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Abstract

In this paper we present and analyze a fully-mixed formulation for the coupled problem
arising in the interaction between a free fluid and a poroelastic medium. The flows in
the free fluid and poroelastic regions are governed by the Stokes and Biot equations,
respectively, and the transmission conditions are given by mass conservation, balance
of stresses, and the Beavers-Joseph-Saffman law. We apply dual-mixed formulations
in both domains, where the symmetry of the Stokes and poroelastic stress tensors is
imposed by setting the vorticity and structure rotation tensors as auxiliary unknowns. In
turn, since the transmission conditions become essential, they are imposed weakly by
introducing the traces of the fluid velocity, structure velocity, and the poroelastic media
pressure on the interface as the associated Lagrange multipliers. The existence and
uniqueness of a solution are established for the continuous weak formulation, as well as
a semidiscrete continuous-in-time formulation with non-matching grids, together with
the corresponding stability bounds. In addition, we develop a new multipoint stress-
flux mixed finite element method by involving the vertex quadrature rule, which allows
for local elimination of the stresses, rotations, and Darcy fluxes. Well-posedness and
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error analysis with corresponding rates of convergence for the fully-discrete scheme
are complemented by several numerical experiments.
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65M12

1 Introduction

The interaction of a free fluid with a deformable porous medium, referred to as fluid-
poroelastic structure interaction (FPSI), is a challenging multiphysics problem. It has
applications to predicting and controlling processes arising in gas and oil extrac-
tion from naturally or hydraulically fractured reservoirs, modeling arterial flows,
and designing industrial filters, to name a few. For this physical phenomenon, the
free fluid region can be modeled by the Stokes (or Navier-Stokes) equations, while
the flow through the deformable porous medium is modeled by the Biot system of
poroelasticity. In the latter, the volumetric deformation of the elastic porous matrix
is complemented with the Darcy equation that describes the average velocity of the
fluid in the pores. The two regions are coupled via dynamic and kinematic interface
conditions, including balance of forces, continuity of normal velocity, and a no slip
or slip with friction tangential velocity condition. The model exhibits features of both
coupled Stokes-Darcy flows and fluid-structure interaction (FSI).

To the authors’ knowledge, one of the first works in analyzing the Stokes-Biot
coupled problem is [56], where well-posedness for the fully dynamic problem is
established by developing an appropriate variational formulation and using semigroup
methods. One of the first numerical studies is presented in [13], where monolithic and
iterative partitioned methods are developed for the solution of the coupled system.
A non-iterative operator splitting scheme with a non-mixed Darcy formulation is
developed in [22]. Finite element methods for mixed Darcy formulations, where the
continuity of normal flux condition becomes essential, are considered in [21] using
Nitsche’s coupling and in [9] using a pressure Lagrange multiplier. More recently, a
nonlinear quasi-static Stokes—Biot model for non-Newtonian fluids is studied in [3].
The authors establish well-posedness of the weak formulation in Banach space setting,
along with stability and convergence of the finite element approximation. In [26], the
fully dynamic coupled Navier-Stokes/Biot system with a pressure-based Darcy formu-
lation is analyzed. Additional works include optimization-based decoupling method
[25], a second order in time split scheme [46], various discretization methods [14, 24,
59], dimensionally reduced model for flow through fractures [23], and coupling with
transport [5]. All of the above mentioned works are based on displacement formu-
lations for the elasticity equation. In a recent work [49], the first mathematical and
numerical study of a stress-displacement mixed elasticity formulation for the Stokes-
Biot model is presented.

The goal of the present paper is to develop a new fully mixed formulation of the
quasi-static Stokes-Biot model, which is based on dual mixed formulations for all three
components - Darcy, elasticity, and Stokes. In particular, we use a velocity-pressure
Darcy formulation, a weakly symmetric stress-displacement-rotation elasticity for-
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mulation, and a weakly symmetric stress-velocity-vorticity Stokes formulation. This
formulation exhibits multiple advantages, including local conservation of mass for
the Darcy fluid, local poroelastic and Stokes momentum conservation, and accurate
approximations with continuous normal components across element edges or faces
for the Darcy velocity, the poroelastic stress, and the free fluid stress. In addition, dual
mixed formulations are known for their locking-free properties and robustness with
respect to the physical parameters, including the regimes of almost incompressible
materials, low poroelastic storativity, and low permeability [47, 63]. We note that our
analysis also applies to the dual mixed elasticity and Stokes formulations with strong
stress symmetry, i.e., stress-displacement for elasticity and stress-velocity for Stokes.
However, we focus on the weakly-symmetric formulations, since they allow for finite
element approximations with fewer degrees of freedom, see, e.g., [11, 12]. Moreover,
in certain low-order cases they are suitable for multipoint stress mixed finite element
approximations [6—8], which are discussed below.

Our five-field dual mixed Biot formulation is based on the model developed in [47]
and studied further in [8]. It is also considered in [49] for the Stokes-Biot problem.
Our analysis also extends to the strongly symmetric mixed four-field Biot formula-
tion developed in [62]. Our three-field dual mixed Stokes formulation is based on the
models developed in [36, 37]. In particular, we introduce the stress tensor and sub-
sequently eliminate the pressure unknown, by utilizing the deviatoric stress. In order
to impose the symmetry of the Stokes stress and poroelastic stress tensors, the vor-
ticity and structure rotation, respectively, are introduced as additional unknowns. The
transmission conditions consisting of mass conservation, conservation of momentum,
and the Beavers—Joseph—Saffman slip with friction condition are imposed weakly via
the incorporation of additional Lagrange multipliers: the traces of the fluid velocity,
structure velocity and the poroelastic media pressure on the interface. The resulting
variational system of equations is then ordered so that it shows a twofold saddle point
structure. The well-posedness and uniqueness of both the continuous and semidiscrete
continuous-in-time formulations are proved by employing some classical results for
parabolic problems [55, 57] and monotone operators, and an abstract theory for twofold
saddle point problems [1, 35]. In the discrete problem, for the three components of the
model we consider suitable stable mixed finite element spaces on non-matching grids
across the interface, coupled through either conforming or non-conforming Lagrange
multiplier discretizations. We develop stability and error analysis, establishing rates
of convergence to the true solution. The estimates we establish are uniform in the limit
of the storativity coefficient going to zero.

Another main contribution of this paper is the development of a new mixed finite
element method for the Stokes-Biot model that can be reduced to a positive definite
cell-centered pressure-velocities-traces system. We recall the multipoint flux mixed
finite element (MFMFE) method for Darcy flow developed in [20, 42, 60, 61], where
the lowest order Brezzi-Douglas-Marini BDM; velocity spaces [18, 19, 50] and piece-
wise constant pressure space are utilized. An alternative formulation based on a broken
Raviart-Thomas velocity space is developed in [45]. The use of the vertex quadrature
rule for the velocity bilinear form localizes the interaction between velocity degrees
of freedom around mesh vertices and leads to a block-diagonal mass matrix. Conse-
quently, the velocity can be locally eliminated, resulting in a cell-centered pressure
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system. In turn, the multipoint stress mixed finite element (MSMFE) method for elas-
ticity is developed in [6, 7]. It utilizes stable weakly symmetric elasticity finite element
triples with BDM stress spaces [7, 11, 12, 17, 32, 48]. Similarly to the MFMFE
method, an application of the vertex quadrature rule for the stress and rotation bilin-
ear forms allows for local stress and rotation elimination, resulting in a cell-centered
displacement system. We also refer the reader to the related finite volume multipoint
stress approximation (MPSA) method for elasticity [43, 51, 52]. Recently, combin-
ing the MSMFE and MFMFE methods, a multipoint stress-flux mixed finite element
(MSFMEFE) method for the Biot poroelasticity model is developed in [8]. There, the
dual mixed finite element system is reduced to a cell-centered displacement-pressure
system. The reduced system is comparable in cost to the finite volume method devel-
oped in [53].

In this paper we note for the first time that the MSMFE method for elasticity
can be applied to the weakly symmetric stress-velocity-vorticity Stokes formulation
from [36, 37] when BDM-based stable finite element triples are utilized. With the
application of the vertex quadrature rule, the fluid stress and vorticity can be locally
eliminated, resulting in a positive definite cell-centered velocity system. To the best
of our knowledge, this is the first such scheme for Stokes in the literature.

Finally, we combine the MFMFE method for Darcy flow with the MSMFE methods
for the elasticity and Stokes equations to develop a multipoint stress-flux mixed finite
element for the Stokes-Biot system. We analyze the stability and convergence of the
semidiscrete formulation. We further consider the fully discrete system with backward
Euler time discretization and show that the algebraic system on each time step can be
reduced to a positive definite cell-centered pressure-velocities-traces system.

The rest of this work is organized as follows. The remainder of this section describes
standard notation and functional spaces to be employed throughout the paper. In Sect. 2
we introduce the model problem and in Sect. 3 we derive a fully-mixed variational
formulation, which is written as a degenerate evolution problem with a twofold saddle
point structure. Next, existence, uniqueness and stability of the solution of the weak
formulation are obtained in Sect. 4. The corresponding semidiscrete continuous-in-
time approximation is introduced and analyzed in Sect. 5, where the discrete analogue
of the theory used in the continuous case is employed to prove its well-posedness. Error
estimates and rates of convergence are also derived there. In Sect. 6, the multipoint
stress-flux mixed finite element method is presented and the corresponding rates of
convergence are provided, along with the analysis of the reduced cell-centered system.
Finally, numerical experiments illustrating the accuracy of our mixed finite element
method and its applications to coupling surface and subsurface flows and flow through
poroelastic medium with a cavity are reported in Sect. 7.

We end this section by introducing some definitions and fixing some notations.
Let O C R", n € {2, 3}, denote a domain with Lipschitz boundary. For s > 0 and
p € [1, +oc0], we denote by LP(O) and W*P(O) the usual Lebesgue and Sobolev

spaces endowed with the norms || - [[Lp(©) and || - [lwsp(©), respectively. Note that
WOoP(O) = LP(O). If p = 2 we write H(O) in place of WS2(©), and denote the
corresponding norm by || - ||gs(©). Similar notation is used for a section I' of the

boundary of O. By M and M we will denote the corresponding vectorial and tensorial
counterparts of a generic scalar functional space M. The L?(©) inner product for scalar,
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vector, or tensor valued functions is denoted by (-, -)o. The L2(I') inner product or
duality pairing is denoted by (-, -)r. For any vector field v = (v;);i=1....n, We set the
gradient and divergence operators, as

.....

v " qu;
Vv = <i> and div(v) := Z &.
8Xj i,j=1,...,n j=1 a'xl

For any tensor fields 7 := (7;5);,j=1,...n and § := ()i, j=1,....n, We let div(z) be the
divergence operator div acting along the rows of t, and define the transpose, the trace,
the tensor inner product, and the deviatoric tensor, respectively, as

n

n
L. ) .
T = (Tj)i j=1,.n, w(T):= E Tii, T:§:= E TijGij

i=1 ij=l1
d 1
and ° =17 — —tr(7) 1,
n
where I is the identity matrix in R?*”. In addition, we recall the Hilbert space

H(div: O) := {v cL20): div(y) € LZ(O)},

equipped with the norm ”V”%I(div;(’)) = ||V||i2(o)+ Idiv(v) ”i%(’)) . The space of matrix
valued functions whose rows belong to H(div; O) will be denoted by H(div; O) and
endowed with the norm ||t ||H2ﬂ(div, 0 =l I3 o T Idiv(z)7, (- Finally, given a

separable Banach space V endowed with the norm || - ||y, we let LP(0, T'; V) be the
space of classes of functions f : (0, 7) — V that are Bochner measurable and such
that ||f||LP(O,T;V) < 00, with

T
LU o.7ev) == / LFOIY dt, 1| flleo.:v) = esssup || f(D)]lv.
0 1€[0,T]

2 The model problem

Let Q C R", n € {2, 3}, be a Lipschitz domain, which is subdivided into two non-
overlapping and possibly non-connected regions: fluid region Q2 and poroelastic
region ). Let I'r, = 0Qf N d$2), denote the (nonempty) interface between these
regionsand let I'y = 0Q ¢\ I'yp and I', = 982, \ I' s, denote the external parts on
the boundary 9€2. We denote by n and n;, the unit normal vectors that point outward
from 02y and 92, respectively, noting that ny = —n, on I'7,,. Let (u,, p,) be the
velocity-pressure pair in £, with = € {f, p}, and let 5, be the displacement in €2,. Let
w > 0 be the fluid viscosity, let f, be the body force terms, and let g, be the external
source or sink terms.
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We assume that the flow in Q¢ is governed by the Stokes equations, which are
written in the following stress-velocity-pressure formulation:

or=—prl+2pey), —divioy) =£f;, diviuy) =¢qy in Qf x (0, T],

omp=0 on T} x(0,7T], uf=0 on I'?x(0,7T], @2.1)

1
where o s the stress tensor, e(u) := 5 (Vus + (Vuy)') stands for the deformation

rate tensor, I' f = FI;! U F]f)-, and T > 0 is the final time. Next, we adopt the approach
from [1, 36], and include as a new variable the vorticity tensor y f

(VUf — (VUf)t) .

N =

V=

In this way, owing to the fact that tr(e(uy)) = div(uy) = g, we find that (2.1) can be
rewritten, equivalently, as the set of equations with unknowns o ¢, y » and uy, given
by

1 1 . :
ﬁaf}:wf—yf—;qfl, —div(os) =f; in Qf x (0, T],

1 .
oy =0y pr=—— () =2pnqy) in Qs xO.T],
omp=0 on I'¥ x(0,7], uy=0 on I'? x(0,T]. 2.2)

Notice that the fourth equation in (2.2) has allowed us to eliminate the pressure p y from
the system and provides a formula for its approximation through a post-processing
procedure. For simplicity we assume that |FI}I| > 0, which will allow us to control o ¢
by a‘}. The case |F}1\CI| = 0 can be handled as in [36-38] by introducing an additional
variable corresponding to the mean value of tr(o /).

In turn, let 0, and o, be the elastic and poroelastic stress tensors, respectively,
satisfying

Ao, =e(17p) and o), :=0,—appp,I in Q,x(0,T], 2.3)

where 0 < o, < 11is the Biot—Willis constant, and A is the symmetric and positive
definite compliance tensor, which in the isotropic case has the form, for all tensors t,

A
A(t) = T — P tr(z)I ), with A () =2 T+ A,tr(T) ],
(1) 2#[)( 2/L[J+n)\'p()> (7) MUp p()
2.4)
satisfying
nxn 1
VteR"™ — 1.7t <A(1):1 < T:7T VX€EQ,.
2tmax + 1 Amax 2 (min

(2.5)
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In this case, 0, := A, div(np) I+2p, e(np), and 0 < Apin < Ap(X) < Amax and
0 < pmin < 1p(X) < Mmax are the Lamé parameters. The poroelasticity region €2, is
governed by the quasi-static Biot system [15]:

_diV(Up) = fp7 MK_lllp +Vp,=0,

y (so pp +apdiv(y,)) +div(u,) =g, in Q, x (0, T],
u,-n,=0 on 'Y x(0,T], p,=0 on T} x0TI,
op,n, =0 on f‘g x (0, T], N, = 0 on f‘? x (0, T], (2.6)

where '), = TN UT) = fg U f‘?, so > 0 is a storativity coefficient and K(x) is
the symmetric and uniformly positive definite rock permeability tensor, satisfying, for
some constants 0 < kpmin < kmax,

VweR", kpnW-W < (KW) - W < kpax W-W VX € Q). 2.7)

To avoid the issue with restricting the mean value of the pressure, we assume that
|FD| > 0. We also assume that I'D, FD and FD are not adjacent to the interface I" ),
i.e,3s > Osuchthatdist (7, T's)) > s, dlst(FD, Tfp) = s,anddist (TP, Ts,) > 5.
This assumption is used to 51mphfy the characterization of the normal trace spaces on
Tsp.

Next, we introduce the following transmission conditions on the interface I' ), [9,
13, 21, 56]:

0
uf-nf+< ant +up)~np:O, afnf+apnp:0 on l"fpx(O,T],

anf—i—;LaBJsZ,/K_ {( f—7> tf]}tf’jz—ppnf on Fpr(O,T],
(2.8)

where ty ;, 1 < j < n — 1, is an orthogonal system of unit tangent vectors on
Lyp, Kj = (Kty ;) -ty j, and apgs > 0 is an experimentally determined friction
coefficient. The first and second equations in (2.8) correspond to mass conservation
and conservation of momentum on I' s, respectively, whereas the third one can be
decomposed into its normal and tangential components, as follows:

@ms)-ny=—pp.
(= an,
(ofmy) -ty =—paggs Kjl<uf—7> ty; on I'p, x (0,71,

representing balance of normal stress and the Beaver—Joseph—Saffman (BJS) slip with
friction condition, respectively.

Finally, the above system of equations is complemented by the initial condition
Pp(x,0) = ppo(x)in ;. In Lemma 4.9 below we will construct compatible initial
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data for the rest of the variables from p, o in a way that all equations in the system
(2.2)—(2.8), except for the unsteady conservation of mass equation in the first row of
(2.6), hold at t = 0.

3 The weak formulation

In this section we proceed analogously to [3, Section 3] (see also [36]) and derive a
weak formulation of the coupled problem given by (2.2), (2.3)—(2.6), and (2.8).

3.1 Preliminaries

For the stress tensor, velocity, and vorticity in the Stokes region, we use the following
Hilbert spaces, respectively,

Xypi= {rf € H(div; Q) : T/ny =0 on F?f}, Vi i=L%(Qy),

Qs = {xy eL2@p i1y = —xs}.
endowed with the corresponding norms

Itrlx, = llTrlm@iv.ep. IVellvy =1Vl X rllor = IX rllzg,)-

For the unknowns in the Biot region we introduce the following Hilbert spaces:

Xy = {7, € H@iv:2,) : 7,m, =0 on TN}, Vo i=L2(@,),

Q= {1, € L2@p) 1 Xy = ~x, ).

