winther (2006b) for quadrilateral grids.

In the remaining subsection, we discuss the two ingredients in
details.

Finite-Element Spaces. Let Q be a polyhedral domain parti-
tioned into a union of finite elements (gridblocks) of characteristic
size h. The elements can be triangles or quadrilaterals in 2D, or
tetrahedra or hexahedra in 3D. In the following, we present the
method in 3D. Let us denote the partition by 7;, and assume that it
is shape-regular and quasiuniform (Ciarlet 2002). The velocity
and pressure finite-element spaces on any physical gridblock E
are defined, respectively, by the Piola transformation,

1
Ve Viv=—DFpvoFg!
JE

and the scalar transformation,
WHWIW:WOFEI,

where E is the reference cube or tetrahedron; Fr denotes a trilin-
ear mapping or an affine mapping from £ to E in the case of hexa-
hedral and simplicial grids, respectively; DF is the Jacobian of
Fpg; and Jg is its determinant. The Piola transformation preserves
the normal components of the vectors. The finite-element spaces
V), and W), on 7, are given by

Vy = {v e H(div;Q) :

Vlp < V.9 € V(E), VE € T))
Wy, = {w e L2(Q) : o V(

wlg < ), VE € T)}

where V(AI:; ) and W (E) are finite-element spaces on the reference
element E.

On the reference cube, the spaces are defined by enhancing the
BDDF, spaces (Ingram et al. 2010):

V(E) = BDDF(E) + racurl(0, 0,222)"

+ rycurl(0, 0, x2 M)

+ syeurl (% )7 ,0)"

+ szcurl(iy? f ,0)"

+ teurl(0, y22, )
S (U5 22,007,
W(E) = Po(E),
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Fig. 1—Interactions of the velocity DOFs in the MFMFE method.

where the BDDF; (E ) space is defined as (Brezzi et al. 1987)

BDDF,(E) = Py (E)* + rocurl(0,0, %92)"
+ricurl(0,0, £5%)

+socurl(xyz 0,0)",

.......... 10
+scurl(y22,0,0)" (10)
+tocurl(0, ﬁf 0)"
+tycurl(0,%°2,0)".

In these equations, r;,s;,4(i =0,...,3) are real constants, Py
denotes polynomials of degree at most &, and (£,,2)” denotes a
point in the reference element. The enhancement of the BDDF,
space is needed to obtain a space with four degrees of freedom
per face, rather than three in the original formulation. This allows
one to associate a degree of freedom with each vertex of the face,
which is needed in the reduction to a cell-centered pressure sten-
cil, as described later in this section.

On the reference tetrahedron, the spaces are chosen as the
BDM,; spaces (Brezzi et al. 1985):

V(E) =Pi(E),
P :P(l)(lf). ......................... (11)

On the reference cube or tetrahedron, there are four or three
degrees of freedom (DOFs) per face, respectively. The DOFs are
chosen to be the normal components at the vertices. This choice
of DOF guarantees continuity of the normal component of the
velocity vector across element faces, which is needed for an
H (div; Q)-conforming velocity space, as required by Eq. 8.

A Quadrature Rule. The integration on a physical element is
performed by mapping to the reference element and choosing a
quadrature rule on E. Using the Piola transformation, we write
(K~'-,-) in Eq. 4 as

1 . N
(ka9 = (DR (Fe@)DF s

= (Mgq,v)g,

E

where

1
E

Define a perturbed M E as
— 1 R
ME = J—DFE(I‘CJ;—)KE DFE7

where 1 .. 18 the centroid of E and K £ denotes the mean of K on
E.In addltlon denote the trapezoidal rule on E by Trap(-, -)z:

where {F;}*_, are the vertices of £.

The symmetric quadrature rule is based on the original Mg,
while the nonsymmetric one is based on the perturbed Mg. The
quadrature rule on an element E is defined as
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Bl s Metac) - 5(),
symmetric,
SE L Me(f)a(E) - viE),

nonsymmetric.

Trap(Mgq, V)=

(K"q V) = .
P OE 7 A E
Trap (MEq,V>E: |T|

Mapping back to the physical element £, we have the quadrature
rule on E as

TR () V().
1 symmetric,
(K’ q,V)Q E=
; T s .\l
LSS e (DFE ) ()DFE (7. )R a(r) Vi),
nonsymmetric.

The nonsymmetric quadrature rule has certain critical properties
on the physical elements that lead to a convergent method on
rough hexahedra (Wheeler et al. 2012b).

