An Operator Splitting Approach for the Interaction
Between a Fluid and a Multilayered Poroelastic
Structure

Martina Bukac,! Ilvan Yotov,' Paolo Zunino?
' Department of Mathematics, University of Pittsburgh, Pittsburgh, Pennsylvania 15260

2Department of Mechanical Engineering & Materials Science, University of Pittsburgh,
Pittsburgh, Pennsylvania 15261

Received 14 February 2014, accepted 18 September 2014
Published online 28 November 2014 in Wiley Online Library (wileyonlinelibrary.com).
DOI 10.1002/num.21936

We develop a loosely coupled fluid-structure interaction finite element solver based on the Lie operator
splitting scheme. The scheme is applied to the interaction between an incompressible, viscous, Newtonian
fluid, and a multilayered structure, which consists of a thin elastic layer and a thick poroelastic material.
The thin layer is modeled using the linearly elastic Koiter membrane model, while the thick poroelastic
layer is modeled as a Biot system. We prove a conditional stability of the scheme and derive error estimates.
Theoretical results are supported with numerical examples. ~ © 2014 Wiley Periodicals, Inc. Numer Methods
Partial Differential Eq 31: 1054-1100, 2015
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. INTRODUCTION

Many natural materials—including soil, wood, and some biological tissues—have a multilayered
structure consisting of two or more constituent materials. Multilayered structures can have dis-
tinct properties from their constituent materials. This characteristic is often used in engineering to
produce a new material which is stiffer or lighter when compared to traditional materials. In many
cases, such structures are surrounded by a fluid. In this setting, we are interested in permeable
structures. Examples of multilayered permeable structure that are in contact with a fluid can be
found in groundwater flow modeling, reservoir engineering, and modeling of blood flow through
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the major blood vessels. Thus, in order to detect the damage in a reservoir or certain pathologies
of blood vessels, it is important to understand the interaction between a fluid and a multilayered
permeable structure.

We study the interaction between an incompressible viscous, Newtonian fluid and a multi-
layered poroelastic structure. This model features two different kinds of coupling, each widely
studied in the literature: the flow-porous media coupling [1-10] and the fluid-structure coupling
[11-20]. Main challenges in the flow-porous media interaction problems arise from the coupling
of two domains, a fluid region and a porous media region, along with the two physical processes
occurring in each region. Introducing the poroelastic media, our domain becomes time dependent,
and thus we must resolve difficulties related to a moving domain. Furthermore, classical parti-
tioned solvers for the fluid-structure interaction (FSI) problems are known to have stability issues
when the density of the structure is comparable to the density of the fluid [21]. This difficulty will
be taken into account here, since in this work we are interested on applications in hemodynamics,
among others, and the density of blood is almost equal to the density of blood vessels.

The material properties of arteries have been widely studied [22-28]. Pseudoelastic [25, 29],
viscoelastic [22-24], and nonlinear material models represent well known examples. To our
knowledge, only a few of them have been deeply analyzed in the time dependent domain, namely
when coupled with the pulsation induced by heartbeat. These considerations also apply to poro-
elasticity, which is addressed here. Poroelasticity becomes particularly interesting when looking
at the coupling of flow with mass transport. This is a significant potential application of our
model, as mass transport provides nourishment, removes wastes, affects pathologies, and allows
to deliver drugs to arteries [30]. Poroelastic phenomena are interesting in different applications
where soft biological tissues are involved. We mention for example cerebro-spinal flow [31],
which also involves FSI, the study of hysteresis effects observed in the myocardial tissue [32, 33],
as well as the modeling of lungs as a continuum material [34]. Besides biological applications,
this model can also be used in numerous other applications: geomechanics, ground-surface water
flow, reservoir compaction and surface subsidence, seabed-wave interaction problem, and so
forth.