V= {v, € H@vi2,) v, omy =0 on TN, W, i=12@)),
endowed with the standard norms

I7pllx, = ITplnama,.  1slv, = Vsllizg,. 1Xpl0, = X,z ).
IVpllv, = IVpllaae,. Twplw, = lwpli2,)-

Finally, analogously to [3, 9, 33, 36, 49] we need to introduce the Lagrange mul-
tiplier spaces A, := (V, -mplr,,), Ay := Xynyr,,), and As := (X, nplr,,)"
According to the normal trace theorem, since v, € V, C H(div; 2,), then
v, -n, € H'2(3Q,). It is shown in [33] that, if v, -n, = 0 on 3, \ T'fp,
then v, - n, € H™1/2(I's,). This argument has been modified in [9] for the case
vp-n, =0on F[I;] and dist (I’I?, I'sp) > s > 0. In particular, it holds that

Vp -1y, 6y, < CIVpla@ivie 1§y, YVp € Vp, £ € H2(T ). 3.1
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Similarly,

(reme )1y, = Cltalzaan 1¥lmae,,). Y7o € Xeo ¥ € BT ), x € (£ ),

3.2)
Therefore we can take A, := H/2('s,), Ay := HY/2(I'f,), and A, := HY2(T ),
endowed with the norms

€A, = Elmrw,,). 1¥la; = 1¥larr,,). and [$la, = ||¢||H1/2(r(f3p)3;)

3.2 Lagrange multiplier formulation

We now proceed with the derivation of our Lagrange multiplier variational formulation
for the coupling of the Stokes and Biot problems. To this end, and inspired by [3, 37],
we begin by introducing the structure velocity us := 9; 5, € V; satistying u; = 0 on
f‘? x (0, T'] (cf. the last equation in (2.6)), and three Lagrange multipliers modeling the
Stokes velocity, structure velocity and Darcy pressure on the interface, respectively,

Q= uflr_,p €Ay, 0:= llslr_,,, € Ay, and A := pp|r_,p € Ap.

The reason for introducing these Lagrange multipliers is twofold. First, u s, uy, and
pp are all modeled in the L? space, thus they do not have sufficient regularity for
their traces on I' ), to be well defined. Second, the Lagrange multipliers are utilized
to impose weakly the transmission conditions (2.8).

To impose the symmetry condition of ¢ , in a weak sense we introduce the rotation

1
operator p, := =(Vn, — Vntp). Notice that in the weak formulation we will use its

time derivative, that is, the structure rotation velocity

1

Yy = 8lpp = E (Vus - (vus)t) € Qp-

From the definition of the elastic and poroelastic stress tensors o, 0, (cf. (2.3)) and
recalling that o, is connected to the displacement 7, through the relation A(o,.) =
e(n,), we deduce the identities

div(np) = tr(e(np)) = tr(Ao,) = trA(op +ap, pp D) (3.4)

and
8,A(ap+ozpppl)=Vus—yp. 3.5

Then, similarly to [3, 9, 36, 37], we test the first equation of (2.2), the second equation
of (2.6), and (3.5) with arbitrary 7y € X¢,v, € V,, and 7, € X,,, respectively,
integrate by parts, utilize the fact that 6‘}- T = a‘lip : r‘}., test the third equation of
(2.6) with w, € W, employing (3.4), impose the remaining equations weakly, and
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utilize the transmission conditions in (2.8) to obtain the following variational problem.
Given

fr 00, 71— Vi, qp:[0,T1— X}, £,:00,T1 - Vg, qp:[0,T]— W),
ﬁnd(af,uf,yf,ap,us,yp,up,pp,(p, A [0, T] - Xp x Vp x Qp x X, x
VixQpxVy xWp, xAp x Ay x Ap,suchthatVzy e Xy, veeVy, xpeQy,

1) €Xp Vs €V X, €Qpvp eV wp e Wy, ¥ €Ap,d €A, & €A, and
fora.e.t € (0, 7),

1 . 1
2 (0(}, T(})Qf +(uyp divit ), + s tp)e, —(Trny, (P>1"fp =— (arLtp)a;,

(3.6a)
—(vpdivie g, = Er,vpa,, (3.6b)
—(of, xp)e; =0, (3.6¢)
@ A0 p +apppD. Tpla, + W div(Tp)e, + ¥y Tp)g, = [Tpmp. O) =0,
(3.6d)
— (s, div(ap))g, = (Fp. vo)q,, (3.6¢)
—(@p. xpa, =0, (3.6f)
1w K uy vp)a, — (pp. div(vp)g, +(vp - np. A)r,-,, =0, (3.62)
(50 Pps wpla, +ap @ AW@p +ap pp D, wp D, + Wy, diviup)g, = @p, wpla,,
(3.6h)
—l@-my+(0+up) mp &) =0, (3.60)

(o /s ¥, +nasss Z<F(‘/’ 0) tr . ¥ tf’> +(ong e, =0

Cyp

(3.6)
n—1
(apnp, ¢)Ffp — L OBJS Z <,/K;1 (o —0)- tf,j" ¢ - tf'j>r + (¢ ‘np, )\'>Ffp =0.
Jj=1 fr
(3.6k)

Equations (3.61)—(3.6k) impose weakly the transmission conditions (2.8). In particular,
Eq. (3.61) imposes the mass conservation, Eq. (3.6j) imposes the last equation in (2.8),
which is a combination of balance of normal stress and the BJS condition, while
Eq. (3.6k) imposes the conservation of momentum. We emphasize that this is a new
formulation. To our knowledge, this is the first fully dual-mixed formulation for the
Stokes-Biot problem.

We will discuss the construction of initial conditions for the problem (3.6) later on
in Lemma 4.9.

Remark 3.1 The time differentiated Eq. (3.6d) allows us to eliminate the displacement
variable 5, and obtain a formulation that uses only uy. By integrating in time the
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Eq. (3.6d) and using the initial data constructed in Lemma 4.9, we can recover the
original equation

(A0 p+a, pp D). Tp),+(,. div(z,))e,+(0,. Tp)e, —(T 0, w)w =0, 3.7

where @ :=1,[r,.

To simplify the notation, we set the following bilinear forms:
I 4 d -1
af((’farf) :ZE(Uf»Tf)Q/u ap(up,vp) =pn K up;Vp)Qp»

ae(0p, pp; Tp,wp) = (A(op +appp D), Tp +apwp I)QP,
by(rp,ve) = @iv(tf), Vo, bs(tp, vs) = div(tp), vo)q,.

bp(Vp, wp) i= —(div(vp), wp)Q,, br(vp,§) = (vp .np,s)rfp ,
Dok 4 (T X3) i= (Tws X)Q,»  bn, (Tx, ¥) 1= — (TuDy, 1ﬁ>pfp , with x € {f, p},
3.8)
and
n—1
cys(@,0; ¥, @) == pLoggs Z<\/Kj_l(¢ —0)-tr . (y—¢)- tf,j> )
j=I Trp
MO IR (0 VI M U P A (39)

There are many different ways of ordering the variables in (3.6). For the sake of
the subsequent analysis, we proceed as in [36] and [3], and adopt one leading to an
evolution problem in a doubly-mixed form. In particular, we combine the equations
for the variables associated with the coercive bilinear forms ay, ap, and a., namely
0, 0p, up, and p,. We further combine the interface Eqgs. (3.61)—(3.6k), and also
combine the remaining equations. Hence, (3.6) results in

ap(@f, tf)+app,vp) +ae(d: 0 p, 0 pp: Tp, Wp) + (50 0; Pp., wp)SZ,,
+bp(Vp, pp) —bp(ap, wp) +bn,(Tf, @) +bn, (T, 0) +br(vy, A)
+ bf(Tf» uf) + bs(Tpv u,) + bsk,f(rfa }’f) + bsk,p(Tp» }’p)

1
= _; (Qf L, Tf)Qf + (st wp)Qp,

—bn;(0f,¥) —bn,(0p, @) —br(up, &) +cass(e,0; ¥, @)
+er (Y, ¢ A4) —cr(e,0;6) =0,
—byp(of,Vy) —bs(0p,Vs) —bsk, r (0 f, X f) — bsk,p(0 p, X pp)
={Er.vpa, + & voe,, (3.10)
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Now, we group the spaces and test functions as follows:

=X xVyx X, xW,, Yi=ArxA;xA,, Z:=VyxVyxQrxQ,,
=(or,up,0,, pp) €X, Q= (0,0,0) €Y, u:=(uy,u,, Y yp) eZ,
=(Tf, Vp, Tp, wp) €X, K:: W,9,6eY, v:.= (Vf,VS,Xf,Xp)GZ,

|8 Q@ H

where the spaces X, Y and Z are endowed, respectively, with the following norms:

lzlix = T fllse, + Ivpllv, + T plx, + lwpliw,.
1¥lly == 1¥lla, + IBlla, + €], .
I¥llz = Iveliv, + Ivsliv, + lIx fllg, + 11 pllg,-

Hence, we can write (3.10) in an operator notation as a degenerate evolution problem
in a doubly-mixed form:

0
Y E@@ (1) + Al@®)) + Bi(p®) + B'(u() = F() in X/,

—Bi(@(®) +Cle®) =0 inY
~B(e()) =G(t) in Z,  (3.11)

where, according to (3.8)—(3.9), the operators A : X - X', B; : X > Y, C:Y —
Y',and B : X — Z/, are defined by

A(o)(z) := af(of’ Tf) + ap(upa Vp) + bp(vpa Pp) - bp(ups wp)a
Bi(@) (@) :=bn; (s, ¥) + bn,(Tp, ) + br(vp, &),
C@ W) :=cprs(@,0;¥,¢) +cr (¥, ;1) —cr(p, 8;§), (3.12)

and
B@ ) :=0br(tr,ve) +bs(Tp, Vo) + bsk, r (Tr, X ) + bsk,p(Tp, X ), (3.13)
whereas the operator £ : X — X' is given by
E@)(T) = ae(op, pp; Tp, wp) + (50 Pps Wpla,» (3.14)

and the functionals F € X/, G € Z’ are defined as

1
F(o) = —= (s L 1pa, + @pwpa, and G =@ vpa, + €. v,
(3.15)
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4 Well-posedness of the model

In this section we establish the solvability of (3.11) (equivalently (3.10)) given suitable
initial data. To that end we first collect some previous results that will be used in the
forthcoming analysis.

4.1 Preliminaries

We begin by recalling the following key result given in [55, Theorem IV.6.1(b)] that
will be used to establish the existence of a solution to (3.11). In what follows, Rg(A)
denotes the range of A.

Theorem 4.1 Let the linear, symmetric and monotone operator N be given from the
real vector space E to its algebraic dual E*, and let E} be the Hilbert space which is
the dual of E with the seminorm

172

Ixlp = (N@)(x)) ', x€E.

Let M C E x E, be a relation with domain D = {x €EE : Mx)# (/)}.

Assume M is monotone and Rg(N + M) = El/) Then, for each uy € D and for
each f e WH1(0, T, E}), there is a solution u of

%(N(u(t))) + M(u@) > f@t) ae0<t<T, .1
with
Nu) € W0, T; Ep), u(r) € D, forall 0 <t < T,and N'(u(0)) = N (o).
In addition, in order to show the range condition of Theorem 4.1 in our context,

we will require the following theorem whose proof can be derived similarly to [35,
Theorem 2.2] (see also [1, Theorem 3.13] for a generalized nonlinear Banach version).

Theorem 4.2 Let X, Y, and Z be Hilbert spaces, and let X', Y', Z' be their respective
duals. Let A : X — X', S:Y - Y By :X - Y, and B : X — Z' be linear
bounded operators. We also let B : Y — X' and B' : Z — X' be the corresponding
adjoints. Finally, we let V be the kernel of B, that is

V.= {r eX: B(t)(v)=0 VVEZ}.

Assume that

(i) Aly : V — V' is elliptic, that is, there exists a constant o > 0 such that

A(T)(T) = allt|} YreV.
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(i) S is positive semi-definite on Y, that is,

SW)Y) =0 VyeY.
(iii) By satisfies an inf-sup condition on 'V X Y, that is, there exists B1 > 0 such that

Bi(7)(¥)
0£zev  lTlx

> Bilvlly Vo eY.

(iv) B satisfies an inf-sup condition on X X Z, that is, there exists B > 0 such that

B(z)(v)
sup ———— > Blvllz VveZ
0+rex lTlx

Then, for each (Fy, F», G) € X' xY' x Z' there exists a unique (6, @, u) € X XY X Z,
such that

A(0)(7) + Bi(9)(7) + B'(W)(7) = Fi(r) YT eX,

Bi(o)¥) —S(@)(¥) = F(¥) VY ey,
B(o)(v) =G(v) VvelZ.

Moreover, there exists C > 0, depending only on o, 1, B, ||All, |S|l, and || B1|| such
that

1@, 0. Wlxxrxz = C{IFillx + I Fally + Gz }.

At this point we recall, for later use, that there exist positive constants ¢1(£2 ) and
c2(825), such that (see, [19, Proposition IV.3.1] and [34, Lemma 2.5], respectively)

@70l g, = ITHITq,) HIAVEDIT2 g ) YTr =T r0+E] € Hdiv: 2))
“4.2)

and
@) ltslk, < lltrolk, Yrp=rtr0+eleXy, 43)

where 7 . € Ho(div: Q) := {rf € H(div; Q) :  (ir(z ), Do, = o} and ¢ € R.
We emphasize that (4.3) holds since each 7y € X satisfies the boundary condition
Tyny = 0on '} with [T'}] > 0.
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4.2 Areduced problem
Now, we proceed to analyze the solvability of (3.11) (equivalently (3.10)). First, recall-

ing the definition of the operators A, By, B, C, and & (cf. (3.12), (3.13) and (3.14)),
we note that problem (3.11) can be written in the form of (4.1) with

£00 A B, B F
N=[ooo|mM=|-8¢c o |f=|0]
) (0 0 o) (—3 0 0) (G)

(4.4)

2@, T
SIHCC

E=XxYxZ, u:(

=S |9

In addition, the seminorm induced by the operator & is |72 e = sollw p||

||A1/2(Tp + apwpl)”]LZ(Q )’ ]LZ(Q ) + pr”Lz(Qp)
so > 0. We denote by Xp,z and W, > the closures of the spaces X, and W,
respectively, with respect to the norms ||7,x,, = ||rp||]Lz(Qp) and [|lwpllw,, =
lwpllL2(g,) Note that X, » = L2(Q,) and W, = W), = L*(Q,), therefore X, =
L*(p) and W/, , = W/, = L*(£2,). Next, denoting X ; := 0 x 0 x X/, , x wp 5
Y, :=0x0x0,and Z/z,o =0 x 0 x 0 x 0, the Hilbert space £, and domain D in
Theorem 4.1 for our context are

which is equivalent to ||z, 1B

E,:=X50xYyox2Z), D:= {(g,g,g) eEXxYXZ: M, p,u) € E;}
4.5)

Remark 4.1 The above definition of the space Ej and the corresponding domain D
implies that, in order to apply Theorem 4.1 for our problem (3.11), we need to
restrict fy = 0,97 = 0, and f, = 0. To avoid this restriction we will employ a
translation argument [57] to reduce the existence for (3.11) to existence for the fol-
lowmg initial-value problem: Given initial data (o, @ 2 u,) € D and source terms
(fap, fpp) [0,T] — X’ 2 prz,ﬁnd((’f EE u) €[0,T] — X x Y x Z such that
(@(0), pp(0)) = (orpo Pp,0) and, fora.e.r € (0, T),

a ~ -~ v e~ o : /
3 E@(1) +A@®) + By(p() + B @) =F@) in X,

—Bi@1) +C@®)) =0  in Y,
—B@@) =0 in Z . (4.6)

where F = (0, O,ﬂp, ﬁ,p)‘.
In order to apply Theorem 4.1 for problem (4.6), we need to: (1) establish the
required properties of the operators A" and M, (2) prove the range condition Rg(N +

M) = Ej, and (3) construct compatible initial data (¢, Qo,ﬁo) € D. We proceed
with a sequence of lemmas establishing these results.
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4.2.1 Operator properties

Lemma 4.3 The linear operators N"and M defined in (4.4) are continuous and mono-
tone. In addition, N is symmetric.

Proof First, from the definition of the operators £, A, By, C and B (cf. (3.12), (3.13),
(3.14)) it is clear that both A and M (cf. (4.4)) are linear and continuous, using the
trace inequalities (3.1)—(3.2) for the continuity of B;. In turn, N is symmetric since £
is. Finally, using (2.7), we have
2 1/2 2
g(l)(l) = SOpr”LZ(Qp) + ”A / (Tp + apwpI)HILZ(Qp)a

1 d 2 —1 2
AD@ 2 5 1710, + Pl ¥z, YT eX. @.7)

and recalling the definition of the operator C (cf. (3.9), (3.12)), we obtain

n—1
_ 1 _ ) ) _ ) ) M ABIS a2
C(w/fxw)—uams;@/lij W =) -ty ;. (¥ —¢) tf,j>rfpz T ¥~ ¥l

(4.8)
fOI' allﬂ = (‘ﬁ’ ¢’ S) € Y’ Where |¢ _¢|2BJS = Z}};} ||('/, _¢) tfj ”1242(]'*.”))' Thus’

combining (4.7) and (4.8), and the fact that the operators £, A, C are linear, we deduce
the monotonicity of the operators N and M completing the proof. O

4.2.2 The range condition

Next, we establish the range condition Rg(N + M) = E;, which is done by solving
the related resolvent system (N + M (v)) = f in E}; for v € D. In fact, we will show
a stronger result by considering a resolvent system where all source terms in F and
G may be non-zero. This stronger result will be used in the translation argument for
proving existence of the original problem (3.11). More precisely, let

X0 =Xy xV, xX,0xW,20X

and note that X, = X’f x Vi, xX , xW' , C X'. We consider the following resolvent
system:

€+ A @) +Bj(p) + B =F in X,
—Bi(0) +C(p) =0 in Y,
—B)=G in Z, (4.9)

where F € X/, and G ¢ 7/ are such that

F@) =, 100, + Eu,. Vo, + &, tp)a, + (Fp wp)e, -
G(X) = (Elj ) Vf)Qf + (Elx’ VS)QP + (f}'fa Xf)Q/ + (/f}'pv Xp)QP .
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We next focus on proving that the resolvent system (4.9) is well-posed. We start with
the following preliminary lemma.