The global quadrature rule on Q is then given as

(K_lq7V)Q = Z (K_lq7 V)Q,E

EeT,,

Reduction to a Cell-Centered Pressure System. The choice of
trapezoidal quadrature rule implies that on each element, the ve-
locity DOFs associated with a vertex become decoupled from the
rest of the DOFs. As a result, the assembled velocity mass matrix
in Eq. 6 has a block-diagonal structure with one block per grid
vertex. The dimension of each block equals the number of veloc-
ity DOFs associated with the vertex. For example, this dimension
is 12 for logically rectangular hexahedral grids (see Fig. 1).
Inverting each local block in the mass matrix in Eq. 6 allows for
expressing the velocity DOF associated with a vertex in terms of
the pressures at the centers of the elements that share the vertex
(there are eight such elements in Fig. 1). Substituting these
expressions into the mass-conservation equation (Eq. 7) leads to a
cell-centered system for the pressures. The stencil is 27 points on
logically rectangular hexahedral grids. The local linear systems
and the resulting global pressure system are positive-definite and
therefore invertible for the symmetric MFMFE method and, under
a mild restriction on the shape regularity of the grids and/or the
anisotropy of the permeability, for the nonsymmetric MFMFE
method; see Eq. 21. The reader is referred to Wheeler and Yotov
(2006), Ingram et al. (2010), and Wheeler et al. (2010b) for fur-
ther details on the reduction to a cell-centered pressure system.

Convergence of the Symmetric MFMFE. We first introduce
some notations. Let W; consist of functions ¢ such that ¢, €

W5 (E) for all E € T . Here, k is a multiindex with integer com-
ponents and W% (E) denotes the Sobolev space of functions
whose derivatives of order k belong to L*°(E). In addition, let
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|||l be the norm in the Hilbert space H*(Q) with functions
whose derivatives of order k belong to L2(Q). The norm in L*(Q)
is denoted by || - ||. Let X<(2) Y denote that there exists a con-
stant C, independent of the mesh size A, such that X < (>)CY.
The notation X<Y means that both XY and X 2Y hold.

On simplicial grids, /* -perturbed parallelograms, and h>-per-
turbed parallelepipeds, the following convergence results have
been established for the symmetric MEMFE method.

Theorem 1 (Wheeler and Yotov 2006; Ingram et al. 2010). 1f

K'e W%]OO, then, the velocity uj, and pressure p, of the symmet-
ric MFMFE method (Egs. 6 and 7) satisfy

w—will<hllullyy oo (17)
IV (=) |V ullyy oo (18)
I — el <hClall, + 121D oo (19)

Convergence of the Nonsymmetric MFMFE. On simplicial grids,
h?-perturbed parallelograms, and i*-perturbed parallelepipeds, the
nonsymmetric MFMFE method has same order of accuracy as the
symmetric method. In addition, the nonsymmetric method has
first-order convergence for the velocity and pressure on general
quadrilaterals and for the face flux and pressure on general hexa-
hedra with nonplanar faces.

For the analysis of the nonsymmetric MFMFE method, we
require some properties of the bilinear form (K~!-, ~)Q defined on
the space V. Note that

— Z (K 'q, V)or = X:VLT.M,vo7

E<T), ceCyy

-1
(K q, V)Q

where C, denotes the set of corner or vertex points in 7,
={(v-n.)(x.)}, X is the coordinate vector of Point ¢, and
nc is the number of faces (or edges in 2D) that share the vertex
Point c.
Lemma 1 (Wheeler et al. 2012b). Assume that M. is uni-
formly positive definite for all ¢ € Cy:

hETESEMLE, VE € R,

Then the bilinear form (K~ '-,) o 1s coercive in Vj, and induces a
norm in V), equivalent to the L2 -norm:

KVov)mlIVIP W eV oo (22)
If in addition

IMIMESRMETEVEECR™, (23)
then the following Cauchy-Schwarz type inequality holds:

(K 'q, V)osSllalllivll, Ve, ve Vi, oo (24)

Conditions in Egs. 21 and 23 impose certain restrictions on the
element geometry and the anisotropy of the permeability tensor K
(Klausen and Winther 2006b; Lipnikov et al. 2009). We explore
these restrictions in our numerical experiments.

Theorem 2 (Wheeler et al. 2012b). Let K € W) 7, (Q) and
K'le WOOO(Q) If Egs. 21 and 23 hold, then the ve1001ty u;, and
the pressure p;, of the nonsymmetric MFMFE method in Egs. 6
and 7 satisfy

[T — wy[[ + (10w = pal[Sh(lul, + [Iplly),

where I1 is the canonical interpolation operator onto V), and Qy, is
the L>-orthogonal projection onto W,.

This result further implies convergence of the computed nor-
mal velocity to the true normal velocity on the element faces.

782

First, define a norm for vectors in Q based on the normal compo-
nents on the faces of 7 :

-y Elivend2

E€T e E()E

VI, =

where |E| is the volume of £ and |e| is the area of e. This norm

gives an appropriate scaling of |Q] /2 for a unit vector.

Theorem 3 (Wheeler et al. 2012b). Let K € W;—%(Q) and
K'e WOOC(Q) If Eqgs. 21 and 23 hold, then the Velocny uy, of
the nonsymmetrlc MFMEFE method in Eqs. 6 and 7 satisfies

lu —wl £, SA(ull, + lIpll2)-

Numerical experiments confirming the theories are presented
in the Convergence Tests subsection.

