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Abstract. This is a supplementary material for the paper “Flux-mortar mixed finite element
methods on non-matching grids” that presents the application of the abstract theory to coupled
Stokes-Darcy flow.
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SM1. Introduction. In this supplementary material we illustrate the appli-
cability of the general theory to multiphysics problems by formulating and ana-
lyzing the flux-mortar mixed finite element method for coupled Stokes-Darcy prob-
lems [SM2, SM4, SM6, SM7]. In the presentation we reference sections, equations,
and definitions from the main document. The method is presented in section A.l.
Well-posedness and error estimates are established in section A.2. Finally, in sec-
tion A.3 we discuss a non-overlapping domain decomposition method via reduction
to an interface problem.

Appendix A. Coupled Stokes-Darcy systems. We combine the concepts
introduced in sections 3 and 4. Let g and 2p form a disjoint decomposition of €2 into
regions of Stokes and Darcy flow, respectively. For ease of presentation, we assume
that both Qg and Qp are simply connected domains. More general configurations
can also be treated, see, e.g. [SM6]. Let the Stokes-Darcy interface be given by
T'sp :=0QsNINp. Let I'g = 02NONs and I'p = 02NOQp. Denoting the restriction
of a function to Qg or {2p by a subscript S or D, respectively, the governing equations
of the coupled Stokes-Darcy problem are [SM7]:

(A.la) o= fic(ug) — psl, in Qg,
(A.1b) -V .0 =gsg, V-ug=fg in Qg,
(A.1c) up = —KVpp, V-up=fp in Qp,
(A.1d) v X (ov) = —v x (Bug), V-ug=vV-up on I'gp,
(A.le) v-(ov)=—pp on I'gp,
(A.1f) us=0 onlg, pp =0 on I'p.

Here, § is the Beavers-Joseph-Saffman (BJS) constant, v is the unit normal to T'sp

oriented outward with respect to g, v X v is the cross product if n = 3, and v x v =

vt . v for n = 2 with L denoting a rotation of /2.
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Let us continue by defining the function spaces V x W:
Vi={veH(iv,Q): vs € (H"(Qs))", wvs|rs =0}, W= L2(Q).

Next, we decompose the domain as in section 2.1 such that I'gp is respected and define
the index sets Is and Ip such that Qg = Uiels Q;, Qp = UieID Q;,and Ig = IgUIp.
The interfaces internal to Qg and Qp are denoted by I'sg and I'pp, respectively.

The variational formulation of problem (A.1) obtains the form (2.1) by defining
the bilinear forms a; and b; per subdomain as follows [SM6, SM7]:

(A.2a) ai(u;, v;) == (Kﬁluivvi)ﬂia
(A2b)  ai(ui,vi) == (fie(wi), e(vi))a, + (BVi X wi, Vi X Vi)riarsp, 1€ s,
(A.2c) bi(wi, wi) == (V- ui, wi)a,, ielg.

i€ 1Ip,

It is shown in [SM6, SM7] that this variational formulation has a unique solution.
In turn, (2.2) leads us to consider the following norms:

lollv =Y lvillhie, + Y lvillaive: lwllw == l|wil
%

i€ls i€lp

Q-

Next, we define the local trace operators Tr;. For i € Ip, let Tr; v; = (v - v;)|r,,
as in section 3. For i € Ig, let Tr; v; = v;|r, as in section 4. Note that this leads to
a discrepancy on I'sp because Tr; v; is scalar-valued for ¢ € Ip but vector-valued for
i € I'g. We then define the trace space

A= L2(FDD) D (H1/2(FSS U FSD))n'

Let A; := {u|r,, p € A}, where the meaning of the restriction on I'; N T'sp is either
the full vector p|r,nrs, for i € Is or the normal component v - p|r,nrg, for i € Ip.
The space A is endowed with the norm |u|[a = >, ||pilla,, in which ||g;]|a, is given
by ||p:||r, for i € Ip and by (4.3) for ¢ € Is.

A.1. Discretization. For each i € I, we choose a finite element pair V}; x
Wi C Vi x W; that is stable for the Darcy subproblem if ¢ € Ip and for the Stokes
subproblem if ¢ € Ig.

We next define the discrete flux space A, C A. On I'pp, App C L*(Tpp) is
defined interface by interface as described in section 3.1. On I'sg U I'sp, we define
Ap,s as the trace of a globally defined Lagrange finite element space, as in section 4.