Lemma4.4 Let (o, 9, u) € X x Y x Z be a solution to (4.9). Then, for any positive
constant k, it satisfies

E+ D@ +Bi(@) +Bm@= Fin X,
Bi(@)-Clg)= 0inY,
B()=-G in Z, (4.10)

where

A(0)(z) == A0)(1)
i {(div(u,,), div(vp))e, + (50 pp +ap (A +ap ppD), div(vp))Qp},
@.11)

and ~ R R
F(z) :=F@) 4« (fp,. div(vp))Qp.

Conversely, if (a, Q. u) € X x Y x Z is a solution to (4.10), then it is also a solution
to (4.9).

Proof Let (o, ¢, u) € X x Y x Z be a solution to (4.9). Using that divV, = W, we
take 7 = (0, wp,) = (0, div(v,)) € X in the first row of (4.9), multiply by a positive
constant ¥ and add that term to (4.9), to obtain (4.10). Conversely, if (o, @, u) €
X x Y x Z satisfies (4.10) we employ similar arguments, but now subtracting, to
recover (4.9). O

Problem (4.10) has the same structure as the one in Theorem 4.2. Therefore, in
what follows we apply this result to establish the well-posedness of (4.10). To that
end, we first observe that the kernel of the operator 13, cf. (3.13), can be written as

sz{zeX: B(z)(v) =0 vVeZ}zs"ifo,,xX,,xw,,, (4.12)

where

~

X, = {T*EX*: 7, =1! and div(z,) =0 in Q,}, *xe{f,p}.

*

We next verify the hypotheses of Theorem 4.2. We begin by noting that the operators
A, By, C, B, and & are linear and continuous. Next, we proceed with the ellipticity of
the operator £ + Aon V.

Lemma 4.5 Assume that

5 2 Aimi
K e (0,2min{81, i}) with 8] € <0, 7) and 8 € (0, Hmin (1 - ioa)).
ap S0 nap 2

Then, the operator € + Ais ellipticon V.
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Proof From the definition of Z, cf. (4.11), and considering T € V we get

E+HD@ = TN 5 T2, T RIKT V)00 ) + 50 llwp i,
+||A1/2(rp +apwpDllfzq,) + ¢ 14V I g ) + S0k (wp. div(vy)g,
top i (A2 (1, +apwy D, AY2(div(v,) D)g, .

Hence, using the Cauchy—Schwarz and Young’s inequalities, (2.7), (2.5), and (4.2)—
(4.3), we obtain

~ Cq 2 -1 2
E+ADM@ > ﬂ”'ff”}gf + Nkmax||vp||L2(Q )

e ((1-281) - 292 5, ) Idivevy))?
2°1) e L@y

+ ]_OlK 1AY2 (v, +ap w, D2 +s0 | 1— lwplI3
55 pToapwpDliag ) 28 ) TV

where Cq := C1(§27) C2(2 7). Then, using the stipulated hypotheses on 1, 82 and «,
we can define the positive constants

Ca

S0 nap
a1(Q2y) = m7 a2(£2p) := min Mkmax’ (1 - 38]) B Apmi 82 ’
min

) K . ap
a3(R2p) = > 1 — ﬁ , a4(82p) := min 1— EK ,a3(82p)

which allow us to obtain

E+ D@ @ = a1(Q) 1771, +02(2p) IV, I3, +a3(2p) lwylly,
+as(@p) (1472, +apw, DIEsg ) + 1wyl ) - @13)
In turn, from (2.5) and using the triangle inequality, we deduce
171220, = @itmas + e (1412 +ap wy DIZag 4+ 1412y w, DI, )

< Cp (142 @) +apwp DiEag  +lwply, ) (4.14)

where Cp, := (2 ftmax + 1 Amax) Max {1 } A combination of (4.13) and (4.14),

9 2:“
and the fact that div(t ,) = 0 in €2, implies

E+AHD@ > a(Qr, Q) llzllk Yz eV,

with a(R27, Q,) := min {al(Qf), a2(2p), 03(2p), a4(S2p)/Cp}, hence £ + A is
elliptic on V. o
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Remark 4.2 To maximize the ellipticity constant « (2 ¢, 2,), we can choose explicitly
the parameter «x by taking the parameters §; and 8, as the middle points of their feasible
ranges. More precisely, we can simply take

1 MWmin . I Wmin
1= —, b= , kK =min{ —, .
K naop

We continue with the verification of the hypotheses of Theorem 4.2.

Lemma 4.6 There exist positive constants B and B, such that

Bi(x)(¥)
T 7 (4.15)
0£zev  ZlIx
and A
@ > Blvllz Yy eZ. (4.16)

sup
0£zex |IZIX

Proof We begin with the proof of (4.15). Due the diagonal character of operator By, cf.
(3.12), we need to show individual inf-sup conditions for by, £ bn e and br. The inf-sup
condition for br follows from a slight adaptation of the argument in [31, Lemma 3.2] to
account for the presence of Dirichlet boundary 1"1]?, using that dist (F,]?, Lpp)>s > 0.
The inf-sup conditions for by, and by, follow in a similar way. Since the kernel space
V consists of symmetric and divergence-free tensors, the argument in [31, Lemma 3.2]
must be modified to account for that. For example, in 2 we solve a problem

div(e(vs) =0 in Q7. e(vo)ny=£& on Ty, UTY, vy=0on 7, (417

for given datum & € H_I/Z(Ffp U I‘?) such that & = 0 on FI}I. We recall that Fjl\f

is adjacent to I s,. Furthermore, IFI]?I > 0, which guarantees the solvability of the
problem. We refer to [31, Lemma 3.2] for further details.

Finally, proceeding as above, using the diagonal character of operator B, cf. (3.13),
and employing the theory developed in [34, Section 2.4.3] to our context, we can
deduce (4.16). O

Now, we are in a position to establish that the resolvent system associated to (4.6)
is well-posed.

Lemma 4.7 For N', M and E, defined in (4.4)~(4.5), it holds that Rg(N + M) = E,,
that is, given f € E;, there exists v € D such that (N + M)(v) = f.

Proof Let us consider F = (0,0,%,,, 7,,)' and G = 0 in (4.9)(4.10) and « as in
Lemma 4.5. The well-posedness of (4.10) follows from (4.8), Lemmas 4.5 and 4.6,
and a straightforward application of Theorem 4.2 with A = £+ A, B; = By, S =C,
and B = B. Then, employing Lemma 4.4 we conclude that there exists a unique
solution of the resolvent system of (4.6), implying the range condition. O
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4.2.3 Existence of a solution of the reduced problem

We are now ready to establish existence for the auxiliary initial value problem (4.6),
assuming compatible initial data.

Lemma 4.8 For each compatible initial data (G, Qo,ﬂo) € D and each (f, .qp) €
wbllo, T; X;’z) x Whlo, T; W;,z)’ the problem (4.6) has a solution (@, Q, ) :
[0, T1 — X x Y x Z such that (& , pp) € WE(0, T; L2(2))) x W20, T; W),)
and (3p(0), ﬁp(o)) = (6'\p.,01 Z;p,O)-

Proof The assertion of the lemma follows by applying Theorem 4.1 with E, N', M
defined in (4.4), using Lemmas 4.3 and 4.7. m]

We will employ Lemma 4.8 to obtain existence of a solution to our problem (3.11).
To that end, we first construct compatible initial data (o), 0 ug).

4.3 Compatible initial data

Lemma 4.9 Assume that the initial condition p, o € Hp, where

Hp={wp e H'(Rp): KVu, cH'(R)), KVw,-n,=00nT), w,=00nTp].

(4.18)
Then, there exist 6y := (0 £,0,Up,0,0 p,0, Pp,0) € X, Q= (@9, 00, 20) €Y, and
ug = (Ur0,U5,0,¥ 70, ¥ po) € L such that

Algy) + Bi(,) + By =Fy in X,
—Bi(gg) +Clp) =0  in Y,
—B(gy) = G(0) in VAR 4.19)

where Fy = (%qf(O)I, 0,/f\,,p,o, f;,p,o)t € X}, with some (/f\,,p,o, ]?;a,,,o) € X;’z X
W;;,z-
Proof Following the approach from [3, Lemma 4.15], the initial data are constructed
by solving a sequence of well-defined subproblems. We take the following steps.

1. Define u, o := —i KVpp.0, with pp o € Hp, cf. (4.18). It follows thatu,, o €
H(div; €,) and

_ . 1 .
nK 1up,o =—Vppo, div(u,o) = —; div(KVpp0) in Qp, wuponp,=0 on FI;.
(4.20)
Next, defining Ao := ppolr,, € Ap, (4.20) implies

ap(po,Vp) +bp(Vp, ppo) +br(vp, ko) =0 Vv, € V). 4.21)
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2. Define (6,0, 99, ur0, ¥ r0) € Xy x Ay x Vg x Qy as the unique solution of
the problem

1
ap(@50.Tf)+bn,(Tr, @00 +bp(rr,upo)+bsk (T, ¥r0)= - (arOLr)q,,

n—1
—bn, (0 7,0.¥) = —poBgs Z< /Kj_lllp,o tr Y .tf!j> — (¥ -ny, ’\O)rfp ,
j=1 Tsp

—bp0f0.Vf) —bsk f(0f0.x5)=Er0).ve)q,, (4.22)

forall (zf, ¥, vy, xf) € Xy x Ay x Vg x Qp. Note that (4.22) is well-posed, since
it corresponds to the weak solution of the Stokes problem in a mixed formulation and
its solvability can be shown using classical BabuSka-Brezzi theory. Note also thatu,, o
and ) are data for this problem.

3. Define (o 0, @0, )06 pp,o) € X, x Ay x Vg x Q,, as the unique solution of
the problem

(A(o'p,O)v Tp)Qp + bnp (rpa ®o) + bS(Tp, 77[1,0) + bsk,p(rpy pp’())
= _(A(ap Pp,o D, Tp)Qp

n—1
—bn, (0,0, 9) = Horgs Z <\/Kj1up,0 trj - tf,j> — (¢ n,, AO)r,-,,
j=1 '

Crp
—bs(0 .0, Vs) = bsk,p(0 0, X ) = (£,(0), Vs)g,, (4.23)

for all (t), ¢, Vs, x,) € Xp x Ag x Vi x Q. Problem (4.23) corresponds to the
weak solution of the elasticity problem in a mixed formulation and its solvability can
be shown using classical BabuSka-Brezzi theory. Note that pj, o, u, o, and Ao are data
for this problem. Here 5, o, p, 0, and wo are auxiliary variables that are not part of
the constructed initial data. However, they can be used to recover the variables 5 ps Pps
and e that satisfy the non-differentiated Eq. (3.7).
4. Define g € Ay as
0p:=¢y—u,0 on gy, (4.24)

where ¢ and u,, ¢ are data obtained in the previous steps. Note that (4.24) implies that
the BJS terms in (4.22) and (4.23) can be rewritten withu, o -ty ; = (9o —0o) - t7 ;
and that the Eq. (3.6i1) holds for the initial data, that is,

—{po-mp+ B0 +up0) - mp.§) =0 VEE A, (4.25)

5. Finally, define (Ep,o, ug 0, yp’o) € X, x V5 x Q,, as the unique solution of the
problem

(A(&\p,o), Tp)Qp + bs(Tp, Us,0) + bsk p(Tp, }’p,()) = —bn],('l'p, 00)
—bs(?‘\p,o, V) — bsk,p(a\p,Ov Xp) =0, (4.26)

forall (T, vy, xp) € X, x V3 xQ,. Problem (4.26) corresponds to the weak solution
of the elasticity problem in €2, with Dirichlet datum 6 on I 7,,.
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Combining (4.21), (4.22), the second and third equations in (4.23), (4.25), and the
first equation in (4.26), we obtain (o), ? uy) € X x Y x Z satisfying (4.19) with

{o,.0.Tp)e, = —(AGp.0). Tp)a, and (fp,.0.wp)e, = —byUp0. w)p).
4.27)

The above equations imply

o, 02, + 1 Fopolizgy = € (1850l + 1diva,olliz,) ) -

Standard stability arguments for (4.22) and (4.26), together with the definition (4.24)
of 8o, imply that [, 0ll1.2(,) < C(lgr Ol 2@, +IEr (Ol +upolu g, +

p =
||)\0||H1/2(1“/,,))~ Hence (f5,.0, fp,.0) € X/p,Z X W;,,z’ completing the proof. O

4.4 The main result

We are now ready to prove existence and uniqueness of a solution of the problem
(3.11).

Theorem 4.10 For each p,o € H, and compatible initial data (QvaovHO) con-
structed in Lemma 4.9 and each

freWH(0.7: V), £,e WO, T: V), gy e WH'(0.T: X)),
qp € WH(0, T; W),

there exists a unique solution of (3.11), (o, @, u) : [0,7] > X xY x Z, such
that (0 . pp) € WE2(0, T;L2(2,)) x W'(0, T; W,) and (6 ,5(0). p,(0)) =
(O'p,O» pp,0)~

Proof For each fixed time ¢t € [0, T:J, Lemma 4.7 implies that there exists a solution
to the resolvent system (4.9) with F = F(r) and G = G(¢) defined in (3.15). More
precisely, there exist (o (¢), g(t), u(z)) such that

(E+A)@0) + By (@) + B'@(r)) = F(r) in X5,
—Bi1(@1) +C@) =0 inY,
“B@E1) =G@) in Z. (4.28)
We look for a solution to (3.11) in the form g (1) = @ (1) + @ (1), ¢(t) = @(t) + 9 (1),

and u(z) = U(¢) +u(r). Subtracting (4.28) from (3.11) leads to the reduced evolution
problem for (@ (1), @(1), W(t)):

HE@ (D) + A@ (1) + By (@) + B'@(1) = £@(1) — E@E (1)) in Xj,
—Bi@®) +C@) =0 in Y.
—B@() =0 in 75 .(4.29)
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with initial condition @ (0) = o, — (0), 9(0) = @, — 9(0), and u(0) = u, — u(0).
Subtracting (4.28) at ¢t = 0 from (4.19) gives

A@(0) + B (@(0)) + B @(0)) = £@F(0)) + Fo — F(0) in X,
—B1(@(0)) + C@(0)) =0 in Y,
—B(@(0)) =0 in Zj . (4.30)

We emphasize that in (4.30), Fo — F(0) = (0,0.%5,.0. f»,0 — qp(0)' € X},
Thus, M(a (0), 9(0),u(0)) € E,, ie., (6(0),9(0),u(0)) € D (cf. (4.5)). Thus, the
reduced evolution problem (4.29) is in the form of (4.6). According to Lemma 4.8, it
has a solution, which establishes the existence of a solution to (3.11) with the stated
regularity satisfying (o ,(0), pp(0)) = (0.0, Pp.,0)-

We next show that the solution of (3.11) is unique. Since the problem is linear, it is
sufficient to prove that the problem with zero data has only the zero solution. Taking
F =G = 0in (3.11) and testing it with the solution (g, ¢, u) yields

1 1/2 2 2
St (1412 @y +ap pp DIEagg,, + 50 121, )

1
= 10512 2q,) + @p(p. up) +Cl@) (@) =0,

which together with (4.14), (2.7) to bound a, (cf. (3.8)), the semi-definite positive
property of C (cf. (4.8)), integrating in time from O to ¢ € (0, T'], and using that the
initial data are zero, implies

t
lop1E20q,) + 2o 1%, + /0 (||a‘}||isz)+||up||iz(9p)) ds <0. (431

It follows from (4.31) that 6‘}0) =0,u,() =0,0,() =0,and p,(t) = 0 for all
te(0,T].

Now, taking T € V (cf. (4.12)) in the first equation of (3.11) and employing the
inf-sup condition of B (cf. (4.15)), with y = ¢ = (¢, 0, 1) € Y, yields

- Bi()(e) @ &+ A)o)(T)
Bllely < sup ————=— sup —————— =
0+zev  lZlx 0£zeV lzllx

0.

Thus, ¢(t) = 0,0(t) = 0, and A(¢) = 0 for all r € (0, T]. In turn, from the inf-sup
condition of B (cf. (4.16)), with v = u = (uy, uy, Y5 Vp) €L, weget

B(t)(u) 0 €+ A)(a) (D) + Bi(@) (@)
Bllullz < sup =- =0
0+rex  lIZlx 047X lzlx
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Therefore, uy(r) = 0,u;(t) = 0,y () = 0, and y ,(r) = 0 forall 7 € (0, T].
Finally, from the third row in (3.10), we have the identity

bpor,vp)=0 VvyeVy.

Taking vy = div(o y) € Vy, we deduce that div(c (1)) = 0 forall ¢z € (0, T'], which
combined with the fact that o4 (t) = 0 for all t € (0, T], and estimates (4.2)—(4.3)
yields o y(t) = 0 forall t € (0, T']. Then, (3.11) has a unique solution. O

Corollary 4.11 The solution of (3.11) established in Theorem 4.10 satisfies o 7 (0) =

070,ur0) =uro,yr0) =ys0.up0) =up0,90) = @y A(0) = Ao, and
0(0) = 0.

Proof Leta  := 0 r(0) — 0 f 0, with a similar definition and notation for the rest of
the variables. Since Theorem 4.1 implies that M(u) € L*°(0, T; Eé), we can take
t — 01in all equations without time derivatives in (4.29), and therefore also in (3.11).
Using that the initial data (g, @, o u,) satisfy the same equations at t = 0 (cf. (4.19)),
and that 6, = 0 and ﬁp = 0, we obtain

I 4 _d T "
ap @ TPe, + @ div e, + Fr e, ~{rmr o), =0, (4.32a)
n K, v, + (Ve mp A, =0, (4.32b)
— vy div@@f))a, =0, (4.32¢)
—(@g-ns+(0+1,) n,, & =0, (4.32e)
o+ ()],
n—1 B B
(anf ‘/’ f +MUBJS 1<\/K ( 0)'tf,jy¢~tf,j>rfp+(1/f~nf,)»>rfp=0,
j= .
(4.32f)
n—1
/(- = _
— HaBgs 2:1<,/Kj (‘P—o) -tf,.,',(b~tf,.,~>rf +<¢'nl”)‘>1“fp =0. (4.32g)
j= »

Taking (T 7, V), Vy, xf,.f, v, = (Ef,ﬁp,ﬁf,7f,x, 6,5) and combining the
equations results in

1531720, + 18 lIE2q,, + 1@ — Oliss <0, (4.33)

implying EC}- =0,u, = 0,and (p — 0) - t; ; = 0. The inf-sup condit_ions (4.15)-

(4.16), together with (4.32), imply thatuy = 0, 7f =0,9 =0,and 2 = 0. Then

(4.33) yields @ -t ; = 0. In turn, Eq. (4.32¢) implies that <§ ‘n,, g>r — 0 for all
i

& e Hl/z(Ffp). Note that n, may be discontinuous on I s, thus 6 - n), € L2(Ff1,).