Accurate Velocity Inside Hexahedra by Post-Processing. On
smooth hexahedra, the interpolation error ||u — ITu|| is first-order
convergent (Ingram et al. 2010), which gives first-order accuracy
of ||u — uy]| also. On highly distorted hexahedra, the interpolation
error ||u — ITu|| is not convergent (Naff et al. 2002; Wheeler et al.
2012a). A numerical example in the Convergence Tests subsec-
tion indicates that in such a case, ||ju — u|| does not have first-
order convergence. The nonsymmetric MFMFE method gives
accurate face velocities on general hexahedral grids—namely,
lu —u,|| £, has first-order convergence.

In multiphase-flow simulations, if one uses a finite-volume
method with a piecewise constant approximation for the satura-
tion equation, accurate face velocities are sufficient to give first-
order accurate saturations. For higher-order methods, for the satu-
ration equation such as the discontinuous Galerkin method with
piecewise linears, one needs accurate velocity in the interior of
the gridblocks—namely, the accuracy of |ju — u,|| (Lamine and
Edwards 2010). To achieve first-order accuracy for the velocity
inside hexahedra, we have introduced a post-processing technique
(Wheeler et al. 2012a). The extra computational cost is very
small, solving a 3 x 3 local system in each gridblock.

Post-Processing. Theorem 3 states that the nonsymmetric
MFMEFE method gives first-order accurate face velocities. We use
these face velocities as Neumann boundary conditions and solve
Egs. 1 and 2 in each hexahedron E:

u=—KVp,inE, ....... .. ... (28)
Veu=finE, ... .. (29)
u-ng=u,-ng,ondE. ...... .. ... .. ... ... ... (30)
This problem is solvable because of
dex = J Uy NEdS, oo (31)
E OF

which follows from the local conservation property (Eq. 7) of the
MFMFE method. We use the following mixed-finite-element
method to solve Eqs. 28 through 30.

Finite-Element Spaces on Hexahedra. The global finite-
element spaces are defined as in Eq. 8. It is sufficient to specify
the finite-element spaces on the reference element E. Choose the
velocity space V' (E) as (Wheeler et al. 2012a)

R
. %curl(O, $22,0)"
V(E)

R
K +7curl(,\?j)2 0,0)"
=BDDFi(E)
+73curl(0, 0,£%2)" 4 Sycurl(£522,0,0)"
+ Sycurl(0, £922,0)" + Sscurl (0,0, £%92)"

H, H,
+7cur1(2 22,0,0)" 7curl(o #222,0)7

H;
+70url(0 0,477,
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Fig. 2—Example 1: An h*-perturbed hexahedral mesh (left), and the convergence (right) of the face-velocity error |u — uy|| #, and
the average face-velocity error ||u — up|/|z, for the symmetric and nonsymmetric MFMFE methods (»=100).

where R;, S;, H;, i =1,...,3, are real constants. The DOFs for
i eV (E) are

o (@-0.4),. 4 € 0i(é)
e (,F)z, Vi €R, where R denotes the span of the vectors:

P o= (0,122,595 —-1/2),
= (1/2-2,0,% —1/2)7,
iy = (1/2—3y,%—1/2,0)".

In addition to four velocity DOFs per face as in the space V(E ) inan
earlier subsection, three DOFs inside the element are added to gain
accuracy in the L? norm. In fact, the space v (E) is constructed by
adding one velocity DOF per face to the space developed in Falk
etal. (2011). For this reason, we call our space an enhanced FGM
space. For the pressure, the constant space W (E) is employed.

We use the enhanced FGM finite-element method to solve
the problem in Eqs. 28 through 30: find P(u,) :=u, € V; with
u, -n=1u,-nondE and p, € W,(E) such that

(K0, V) = (0, V-V)g =0, W eV (E), ....... (33)

(Vt,w)e = (f,w)g, YWEWRE), ..o (34)
where

Vio(E) :={veVy(E)|v-n=00n0E}. .......... (35)

By Egs. 30, 31, and 35, the previous equations are equivalent to
(K~'0,,v); = 0, Vv € V; ((E),

which amounts to solving a 3 x 3 linear system for the three
DOFs inside each hexahedral element E.