Although there exist many complex and detailed models for mutilayered structures in different
applications, the interaction between the fluid and a multilayered structure remains an area of
active research. To our knowledge, the only theoretical result was presented in [18], where the
authors proved existence of a solution to a fluid-two-layered-structure interaction problem, in
which one layer is modeled as a thin (visco)elastic shell and the other layer as a linearly elastic
structure. Several studies focused on numerical simulations. An interaction between the fluid
and a two-layer anisotropic elastic structure was used in [35] to model the human right and left
ventricles. Slightly different models were used in [36] to model fully coupled fluid-structure-soil
interaction for cylindrical liquid-contained structures subjected to horizontal ground excitation.
The work in [37] focused on studying velocity of acoustic waves excited in multilayered structures
in contact with fluids. A fluid-multilayered structure interaction problem coupled with transport
was studied in [38], with the purpose of investigating low-density lipoprotein transport within a
multilayered arterial wall. However, none of these studies present a numerical scheme supported
with stability and error analysis.

In this work, we propose a model that captures interaction between a fluid and a multilayered
structure, which consists of a thin elastic layer and a thick poroelastic layer. In the context of
cardiovascular applications, we assume that the thin layer represents a homogenized combination
of the endothelium, tunica intima, and internal elastic lamina, and that the thick layer represents
tunica media. The thin elastic layer is modeled using the linearly elastic Koiter membrane model,
while the poroelastic medium is modeled using the Biot equations. The Biot system consists of
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an elastic skeleton and connecting pores filled with fluid. We assume that the elastic skeleton is
homogeneous and isotropic, while the fluid in the pores is modeled using the Darcy equations.
The Biot system is coupled to the fluid and the elastic membrane via the kinematic (no-slip and
conservation of mass) and dynamic (conservation of momentum) interface conditions. More pre-
cisely, we assume that the elastic membrane cannot store fluid, but allows the flow through it in the
normal direction. In the tangential direction, we prescribe the no-slip boundary condition. This
assumption is reasonable in blood flow modeling, as it has been shown in [39] that predominant
direction of intimal transport is the radial direction normal to the endothelial surface, for all ranges
of relative intimal thickness.

The coupling between a fluid and a single layer poroelastic structure has been previously
studied in [12, 40—44]. In [40], the authors analyze the problem form the physical standpoint,
with the aim to identify the differences between a poroelastic model and a purely elastic one on
the propagation of pressure waves and the deformation of the arterial walls using a simplified
FSI benchmark for blood flow in arteries. Since those numerical tests are not computationally
expensive, the numerical solver is based on a monolithic approach, where the interface conditions
are enforced using Nitsche’s method. Other authors have already analyzed the problem from the
numerical perspective. In particular, the work in [45] is based on the modeling and a numeri-
cal solution of the interaction between an incompressible, Newtonian fluid, described using the
Navier—Stokes equations, and a poroelastic structure modeled as a Biot system. The problem
was solved using both a monolithic and a partitioned approach. The partitioned approach was
based on the domain decomposition procedure, with the purpose of solving the Navier—Stokes
equations separately from the Biot system. However, subiterations were needed between the two
problems due to the instabilities associated with the “added mass effect.”” Namely, in FSI prob-
lems, the “classical” loosely coupled methods have been shown to be unconditionally unstable if
the density of the structure is comparable to the density of the fluid [21, 46], which is the case
in hemodynamics applications. To resolve this problem, several different splitting strategies have
been proposed [11, 13, 15, 19, 20, 47-57]. More precisely, in [11], the authors present a strongly
coupled partitioned scheme based on Robin-type coupling conditions. In addition to the classical
Dirichlet-Neumann and Neumann-Dirichlet schemes, they also propose a Robin—Neumann and
a Robin—Robin scheme, that converge without relaxation, and need a smaller number of subitera-
tion between the fluid and the structure in each time step than classical strongly coupled schemes,
provided that the interface parameters are suitably chosen, see [45, 58].