Since H'/2(I" ) is dense in L>(I"f,)), then - n,, = 0, and we conclude that = 0. In
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addition, taking vy = div(0 ) € V in (4.32c) we deduce that div(o y) = 0, which,
combined with (4.2)—(4.3), yields o y = 0, completing the proof. O

Remark 4.3 As we noted in Remark 3.1, the Eq. (3.6d) can be used to recover the non-
differentiated Eq. (3.7). In particular, recalling the initial data construction (4.23),
let

t t
VIE[O, T]7 np(t)znp,O““[O uS(S)dS, p[)(t)zpp,()_‘_\/o }'p(s)dS,

t

w(t):wo+/ 0(s)ds.
0

Then (3.7) follows from integrating (3.6d) from O to ¢ € (0, T'] and using the first
equation in (4.23).

We end this section with a stability bound for the solution of (3.11). We will use
the inf-sup condition

bp(Vp. pp) +br(Vp, 1)
lppliw, +1Ala, < ¢ sup —LP2EF .

, (4.34)
0£v,eV, Ivpllv,

which follows from a slight adaptation of [38, Lemma 3.3]. In addition, recalling the
definition of the seminorm | — @|ggs for ¥ € A s, ¢ € Ay, cf. (4.8), we define

T
|¢—¢|12‘2(0’T;BJS) ::/0 (=)D 35sdt, ¥ —dlL0.7:855) = ?Z?OSI;I])I(w_¢)(t)|BJS~

Theorem 4.12 For the solution of (3.11) established in Theorem 4.10, assuming suf-
ficient regularity of the data, there exists a positive constant C independent of so such
that

lo fllLeo.7:xp) + 0 flli20,7:5,) + plliLs, 20,y + 1Upli2o,7;v,)
+ 19 — OlL~0.7:875) + 1@ — Ol120,7:875) + IAIL>(0.7:4,)
+llell2o,7,v) + lalli20,7:2) + ||A1/2(0'p)||L00(0,T;L2(Qp))
+ ||diV(ap)||LOO(O’T;L2(QP)) + IldiV(Gp)||L2(0’T;L2(Qp))
+ IlppliLeo.r:w,) + 1PpllL20.7:w,)
+ 18, A2 (@ + apppDli iz, +V50ld ppllizo.rw,)

<C (”ffHH'(O,T;V_’f) T Eplluro.rivy + gl r:x) + laplao.r:wy)

+ (14 50 ppollw, + 1KV ppollina,))- (4.35)
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Proof We begin by choosing (z, z, V) = (o, 9, u) in (3.10) to get

1 1/2 2 2
S0 (14"2@, + @y pp DIZsgq,, + 501251y, )
1 d 2
5 102 )+ ap (. up) + c05(9.0: 0. 0)

1
= (qrLog)as +(qp. ppe, + Er. up)a, + Ep, us)g,. (4.36)

Next, we integrate (4.36) from O to ¢ € (0, T'], use the coercivity bounds (4.7)-(4.8),
and apply the Cauchy—Schwarz and Young’s inequalities, to find

1420 ) +ap pp DDz q,, + 502y D]y,

t

+ | (109125 + Il | + o —01355) ds

t

<cC IEF1% + 1503, + lgrliZ + llaplsy ) ds
0 f s f P
1/2 2 2

+ 1142 (6 ,(0) + & pp O, o, , + 50 12O I3y

L=(2p) r

t
+35 /0 (||a I, + 1ppliy, + lurlly, + ||us||%x) ds, (4.37)

where § > 0 will be suitably chosen. In addition, (4.34) and the first equation in (3.10),
yields

bp(vpa pp) + bF(Vpa A)

lppliw, +11Alla, <c  sup
P " T 0tvpev, Ivpllv,
a,(a,, vy)
=—c sup Mgcnu,,umgp). (4.38)

0£v,ev, 1Vpllv,

Taking T € V (cf. (4.12)) in the first equation of (3.11), using the continuity of the
operators £ and A in Lemma 4.3, and the inf-sup condition of B; for ¢ € Y (cf.
(4.15)), we deduce

Bi(@)(¢) &+ A@@ —F@@)
Brlelly = sup ————=— s
0£zev  Zlx 0+£zeV llzllx

= C (lollx, +lupllv, + 13 A'*@ ) + 2y pyDlli2g)

+/50ll9 ppliw, + llarlxe, + lgpliw, ) - (4.39)
f P
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In turn, from the first equation in (3.11), applying the inf-sup condition of 5 (cf. (4.16))
foru = (uy, uy, Y yp) € Z, and (4.39), we obtain

B(z)(w) (0 €+ A)(e) (@) + Bi((p) — F(o)
Blullz < sup —— =— su
0xrex  lZlx 0£7eX lzllx

< (llo slx, + Iupliv, + 10 A'2(@ ) + apppDliiaa,)

+50ll3h ppllw, + lasl, + Igpllw, ) - (4.40)

In addition, taking w, = div(u,), vy = div(o r), and vy = div(o ) in the first and
third equations of (3.10), we get

ldive iz, < Il IdivE i, < Iy,
ldivp) iz, = € (19 4Y2@, +apppDlieg,)

+50lloh ppllw, + laplw, ) (4.41)

Then, combining (4.37)—(4.41), using (4.2)—(4.3), and choosing § small enough, we
obtain
1/2 2 2 ' 2 2
1420 + 0y pp DO g, + 50l 2y Oy, + /O (o 71, + 1wy,

i@ ) 22, + 1Py, + 10 = 01355 + @l + lul}) ds

t
< c(/ (16703, + U613, + a1, + lap Iy, ) ds
0 S

+HIA 2@ p©0) +ap ppODIE2g ) +50 1Py Oy,

t
+f0 (||a, A @) +apppDliag ) + solld; p,,||%vp) ds>.

(4.42)

Finally, in order to bound the last two terms in (4.42), we test (3.10) with T =
Orof,up, 00,0 pp) €X,¥ = (9,0,0,2) € Y,v=(up,u5,y5,7,) €Z
and differentiate in time the rows in (3.10) associated to v, ¥, ¢, v, vy, X f and x o
to deduce

1 1
39 (55 10 1Eagq,, + ap(p, wp) +caos(o.0:.0.0))
+dy A2 @ +ap pp DTz, +50 19 Pyl

1
= (grL oo p)a, +(qp. 3 ppla, + @ fr,up)o, + (0 fp, u5)q,,
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which together with the identities
t ¢ t
/ (grLoiof)o, = (CIfI,Gf)szf’O —/ OrqrLofla;,
0 0

t t
0—/0 0 qp, Pp)e,

t
/0 (qp. 9 Pp)e, = (@p, Pp)e,
and the positive semi-definite property of C (cf. (4.8)), yields
d 2 2 2
lo5 D120, + Iy D2, + 00 = 0055
t
+ /O (1242 + @y ppD 2, + 00, pp IRy, ) ds
<o [ (1t 10808, + 1000 e, + Vo gy, ) ds
= , oty tIpllv; 1412 t4pliwy,
+llar O, + 12y Ol + g5 O, + 12,0y, + llo O,
+ Iy O)lIf2q,) + 12, Oy, +10(0) — 0<0)|2BJS)
+61 (Il 01, + 17y 1Ry, )
t
2 2 2 2
+ 82 /0 (ho 1122, + 2oy, + lus I, + gl ) ds. (4.43)

Using (4.38) and the first two inequalities in (4.41), and choosing §; small enough,
we derive from (4.43) and (4.2)—(4.3) that

lo 1%, + 102, + 14iV©E )2 ) + 100) = 8035
+lpp DIy, + 12O,

t
+ f (IIat A (o, + apppl)lliz(gp) + 501/9; p,,||3,vp> ds
0
t 5 5 , X
<C </ (||3z ff||v’f + 19 fplly, + 110: 6]/'||Lz(9f) + ||8tqp||w;)) ds
0 _ A

+IE Oy, + IO, + g5 O, + 12,01,

+las Ol%, + 12,1y, + llo s O,
+ Iy O)lif2q,) + 12, Oy, + 19(0) = 0(0)|§Js)+
' 2 2 2 2
5 /0 (N s, + 1Pl + lus Iy, + lu I, ) ds. (4.44)

We next bound the initial data terms in (4.42) and (4.44). Recalling from Corollary 4.11
that (¢ (0), ¢(0), 6(0)) = (o, @, 80), using the stability of the continuous initial data
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problems (4.20)—(4.23) and the steady-state version of the arguments leading to (4.42),
we obtain

lo p O, + Nup Oz ) +14Y2@pOIF2q ) + 125 Oy, +190) = 0O)Esg

<cC (npp,on%vp + 1KV )0l g, + ||ff(0)||%7/f + It O, + llg f<0>||§gf) :

(4.45)

Therefore, combining (4.42) with (4.44) and (4.45), choosing &, small enough, and
using the estimate (cf. (4.14)):

142 (1)l = € (1420, +ap pp DOl + 17, Ollw, )
(4.46)
and the Sobolev embedding of H'(0, T) into L>(0, T), we conclude (4.35). O

5 Semidiscrete continuous-in-time approximation

In this section we introduce and analyze the semidiscrete continuous-in-time approx-
imation of (3.11). We analyze its solvability by employing the strategy developed in
Sect. 4. In addition, we derive error estimates with rates of convergence.

Let Q;If and ’Thp be shape-regular and quasi-uniform affine finite element partitions
of Q7 and €2, respectively. The two partitions may be non-matching along the inter-
face I yp. For the discretization, we consider the following conforming finite element
spaces:

th X Vyp X th C Xf x Vg x Qf, Xph X Vg X Qph C X[, X Vg X Q[,,
Vo X Wy CV, X W,

We take (Xyr4, Vi, Qrp) and (Xpp, Vi, Qpp) to be any stable finite element
spaces for mixed elasticity with weakly imposed stress symmetry, such as the
Amara-Thomas [2], PEERS [10], Stenberg [58], Arnold—Falk—Winther [11, 12], or
Cockburn—Gopalakrishnan-Guzman [28] families of spaces. We choose (V i, W)
to be any stable mixed finite element Darcy spaces, such as the Raviart-Thomas or
Brezzi-Douglas-Marini spaces [19]. For the Lagrange multipliers (A s, Agn, App)
we consider the following two options of discrete spaces.

(S1) Conforming spaces:
A CAp, Ay CAy, App CAp, 5.1
equipped with H'/2-norms as in (3.3). If the normal traces of the spaces Xtn,
Xpn, or Vp;, contain piecewise polynomials in P, on simplices or Q, on cubes

with k > 1, where Py denotes polynomials of total degree k and Qy stands
for polynomials of degree k in each variable, we take the Lagrange multiplier

@ Springer



S.Caucao et al.

spaces to be continuous piecewise polynomials in Py or Qx on the traces of the
corresponding subdomain grids. In the case of k = 0, we take the Lagrange
multiplier spaces to be continuous piecewise polynomials in P; or Qq on grids
obtained by coarsening by two the traces of the subdomain grids. Note that these
choices guarantee the inf-sup conditions given below in Lemma 5.1.

(S2) Non-conforming spaces:

Apn =Xpnglr,,, Agp:=Xpiplr,,, Apn:=Vpp-mplr, . (5.2)

which consist of discontinuous piecewise polynomials and are equipped with
L%-norms.

Itis also possible to mix conforming and non-conforming choices, but we will focus
on (S1) and (S2) for simplicity of the presentation.

Remark 5.1 The choices (S1) and (S2) result in similar convergence rates, cf. The-
orem 5.4. The conforming case (S1) has fewer degrees of freedom, while the
non-conforming case (S2) provides local continuity of flux across I' 7, on each element
of the mesh for A ,;,, which is the trace of ,];lp onTlg,.

Remark 5.2 We note that, since Hl/z(l"fp) is dense in LZ(Ff,,), (3.61)—(3.6k) in the
continuous weak formulation hold for test functions in L?(I"f,,), assuming that the
solution is smooth enough so that the traces are well-defined in L>(I'f,); e.g., u,, €
H!/2t¢(Q,) for some € > 0. In particular, these equations hold for &, € A,
¥, € A, and ¢, € Ay in both the conforming case (S1) and the non-conforming
case (S2).

Now, we group the spaces similarly to the continuous case:

Xp =X X Vi X Xpn X Won, Yii=App X Agy X App,
Zy =V x Vo X Qpp X Qpp,
0y = (0 fhs Uph, O phs Ppi) € Xpy @, = (@p, On, Ap) € Yi,
w, = (W, s, ¥ s ¥ i) € Zn,s
Ty = (T pns Vphs Tps Wpn) € Xny ¥, = (i, @ps §n) € Yo,
Vi i = (Vins Vsis X 1> X pi) € L

The spaces X;, and Z;, are endowed with the same norms as their continuous coun-

terparts. For Y, we consider the norm ||£h||%(h = IIIIIhIIiM + ”¢h“%xh + |én ”3\[,;,’
where

| lI&nlla, for conforming subspaces (S1) (cf. (3.3)), 53

I8nlla,, = ||$h||L2(Ffp) for non-conforming subspaces (S2) . (5.3)

Analogous notation is used for [|[ ¥, [|a ;, and (@ l|A,,-
The continuity of all operators in the discrete case follows from their continuity
in the continuous case (cf. Lemma 4.3), with the exception of B (cf. (3.12)) in the
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case of non-conforming Lagrange multipliers (S2). In this case it follows for each
fixed & from the discrete trace-inverse inequality for piecewise polynomial functions,
leli2ry < Ch™ 2@l 20y, where T' C 9O. In particular,

bu (T 7, ¥) < Clizplia, ) I¥ e, < Ch 2T plie@p) W lee,,), 64

with similar bounds for bnp (tp,¢) and br(vy, §).
We next discuss the discrete inf-sup conditions that are satisfied by the finite element
spaces. Let

)Nih = {IheXh: tny =0 and 7,m, =0 on I‘fp}. (5.5)
In addition, define the discrete kernel of the operator 5 as
Vii={z, e X Bam) =0 Vv € Zy| = pnx Vo xXpnxWpn, (5.6)

where

~

K, = {r*h €Xun: (TunEup)a, =0 VE,, € Qup and div(z,) =0 in sz}
*x € {f, p}.

In the above, div(z,;) = 0 follows from div(Xy;) = Vg, and div(X,,) = Vg,
which is true for all stable elasticity spaces.

Lemma 5.1 There exist positive constants E and El such that

B ~
) > Bllvyllz Vv, € Zy, (5.7
0#1;,6)’2;, ”lh”X
Bl(lh)('/f ) ~
sup ————— = Bily, Ny, V¥, €Y. (5.8)
0£z,ev,  1Zhllx Th v

Proof We begin with the proof of (5.7). We recall that the space X, consists of stresses
and velocities with zero normal traces on the Neumann boundaries, while the space
X, involves further restriction on I’ fp- The inf-sup condition (5.7) without restricting
the normal stress or velocity on the subdomain boundary follows from the stability of
the elasticity and Darcy finite element spaces. The restricted inf-sup condition (5.7)
can be shown using the argument in [6, Theorem 4.2].

We continue with the proof of (5.8). Similarly to the continuous case, due the
diagonal character of operator B (cf. (3.12)), we need to show individual inf-sup
conditions for bnf, bnp, and br. We first focus on br. For the conforming case (S1)
(cf. (5.1)), the proof of (5.8) can be derived from a slight adaptation of [31, Lemma 4.4]
(see also [36, Section 5.3] for the case k = 0), whereas from [3, Section 5.1] we obtain
the proof for the non-conforming version (S2) (cf. (5.2)). We next consider the inf-
sup condition (5.8) for by, with argument for bp, being similar. The proof utilizes a
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suitable interpolant of T s := e(v ), the solution to the auxiliary problem (4.17). Due
to the stability of the spaces (Xyp, Vi, Qrp) (cf. (5.7)), there exists an interpolant

IZIIJ: : ]HII(Qf) — Xy, satisfying

bf(f[;{rf -1, V) =0 Vvp, €V,
bsk,.f'(ﬁ;{'”f =T X)) =0 VX € Qs
((ﬁ;{'ff _Tf)nf,Tfhnf)FprF;\_/ =0 Vs eXpy. (5.9)

The interpolant IT £ T 7 is defined as the elliptic projection of 7  satisfying Neumann
boundary condition on FprF}V [44,(3.11)—(3.15)]. Due to (5.9), it holds that lzlizrf S

X rh- With this interpolant, the proof of (5.8) for br discussed above can be easily
modified for bnf ,see [31,Lemma4.4] and [36, Section 5.3] for (S1) and [3, Section 5.1]
for (S2). O

Remark 5.3 The stability analysis requires only a discrete inf-sup condition for 5 in
X}, x Zj,. The more restrictive inf-sup condition (5.7) is used in the error analysis in
order to simplify the proof.

Finally, we will utilize the following inf-sup condition: there exists a constant ¢ > 0
such that
bp (Vp/’lv pph) + br (Vp/’lv Ah)

lppnllw, + Anlla,, < ¢  sup ) (5.10)
02V €V i IVprllv,

whose proof for the conforming case (5.1) follows from a slight adaptation of [38,
Lemma 5.1], whereas the non-conforming case (5.2) can be found in [3, Section 5.1].