Theorem 4 (Wheeler et al. 2012a). The post-processed veloc-
ity P(u;,) of Egs. 33 and 34 satisfies

([ = P(w,)[|Sh(ul; + [Ip1l,)-

Convergence Tests. We consider the problem in Egs. 1 through
3 with a given analytical solution:
p(x,y,Z) = XZ(X - 1)2y2(y - 1)223(1 - 2)37

and a full permeability tensor,

2 1 1
K=|1 21
1 1 o

September 2012 SPE Journal

The computational domain is the unit cube [0, 1]’. We take
o = 10,100, 1000 in order to explore the limitations of the non-
symmetric MFMFE method on distorted hexahedra and highly
anisotropic full-tensor permeabilities. We test both smooth and
rough grids in Examples 1 and 2, described later. We observed
that the coercivity condition (Eq. 21) was violated in some cases,
resulting in a singular algebraic problem. For each mesh, we
report results for the largest value of w among the three tested, for
which the nonsymmetric MFMFE method was positive definite.
The symmetric method was coercive in all cases, but exhibited
deterioration in the convergence on rough grids, as predicted by
the theory of Ingram et al. (2010). There have been a number of
studies in the literature on the limitations of the closely related
MPFA method on anisotropic grids and permeabilities. Some
modifications of the MPFA method with improved coercivity and
monotonicity properties have been developed, including methods
with compact stencils (Aavatsmark et al. 2008, 2010) or increased
pressure support (Edwards and Zheng 2008, 2010, 2011). These
approaches, as well as grid-smoothing techniques (https://www.
gridpro.com/) or adaptive grid refinement (Pencheva et al. 2010)
could be applied to the MFMFE method.

Example 1: Smooth Grids. We test convergence of face
velocities on smooth hexahedral grids. The sequence of hexahe-
dral meshes is generated using a smooth map of a uniform grid
given by

x =X + 0.03sin(37t)cos(37y)cos(3nZ),
y =y — 0.04cos(37t)sin(3ny)cos(3nz),
z =z 4 0.05cos(3nt)cos(3my)sin(3nz).

This mapping yields an h*-parallelepiped mesh, as shown in
Fig. 2. The face-velocity error [lu — ||, is plotted vs. the num-
ber of gridblocks for both the symmetric and the nonsymmetric
MFMEFE methods. As the theory predicts, both methods give first-
order accuracy. In addition, we also report the convergence in the
discrete flux error

1 1 2

2 _

= willy, = 5 S1el (g [wme gy [won )
Je e

E€T) ecOE

With this discrete face-velocity norm, we observe second-order
superconvergence, as shown in Fig. 2. Because of the smoothness
of the grid, the symmetric and the nonsymmetric MFMFE meth-
ods give very similar solution accuracy.

Example 2: Rough Grids. We test convergence of the face
velocities on rough hexahedral grids. Consider a sequence of hex-
ahedral meshes as shown in Fig. 3. The meshes are generated by
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Fig. 3—Example 2: A randomly h-perturbed hexahedral mesh (left) and error (right) |[u — upl| -, in the symmetric and the nonsym-

metric MFMFE methods (v=10).

randomly perturbing each gridpoint (from uniform refinements)
within a cube with edge length 0.5/ centered at the gridpoint.
This results in highly distorted nonconvex elements with nonpla-
nar faces. We test the convergence of the face velocities of both
the symmetric and the nonsymmetric MEMFE methods. In Fig. 3,
we plot [lu — || £, vs. the number of gridblocks. Clearly the con-
vergence of the symmetric method deteriorates. As Theorem 3
indicates, the face velocity of the nonsymmetric MFMFE method
has first-order convergence.

Example 3: Post-Processed Velocity. We test the convergence
of the post-processed cell velocity on rough hexahedral grids. Con-
sider a sequence of hexahedral meshes as shown in Fig. 4. These
meshes are considered in Falk et al. (2011) to find the smallest ve-
locity space that gives first-order approximation of the canonical
interpolation on a general hexahedra. We plot the following two
errors, ||ju — u,|| and |ju — P(uy)||, with respect to the number of
gridblocks. As Theorem 4 predicts, we observe first-order conver-
gence for the post-processed velocity P(uy). The convergence
|lu — uy|| deteriorates because of the missing three DOFs inside
each hexahedron.

Example 4: A Posteriori Error Estimation. The MFMFE
method can be used with an a posteriori error estimator that
guides an adaptive mesh-refinement algorithm. Such a strategy
leads to efficient and accurate approximations by resolving local
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features of the solution, such as sharp gradients or singularities,
using a locally refined mesh.

We consider the a posterior error estimator developed in Pen-
cheva et al. (2010) for any locally conservative velocity field u,,

lu—wll, < inf |lu, +KVql, + g,
qeH]

Cph2

where [|v[|, := (K~'v,v)"/* and np:= {ZEE% If — V-

uh||125}]/ %, This estimator is fully computable without any hidden
constants. Here, Cp is the Poincaré constant with respect to the ele-

CK.E

ment E. For example, Cp = % on simplices and rectangular paral-
lelepipeds. ck g is the smallest eigenvalue of the tensor K on E. In
practice, ¢ is chosen as the Oswald interpolation of a post-processed
pressure p,, denoted .# pg(p,). Computation of p,, involves solving
a small linear algebraic system in each element. Here, we test the
accuracy of the error estimator by considering the same sequence of
meshes as in Example 1 with a full-tensor permeability:

2 125 15
K=|125 3 2 |,
1.5 2 4
—6—original
—&— postprocessed
10t
107
10' 10° 10° 10* 10° 10° 107

Number of elements

Fig. ——Example 3: An h-perturbed hexahedral mesh (left) and error (right) of original |u — us|| -, and post-processed |[u — P(up)||

element velocities (v=100).
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Fig. 5—Example 4: Estimated and actual velocity error (left) and the effective index (right).

and a given analytic solution
p(x,y,z) = sin(nx)sin(my)sin(nz).