In [50, 59], Burman and Ferndndez propose an explicit scheme where the coupling between
the fluid and a thick structure is enforced in a weak sense using Nitsche’s approach [16]. The
formulation in [50] still suffers from stability issues, which were corrected by adding a weakly
consistent stabilization term that includes pressure variations at the interface. The splitting error,
however, lowers the temporal accuracy of the scheme, which was then corrected by proposing a
few defect-correction subiterations to achieve an optimal convergence rate.

A novel loosely coupled partitioned scheme, called the kinematically coupled scheme, was
introduced by Guidoboni et al. in [56], and applied to FSI problems with thin structures. The
scheme is based on embedding the no-slip kinematic condition into the thin structure equations.
Using the Lie operator splitting approach [60], the structure equations are split so that the struc-
ture inertia is treated together with the fluid as a Robin boundary condition, while the structure
elastodynamics is treated separately. This method has been shown to be unconditionally stable,
and therefore, independent of the fluid and structure densities. Stability is achieved by combining
the structure inertia with the fluid subproblem to mimic the energy balance of the continuous
problem. Additionally, Muha and Cani¢ showed that the scheme converges to a weak solution of
the fully nonlinear FSI problem [61].
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The main features of the kinematically coupled scheme are simple implementation, modu-
larity, no need for subiterations between the fluid and structure subproblems, and very good
performance in terms of stability, accuracy, and computational cost. Hence, modifications of this
scheme have been used by several authors to study different multiphysics problems involving
FSI. A modification of the scheme was proposed by Lukdcova-Medvid’ova et al. to study FSI
involving non-Newtonian fluids [17, 62]. An extension of the kinematically coupled scheme was
proposed in [13] where a parameter 8 was introduced to increase the accuracy. It was shown in
[13] that the accuracy of the kinematically coupled S-scheme with 8 =1 is comparable to that of
monolithic scheme by Badia et al., in [49] when applied to a nonlinear benchmark FSI problem in
hemodynamics. A modified kinematically coupled scheme, called “the incremental displacement-
correction scheme,” that treats the structure displacement explicitly in the fluid substep and then
corrects it in the structure substep was recently proposed by Ferndndez et al. [15, 53, 55].

Inspired by the kinematically coupled scheme, in this manuscript we propose a loosely cou-
pled finite element scheme for the fluid-membrane-poroelastic structure interaction problem
based on the Lie operator splitting method. We use the operator splitting to separate the fluid
problem (Navier—Stokes equations) from the Biot problem. The no-slip kinematic condition in
the tangential direction is embedded into the membrane equations. We recall that this coupled
problem is particularly challenging, because it combines the free fluid-porous media flow and
the fluid-structure coupling mechanisms. This work shows that the kinematically coupled Lie
splitting method can be successfully applied also in this case. In particular, the operator split-
ting is performed so that the tangential component of the structure inertia is treated together
with the fluid as a Robin boundary condition. Assuming the pressure formulation for the Darcy
equations, the continuity of the normal flux and the balance of normal components of stress
between the Navier—Stokes fluid and the fluid in the pores is treated in a similar way as in
the partitioned algorithms for the Stokes—Darcy coupled problems [6, 63]. The membrane elas-
todynamics is embedded into the Biot system as a Robin boundary condition. In contrast with
domain decomposition methods proposed in [12], the operator splitting approach does not require
subiterations between the fluid and the Biot problem, making our scheme more computationally
efficient.

We prove a conditional stability of the proposed scheme, where the stability condition does not
depend on the fluid and structure densities, but it is related to the decoupling of the Stokes—Darcy
interaction problem. Furthermore, we derive error estimates and prove the convergence of the
scheme. The rates of convergence and the stability condition are validated numerically on a
classical benchmark problem typically used to test the results of FSI algorithms. In a second
numerical example, we investigate the effects of porosity on the structure displacement. Namely,
we consider a high storativity and a high permeability case in the Darcy equations, and compare
them to the results obtained using a purely elastic model. Depending on the regime, we observe
a significantly different behavior of the coupled system. This conclusion is also supported by the
sensitivity analysis, based on both theoretical and numerical approach, addressed by the authors
in [40].