The semidiscrete continuous-in-time approximation to (3.11) reads: find (¢, @, u,):
[0, T] — X} x Y, x Zy, such that for all (7, ﬂh’ v,) € Xj, x Y, x Zy, and for a.e.
te(0,T),

0
% E(ay)(xy) + Algy)(z)) + Bi(z))(e,) + B(z,) ) = F(z)),
—Bi(a,)(¥,) +Cle)¥,) =0,
-B(g;),) =G(v,). (.11

We nextdiscuss the construction of compatible discrete initial data (¢, o. @, - Wy, 0)-

Lemma 5.2 Assume that pp o € Hp. Then, there exist Opo = (0 £1,0, Wph,05 O ph,0-
Ppn0) € Xn, @, o = (@1,0- 01,0, 2n,0) € Y, andwy, o = (Wsp,0. sk 0. ¥ 1.0+ ¥ ph.0)
€ Zj, satisfying

Alg), 0) @) + Bi(@y)(@, ) + B(x,) W, o) = Fio(x,) Yz, €Xp,
—Bi(gy0)¥,) +C@, )¥,) =0 vy, €Y,
—B(a,0)(¥;) =Go(y,) Vy, €Z;, (5.12)
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—~ 1 —~ —~
where ¥ 0 = (=q7(0)L,0,f5, 0, f,,ph,o)t € X, and Gy = G(0) € Z' for some
n

r} / = %
fa,,;,,O € Xp,z and fpph,o € Wp,2~

Proof The construction is based on a modification of the step-by-step procedure for the
continuous initial data (o), @ u,) presented in Lemma 4.9. In each step the discrete
initial data is defined as a suitable projection of the continuous initial data.

1. Define 0, 0 := P}f\“ (@), where P}f\s : Ay — Ay, is the classical L2-projection
operator, satisfying, for all ¢ € Lz(Ffp),

(6=~ @).94) =0 VoA

Cyp

2. Define (O'fh,O,(Ph,o,ufh,Oa th,O) € th X Afh X th X th and (llph’o,
Pph,0> An0) € Vpn X Wpp X Apy by solving a coupled Stokes-Darcy problem:

ag(o fr,0,Tfn) +bn(Trn, @p0) +bp(Trn,wrn0) + bk £ (Trns ¥ fi,0)

=af(0f0.Trn) +bnp(Trn, @0) +or(Tn,ur o) +bsk £ (Trn, ¥ r0)

1
= (@O LTy,

n

n—1
—bn; (05,0, ¥p) + noBIs Z <‘/K;l(¢h,0 —0n0) -ty . ¥p ‘tf,j>

j=1 Trp
+¥n - ny ol
n—1
= —bn; (67,0, ¥p) + Harss Z <\/K;1(<ﬂo —00) -ty j, ¥y 'tf,j>
j=1 Tsp
. Y =
+(¥nmp o)y, =0,
—bg(ofn,0.Vrn) —bsk, (0 fr,0. X f1) = —bf(0£.0.Ven) — bsk £(0 7,00 X f1)
=Er0), vena,.
appp,0,Vpn) +bp(Vpns Ppi,0) + br (Vpn, 1p,0)
=app.0,Vpn) +bp(Vpn. Pp.0) +br(vpn, 2o) =0
— bppp,0. wpn) = —bp(Up 0. wpp) = —p~ (diVKY pp 0). wpn), -
—{@n0-np+On0+ups0)-np, éh)rfp =—(po-ns+@Oy+u,o)- n,,,&h)rfp =0,
(5.13)

for all (Tfh» lllh, Vi, th) € th X Afh X th X th and (Vph, Wph, Eh) € Vph X
Wpn x App. Note that (5.13) is well-posed as a direct application of Theorem 4.2.
Note also that 8}, ¢ is datum for this problem.

3. Define (0 pn,0, @r,0, N ph0s pph,()) € Xpn x Agp X Vg x Qpp, as the unique
solution of the problem
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(A0 pn,0), Tph)e, + bn, (T pi, @h,0) + bs (T pis Npp,0) + bsk,p(Tphs P pn,o)
+ (Alop ppro Dy Tpn)e,
= (A(0p,0), Tpn)Q, + bn, (T ph, @0) + bs (T pi, Np.0) + bsk,p(Tphs P 0)
+ (A(ap ppoD, Tpn)e, =0,

Cp

n—1
— bn, (0 pi0: B1) + 1L oTs Y <\/Kjl (@n,0—0n0) -ty &y tf,j>
j=1

+ (@ -mp, )‘h,())r

Ip
n—1
— —1
= —bn, (0.0, $) + 1L a5Js Z<,/K,- (90— 00) - tr ;. b -tf,,->
j=1 Crp
+ (¢h . Ilp, )\,())r,fp = 0,
- bs(aph,O’ Vsn) — bsk,p(o'ph,O’ Xph) = —b; (Up,Oa Vsh) — bsk,p(ap,07 Xph)
= (£,(0), vsn)e, (5.14)

for all (Tpn, @y, Vsns Xpn) € Xpn X Agp X Vgp X Qpr. Note that the well-
posedness of (5.14) follows from the classical Babuska-Brezzi theory. Note also that
Pph,0s 9h.0 01.0, and Ap o are data for this problem.

4. Finally, define (&\ph,o, U 0, }’ph,o) € Xpn x Vs X Qpp, as the unique solution
of the problem

(A(Eph,O)s Tph)Q,, + bs(Tph, Ugp.0) + bsk,p(rph’ )’ph,O) = _bn,, (Tph’ 01.0),
~b5(0 pn.0s Vsi) = sk p(@ pn.0, X pn) =0, (5.15)

for all (T pp, Vs, xph) € Xpn x Vi X Qpp. Problem (5.15) is well-posed as a direct
application of the classical Babuska-Brezzi theory. Note that 6 o is datum for this
problem.

Wethendefinea, o = (0 1,0, Wph.0, & ph,0, Ppn,0) € Xns @, = (@10, 01,0, 11,0)
€ Yp, and w;, o = (Wgp,0, Ush,05 ¥ £1,0o ¥ ph,0) € Zn. The above construction implies
that (g, ¢, @0 u,, () satisfy (5.12) with F; o = (%qf(O)I, 0,f5,,.0, fpph,o)[ € X,
and Gyp = G(0) € Z/, where faph,o/\e X;,J is defined by (fggh,o’ ),

— (A0 pn,0), Tp)gzp VT, € ]LZ(QI,) and fpph,O € W;’zis defined by (fp,,;,,(), wp)gp =
—bp(Wpn0, wp) Yw, € L2(R)). o

5.1 Existence and uniqueness of a solution

Now, we establish the well-posedness of problem (5.11) and the corresponding sta-
bility bound.

@ Springer



A multipoint stress-flux mixed finite...

Theorem 5.3 Foreach p,0 € H), and compatible discrete initial data (g, ), @), 00 W 0)
constructed in Lemma 5.2 and each

fr e WH'(0,T: V), £,e WO, T: V), gp e WH'(0, T: X)),
ap € WH(O, T; W),

there exists a unigue solution of (5.11), (o, @, w,) : [0, T] = X, x Y, x Zy, such
that (& pi. ppi) € W0, T3 Xp0) xW(0, T3 W 1), and (a,(0). @, (0). u (0,
Y rn(0) = (a0, @00 Wrh0; Y rn,0)- Moreover, assuming sufficient regularity of the
data, there exists a positive constant C independent of h and s, such that

o sullLeo.7:xp) + 0 rallizo.r:x,) + 1WpnliLeo. 2@, + Wpnllze.r:v,)
+ 1@y — OnlLe©,1:855) + 1@n — Onli2 1:855) T 1An L2 @©.7:A )
+lle, 2o 7v + 104lli20.7:2) + 1A (@ o)l 0. 7:12(2,))
+ 1div (e pr) L0, 7:02(0,)) + 1diV(0 p)llL20.7:12(2,))
+ IpprliLe©.7;w,) + 1PprllLzo,r:w,)

+ 1100 A2 (@ pi + @p pprD 2o, 112, + V5013 PprllLeo.rw,)
<C (||ff||Hl(o,T;V’f.) + ||fp||H1(o,T;V;) + ||f]f||Hl(0,T;Xff)

+ ||61p||H1(0,T;w/p) + 1+ so)llppoliw, + ”Kvpp,O”Hl(Qp))- (5.16)

Proof From the fact that X;, C X, Z, C Z, and div(Xy),) = Vp, div(X,;) = Vi,
div(V ) = Wy, considering (gh’o, gh,o’ Eh,o) satisfying (5.12), and employing the
continuity and monotonicity properties of the operators A" and M (cf. Lemma 4.3
and (5.4)), as well as the discrete inf-sup conditions (5.7), (5.8), and (5.10), the proof
is identical to the proofs of Theorems 4.10 and 4.12, and Corollary 4.11. We note that
the proof of Corollary 4.11 works in the discrete case due to the choice of the discrete
initial data as the elliptic projection of the continuous initial data (cf. (5.13)—(5.15)).

O

Remark 5.4 The construction of the initial data in Lemma 5.2 provides compatible
initial data (1,0, P pn,0- @h,0) for the non-differentiated elasticity variables in the
sense of the first equation in (4.23) (cf. (5.14)). As in the continuous case, we can
recover them as follows:

t

t
nph(t)znph,()‘i_/o ush(s)dss Pph(t)zpph,0+/(; yph(s)dsv
1
on0) =@no+ [ 046)ds.,
0

for each t € [0, T']. Then (3.7) holds discretely, which follows from integrating the
equation associated to Ty, in (5.11) from O to ¢ € (0, T'] and using the first equation
in (5.14).
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5.2 Error analysis

We proceed with establishing rates of convergence. To that end, let us set V. €
{(Wp. V5, Vi, Qf,Qp}. A € {Af, A, Ay} and let Vi, Ay be the discrete coun-
terparts. Let P,Y :V —> Vpand P,f\ : A — Ay, be the L?-projection operators,
satisfying

(u = Py ), vi)e, =0 Yvy € Vp,

(@ — PM@). Yndry, =0 Vi € Ay, (5.17)
where » € {f, p}, u € {pp.us,us, ¥, v,}, ¢ € {9.0,1}, and v, ¥, are the
corresponding discrete test functions. We have the approximation properties [27]:

lu = Py @) lL2@,y < CHH s,

lo = PA@ Iy < CH @llgrr, - (5.18)

where s, € {spp, Suys Sugs Sy syp} and s, € {54, 59, 5.} are the degrees of polyno-
mials in the spaces V;, and Ay, respectively, and (cf. (5.3)),

. ||‘P||H1/2(rf,,), with r = 1/2 in (5.18) for conforming spaces (S1),
lellay = ||<p||Lz(Ffp), with r = 1 in (5.18) for non-conforming spaces (S2).

Next, denote X € {Xf,X,,V,}, 0 € {of,0,,u,} € X and let X, and 7, be
their discrete counterparts. For the case (S2) when the discrete Lagrange multiplier
spaces are chosen as in (5.2), (5.17) implies

(¢ = P (@), tim)r,, =0 V1, € X, (5.19)

where x € {f, p}. We note that (5.19) does not hold for the case (S1).
Let ] Z( : X NHYQ,) — X, be the mixed finite element projection operator [19]
satisfying
@div(l (), wie, = (div(e), wpe,  Ywy € Wy,

<Iﬁ((0)n,,thn*>r = (on..um)r,, Vo € X (5.20)
fr

and

lo = IX(@) 2, < CH Moo+ g,
Idivio — I (o)l 2.y < C A= HIdiv(o) s+ (q,)- (5.21)

where wy, € {Vn, Von, wpn}, Wi € {V5, V5, W, }, and s, € {s(,f,sgp,sup} — the
degrees of polynomials in the spaces Xj,.
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N0W9 let (o.fv up7 o.p9 pps Q, 03 )\'1 ufs Uy, }’f, )’p) and (O'fh, uphs aph9 pph7 (P}”
On, Ap,upp, ugy, Y fhs yph) be the solutions of (3.11) and (5.11), respectively. We
introduce the error terms as the differences of these two solutions and decompose
them into approximation and discretization errors using the interpolation operators:

e; ;=0 —op = (0 — IZ((O’)) + (I;l((a) —op) = e(lI +eg, o€ {af,ap,up},
e =9 —gp=(0— Pr@)+ (P —gn) =e, +eb. pe{p.0.1],
e, =u—up=@Wu— PhV(u)) + (P,Y(u) —up) = eLII +eﬁ, ue {pp,u]c,us, Y yp}.
(5.22)
Then, we set the errors

€ = (€s;, €u,.€5,.€p,), €y :=(€p, e, €), and ey:= (Cu;, eu. ey . €y ).

We next form the error system by subtracting the discrete problem (5.11) from the
continuous one (3.11). Using that X;, C X and Z; C Z, as well as Remark 5.2, we
obtain

(0 €+ A)(eg)(z),) + Bi(z),)(ep) + B(z)(en) =0 VI, €Xp,
—Bi(eg)(¥,) +Clep)(¥,) =0 vy, €Y,
—B(eg)(v;) =0 Vv, €Zy. (5.23)

We now establish the main result of this section.

Theorem 5.4 For the solutions of the continuous and discrete problems (3.11) and
(5.11) established in Theorem 4.10 and Theorem 5.3, respectively, assuming sufficient
regularity of the true solution according to (5.18) and (5.21), there exists a positive
constant C independent of h and s¢, such that

les /Il ;%) + ||eaf||L2(o,T;xf) + ||eu,,||L00(o,T;L2(Qp)) + ||eu,,||L2(o,T;V,,)
+ lep — eglLo©,1;805) + [€p — €0l12(0,7;875) T l€xllLo©,T;A )
1/2

+ llegll20,7;y,) + lleullLzo,7:2z) + 1A / (€5, llLo0,7:12(2,))

+ ”div(eap)||L°°(0,T;L2(Qp)) + ||div(e¢7p)”LZ(O,T;LZ(QP))

+ llep, llLeo.r:w,) + llep, IL20,7:w,)

172
+ [lo, AY (s, +apep, Dl 20, 7:12(2,) + V50l €p, llL20,7:w,)
< C exp(T) (Wt 4+ et 4 ), (5.24)

where sg = min{sq ;, Su,, S ,+ Sp, }, Sp = Min{sy, s, s}, su = min{sy;, su,, Sy Sy, L
and r is defined in (5.18). N

Proof We present in detail the proof for the conforming case (S1). The proof in the
non-conforming case (S2) is simpler, since several error terms are zero. We explain
the differences at the end of the proof.
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We proceed as in Theorem 4.12. Taking (z,,, ﬁh, v,) = (eg, ef/‘,, eﬁ) in (5.23), we
obtain -

1
500 (ac(el e el eh )50 ), €h o, ) +ael el ) +apel, el

+ CBJS(eqp 697 (0’ eo)

=—ay(e,, f,/,) —ap(eup,eﬁp) —ac(d ey, 0 eI’,)' el L) —Cley )(e”)
— bn, (€} €)) — bn, (€} . €f) —br(el ,e]) +bn, (el €h)+bn, (€] ,ep)+brie, el
— by, f (egf, ef,f) — bsk,p(egp, ef,p) + bsk,f(ef,f, ezf) + bsk,p(eép, eﬁp), (5.25)

where, the right-hand side of (5.25) has been simplified, since the projection properties
(5.17) and (5.20), and the fact that div(eﬁp) € W, div(el ) € Vyp,and div(eﬁp) €
Vs, imply that the following terms are zero:

so(ale epp) b (e e ) b (eup epp) bf(ea/ euj) bf(eaf ﬁj)
by (e{:p, ey)s bs(ey eug- (5.26)

In turn, from the equations in (5.23) corresponding to test functions v ¢, Vg, and wpp,
using the projection properties (5.20), we find that

bf(ef}f,th) =0 Vve, €Vyy, bs(egp,Vsh) =0 Vv € Vg,
bp(ey,, wpn) = ac(d €y 3 € 50, wp) +ac(d ey de, 0, wp)

+(s0 0, €y s wpn)a, Vwpn € Wy
Therefore div(eg*) = 0in Q,, with x € { f, p}, and using (4.2)—(4.3) we deduce

e
€5 )20, = Clieg 1%, lIdiv(es )iz, = 0.
. 17201 1
||d1V(eup)||L2(Qp) <C (||8, Al (e, +ape, Dz,

o AVl +apeh Dl + Voo ld el lw,) . (527)

Then, applying the ellipticity and continuity bounds of the bilinear forms involved in
(5.25) (cf. Lemma 4.3) and the Cauchy—Schwarz and Young’s inequalities, in combi-
nation with (5.27), we get
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o (IA"2(el, +ape DiZsq ) +solleh I, ) + ek, 13, + lieh I3,
+ldivees )IFzq,, + le) — €35
< C (el I, + llel, I3, + lles 1%, + le) — ej2s + ey I, + lleh I,
+lley I, + 18, A (eg, +apep Difag )+ 1472 (e +ape) Diifag |
+lo AV el +apeh DIZag  +solldr el Iy, )
+51 (el 1%, + lleh, 13, +leb — e 255)

2 2 2 2
+6, (||e’;p 17200, + legll%, + lle) 115, + lie ||Qp),

where for the bound on bnp (egp, e(g) we used the trace inequality (3.2) and the fact
that div(ef}p) = 0. Next, integrating from O to ¢ € (0, T'], using (4.14) to control the

term ||ef}p ||]]2J2 and choosing 61 small enough, we find that

(«Qp)’
1412 ey, +apel, DOz, + solle), IRy,

+ fo t (el 1%, + el I, + 1diveel )z, + leh — €ehlds) ds

<cC (/Ot (Nes, 1%, + e, I, + e — egl2us + leg I3, + Ny 13,

+lley I3, + ey 1%, ) ds

" /ot (”af Al (e{rp +ap e;pl)”n{%ﬂp) + 1141 (eZp T eil’pl) ”iz(ﬂp)) ds

n /Ot <||a, AVE €l Hapeh DI g +solldr €], II%VP) ds

+1A2(eg, +apel DOfa ) +solley, <0>||%vp)

t
h 2 h 2 h 2 h 2
6 /0 (1€l I3, + b1, + ek, 13, + ), 12, ) ds. (5.28)

On the other hand, taking 7, = (T s, Vpr, Tpn, 0) € Vj (cf. (5.6)) in the first
equation of (5.23), we obtain

Bi(zy)(ey) = —(8 € + A)(eg)(x)) — Bi(z;)(ey)
In the above, thanks to the projection properties (5.17), the following terms are zero:
by (Vph, ef,p), by(Trp, elllf), and by (T pp, elI,S). Then the discrete inf-sup condition of

By (cf. (5.8)) for e}, = (efs, e}, e!) € Y}, gives
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h 1 1 1 I 2 I 2
lebliv, <C(lled, lx, + Nl llv, + llebllv, + leh 13, + e} 13,
12 1 I
+ ”8[ A (eap + ap ePpI)”]LZ(Qp)
h h h o2 ho2
1€k Ik, + lleh I, + ek 13, + ek 13,

+ 118, AV (b +ap el Diliagy + ek, I, ) - (5.29)

In turn, to bound |Ieﬁ||z, we test (5.23) with 7, = (742,0,7,,,0) € )?h (cf. (5.5)),
to find that B

Bay)(eh) = = (ay (€0 . T 1) + (O e, 0 €55 Ty 0) + Bz, (eh) ).