In Fig. 5, we plot the exact error |ju —uy|, and the estimator
[lwp + KV (Fos(P))|l, + ng vs. the number of gridblocks. The
convergence rate of both the actual and estimated error is one.
The estimator is larger than the actual error, and the effective
index is measured by the ratio of the two. As the mesh is refined,
the effective index approaches 2.5, which indicates the robustness
of the estimator.

Example 5: Discontinuous Permeability. We consider a con-
vergence test on a benchmark problem (3D Benchmark, Finite
Volumes for Complex Applications VI) with a discontinuous per-
meability. The domain is a unit cube divided into the following
four regions:

I={(x,y,2) € 0,1’y <0.5andz < 0.5},
0= {(x,y,z) €[0,1y > 0.5and z < 0.5},
I = {(x,y,2) € 0,1y > 0.5and z > 0.5},
IV = {(x,y,2) €[0,1]'y < 0.5andz > 0.5}.

The permeability and pressure, respectively, are given as

2
s

[/

=
\E
-
s

N ——
B NRES

AN

“‘

53

RNy
Error

AN

—

L
SS NN

7
KL
==

L7
AN
N
SER
RS

(77

R
=

Sy

L7

=X
.

* Number of elements
diag(1,10,0.01) in I
) diag(1,0.0,100) in 11
diag(1,0.01,10) in III
diag(1,100,0.1) in IV
0.1sin(27x)sin(2my)sin(27z)  in I
10sin(27x)sin(2zy)sin(2nz)  in 1I
PU6YZ) =4 G0sin(2m)sin(2ay)sin(2ez) in 111
0.01sin(27x)sin(27y)sin(2nz)  in IV

It is easy to check that the normal component of the velocity u =
—KVp is continuous across the interfaces. As in Example 1, the
hexahedral meshes are generated by the following map:

X =X + 0.05 sin(2nxt)cos(2ny )cos(2nzZ),

>

y =y — 0.06 cos(27x)sin(2my)cos(2nz),

z =2+ 0.07 cos(27x)cos(2my )sin(27z).
Fig. 6 presents such a mesh. As the theory predicts, we

observe first-order convergence for both the face velocity and
pressure in Fig. 6.

‘ —el—preSSliJI’e
ol —&—face velocity|
10°
10'
10°
107} Rate is 1 ~—;“~~._~’
10' 10° 163 16“ 165 1(.)6 107

Number of elements

Fig. 6—Example 5: An h*-perturbed hexahedral mesh (left), and the convergence (right) of the face-velocity error [[u—up|z, and
the pressure error |p — pp|| for the nonsymmetric MFMFE method.

September 2012 SPE Journal

785



Fig. 7—Refinements of hexahedral gridblocks.

Computational Results for Slightly Compressible
Single-Phase Flow

Slightly compressible single-phase flow in porous media is gov-
erned by the mass-conservation equation,

7]

a(ﬁb,ﬂ)ﬂLv u=f, ... (38)
and Darcy’s law,

u=—p—(Vp—pg), ... (39)

where u is the Darcy velocity, ¢ is the porosity, f is the source
term, p is the pressure, K is the rock permeability, u is the kine-
matic viscosity, and g is the gravitational vector. The density p =
p(p) is given by

p = preleelr™)

ref ref

where p™ and p' are the reference density and pressure, respec-
tively, and ¢ is the compressibility constant. For convenience, we
assume no-flow boundary conditions. The velocity space V,? c Vi
is defined by

V) ={veV,v-n=00n0Q}.

The source term is treated using the Peaceman correction
(1978).

Let0 =1 <t <...,and " = t,,41 — t,,. We apply the back-
ward Euler implicit time scheme and the nonsymmetric MFMFE
for the space discretization. At time f,;, find uZ”“ € V,? and
Pt € Wy, such that

m+1Y\ m
qbw HVewte) (42)

= (qn1+lawh)a we Wha

PRES

436.893
1400+

1030.803

T
(pm+1K I“ZHI’Vh) =@y V)
0

- (pm+1g, Vh) = O: Vv e V;,)

Newton’s method is used to solve the nonlinear system of equa-
tions arising from Eqgs. 42 and 43. The x-axis is along the vertical
direction.

Example 1. The reservoir has a dimension of 300x900x900 ft.
An injection well with a bottomhole pressure of 1,600 psi is placed
between the coordinates (0, 150, 150) and (300, 150, 150), and a
production well with a bottomhole pressure of 1,000 psi is placed
between the coordinates (0,750,750) and (300,750,750). The
wells are all fully perforated in each layer. The permeability is
given as a diagonal tensor with values 50, 200, and 200 md in each
direction. Initially, the reservoir pressure is given by a hydrostatic
computation based on a pressure of 1,200 psi at the top.