At the level of numerical approximation, we adopt rather standard techniques, based on low
order finite differences and Lagrangian finite elements for the discretization of the equations in
time and space, respectively. Indeed, the main contributions of this work arise in the design of the
splitting scheme. In particular, we propose a novel model to study interaction between a fluid and
a composite poroelastic structure, and a novel, loosely coupled numerical scheme. The scheme is
based on existing works [5, 56], which were combined and modified to resolve both issues due
the fluid-structure coupling, and the fluid-porous medium coupling. We present the stability and
convergence analysis of the proposed scheme, completed with the numerical examples.
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FIG. 1. Deformed domains 7/ (r) U QP (7).

The rest of the article is organized as follows. In the following section, we introduce the model
equations and the coupling conditions. In Section III, we propose a loosely coupled scheme based
on the operator-splitting approach. The weak formulation and stability of the scheme is presented
in Section IV. In Section V, we derive the error analysis of the scheme. Finally, the numerical
results are presented in Section VI.

Il. DESCRIPTION OF THE PROBLEM

Consider a bounded, deformable, two-dimensional domain Q(¢t) = Q/(¢t) U Q7 (¢) of reference
length L, which consists of two regions, 2/ (¢) and QP (¢), see Fig. 1. We assume that the region
Q7 (t) has reference width 2R, and is filled by an incompressible, viscous fluid. We denote the
width of the second region Q27 (¢) by r,, and assume that Q7 () is occupied by a fully saturated
poroelastic matrix. The two regions are separated by a common interface I'(z). We assume that
I'(t) has a mass, and represents a thin, elastic structure. Namely, we assume that the thickness
of the interface r,, is “small” with respect to the radius of the fluid domain, r,, < R. Thus, the
volume of the interface is negligible, so it acts as a membrane that cannot store fluid, but allows
the flow through it in the normal direction.

We are interested in simulating a pressure-driven flow through the deformable channel with a
two-way coupling between the fluid, thin elastic interface, and poroleastic structure. Without loss
of generality, we restrict the model to a two-dimensional (2D) geometrical model representing
a deformable channel. We consider only the upper half of the fluid domain supplemented by a
symmetry condition at the axis of symmetry. Thus, the reference fluid and structure domains in
our problem (showed by dashed lines in Fig. 1) are given, respectively, by

Qf ={(x,»)0<x<L,0<y<R},

Qr .= {x,MO0<x <L, R<y<R+r,},
and the reference lateral boundary by f‘ = {(x,R)|0 < x < L}. The inlet and outlet fluid
boundaries are defined, respectively, as Fifl ={(0,y)|0 <y < R}andT., = {(L,y)|0 < y < R}.

We model the flow using the Navier—Stokes equations for a viscous, incompressible, Newtonian
fluid:

dv f of
o m +v-Vv)=V.0/4+g inQ/' () x(0,7), 2.1
V-v=0 in Q') x (0, T), (2.2)

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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where v = (vy,v,) is the fluid velocity, 6y = —psI + 2uu;D(v) is the fluid stress tensor, g
is a body force, py is the fluid pressure, o, is the fluid density, p, is the fluid viscosity, and
D) = (Vv + (Vv)")/2 is the rate-of-strain tensor. Denote the inlet and outlet fluid boundaries
by I‘f; and F({ut, respectively. At the inlet and outlet boundary, we prescribe the normal stress:

o ny = —pu(®ny, onTY x (0,7), 2.3)
0 Mgy =0 on T/, x (0,7), (2.4)

where n;,/n,, are the outward normals to the inlet/outlet fluid boundaries, respectively. These
boundary conditions are common in blood flow modeling [45, 64, 65] even though they are not
physiologically optimal as the flow distribution and pressure field in the modeled domain are
often unknown [66]. More physiological boundary conditions could be considered, for example,
boundary conditions including effects of peripheral resistance, see [66, 67]. Along the middle line
of the channel F({ = {(x,0)]0 < x < L}, we impose the symmetry conditions:

0V,
dy

=0,u,=0 onT{ x(0,7). (2.5)

The lateral boundary represents a deformable, thin elastic wall, whose dynamics is modeled
by the linearly elastic Koiter membrane model, given in the first-order Lagrangian formulation
by:

aéx 8ﬁ) a2ﬁx r 2
pm}’ma — Cza—)% — C] 3)2'2 = Jx on I' x (O, T), (26)

dé i 4 R
Pt 4 oy + GO Z F on B x (0.7, @7

at | 0x ’

o . .
o =& onlx(0,7), 2.8)
where §(%,1) = (1,(X,1),1,(%,1)) denotes the axial and radial displacement, é()?,t) =

(é‘x (f,t),é‘y (x,1)) denotes the axial and radial structure velocity, }‘ = ( f;, f;) is a vector of
surface density of the force applied to the membrane, p,, denotes the membrane density and

V' 2/vl'm)Vm +2 C 2//Lm)\m +2 C Fim 2l‘Lm)"m
= 7> \T A5 m | » =tm |\ T~ m | » = 51 A
° R? )"m + zﬂm o 1 )\m + 2Mm o ? R )"m + 2Mm
2.9)

The coefficients w,, and A,, are the Lamé coefficients for the membrane. Note that we can write
the system (2.6)—(2.7) more compactly as

0 .. - 5. [—Ci0sz —Cr0;
Omtm— + L) = [, E.-( Cr0: c )

o (2.10)

The fluid domain is bounded by a deformable porous matrix consisting of a skeleton and
connecting pores filled with fluid, whose dynamics is described by the Biot model, which in the
first-order, primal, Eulerian formulation reads as follows:

DV

Py V0T =h QM@ x 0,1, 2.11)

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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DU ,
“— =V Q) x(0,7), (2.12)
Dt

D .

5GPy +@V - U) =V (kVp)) =5 inQ"(1) x 0.T), (2.13)

where % denotes the classical concept of material derivative. The stress tensor of the poroelastic
medium is given by 6” = o — ap,I, where o denotes the elasticity stress tensor. With the
assumption that the displacement U = (Uy, U,) of the skeleton is connected to stress tensor o Evia
the Saint Venant-Kirchhoff elastic model, we have 0 £ (U) = 21 »DU) + A,tr(DU))I, where
A, and p,, denote the Lamé coefficients for the skeleton, and, with the hypothesis of “small” defor-
mations, D(U) = (VU + (VU)")/2. The displacement velocity is denoted by V = (V,, Vi), h
is a body force, and s is a source or sink.

System (2.11)—(2.13) consists of the momentum equation for the balance of total forces (2.11),
and the storage equation (2.13) for the fluid mass conservation in the pores of the matrix, where
D, is the fluid pressure. The density of saturated porous medium is denoted by p,, and k denotes
the uniformly positive definite hydraulic conductivity tensor. For simplicity of the presentation,
we assume that « is a scalar constant. The coefficient ¢y > 0 is the storage coefficient, and the
Biot—Willis constant « is the pressure-storage coupling coefficient. The relative velocity of the
fluid within the porous structure q can be reconstructed via Darcy’s law

q=—«Vp, inQ’(t)x (0,7T).