In the above, the terms b (7 75, e{l f) and by (T pi, e{lx) are zero, due to the projection

property (5.17). Then, the discrete inf-sup condition of B (cf. (5.7)) for eﬁ e 7y,
yields

leillz < C (||e!,f||xf + 18, A2 (e, +ape), Dl + ey llg, +lley lig,

el + 19 A e +a e’;Pl)anp)) . (5.30)

Finally, to bound ||ei’,p llw,, we test (5.23) with T, = (T ¢, Vpi, Tpi, 0) € X}, to get

r’

bp (i €) + br (Vs €)= —(ap(ea, Vo) + by (Vpis € ) + br(vpn, el ).

Note that b, (v, ef,p) = 0 due to the projection property (5.17), thus the discrete
inf-sup condition (5.10) gives

h h 1 I h
e, I, + 1eflia, < C(lleh, Iz, + lella, + ek liz@,)). (53D

Combining (5.28) with (5.29), (5.30), and (5.31), choosing 8, small enough,
1

and employing the Gronwall’s inequality to deal with the term / A2 (eﬁp +
0

h 2 :
ap eppI) ”]Lz(szp) ds, we obtain
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142 (g, +ap ey DOz, + 50 e, O,
+ /0 l (el 1, + lleh, I3, + diveel DIZs g ) + ek IRy,
+lel — ef25s + lleb I3, + ||eﬁ||%) ds
< C exp(T) ( /0 [ (ue; I% + lleg 5, + legll7 + leg — ejl3ss

+ 10, A2 (€ +apel DIEyg ) ds

t
1/2 (. h h 2 h 2
[ (1A €+l DI sl IR, ) ds

1/2 /,h h 2 h 2
+1142 (e, +apel DOz, +solle), (0)||Wp). (5.32)

t
Now, in order to bound/o <||8tA1/2 (ef;,+a,, egpl)niz(Q )+so||8, e’ ||%vp)ds

on the right-hand side of (5.32), we test (5.23) with 7;, = = (9,e" Btei’,p)
h h

1/fh (eq,, eo, a,ek) and v, = (euf, u,> €y e ) differentiate in time the rows
in (5.23) associated to Vpp, ¥y, @4, Vrn, Von, X fho xph, and employ the projections
properties (5.17)—(5.20) to eliminate some of the terms (cf. (5.26)), obtaining

Bte

(O u ’ ('

1 h \d 2 h h h h. h Lh
S0 (E b )20, + ap(eh, . €h) + coss(eh, € e, ef) )
+H A2 (eg, arpe DiTag )+ solldre], Iy
1 h I . h h
=—af(eaf,3,eaf)—ap(8,e e )—ae(afe ,atepp,a,eap,a,epp)
—cas(0r €y, 0; €4 €5, €4) + cr (el €5; 3 €]) — cr ey, €5: 0; €)
—bn (€5, €,) — bn, (3 €, €g) —br(ey ,de))
1 h 1 h 1 h h 1
+bn; (0 €5, €5) + b, (3 €; . €) + br(ey . 0 €;) — bk, r(d €5 €, )
~byc.p(dreg, €y ) +bak.r(dreg €y )+ by p(drey, € ). (5.33)

Then, integrating (5.33) from O to ¢ € (0, T'], using the identities

' P '
faf(e],f, hds =ag(el . "f)‘o_/ ap(del el )ds.
0 0 :

t 1
/bn,(at " elyds =bn (el . 0)0—/0 b, (e! 3 el)ds, xe{f,p), o€ (0,0},

hoool VAN ! h I
/0bsk,.(atea,ey*)ds=bsk,*(e;,ey,)‘0—/o sk »(eg,, Or €y, ) ds,

t + t
/ <e£-n_f,8,e’§>r ds-( ‘ny, eﬁ)r —/ <8, eé-nf,e§>r ds, o €{g,0,u,},
0 fp 0 fp

(5.34)

0
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and applying the ellipticity and continuity bounds of the bilinear forms involved
(cf. Lemma 4.3), the Cauchy-Schwarz and Young’s inequalities, and the fact that
div(e! ) = 0in Q, with x € {f, p} (cf. (5.27)), we obtain

leg, O1I%, + e, D2, + 1divieg ()72, + (€5 = €§)D)l5ss

t
+/0 (||a, A2 (e +ap ef,pl)nizmp) + 5013 ef,pn%vp) ds
<C (ne{,f Oz, + e, DI, +lleg, Oz ) + legOIR ,

t
1 2 1 2 1 2 I 2 I 2
Hlep 13, + leh O, + ey ©IF, + /O (or el 1%, +3r el 13,
1 I\2 12 1,2 I 2 I 2
oy (e — ep)ldgs + leglR,, + 10 ep 13, + 10 e) 13, + 13 e, I3

o A2 € +apel DItag  + o) 13,) ds

+leg, O)F2q,, + llea, OIF, + leg O, + leg O, + lley (0)||@f>

+83 (ne.’;f O, + lleg, D2, + 1EOIR ,

+ /0 (e 12, + el 13, + ey — b2 ) ds + /O (1ehIg, + Ieki3) ds)
+% fot I8, A2 (e, +ap€p Dl  ds +C (||e{;f O)1%, + llel, OlF2q,,

+leg, O, + 1(eq — )O3 + llef (0)||2A,,h) : (5.35)

We note that ||ef}p (1) ”]?}(Qp) + ||e§ (1) ||%\ph can be bounded by using (4.14) and (5.31),

whereas all the other terms with §3 can be bounded by the left hand side of (5.32).
Thus, combining (5.32) with (5.31) and (5.35), using algebraic manipulations, and
choosing 83 small enough, we get

leg, O11%, + llew, D2, +1(€p =€) DIzss + IeL DI,

+HIA ey, +ap el DO ) + Idivies, (D)2 q ) + €5, DI,

t
h 2 h 2 h hi2 h 2
+ /O (el 1%, + el I, + 1 — €bl2s + eI},
hy 2 : h 2 h 2
el + diveel s ) + leh I,

o AV (€l +apeh DIZag )+ sollor e Iy, ) ds

<C exp(T)<||e§f<t>||iz(Qf) +lle, D13, + lleg, OIIF2q,)
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Hleg I, + legOIR,, +lley DI, + lley O3,
t
+ fo (141 + lleb 13, + ekl + leh — e B + I e} 1) ds

t
1,2 1 1\2 I 2 I 2
+/O (on e I3, +10, (ef — e Bos + Nor ey I3, + 13re) I3, ) ds
+leg, OF2q,, + llew, O, +leg O3, + leg O, + lley O3,
h 2 h 2 h 2
+leg, O, + llel, Ollf2 g, + lleg, O,

+(1 +s0)ll€f, )y, + (e — ) (0355 + ||e’;(0)||i],h>.

(5.36)

Finally, we establish a bound on the initial data terms above. In fact, proceeding as
in (4.45), recalling from Corollary 4.11 and Theorem 5.3 that (¢ (0), (p(O)) = (0, goo)
and (0,(0), ¢ 2, 0) = (o 95,009, 0) using similar arguments to (5. 32) in combination
with the error system derived from (5.13)—(5.14), we deduce

h 2 h 2 1/2 (oh 2 . 2
”errf (O)”Xj + ”eup (O)”Vp + ”A / (egp(o))”]LQ(Q],) + ”dlv(egp (0))“]_42(91;)
+leh 1%, + el — e 035 + el O3,

< C (lleg, I + lleg, I}, + lleg, 1% (5.37)

where 0y = (67,0, 85,0, 0,0. Pp.0), @, = (9, @0, ko) and Uy = (uf,0,7,.0. ¥ f.0-

Pp0),and e{, o eé , eé) denote their corresponding approximation errors. Thus, using
’ 0

the error decomp?)sition (5.22) in combination with (5.36)—(5.37), the triangle inequal-
ity, (4.14) and the approximation properties (5.18) and (5.21), we obtain (5.24) with
a positive constant C depending on parameters [, A, ip, &p, kmin, kmax, Bgs, and
the extra regularity assumptions for o, ¢, and u whose expressions are obtained from
the right-hand sides of (5.18) and (5.21). This completes the proof in the conforming
case (S1).

The proof in the non-conforming case (S2) follows by using similar arguments.
We exploit the projection property (5.19) to conclude that some terms in (5.25) are
zero, namely by ; (eh e’ ), bnp (eh el ), and br (eﬁp, e/{), as well as terms appear-

I h h I
ing in the operator C (cf. (3.9)): < ‘ny, eA>F,«,,’ <e¢ Ny, ek>1“f,,’ (eo ‘np, e/\)rfp’

and (eo ‘np, eﬁ)rfi . In addition, in the non-conforming version of (5.29) the terms

fp
||e{||Aph, ||eé,||Afh, and ||e£ la,, do not appear, since the bilinear forms br (v, e{),
bn f (T n, efp), and by L, (Tpn,s eé) are zero by a direct application of the projection prop-

erty (5.19). O
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6 A multipoint stress-flux mixed finite element method

In this section, inspired by previous works on the multipoint flux mixed finite element
method for Darcy flow [20, 42, 60, 61] and the multipoint stress mixed finite element
method for elasticity [6-8], we present a vertex quadrature rule that allows for local
elimination of the stresses, rotations, and Darcy flux, leading to a positive-definite
cell-centered pressure-velocities-traces system. We emphasize that, to the best of our
knowledge, this is the first time such method is developed for the Stokes equations.
To that end, the finite element spaces we consider for both (X, Vs, Q) and
(Xpn, Vs, Qpp) are the triple BDM[; — Po — Py, which have been shown to be stable
for mixed elasticity with weak stress symmetry in [16, 17, 32], whereas (V 5, W pp,)
is chosen to be BDM — Py [18], and the Lagrange multiplier spaces (A s, Agn, A pp)
are either Py — Py — Py or P?C — P‘l1C — P?C satisfying (S1) or (S2) (cf. (5.1), (5.2)),
respectively, where P?C denotes the piecewise linear discontinuous finite element space
and P‘llc is its corresponding vector version. We remark that the chosen finite element
spaces for the stresses, rotations, and Darcy flux have degrees of freedom that can be
associated with the element vertices, which, in combination with the vertex quadrature
rule, allows for local elimination of these variables.

6.1 A quadrature rule setting

Let S, denote the space of elementwise continuous functions on 7,*. For any pair of
tensor or vector valued functions ¢ and i with elements in S,, we define the vertex
quadrature rule as in [61] (see also [6, 8]):

E S
(@ Vo= Y (@ Vor= Y. %Zw(r»-w(r», 6.1)

E€T) E€T) i=1

where » € { f, p},s = 3 ontriangles and s = 4 on tetrahedra, r;,i = 1, ..., s, are the
vertices of the element E, and - denotes the inner product for both vectors and tensors.

We will apply the quadrature rule for the bilinear forms a s, ap, a. and by ., which
will be denoted by ai’p, aﬁl,, af} and bfk’*, respectively. These bilinear forms involve
the stress spaces X, and Xy, the vorticity space Q s, and rotation space Q, and
the Darcy velocity space V . The BDM; spaces have for degrees of freedom s — 1
normal components on each element edge (face), which can be associated with the
vertices of the edge (face). At any element vertex r;, the value of a tensor or vector
function is uniquely determined by its normal components at the associated two edges
or three faces. Also, the vorticity space Q s, and the rotation space Q,; are vertex-
based. Therefore the application of the vertex quadrature rule (6.1) for the bilinear
forms involving the above spaces results in coupling only the degrees of freedom
associated with a mesh vertex, which allows for local elimination of these variables.
Next, we state a preliminary lemma to be used later on, which has been proved in [8,
Lemma 3.1] and [6, Lemma 2.2].
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Lemma 6.1 There exist positive constants Cy and C independent of h, such that for
any linear uniformly bounded and positive-definite operator L, there hold

(L(@), 9o, = Colela.. L@, ¥)oa. < Cilelel¥la,.
Vo, €S., xe{f,p}

Consequently, the bilinear form (L(@), ¢)g,q, is an inner product in L3(Q,) and
(L(p), @) IQ/ZQ* is a norm equivalent to || ¢| q, .

The semidiscrete coupled multipoint stress-flux mixed finite element method for
(3.11) reads: Find (g, ?, w,) : [0,T] - X, x Y, x Zj such that for all
(Ih,zh,gh) € Xy, xY, xZp,and forae.t € (0,7T),

d
37 En@) @) + An@)(@y) + Bi(z,) (@) + Ba(z,) (W) = F(z,,),

—Bi(a,)(¥,) +Cle)¥,) =0,
—Bh(lh)(ﬁh) =G(v,), (6.2)

where
An(@ ) () = ali (o i, T 1) + ayWpis Vi) + by (Vphs Ppi) = bpWpn, wpi),

En(@) (X)) 1= al @ pns P Tphs wpn) + (50 pphs Wph)Q,

Bi(x)) (V) 1= by (T o Vyn) + by (T pis Ven) + blie (T s X n) + blic (T ps X pn)-

We next discuss the discrete inf-sup conditions. We recall the space X, defined in
(5.5). We also define the discrete kernel of the operator 3;, as

Vh = {lh € Xy By(z))(v,)) =0 Vv, e Zh} = th X Vpp XXph X Wpp, (6.3)
where

X*h L= {T*h e X (Tuns )00, =0VE,,, € Qu and div(t,,) =0 in Q*],
*e{f. pl,
emphasizing the difference from the discrete kernel of 3 defined in (5.6).
Lemma 6.2 There exist positive constants E and ,B], such that
B (z;,)(v;)
i E
Bi(z,)(¥,)
sup ———

0+£1,€V), lz,lx

Blvillz Vv, € Zy, (6.4)

Buly,lv, Y¥, €Y (6.5)
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Proof The proof of (6.4) follows from a slight adaptation of the argument in [6,
Theorem 4.2]. The proof of (6.5) is similar to the proof of (5.8). The main difference
is replacing the interpolant satisfying (5.9) by an interpolant f[,{ cHY(Q )= Xgp
satisfying

bf(lc[';:‘[f -1, V) =0 Vvp €V,

Bh (s =T x ) =0 ¥ Xy €Qpn,

(L tr —7pmy. Trnnf)rgury =0 YTrn € Xpn,

whose existence follows from the inf-sup condition for Bj, (6.4). O
We can establish the following well-posedness result.

Theorem 6.3 Foreach p,0 € H), and compatible discrete initial data (g, (), @), 00 W 0)
constructed in Lemma 5.2 and each

fr e WHO,T:V)), £,e W0, T: V), g e W0, T: X)),
ap € WH(0,T; W),

there exists a unique solution of (6.2), (g, (2% w,) : [0, T] = X, x Yy, xZy, such that
@ pn pp) € W0, T: Xp) x W0, T3 W), and (a,(0). 9, (0). 04 (0),
Y rn(0) = (a0, @00 Wrh0; Y rn.,0)- Moreover, assuming sufficient regularity of the
data, a stability bound as in (5.16) also holds.

Proof The theorem follows from similar arguments to the proof of Theorem 5.3, in
conjunction with Lemmas 6.1 and 6.2. O

6.2 Error analysis

Now, we obtain the error estimates and theoretical rates of convergence for the mul-
tipoint stress-flux mixed scheme (6.2). To that end, for each o sy, T € Xgp, wpp,

Vph € Vph, 0 phs Tph € Xphs Pphs Wpn € Wpn, X ppp € Qppy and x € Qpp, we
denote the quadrature errors by
h
80 pnTyn) =ayp(@ fu, Tpn) —ap(0 fa, Trn),
h
‘Sp(uph’ V[Jh) = ap(uph’ Vph) - ap(uph, V[?h)a
. . h .
Se(aph, Pph; Tph, wph) = ae(o'phv Pph; Tph, wph) —d, (Gpha Pph; Tph, wp/’t)v

(Ssk,*(X*hv T*h) - bsk,*(x*hs r*h) - b]g,lk,*(kahv T*h)a * € {fv p} (66)

Next, for the operator A (cf. (2.4)) we will say that A € WlTﬁo if A € Who(E)
h

for all £ € 7;1” and || Allyy1.0(g) is uniformly bounded independently of /. Similar
notation holds for K~!. In the next lemma we establish bounds on the quadrature
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errors. The proof follows from a slight adaptation of [6, Lemma 5.2] to our context
(see also [8, 61]).

Lemma6.4 IfK~! W;f,fo and A € WIT%O then there is a constant C > 0 indepen-
h h
dent of h such that

850 fn Tl < C D hllo e 17 rnllize)-
Ee’Thf

189 Wpn, Vo)l < € Y R IK ey Ipn e iy 1V pn 2y
EeT}

|6€(Gphs Pph; Tph, wph)l

< C Y hl Al 10 phs ppi) i (&)xr2ee) 1T pis wpn) 208y 12

EeT}
sk (Tats Xu)| < € D hlTanllizge) | Xanllz ey * € LF. P}
EeT)
185k (Tats Xu)| < € D hliTanllin gy 1Xanllzey. * € 1 P
E€T);

Jorall osp,trn € Xpp, Wpn, Vo € Vpu, 0pn, Tpn € Xpp, Pphs Wpn € Wy,
Xrn € Qrn, X pn € Qpie

We are ready to establish the convergence of the multipoint stress-flux mixed finite
element method.