We consider a sequence of mesh refinements given in Fig. 7.
The initial mesh has 1 x 3 x 3 gridblocks. We refine each ele-
ment by a half along the x-axis and by a third in the other two
directions. The finest level has approximately one million grid-
blocks (16 x 243 x 243). The gridpoints around the two wells are
generated by uniform refinements along the y- and z-axis. For the
remaining points, the y—z coordinates are generated by randomly
perturbing the gridpoints from uniform refinements. The x-coordi-
nates of the gridpoints are generated by a smooth mapping:

X x+3000s(450 cos 150)

where X is the x-coordinate of the gridpoint from the uniform
refinement. Because the resulting hexahedral meshes are highly
distorted, we employ the nonsymmetric MFEMFE method intro-
duced in the second section. Fig. 8 shows the pressure and veloc-
ity field at Day 10 computed on a mesh with 3x21x21
gridblocks.

b
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Fig. 8—Pressure (left) and velocity field (right) at Day 10.
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Fig. 9—Convergence of total production rate.

In Fig. 9, we report the total production rates under the differ-
ent mesh refinements. We use the total production rate obtained
on the finest level (16x243x243) as a reference solution. As the
grids are refined, we clearly observe convergence of the total pro-
duction rates to the reference curve.

The resulting linear algebraic system is solved using the soft-
ware HYPRE (high-performance preconditioners) developed by
researchers at Lawrence Livermore National Laboratory (https://
computation.llnl.gov/casc/hypre/software.html). Specifically, we
use the generalized minimum residual (GMRES) method with an
algebraic multigrid method as a preconditioner. The stopping cri-
teria for GMRES is relative residual less than 10~°. The numbers
of iterations reported in Table 1 indicate the robustness of the
solver with respect to refining the mesh.

wells with bottomhole pressure of 2,600 psi and eight production
wells with bottomhole pressure of 1,000 psi. The well locations
are indicated in Fig. 11. The pressure field for Days 10 and 100 is
also shown in Fig. 11.

Computational Results for Two-Phase Flow

We describe the incompressible two-phase-flow equations. Let o
denote either a wetting phase w or a nonwetting phase n. The
mass-conservation equation for the phase o reads

0

—(Ppse) +V uy=qu,o=wn, ...............
ot

where ¢ is the porosity, s, is the phase saturation, and ¢, is a
source or sink term. The phase velocity u, is given by Darcy’s
law:

u, = —2,K(Vp, — p,8),

where K is the permeability, p, is the phase pressure, and p,, is the
phase density. The phase mobility 1, is defined as

2a(8y4) = kwﬂ—(%)

where u, is the dynamic viscosity and &, is the relative perme-
ability. Also, the saturations satisfy the volume-balance equation,

Swtse =1, (47)
and the capillary pressure is defined by
De = Pn = Dwe o v e (48)

The capillary pressure is usually a function of the wetting-phase
saturation determined by experiments.
Define the total velocity u, and the total mobility /4, as

Example 2. In this example, we illustrate the ability of the w=u, 4w, k=1 +1 49
MFMFE method to simulate flow on realistic irregular geometries P T AT e A (49)
fmd heterogeneous media. We v.:(.)ns1der a hexahedral mesh; poros- Using Eq. 45, the total velocity can be expressed as
ity; and x-, y-, and z- permeability fields from the Brugge bench-
mark project (Peters et al. 2010) (Fig. 10). Both the permeabilities .
and the porosity are highly heterogeneous. As with Example 1, u = —4K( Vp, —p,g +7,(VPC — (P =Pw)8) |-
the pressure is initially given by the hydrostatic computation with
1,500 psi at the top of the reservoir. We specify three injecton 7 rrroooron ot (50)
TABLE 1—AVERAGE NUMBERS OF GMRES ITERATIONS WITH AMG PRECONDITIONER
Mesh 2x9x%x9 4 x27x27 8 x81x81 16 x 243 x 243
Iterations 5 6 7 8
v‘\
POROSITY PERMY PERMZ
25179 PERMX
Eo.m 347.8047 E780.303 3926.287
3 300 £3000 £3000
: 2000
100 1000
| 0006345 4.aBA08 0.064141
g i e ¥
Fig. 10—Brugge data set: mesh, porosity, and permeabilities.
September 2012 SPE Journal 787
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Fig. 11—Well locations (left), pressure at Day 10 (middle), and pressure at Day 100 (right).