Denote the inlet and outlet poroelastic structure boundaries, respectively, by 'Y = {(0, y)|R <
y < R+r,band Y, = {(L,y)IR <y < R+ r,}, and the reference exterior boundary by

f‘é’xl = {(x,R+7r,)|0 < x < L}. We assume that the poroelastic structure is fixed at the inlet and
outlet boundaries:

U=0 onT}UTr}, x(0,7), (2.14)

out
that the external structure boundary I'2, (¢) is exposed to external ambient pressure

Ryt - GEnext = —p. On ng[(t) X (0’ T)’ (215)

where n.y, is the outward unit normal vector on I'’,(¢), and that the tangential displacement of

the exterior boundary is zero:
U.=0 onTZ. () x (0,T). (2.16)

On the external surface of the arterial wall, physiologically more relevant boundary conditions
could be considered (e.g., Robin boundary conditions that take into account the effects of the
mechanical interaction of the artery with the surrounding connective tissue), see [68, 69]. On the
fluid pressure in the porous medium, we impose drained boundary conditions [70]:

pp=0 onT2()UT.UTE, x (0,T). (2.17)

Initially, the fluid, elastic membrane and the poroelastic structure are assumed to be at rest,
with zero displacement from the reference configuration

DU—O =0 =0 =0 (2.18)
D[—; )1—’ - q_ °

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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A. The Coupling Conditions

To prescribe the coupling conditions on the physical fluid-structure interface I'(¢), let n be the
membrane displacement in the physical configuration and & = %. While the lumen and the
poroelastic medium contain fluid, we assume that the elastic membrane does not contain fluid,
but allows the flow through it in the normal direction. This is a reasonable assumption because
the elastic membrane represents tunica intima. It has been shown by experimental studies that the
normal transport in tunica intima is significantly greater than tangential transport [39]. Denote
by n the outward normal to the fluid domain and by 7 the tangential unit vector. Thus, the fluid,
elastic membrane and poroelastic structure are coupled via the following boundary conditions:

* Mass conservation: since the thin lamina allows the flow through it, the continuity of normal
flux is

DU
vV-n = (D—I—Kvp[,)-n on I'(t). (2.19)

* As the permeability of the blood vessels is rather small and we do not allow filtration in the
tangential direction, we prescribe no-slip boundary conditions between the fluid in the lumen
and the elastic membrane, and between the elastic membrane and poroelastic medium:

v-tr=&-1t, n=U onI(@). (2.20)

» Balance of normal components of the stress in the fluid phase:

n-o’n=-p, onl(). (2.21)

* The conservation of momentum describes balance of contact forces. Precisely, it says that
the sum of contact forces at the fluid-porous medium interface is equal to zero:

d'n—on+J'f=0 onT(), (2.22)

where f = } o (A |r)), and J denotes the Jacobian of the transformation from I'(¢) to r given

by
N\ [0h, )\
J= 1+ 2} (2. (2.23)
0x 0x

B. The Problem Formulation in the Arbitrary Lagrangian—Eulerian Framework

To deal with the motion of the fluid domain, we adopt the Arbitrary Lagrangian—Eulerian (ALE)
approach [65, 71, 72]. In the context of finite element method approximation of moving-boundary
problems, ALE method deals efficiently with the deformation of the mesh, especially at the bound-
ary and near the interface between the fluid and the structure, and with the issues related to the
approximation of the time-derivatives dv/dt ~ (v(t"*') — v(t"))/ At which, due to the fact that
Q/ (1) depends on time, is not well defined as the values v(¢"*!) and v(¢") correspond to the values
of v defined at two different domains. Following the ALE approach, we introduce two families
of (arbitrary, invertible, smooth) mappings A, and S,, defined on reference domains Q/ and Q7,
respectively, which track the domain in time:

A Q5> Q) R, x=A®R) e Q (), forkeQf, (2.24)
S : Q" > Q') C R, x=8%) e Q(t), forke QP (2.25)

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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Note that the fluid domain is determined by the displacement of the membrane 7, while the
porous medium domain is determined by its displacement U, where U is the displacement of the
porous medium evaluated at the reference configuration. However, we can define a homeomor-
phism over 7 (¢) U Q7 () by setting mappings A, and S, equal on I'(¢). For the structure, we
adopt the material mapping

SE)=x+U@E,1), VieQr (2.26)

Since the mapping A, is arbitrary, with the only requirement that it matches S, on I'(¢), we
can define A, as