Theorem 6.5 For the solutions of the continuous and semidiscrete problems (3.11) and
(6.2) established in Theorem 4.10 and Theorem 6.3, respectively, assuming sufficient
regularity of the true solution according to (5.18) and (5.21), there exists a positive
constant C independent of h and s¢, such that

lles (llLee,7:x,) + ||eaf||L2(o,T;xf) + ||eu,,||L00(0,T;L2(Qp)) + ||eup||L2(0,T;Vp)
+lep — €glLo.7:875) 1 |€p — €gli2(0,7:875) T ll€xllLe©.7:4 )
+lleglli2,7:v,) + leulli2.7:2) + 14" @6 ) Lo, 7122,
+ lldiv(es ) llL=0,7:12(2,)) T €p, IL>0.7:W,)
+ lldiv(es )l 20,7:12(2,)) T 1€p, 11200, 7:w,)
+119: AV (es, + apep, Dlli2, 75122, + v50I9: €5, 120 7:w,)
< CJexp(T) (h + h”’) : 6.7)

where r is defined in (5.18).
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Proof To obtain the error equations, we subtract the multipoint stress-flux mixed finite
element formulation (6.2) from the continuous one (3.11). Using the error decompo-
sition (5.22) and applying some algebraic manipulations, we obtain the error system:

(3 € + An) () (x),) + Bi(z)(ey) + Bi () (ey)

= (3 £+ A)(eg)(xy) — Bi(x))(ey) — B(x)) () — 8 ep(In(0), Prw)(T,,),
~Bi(eg)(¥,) +Cleg)(¥,) = Bi(eg)(¥,) — Cleg)(¥,)
—Bu(el)(v;) = Bleh)(v,) + 8 1, (In (@) (v,,) . (6.8)

for all (lh,zh,gh) € Xy, x Yy, x Zy,, where

Xr X
8 fep(In(@), PrW)(x;) 1= =87 (, " (@ ), T 1) = 8e(3." (0 )y Ppi T pis W)
A% »
5 (L (W), Vi) = S £ (T s Pa (1 1)) = S5k p (T s P2 (1)

and
X X
Sfp(lh(g))(zh) = ‘Ssk,f(lh f(af)v th) + 8sk,p(1h p(ap)a Xph) .

Notice that the error system (6.8) is similar to (5.23), except for the additional quadra-
ture error terms. The rest of the proof follows from the arguments in the proof of (5.24),
using Lemmas 6.1, 6.2 and 6.4, and utilizing the continuity bounds of the interpolation

operators IZ(*, IZ”, PP’ [6, Lemma 5.1]:

A

X*
15 @)l gy < Clltwmnlme YTw € HU(E), *€{f, p},
1P ) ey < Clxanli ey ¥ Xun € HU(E),

\%
11, OV p) ey < C I¥phll ey ¥ vpn € HY(E).

We omit further details, and refer to [6, 8, 61] for more details on the error analysis of
the multipoint flux and multipoint stress mixed finite element methods on simplicial
grids. O

6.3 Reduction to a cell-centered pressure-velocities-traces system

In this section we focus on the fully discrete problem associated to (6.2) (cf. (3.11),
(5.11)), and describe how to obtain a reduced cell-centered system for the algebraic
problem at each time step. For the time discretization we employ the backward Euler
method. Let Az be the time step, T = M At t,, =m At,m =0, ..., M.Letd, u™ :=
(AD) L™ —u™~1) be the first order (backward) discrete time derivative, where u” :=
u(ty,). Then the fully discrete model reads: given (gg, 22, gg) = (gh’o, Qh,o’ Eh,o)
satisfying (5.12), find (gZ’, %l",gf) eX, xYy, xZy,m=1,..., M, such that for
all (7). ¥,.v,) € Xy x Yy X Zy,

dr En(ay)(Ty) + Anla)) (xy) + Bi(z)(@)) + Bz, (W) = F(z)) .
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~Bi@@,) +C@"W,) =0,
—Bp(@p)(vy) = G(v,) . (6.9)
Remark 6.1 The well-posedness and error estimate associated to the fully discrete
problem (6.9) can be derived employing similar arguments to Theorems 6.3 and 6.5
in combination with the theory developed in [9, Sections 6 and 9]. In particular, we

note that at each time step the well-posedness of the fully discrete problem (6.9), with
m=1,..., M, follows from similar arguments to the proof of Lemma 4.7.

Notice that the first row in (6.9) can be rewritten equivalently as

(@078 +44) @@y + Bia) (@) + Bz @)
=F(z)) + A0~ &0 Dy - (6.10)

Let us associate with the operators in (6.9)—(6.10) matrices denoted in the same way.
We then have

As oy 0 0 t0 Asu; 0 0 0
0 A 0 A 0 0 A 0
(At)flé'h +Ah _ upu, uppp , Bh — 0 pug
t A 0 0 0
0 0 Aal’”l’ A‘Tpl’p ofYyf
0 —Auppp Acppp Apprp 0 0 Aopy, 0O

By

Acjp O 0 0 App ALy Ay,
0 0 Aa',,0 0], C= Agp Agg Ate)L s
0 Ay, 0 0

_A(p)x — Ay, 0
with

Agjo; ~al (), Aupu, ~ ah(. ), Agye, ~ (AN al(-,0;,0),
Ag,p, ~ (ANl (-, 00, ),
Ap,py ~ (AD71al (0,0, + (AN (50, e, Auyp, ~ bp. ),
Ao o~ bn (5 ), Auypi ~br(-, ),
Ag,0 ~ bn,(-,°), Agp ~ crys(-,0;+,0), Agp ~ cris(-, 050, ),
Agg ~ cpys(0,50,-), Apy ~cr(-,0;),
Apy ~cr (0,5, Agpup ~br(o)s Agpy, ~ bl (o),
Acpu, ~ bs(, ) Agyy, ~ b (),
where the notation A ~ a means that the matrix A is associated with the bilinear form

a. Denoting the algebraic vectors corresponding to the variables o, (pZ’, and uj} in
the same way, we can then write the system (6.9) in a matrix-vector form as

(A& + A By BL\ (o F+ (A& @™
_B c o|ler]= 0 . 6.11)
_ By 0o o) \ur G
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As we noted in Sect. 6.1, due to the the use of the vertex quadrature rule, the degrees
of freedom (DOFs) of the Stokes stress a”;h, Darcy velocity u’;;h and poroelastic
stress tensor ¢”), associated with a mesh vertex become decoupled from the rest of
the DOFs. As a result, the assembled mass matrices have a block-diagonal structure
with one block per mesh vertex. The dimension of each block equals the number of
DOFs associated with the vertex. These matrices can then be easily inverted with local
computations. Inverting each local block in Ay,u, allows for expressing the Darcy
velocity DOFs associated with a vertex in terms of the Darcy pressure p["}h at the
centers of the elements that share the vertex, as well as the trace unknown AZ’ on
neighboring edges (faces) for vertices on I y,,. Similarly, inverting each local block in
Ag ;o allows for expressing the Stokes stress DOFs associated with a vertex in terms
of neighbor?ng Stokes velocity u’}‘h, vor.ticity y’]’Zh, and tr'ace @} . Finally, inveﬁing ea.ch
local block in Ag 5, allows for expressing the poroelastic stress DOFs associated with
a vertex in terms of neighboring Darcy pressure p;’:lh’ structure velocity uy; , structure
rotation yg’h, and trace 0;1". Then we have

m -1 t m —1 t m

Uph = ~Auyu, Au,p, Ppi = Aupu, Auya M
m -1 t m —1 t m —1 t m
O = ~Asio A0 Ph — Aafaanfuf up, — Atrfaanfyf Yin

-1 t m —1 t m —1 t m -1 t m

—A A pph _AU,;UPAUP() oh _Ao'papAo'pux Ush _AO'],O'],AO'[,}JP yph'

6.12)

o =
ph — Op0p " 0ppPp

The reduced matrix associated to (6.11) in terms of (p;"h, o, W s uf,’p‘h, uy,, yl’}’ih,

y’,’jh) is given by

Apllallpl’ + Apl’uﬁpll 0 _AI’W‘TP{" AI»’/?“I’}‘ 0 _AIJI?"I?“»\' 0 _APP“DY,;
0 AgptAgo o A:po AEM Auso o 0 Ay/q/.(p
A‘ppapg Ago Apo+Aps,0  Ap; 0 Auso,0 0 Ay .0
A:upu,,x —Agi —Aga Ajupr 0 0 0 0
A:‘faf‘ﬂ 0 0 Ausoju; 0 A“f"f)'f 0
Alp,)a,)u,; 0 A:.l:a,,f) 0 0 A“\“’P“& 0 A“\"/}Vp
0 At}’f"r?’ 0 0 AL./O_W 0 AVﬂN’f 0
Alppapyp 0 Atyl,u,,ﬁ 0 A:Jsa,,yp 0 Aypcrp}',]
(6.13)
where
A = Ay p, — Ag,p Agl Al A = Au,p, Ay, Al
PpOpPp PpPp OpPp lopop o ppp’ pPpUpPp UpPpupu, tuppp
Appo'po = Ao'pPp At;;dp A:r,,a ’
Al’pup)‘ = Aup]’p Al:plllp A:.lp)»’ APpUpu: = A"p[’p A;plap Azfpus ’

_ —1 t — -1 t
APpUp}’p - AUpPpA(rpapAapyp’ A‘PUf(/J - AGf¢A¢rfaanf(p’

—1 t
llp)nAupu,,Au,,)»7

Aujo o = A,,_WA‘l A, Augojuy = AUfoA_l Aq

— -1 t —
Ao, = Ac,0Aq 0,46 ,0> Auyn = A

gfofroruy’ grofrro Uy
o -1 t _ -1 t
A“.f"f?’f - A"’f“f AU_foAUf}'f ’ Ausapo - AapaAapa,,Aapus’
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_ —1 t _ —1 t
A“s”p“s - Aapus Aa'po'pAo'plls’ Ausap}’p - AapusAo'po'pAUpyp’

- -1 t _ -1 t
AVP"PVP - A‘TPJ'PAUPUPA‘TN’,;’ Ayp"l’e - AGI’OA617617Aal)yp’

Ayfafyf - A”foAUfoALfyf A}’fdf¢ - Aaf(pAanfA;f},f (614)

Furthermore, due to the vertex quadrature rule, the vorticity and structure rotation
DOFs corresponding to each vertex of the grid become decoupled from the rest of
the DOFs, leading to block-diagonal matrices A, jogypand Ay 5o . Recalling the
matrix definitions in (6.14), each block is symmetric and positive definite and thus
locally invertible, due the positive definiteness of A ! o, and Ay a,, s, and the inf-sup
condition (5.7). We then have

m 1 1 m
yfh_ AyfofyfA)’ffofl"Ph AyfafyfAufafyfufh’

-1 I —1 t m
Ay,,apy,,Appapy,, pph Ay,,apy,,AYpGp" 0 — Ay,,a,;y,,Ausapy,, Usps
(6.15)

m
yPh

and using some algebraic manipulation we obtain the reduced problem Ap;' = F,

with vector solution p}’ := (p) oh o, m o ’}’h, u}, ) and matrix
Appoppp + Appupp, 0 —Apyo,0 Appuyn 0 —Apyopus
B 0 Ago rptApgp B A;o AEM Aujo o B 0
Ao S Agp Ags 0+As Ay, 0 Auo 0
A}pu,,x :Aq;x —Ag. Ay B 0 0
B A{,j.af(/, 0 0 Auou, 0
A;papus 0 Aiisa,,o 0 0 Auo pu,
(6.16)
where

e _ —1 t
Al’p“pl’p - Al’p"pl’p + Al’;"’p}’pAVpGp)’pAPpUp)’p’

~ _ -1 t
App(rp() = Appap6’ - Apdpb‘Ay],a,,y,,Aypa,,a’

_ -1 t
Ppopls — App"p“s B APP”l’}'ﬂAVpUpr Us0pYp’
-~ _ t
A‘P”f‘ﬂ - A‘P"f¢ A)’f"f‘PAyfafyfAyfaﬂp’

_ _ — t
urore — A“f“f‘ﬂ A)’/Uf(”AyfajyfAuja/yf

)

¢

N _ 1
o’po - Aoa’po AYpaﬁaAy UpypAypapo’

v 2

_ _ -1 t
us0 0 = Ausapa A}',;Upﬁ’Ayp(rpypAusopyp’

t

_ _ —1 t
usopup = Aujo jus Aufafy, Ay/O'f)’fAUfO'fy/

e

S

_ —1 t
uso puy — Ausapus - AusUpY,,AypapypAusapyp’ (6~17)
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and the right hand side vector F has been obtained by transforming the right-hand
side in (6.9) accordingly to the procedure above. Note that, after solving the problem
with matrix (6.16), we can recover ug‘h, a’]’!h, a;f‘h and y’]’!h, }’Zlh through the formulae
(6.12) and (6.15), respectively, thus obtaining the full solution to (6.9).

Lemma 6.6 The cell-centered finite difference system for the pressure-velocities-traces
problem (6.16) is positive definite.

Proof Consider a vector q* = (w;h v, b & thh vt,) # 0. Employing the matrices
in (6.14) and (6.17) and some algebraic manipulations, we obtain

t ot _ - t -1 t
CAq= wph(APpPp A(TpPpAopapAappp)wph + wphAPpUp}'pAypapypApp(prpwl’h

A ¥
t t 1 t t t t (4 0 h
(A o+ Al 60) A7y (AL W+ A 68) + () ) ( oo o ) (%)

o A“f' Ad Auva, h
+(, th)<At"’ A f"’)("’h)+<¢th w( bopb "’)(f"}q) (6.18)

uso g Aufafuf \§i l.lydpo AlhapllJ

Now, we focus on analyzing the six terms in the right-hand side of (6.18). The first
term is non-negative due to [41, Theorem 7.7.6] and the fact that the matrix A Py —

A At , is a Schur complement of the matrix

(AUPUP A;ppp )

A"pl’p Al’p Pp

which is positive semi-definite as a consequence of the ellipticity property of the oper-
ator a, (cf. (3.8) and (4.7)). The second term is nonnegative, since the matrix A,,p,, oV

UPppAapa/)

is positive definite, as noted in (6.15). The third term is positive for (w; h S;,) # 0, due
to the positive-definiteness of A ! u, and the inf-sup condition (5.10). The fourth term
is non-negative since the operator C (cf. (4.8)) is positive semi-definite. The matrices
in the last two terms are Schur complements of the matrices

A,,,afq, Auf(,f¢ Ayfaf(p Athp() Ausap() Aypap()
t
Ap = Ausosp Auporus Augosy, |and Ap = | Auo,0 Auopu, Auoyy, |,
t t t t
AYf‘fffP A“ffffrf AVf"f”f Aypapo A“s”]l)’p A}'papyp

respectively, which are positive definite. In particular, for v.tf = (¥, thh xff-h) £0
and v\, = (¢}, vy, x;h) # 0, we have

thAfoz(Af,f(p'/Ih-i-Af,fusfh
1
+A}rfnyfh) Aafaf( frﬂp'/’h+A:7foV.fh+A}rfnyfh)>0’
thApr _( op 0¢h+ a'puv Vsh

t - Al t t
+Aa,,y,, Xph) Aapap( 0,0 8 +Aa,,us Vsh + Aa,,yp Xph) >0,
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due to the positive-definiteness of A f , and A‘, s ,» along with the combined inf-
sup condition for By (t h)(vh) + B (rh)(w ). The latter follows from the inf-sup
conditions (6.4) and (6.5), using that (6.5) h holds in the kernel of B),. Then, applying
again [41, Theorem 7.7.6], we conclude that the last two terms in (6.18) are positive
for (¢}, v n) # 0 and (¢}, v,) # 0. Therefore q' Aq > 0 for all q # 0, implying
that the matrlx A from (6.16) is positive definite. O

Remark 6.2 The solution of the reduced system with the matrix A from (6.16) results in
significant computational savings compared to the original system (6.11). In particular,
five of the eleven variables have been eliminated. Three of the remaining variables
are Lagrange multipliers that appear only on the interface I' ;. The other three are
the cell-centered velocities and Darcy pressure, with only n DOFs per element in the
Stokes region and n + 1 DOFs per element in the Biot region, which are the smallest
possible number of DOFs for the sub-problems compared to any other formulation.
For example, consider the Stokes-Biot formulation in [3, eq. (5.1)-(5.3)], which uses a
velocity-pressure formulation for Stokes, displacement formulation for elasticity, and a
velocity-pressure formulation for Darcy. In the lowest order case it uses the Py b x Py
MINI elements for Stokes, the lowest order Raviart-Thomas spaces RTy x Py for
Darcy, and continuous piecewise linear P for the displacement. This results in n + 1
DOFs per vertex and one DOF per element for Stokes, one DOF per edge or face
and one DOF per element for Darcy, and n DOFs per vertex for elasticity. Therefore
the number of DOFs is significantly larger compared to our reduced system (6.16).
We further remark that the cost of eliminating the stresses, vorticity, rotation, and
velocity, as well as their recovery, is asymptotically negligible compared to the cost
of solving the reduced system. In particular this involves, for each vertex, solving
local systems for the elimination and matrix-vector multiplications for the recovery,
with small matrices of size independent of the number of elements. Finally, since the
reduced system is positive definite, efficient iterative solvers such as GMRES can be
utilized for its solution.

7 Numerical results

In this section we present numerical results that illustrate the behavior of the fully
discrete multipoint stress-flux mixed finite element method (6.9). Our implementation
is in two dimensions and itis based on FreeFem++ [40], in conjunction with the direct
linear solver UMFPACK [29]. For spatial discretization, we use the (BDM| — Py —Py)
spaces for Stokes, the (BDM; — Py —P;) — (BDM| — Py) spaces for Biot, and either
Py —P; —Pp)or P‘fc — P‘l1C — P‘l1C for the Lagrange multipliers. We present three
examples. Example 1 is used to corroborate the rates of convergence. Example 2 is a
simulation of the coupling of surface and subsurface hydrological systems, focusing
on the qualitative behavior of the solution. Example 3 illustrates an application to flow
in a poroelastic medium with an irregularly shaped cavity, using physically realistic
parameters. We note that in all the three examples the prescribed initial conditions
Pp,0 and o, o are part of compatible initial data for all variables that satisfy att = 0
the equations in the numerical scheme (6.9) without time derivatives, cf. (5.12).

@ Springer



S.Caucao et al.

7.1 Example 1: convergence test

In this test we study the convergence rates for the space discretization using an ana-
lytical solution. The domain is Q@ = Q U Q,, where 2, = (0,1) x (0, 1) and
R, = (0,1) x (=1, 0). In particular, the upper half is associated with the Stokes flow,
while the lower half represents the flow in the poroelastic structure governed by the
Biot system, see Fig. 1 (left). The figure also shows the types of boundary conditions
imposed on the different sections of the boundary, recalling that I'?, I‘I}I, r E , Fg, f‘?,

and f‘llf have been defined in the model problem Egs. (2.2) and (2.6). The parameters
and the true solution are given in Fig. 1 (right). The solution is designed to satisfy the
interface conditions (2.8) on I s,. The right hand side functions f¢, g ¢, f, and g, the
boundary conditions, and the initial condition p ¢ are determined from (2.2)—(2.6)
using the true solution. Note that the boundary conditions foro s, us,u,, 0, and 9,
are not homogeneous and therefore the right-hand side of the resulting system is mod-
ified accordingly. The total simulation time for this example is 7 = 0.01 and the time
step is At = 1073, The time step is sufficiently small, so that the time discretization
error does not affect the convergence rates.