Due to the boundary condition (A.1f), we redefine I;,,; := IsU{i € Ip : 9Q; CT}.
In turn, the space Sy, defined by (2.6), is given explicitly by (3.12).

We continue with the definition of the operator Qp; : A — Tr; V3 ;. For i € Ig,
we define Qp ; as in section 4.1. For ¢ € Ip, recall that the space A has a different
number of components on I'pp and I'sp. On I';NT'gp, let Op ;A be the L2-projection
of v - X onto the normal trace space (Tr; V3i)|r;nrsp- On I NTpp, let Qp ; be the
L2-projection Q) , from section 3.1.1.

We now define the extension operator Ry, ; using (2.7) and the discrete spaces
Vi, x Wy, according to (2.8). The discrete Stokes-Darcy problem is then defined by
(2.10), posed on Vj, x W}, with the bilinear forms from (A.2).

Remark A.1. The choice of a full vector A\, on I'sp is different from previously
developed pressure-mortar methods for the Stokes-Darcy problem [SM4, SM6, SM7,
SM8|, where A, is a scalar on I'sp modeling v - (ov) = —pp and used to impose
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weakly v -ug = v -up. In a domain decomposition implementation, the BJS bound-
ary condition is incorporated into the subdomain problems [SM6, SM8]. In contrast,
in our method, the BJS term (Sv X u;,v X v;)r,nrg, is eliminated from the subdo-
main problems, since v?w» =0 on 99; in (2.7a). The Stokes subdomain problems are
of Dirichlet type with data Qp ;pp. In turn, the BJS boundary condition is incorpo-
rated into the coupled system (2.10) via the BJS term in the bilinear form a(-,-) in
(A.2). In the domain decomposition implementation, the BJS boundary condition is
incorporated into the interface operator.

A.2. Well-posedness and error estimates. We next verify the assumptions
in Theorems 2.1-2.3.

LEMMA A.1 (Al). Problem (2.7) has a unique solution and the resulting exten-
sion operator Ry, : A — Vi, is continuous, i.e. [|RpA|lv S ||Alla VA € AL

Proof. This is shown in Lemma 3.3 for i € Ip and in Lemma 4.1 for ¢ € Ig. 0O
LEMMA A.2 (A2). The four inequalities (2.11) hold for a and b on Vi, x W,

Proof. The continuity and coercivity inequalities (2.11a)—(2.11c¢) have been es-
tablished for i € Ip in Lemma 3.4 and for ¢ € Ig in Lemma 4.2, with a slight
addaptation for ¢ € Ig, using that (Bv; X wi,v; X vi)r,nrsp S [ Wnille; |Vnill1o;
and (Bv; X v,V X v)r,ars, > 0. Next, we prove the inf-sup condition (2.11d)
by constructing v, € V}, for a given w, € W;. We follow the approach from Lem-
mas 3.4 and 4.2 and consider a global divergence problem on £, cf. (3.17) to construct
v¥ € (HY(Q))" with the properties

Voo =w,inQ, v"=0o0nls, [[v“[10= wnle.

Given v", the construction of py, on I'gg UT'sp follows Lemma 4.2 and we define pp,
on I'pp according to Lemma 3.4. With the interface variable defined, each ’Ugvi S Vh({ i
is then constructed using the stability of the local finite element pairs in €; (see
Lemmas 3.4 and 4.2) such that

V-vp ;= wni = V- Ruifin, v illve S llwnllw.

The combination of these constructions gives us vy, := v2 + Rppn € Vi, with

(A.3) D b,y wn) = Jwnlld, > llvnl

vi S llwnllw,

implying the inf-sup condition (2.11d). |

We next note that assumption A4 holds due to Lemma 3.5 and Lemma 4.3.