Summing Eq. 44 for the two phases gives

The primary variables are chosen to be the wetting-phase pressure
pw and the wetting-phase saturation s,,. Then, Eq. 51 and the wet-
ting-phase equation (Eq. 44) give a closed system of equations
with an initial condition,

Sw(0) =80, o (52)
and a no-flow boundary condition for the total velocity,
u,-n=00n0Q. ...... ... ... ... ... ... (53)

We use an iterative coupling approach (Lu 2008; Wheeler and
Xue 2010) to solve the pressure and saturation equations. At each
timestep, we first solve the wetting-phase pressure equation given
by Egs. 50 and 51 using the latest saturation values, and then
solve Eq. 44 with o = w. The pressure equation is solved implic-
itly, while the saturation is solved explicitly. The timestep for the
saturation is chosen to satisfy the CFL condition. As a result, the

\ 4

Start iteration k

A

Time loop

Compute mass balance
and residuals

v No

Converge?

Yes

Fig. 122—Flow chart of iterative coupling.
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timestep size for the saturation could be smaller than the pres-
sure’s size. The iteration is then repeated until the relative error of
local mass balances is smaller than a given tolerance. Fig. 12
presents a flow chart of the iterative coupling.

More precisely, at timestep m + 1 and iterative coupling step
k+1,

m+1.k+1 __ m+1,k m—+1,k+1 m+1.k  m+1.k
u - _}'t K(pr +F(pw ) Sy ))7

m+1k+1 m+1.k m+1.k
V- +q," ",

:qw ................

where

/o

F(pw,sw) == —p,g+ o (Vpe = (p, — pu)8)-
t

The saturation equation is solved explicitly; that is, for given

1 k1 mA Lk mF Lk oo
Dy and sy ", st satisfies
gLkl gm . .
w wo_ m+1.k+1  m+1,
g =G SSTR), (56)
where

G(Pw,Sw) == Ggw — V - 1y,

We apply the MFMFE method to discretize Eqs. 54 and 55: find
PR and w1 with given 57K such that

1
1tk Lkt
(EEIIK u V=L V)
' 0

— (F(p'£+l’k,s'£+l’k),v), Vv € V,?,

(V- um A ) = (@ gt w) vw e W L L. (58)
Recall that the MFMFE method gives a cell-centered scheme for
the pressure, because uf”“‘k“ has a local flux representation in
terms of p’vﬁ“’k“. Thus, one does not need to solve a saddle-point
system.

Next, on the basis of p7 14+ ymt1+L ang ¢m+Lk we apply a
discontinuous Galerkin (DG) method and explicit forward Euler
method for the wetting-phase saturation (Eq. 56). The timestep
size is chosen to satisfy the CFL condition. In the numerical
experiments discussed in earlier subsections, the lowest-order DG
method, equivalent to a finite-volume method, with upwinding is
used.
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Fig. 14—Pressure field at Days 50, 100, and 200.

In the following examples, the relative permeability of the
wetting and nonwetting phases is given as

Kpw = 0.952 k= 0.5(1 — 5,)%,

where s, is the effective saturation,

Sw — Srw

= 5w <5 <1 =5
1_srw_srn

Se

Here, s, is the residual wetting-phase saturation and s,,, is the re-
sidual nonwetting-phase saturation.

In the following examples, the residual saturations are chosen
as sy = 0.2 and s,,, = 0.05. The iterative coupling stopping crite-
ria is that the local mass-balance errors for both the wetting and
nonwetting phases are smaller than 10™*. A uniform porosity is
chosen as 20%. The x-axis is along the vertical direction.

Example 1: Upscaled SPE10 Permeability on a Hexahedral
Mesh. This example is a 3D two-phase oil-/water-flow problem
with general hexahedral gridblocks and with upscaled SPE10 per-
meability. The maximum dimensions of the reservoir are
96x400x400 ft. The computational grid is 6x20x20. Harmonic
average is used in the upscaling of the permeability (see Fig. 13
for the permeability in the three directions). The permeability is
highly heterogeneous, with six-order-of-magnitude jumps.

Four injection wells are located at the four corner gridblocks.
A production well is placed at the center of the reservoir. The bot-

tomhole pressures at the injection wells and the production well
are kept constant at 1,600 psi and 1,000 psi, respectively.

Initially, the reservoir has constant water-phase saturation
sy = 0.2. Given this initial saturation, the pressure field at = 0 is
determined by solving the nonlinear steady equation (Egs. 50 and
51) with a no-flow boundary condition (Eq. 53). In this example,
the gravity and capillary effects are ignored.

The total simulation time is 200 days. Figs. 14 and 15 show
the pressure and saturation profiles, repectively, at Days 50, 100,
and 200. Clearly the flow is directed from the four corners to the
center with preferential directions within the high-permeability
zones.

Example 2: Heterogeneous Capillary Effect. In this example,
we consider a heterogeneous capillary effect in two-phase flow.
The reservoir consists of two different rock types (see Fig. 16).
Rock Type 1 has a low permeability of 52.6 md. Rock Type 2 has
a high permeability of 504 md. We employ a modified Brooks-
Corey function for modeling heterogeneous capillary pressures:

_1 .