Tables 1 and 2 show the convergence history for a sequence of quasi-uniform mesh
refinements with non-matching grids along the interface employing conforming and
non-conforming spaces for the Lagrange multipliers (cf. (5.1)—(5.2)), respectively. The
grids on the coarsest level are shown in Fig. 1 (left). In the tables, & y and /1, denote
the mesh sizes in Q¢ and €2, respectively, while the mesh sizes for their traces on
" fp are h;y and h;,. We note that the Stokes pressure and the displacement at time #,,,
are recovered by the post-processing formulae p’}’ =— % (tr(a’}’) —2u q;”) (cf. (2.2))

and 7, = n’,’j_l + Atu}' (cf. Remark 5.4), respectively. The results illustrate that
spatial rates of convergence O(h), as provided by Theorem 6.5, are attained for all
subdomain variables in their natural norms. The Lagrange multiplier variables, which
are approximated in P; — P; — P; and P‘flC — P‘l1C - P?C, exhibit rates of convergence
O(h3/?) and O(h?) in the H'/? and L?-norms on I’ fp»respectively, which is consistent
with the order of approximation.

p=1 ap=1 MN=1 pp,=1 s59=1 K=I oags=1,

uy =7 cos(mt) ( —3xy++c(1)s(y) ) )

py = exp(t) sin(mx) cos <%y> + 27 cos(mt),

pp = exp(t) sin(w ) cos (%) ,

1 -3 S
u, = —EKVpp7 n, = sin(w ) < 32 + cos(y) ) .

y+1

Fig.1 Example 1, domain and coarsest mesh level (left), parameters and analytical solution (right)
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Table 1 Example 1, errors and convergence rates with Py — Py — P| Lagrange multipliers

hf ”ea'f ”ZZ(O,T;Xf) HeUf ”ZZ(O,T;Vf) ”eyf ”52(0!]';(@]0) ”epf HZZ(O,T;LZ(Qf))
Error Rate Error Rate Error Rate Error Rate
0.1964 2.2E-02 — 2.7E-02 — 24E-03 — 6.3E-03 —
0.0997 1.2E-02 0.95 1.4E-02 1.00 9.3E-04 1.41 3.1E-03 1.05
0.0487 5.7E-03 0.99 6.8E-03  0.99 4.2E-04 1.11 1.6E-03 0.93
0.0250 2.9E-03 1.04 34E-03 1.04 2.0E-04 1.13 7.8E-04 1.07
0.0136 1.4E-03 1.14 1.7E-03 1.15 94E-05 1.23 3.9E-04 1.15
0.0072 7.1E-04 1.08 84E-04 1.10 477E-05 1.09 2.0E-04 1.02
hp ||ea,, HZOO(O,T;XP) lleug ”KZ(O,T;VS) ”e}'p”lz(O,T;Qp) ”e“p ||g2((),T;Vp) Hel’p HZOO(O,T;WF)
Error  Rate Error  Rate Error  Rate Error  Rate Error  Rate
0.2828 2.7E-01 — 4.3E-02 — 34E-02 — 1.0E-01 — 7.5E-02 —
0.1646 1.4E-01 1.27 2.2E-02 1.23 9.4E-03 2.38 5.2E-02 1.27 3.8E-02 1.25
0.0779 6.7E-02 0.97 1.1E-02 0.96 2.2E-03 1.96 2.5E-02 1.00 1.9E-02 0.93
0.0434 3.4E-02 1.17 5.4E-03 1.19 5.8E-04 2.25 1.2E-02 1.24 9.4E-03 1.22
0.0227 1.7E-02 1.06 2.7E-03 1.07 2.0E-04 1.68 5.9E-03 1.08 4.7E-03 1.07
0.0124 8.4E-03 1.15 1.4E-03 1.15 8.1E-05 1.48 2.9E-03 1.15 2.4E-03 1.14
”erlp I‘Zz(O,T;LZ(QP)) htf ||e¢||l2(0,T;Af) htp lleg ”lz(O,T;AS)) lles, HZZ(O,T;AP)
error rate Error Rate Error Rate Error Rate
2.7E-04 — 1/8 1.6E-03 — 1/5 1.6E-02 — 6.9E-03 —
1.4E-04 1.23 1716  3.7E-04 2.11 1/10  5.7E-03 1.49 2.5E-03 1.49
6.7E-05 0.96 1732 1.3E-04 145 120 1.2E-03 2.31 8.5E-04 1.52
34E-05 1.19 1/64  4.6E-05 1.54 1/40  3.4E-04 1.76 3.0E-04 1.50
1.7E-05 1.07 1/128 1.2E-05 1.96 1/80 1.1E-04 1.62 1.1E-04 1.50
8.4E-06 1.15 1/256  3.6E-06 1.70 1/160 2.2E-05 2.34 3.7E-05 1.54

7.2 Example 2: coupled surface and subsurface flows

In this example, we simulate coupling of surface and subsurface flows, which could be
used to describe the interaction between a river and an aquifer. We consider the domain
Q = (0,2) x (—1, 1). We associate the upper half with the river flow modeled by
Stokes equations, while the lower half represents the flow in the aquifer governed by
the Biot system. The appropriate interface conditions are enforced along the interface
y = 0. In this example we focus on the qualitative behavior of the solution and use
unit physical parameters:

nw=1 ap,=1, Ap=1, pup=1, so=1, K=I, ags=1
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Table 2 Example 1, errors and convergence rates with P‘lic - P?C - P‘ljC Lagrange multipliers

hf ”eaf ”ZZ(O.T;X./') HeUf “ZZ(QT;V/) “eyf ”52(0.7-;(@1.) ”epf HZZ(O,T;LZ(QJ-))
Error Rate Error Rate Error Rate Error Rate
0.1964 2.2E-02 -— 2.7E-02 — 24E-03 — 6.1E-03 —
0.0997 1.2E-02 0.94 1.4E-02 1.00 9.7E-04 1.31 3.1E-03 1.02
0.0487 5.7E-03 0.99 6.8E-03 0.99 42E-04 1.16 1.6E-03 0.92
0.0250 2.8E-03 1.04 34E-03 1.04 2.0E-04 1.13 7.8E-04 1.07
0.0136 1.4E-03 1.14 1.7E-03  1.15 94E-05 1.23 3.9E-04 1.15
0.0072 7.1E-04 1.08 8.4E-04 1.09 4.7E-05 1.09 2.0E-04 1.02
hp ”eap”Eoo(O,T;Xp) lleu, ||[2(0,T;V.§') ”e}'plllz(O,T;Qp) ”eup ”[2(O,T;V,,) Hepp ”ZOO(O,T;WP)
Error  Rate Error  Rate Error  Rate Error  Rate Error  Rate
0.2828 2.7E-01 — 4.3E-02 — 34E-02 — 1.0E-01 — 7.5E-02 —
0.1646 1.4E-01 1.27 2.2E-02 1.23 9.4E-03 2.39 5.2E-02 1.26 3.8E-02 1.25
0.0779 6.7E-02 0.97 1.1E-02 0.96 2.2E-03 1.96 2.5E-02 1.00 1.9E-02 0.93
0.0434 3.4E-02 1.17 5.4E-03 1.19 5.8E-04 2.25 1.2E-02 1.24 9.4E-03 1.22
0.0227 1.7E-02 1.06 2.7E-03 1.07 2.0E-04 1.67 5.9E-03 1.08 4.7E-03 1.07
0.0124 8.4E-03 1.15 1.4E-03 1.15 8.1E-05 1.48 2.9E-03 1.15 2.4E-03 1.14

”eﬂp |‘£2(0,T;L2(Qp)) htf ||e¢||g2(0YT;L2(rfp)) hlp ”ea HZZ(O,T;LZ(rfp)) ”e)”HZZ(O,T;Lz(FfP))
Error  Rate Error  Rate Error  Rate Error  Rate
2.7E-04 — 1/8  4.1E-04 — 1/5  7.9E-03 — 1.1E-03 —

1.4E-04 1.23 1/16 2.0E-04 1.04 1/10 2.9E-03 1.46 3.1E-04 1.87
6.7E-05 0.96 1/32  2.4E-05 3.07 120 5.7E-04 2.34 7.7E-05 2.01
3.4E-05 1.19 1/64 6.4E-06 1.89 1/40 1.5E-04 1.89 1.9E-05 2.00
1.7E-05 1.07 1/128 1.6E-06 1.97 1/80 3.8E-05 2.01 4.9E-06 1.98
8.4E-06 1.15 1/256 4.0E-07 2.02 1/160 9.0E-06 2.09 1.2E-06 2.09

The body forces, the external source, and the initial conditions are set to zero:

fr=0, gr=0,

f, =0, g,=0, ppo=0,

and o0,0=0.

The flow is driven through a parabolic fluid velocity on the left boundary of the fluid

region with boundary conditions specified as follows:
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Fig.2 Example 2, computed solution at T = 3. Top left: velocities u ¢, and u ), (arrows), u ¢ 2 and upj 2
(color). Top middle and right: negative stresses —(a f,12, O‘fhyzz)t and —(0 pp, 12, aph,22)l (arrows);
middle: —o gp 12 and —0 pp, 12 (color); right: —o 5 22 and —a 22 (color). Bottom left: negative Stokes
stress —o £ 22 and Darcy pressure p pj,. Bottomright: displacement 5 ,,j, (arrows) and its magnitude (color)

otaph Magnitude:

Here I' 7 ., denotes the section of the boundary of the fluid region that is on the left
side of the domain €2, {0} x (0, 1). The rest of the boundary sections are defined in
a similar manner. To avoid inconsistency between the initial data and the non-zero
boundary condition for uy, we start withuy = 0 on I'¢ jor, at t = 0 and gradually
increase it to reach uy = (—40y(y — 1), 0)" at+ = 0.3. In this way, all boundary
conditions and source terms are zero at t = 0 and we can take zero initial data for all
variables that are compatible in the sense that all equations without time derivatives
hold at ¢ = 0. We remind the reader that, while the existence of compatible initial data
for all variables is needed for the well posedness and accuracy of the numerical method,
only the initial conditions p, ¢ and o , o are used in the scheme. The simulation is run
for atotal time 7 = 3 with a time step At = 0.06. The computed solution is presented
in Fig. 2.

From the velocity plot (top left), we see that the flow in the Stokes region is moving
primarily from left to right, driven by the parabolic inflow condition, with some of the
fluid percolating downward into the poroelastic medium due to the zero pressure at the
bottom, which simulates gravity. The mass conservationu s -n s+ (0,9 pTu p)m, =0
on the interface with n,, = (0, 1)" indicates the continuity of the second components
of the fluid velocity and Darcy velocity when the displacement becomes steady, which
is observed from the color plot of the vertical velocity. The stress plots (top middle and
right) illustrate the ability of our fully mixed formulation to compute accurate H(div)
stresses in both the fluid and poroelastic regions, without the need for numerical
differentiation. In addition, the conservation of momentum o fny + o ,n, = 0 and
balance of normal stress (o fny¢)-ny = —pp,implythato r 12 =0 p,12,0 722 =022
and —o 7 72 = pp on the interface. These conditions are verified from the top middle
and right color plots, as well as the bottom left plot. Furthermore, the arrows in the
stress plots are formed by the second columns of the stresses, whose traces on the
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interface are o yny and —o ,n,, respectively. For visualization purpose, the Stokes
stress is scaled by a factor of 1/5 compared to the poroelastic stress, due to large
difference in their magnitudes away from the interface. Nevertheless, the continuity
of the vector field across the interface is evident, consistent with the conservation of
momentum condition o sjny + o ,n, = 0. The overall qualitative behavior of the
computed stresses is consistent with the specified boundary and interface conditions.
In particular, we observe large fluid stress along the top boundary due to the no slip
condition, as well as along the interface due to the slip with friction condition. The
singularity near the lower left corner of the Stokes region is due to the mismatch in
boundary conditions between the fluid and poroelastic regions. Finally, the last plot
shows that the inflow from the Stokes region causes deformation of the poroelastic
medium.

7.3 Example 3: irregularly shaped fluid-filled cavity

This example features highly irregularly shaped cavity motivated by modeling flow
through vuggy or naturally fractured reservoirs or aquifers. It uses physical units and
realistic parameter values taken from the reservoir engineering literature [39]:

w=10"C%kPas, a,=1, A, =5/18x 10" kPa, u,=5/12x 10" kPa,
50=689x 1072kPa™!, K=10"3xIm? apss=1.

We emphasize that the problem features very small permeability and storativity, as
well as large Lamé parameters. These are parameter regimes that are known to lead
locking in modeling of the Biot system of poroelasticity [47, 63]. The domain is
Q = (0, 1) x (0, 1), with a large fluid-filled cavity in the interior. The boundary of the
cavity is defined as a union of curved segments designed to give irregular geometry
with sharp corners. The mesh files are available in https://github.com/tongtonglil/
MSMFE_cavity-mesh. The body forces, the external source, and the initial conditions
are set as follows:

ff = 0, qf = 0, fp = 0, qp = 0, Pp,0 = 1000, and Up,O = —Up Pp,0 I.

The flow is driven from left to right via a pressure drop of 1 kPa, with boundary
conditions specified as follows:

omy-ny=1000, wuy-tr=0 on I'yfign,

pp =1001 on TI'pjerrs pp =1000 on Ty rigns,
u, -n, =0 on T'p0p UL, porrom,

opn, =—apppny on Upierr UL, vigns,

u; =0 on I'pop UL portom-

Here I »jon; denotes the section of the boundary of the fluid region that is on the
right side of the domain €2, {1} x (0, 1). The rest of the boundary sections are defined

@ Springer


https://github.com/tongtongli1/MSMFE_cavity-mesh
https://github.com/tongtongli1/MSMFE_cavity-mesh

A multipoint stress-flux mixed finite...

Pph uph etaph Magnitude sigph1 Magnitude
04 Dib 9.96-01 8-5?07 1.1e-01 85607  6e5 000012 000018 2.4e-04 5.00+02 800 1500
I

9.-86-06 250403

1 N
—

h Magnitude sigfh1 Magnitude
pfh ufh v u 999.999999588 1000.000010000
-4.1e-06 0.00025 50e-04 5.1e05 7.1e01 0.0e+000.1 02 03 04 05 06 7.7e-01

! ! b —

Fig.3 Example 3, computed solutionat 7" = 10 s. Top left: Darcy velocity (arrows) and pressure (color). Top
middle: displacement (arrows) and its magnitude (color). Top right: first row of the poroelastic stress tensor
(arrows) and its magnitude (color). Bottom left: Stokes velocity (arrows) and pressure (color). Bottom
middle: Stokes velocity (arrows) and its magnitude (color). Bottom right: first row of the Stokes stress
(arrows) and its magnitude (color)

in a similar manner. The total simulation time is 7 = 10s with a time step of size
At = 0.05s. To avoid inconsistency between the initial and boundary conditions for
pp» we start with p;, = 1000 on I', /., at t = 0 and gradually increase it to reach
pp = 1001 at r = 0.5s. Similar adjustment is done for o ,n,. In this way there
exist compatible initial data for all variables, which combine the prescribed initial

conditions p, o = 1000 and 00 = —a) pp ol with zero data for the rest of the
variables. We again remind the reader that only the initial conditions p, o = 1000 and
0,0 =—ap ppolare used in the scheme.

The simulation results at the final time 7 = 10 s are shown in Fig. 3. In the top plots,
we present the Darcy pressure and Darcy velocity vector, the displacement vector with
its magnitude, and the first row of the poroelastic stress with its magnitude. Since the
pressure variation is small relative to its value, for visualization purpose we plot its
difference from the reference pressure, p, —1000. The Darcy velocity and the pressure
drop are largest in the region between the left inflow boundary and the cavity. The
displacement is largest around the cavity, due to the large fluid velocity within the
cavity and the slip with friction interface condition. The poroelastic stress exhibits
singularities near some of the sharp tips of the cavity. The bottom plots show the
fluid pressure and velocity vector, the velocity vector with its magnitude, and the first
row of the fluid stress with its magnitude. Similarly to the Darcy pressure, we plot
py — 1000. A channel-like flow profile is clearly visible within the cavity, with the
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largest velocity along a central path away from the cavity walls. The fluid pressure is
decreasing from left to right along the central path of the cavity. Consistent with the
poroelastic stress, the fluid stress near the tips of the cavity is relatively larger. We
emphasize that, despite the locking regime of the parameters, the computed solution
is free of locking and spurious oscillations. This example illustrates the ability of
our method to handle computationally challenging problems with physically realistic
parameters in poroelastic locking regimes.

8 Conclusions

In this paper we present and analyze the first, to the best of our knowledge, fully
dual mixed formulation of the quasi-static Stokes-Biot model, and its mixed finite
element approximation, using a velocity-pressure Darcy formulation, a weakly sym-
metric stress-displacement-rotation elasticity formulation, and a weakly symmetric
stress-velocity-vorticity Stokes formulation. Essential-type interface conditions are
imposed via suitable Lagrange multipliers. The numerical method features accurate
stresses and Darcy velocity with local mass and momentum conservation. Further-
more, a new multipoint stress-flux mixed finite element method is developed that
allows for local elimination of the Darcy velocity, the fluid and poroelastic stresses,
the vorticity, and the rotation, resulting in a reduced positive definite cell-centered
pressure-velocities-traces system. The theoretical results are complemented by a series
of numerical experiments that illustrate the convergence rates for all variables in their
natural norms, as well as the ability of the method to simulate physically realistic
problems motivated by applications to coupled surface-subsurface flows and flows
in fractured poroelastic media with parameter values in locking regimes. A possible
future direction is to consider the extension of the multipoint stress-flux mixed finite
element method to higher order, employing techniques developed in [4, 30] for Darcy
flow. One could also consider displacement-based discontinuous Galerkin methods,
which are known to exhibit anti-locking behavior for the Biot system of poroelasticity
[54].
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