The interpolants are defined as in sections 3.3 and 4.3. In particular, we define
IV as the L2-projection onto Wy, II* as the L2-projection onto Ay, and IIV" as the
L2-projection onto V}Fz The interpolant IIV is as follows. First, for i € Ip, let ITY be
the interpolant introduced in section 3.3 and for ¢ € Ig, we use the interpolant from
section 4.3. Finally, TV is given as in (4.16). It satisfies

A4) Ju-Tully 3 fu - ulig, + 3 - I ullag, + A - T

i€lg i€lp
LEMMA A.3 (A5). The interpolation operator 1V has the property

(A5) b(u - HVU, wh) =0, Yw, €W,
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Proof. The statement follows from Lemma 3.7 and Lemma 4.4. ]

LemMMA A.4. If A3 holds, then the consistency error E. satisfies

T
ES D llov =117 (o), + k™2 > llpp = Quappllr,

icls i€lp

Proof. We consider the numerator of the definition (2.15) of . We recall the
definitions of the bilinear forms in (A.2) and apply integration by parts. Since (u, p)
is the solution to (A.1), we substitute the momentum balance (A.1b), Darcy’s law
(A.1c), the BJS interface condition in (A.1d), and the boundary conditions (A.1f) to
derive

> (ai(w, vn) = bi(vn,p) — (g5, vr)a,) + Y (ai(w,vy) = bi(vh,p))

i€ls i€lp
= ((ovi,vn)r, + (Bvi X wi, vi X vri)r,ars,) + O —(P0, Vi vni)r,
icls iclp
= Z ((ovi,vni)riarss + Vi - oV, Vi - vhi)ruarsy ) + Z —(pp, Vi V)T,
i€ls i€lp

The terms on I'pp and I'gg are bounded in section 3.4.2, cf. (3.33), and Lemma 4.5,
respectively. It remains to bound the terms on I'sp. Note that there are contributions
from Qg and Qp. For i € Ig, we first note that the locality of the orthogonality (4.9)
for each flat face F' implies that (v; - (QniX — X), Vi - Xh,i)Tunrsp = 0 VXh,i € Vhl“:i.
Using this, the term (v; - ov;, v; - Up4)r;nrsp, 1s manipulated as in Lemma 4.5, while
the Darcy term —(pp,¥; - Uni)r;nrs, is manipulated as in section 3.4.2. The two
expressions are combined using the interface condition (A.le), resulting in the bound

Z(Vi " OVi, Vi " Upi)T,nhsp + Z —(PD, Vi " Vni)r,rsp

i€lg i€Ilp
r
S llowi =11 (0w Inarsp [onill o,
i€lg
+ h_1/2 Z HpD - Qh,ipD| I'iNCsp ||'Uh,i Q-
i€lp
The proof is completed by collecting the bounds on I'pp, I'sg, and I'sp. 0

THEOREM A.5. The discrete Stokes-Darcy problem (2.10) has a unique solution
(up,pn) € Vi x Wy If A3 holds, then there is a unique mortar solution A\ € Ay,.
Moreover, the following error bound holds with respect to the solution (u,p) of (2.1):

lw—wunllv + [lp = pallw
S =1 ullo, + D llu = wfaivg, + 1A =N A+ Y llp = I pllw,

i€lg 1€lp iclg

+ 2N pp — Quapplle, + Y llov — 1Y (ov)]

i€lp i€lg

;-

Proof. With assumptions A1-A5 verified above, the proof is based on Theo-
rems 2.1-2.3. The error estimate follows by combining (2.14), the approximation
property (A.4), and the estimate on the consistency error from Lemma A.4. 0



SUPPLEMENTARY MATERIALS: FLUX-MORTAR MIXED FINITE ELEMENT SM5

A.3. Interface problem. The four steps from section 2.5 reduce the coupled
Stokes-Darcy problem to a flux-mortar interface problem. For that, we verify the
following inf-sup condition.

LEMMA A.6 (A6). The following inf-sup condition holds for the spaces Ap X Sp:
Vsy € SH, 30 75 L € Ay such that b(RhﬂhasH) Z ||,uh||AHsH||W

Proof. Setting wy, := sy € Sy C W), in the proof of the inf-sup condition (2.11d)
in Lemma A.2 leads to a pair (v{, uj,) with v)) = 0 that satisfies (A.3). d

Remark A.2. The reduction to interface problem results in a new non-overlapping
domain decomposition method for the Stokes-Darcy problem, which satisfies velocity
or flux continuity at each iteration. A related approach in the two-subdomain case
is studied in [SM1], where the mortar variable on I'sp is A = v -ug = v - up.
In earlier works, flux continuity is either relaxed via the use of Robin transmission
conditions [SM3] or it is satisfied only at convergence using pressure and normal stress
mortars [SM5, SMS].
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