Das,| if 0 <s, < s¢1,
-1

DPdSe 4
11—

Se .
DaS.3 1_7;2 if s <5, <1,
C.

Delse) = if 51 <50, <502,

where the cutoff saturations s.; and s., are chosen as 0.01 and
0.9, respectively. The displacement pressure p, and the pore-size-
distribution index A are given in Table 2. See Fig. 16 for the

SWAT

95
-0.80

“0.60

0.40

0.20

Fig. 15—Water-saturation field at Days 50, 100, and 200.
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Fig. 16—Permeability (left) and capillary pressure curves (right).

TABLE 2—DISPLACEMENT PRESSURE AND PORE-SIZE
DISTRIBUTION INDEX

Rock Type Pa A
Type 1 135 2.49
Type 2 37.7 3.86

capillary pressure curves for different rock types. In this example,
the gravity effect is ignored.

The computational domain is 700x500 ft. The origin of the x—y
coordinate system is located at the bottom left corner. The problem
consists of 3,500 gridblocks, with 70 gridblocks along the x-direc-
tion and 50 along the y-direction. There are two injection wells
and 10 production wells. The injection wells are located near the
top of the reservoir at coordinates (345,495) and (355,495). Five
production wells are located along each side. The x-coordinates of

the left- and the right-side wells are 25 and 675, respectively. The
y-coordinates for each side are 25, 125, 225, 325, and 425. The res-
ervoir contains water and oil. Initially, the water saturation is 20%.
Water is injected at bottomhole pressure of 1,600 psi. The bottom-
hole pressure at the production wells is 1,000 psi.

We run simulations for two cases—with and without capillary
effects. Fig. 17 shows the water-saturation profiles when ignoring
the capillary pressure. In this case, the front is very diffused.
Fig. 18 shows strong capillary effects. Water is injected from the
low-permeability rock. When the water front first reaches the inter-
face between low- and high-permeability rocks, it cannot penetrate
into the high-permeability rock. This is because of the dominance
of the capillary pressure at low water saturation. As water builds
up at the interface, the capillary pressures become smaller and the
water starts to invade the high-permeability zone. Similarly, the
capillary pressure causes water in the high-permeability zone to
invade easily the low-permeability zone. Note that the saturation is
discontinuous across the interfaces because of the different capil-
lary pressure curves in the two rocks.

SWAT SWAT
twwoa 944703

08 08
“0.6

0.4

O M

SWAT SWAT SWAT
944703 044703 044703
08 08 08
-0.6 -0.6 0.6
EO.A EO,A 0.4
02 02 02
SWAT SWAT SWAT
944703 Ewwos 944703
08 08 08
0.6 0.6 )
04 EO.A , 0.4
02 02 02

Fig. 177—Zero capillary pressure: Water saturation at Days 6, 14, 20, 58, 76, 94, 110, 158, and 178.
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Fig. 18—With capillary pressure: Water saturation at Days 6, 14, 20, 58, 76, 94, 110, 158, and 178.

Conclusions

We presented an accurate and efficient cell-centered discretization
method, the MFMFE method, for Darcy flow on general hexahe-
dral and simplicial grids. The method exhibits first-order conver-
gence on rough grids and second-order convergence on smooth
grids. The method has been extended to solving the pressure equa-
tion in a two-phase-flow system, coupled with a DG method for the
saturation equation. Local post-processing can be applied to obtain
accurate velocities in the interior of the gridblocks needed for
higher-order transport. The variational formulation of the method
allows for multiscale and multiphysics extensions. Employing a
posteriori error estimation and efficient preconditioners for the
algebraic system leads to a robust computational framework that
provides accurate approximations of complex flows in highly het-
erogeneous media.

Nomenclature
d = dimension
DFr = Jacobian matrix

e = edge in 2D and face in 3D
E = gridblock

f,q = external source

Fr = mapping from reference to physical gridblock
g = gravitational constant vector

Jr = determinant of Jacobian matrix

k,, = relative permeability of phase o

K = permeability tensor
n = nonwetting phase
n = unit normal vector
p = pressure

p. = capillary pressure

paq = entry pressure

Py,P; = polynomial spaces of order 0 and 1

‘P = post-processing operator

Q,, = interpolation operator

R = Cartesian space
s = saturation

residual saturation for non-wetting phase »

kg
3
I

September 2012 SPE Journal

S, = residual saturation for wetting phase w
t = time
T), = partition of the domain
u = darcy velocity
u, = total velocity
v, g,w = test functions

Vi, W, = finite-element spaces
w = wetting phase
o = phase
/4 = mobility of phase o

/, = total mobility
1L = viscosity
IT = interpolation operator

p = density
T = timestep size
¢ = porosity

Q = domain of the problem

Subscripts

Fj, = face norm
h = characteristic mesh size

n = nonwetting phase
Q = numerical quadrature
w = wetting phase
o = phase
Superscripts

d = dimension
E = gridblock
m, k = integer indicies
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