A(®) = & + Ext((, 1) = 2 + Ext(U &, 1)|p), Vi e Q. (2.27)

We do not have to transfer the time-derivatives in the Biot system and in Koiter membrane
equations to the reference domain as the material time-derivative is suitable for the time dis-
cretization, and the membrane equations are given on the reference configuration. Our problem in
the ALE formulation reads as follows: given ¢t € (0,7), find v = (vy, vy), ps. §§ = (7, ﬁy)’é =
(¢, €,),U = (U,,U,), V = (Vy, V,) and p,, with n(x, 1) = §(A; " (x), 1), for x € T'(t), such that

0
o (a—;} ) +w—-w)- Vv) =V.ol+g inQ/ () x(0,7), (2.28a)
V-v=0 inQ/@) x(0,7), (2.28b)
€ .., .
Pl'm = +Lyp=f onl x(0,7), (2.28¢c)
A~ 0f A
Omlm | & — %)= 0 onI'x(0,7), (2.28d)
DV
ppE =V-.o?+h inQ°() x (0,T), (2.28¢e)
b +aV —DU V. (&Vp,) in Q7(¢) x (0,T) (2.28f)
N . — . = n X .
o Dr ppt+o Di KVPpp) =5 , 1),
DU )
Pp (V - D_t> = in Q7(t) x (0,T), (2.28g)

with the kinematic coupling conditions on I'(¢):
E-t=v-7, n=U, (2.29)
dynamic coupling conditions on I"(¢):
o'n—o’n+ J_lf =0, (2.30)

n-o'n=-p,, (2.31)

and the continuity of normal flux on I'(¢):

DU
vV-n= D_t_KVp” -n, (2.32)

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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with the boundary and initial conditions given in Section I, where w in (2.28a) denotes the domain
velocity given by

_AG)

) 2.33
” (2.33)

w(x,1?)

Denote by L the inverse Piola transformation of ﬁ namely £ = J ! LF T where F = V, A,.
Then, composing the Koiter membrane equations (2.10) with A.!, using the first condition in
(2.29) and condition (2.31), we can write the tangential and normal component of condition (2.30)
as follows:

0 .
pmrma—: t4+t-Ly+Jt-0'n—Jr-0’n=0, onl(r) (2.34a)
D§
pmrmE-n—i—noﬁn—Jpp—anr”n:O, on I'(7). (2.34b)

We will use condition (2.30) written the form (2.34a)—(2.34b) when performing the operator
splitting.

lll. WEAK FORMULATION OF THE MONOLITHIC PROBLEM

For a domain €2, we denote by || - || 4, the norm in the Sobolev space H ¥(Q). The norm in
L?*(R) isdenoted by || -| |12(q)> and the L?(2)— inner product by (-, -)o. We introduce the following
bilinear forms

ar(v,0') =2u, - D(v) : D(¢')dx,
t

b(pso’) =f psV - @'dx,
Qf (1)

aW.g") =2, [ DW):D@dx+1, [ (7O g,

QP (1) QP (1)

a,(pp,¥?) = / kVp,-Viyldx,

QP (1)

bep(pp, @) =a/ pyV - @ldx,
QP (1)

L A an ~ A~
A D 8’7): a{x 1 A D )"m 377x 1 A a{r 1. A

m b = m 4 m NA aA ey - . A~ A~ - A A . ) d
an -8 r/o g ((axaﬁm’“g o, \ox TR B TR

Cfp(p,m (Pf) = f Pp(ﬂf . ndX,
@)

cep(pp,tp”)=/ ppo’ - ndx,

@)

and the trilinear form

df(v,u,co):pf/_ (v-Vu - @dx.
Qf (1)

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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For more details on the derivation of the bilinear form a,,(-, -) for the elastic part of the Koiter
membrane (2.6)—(2.8), see [24].
To find a weak form of the Navier—Stokes equation, introduce the following test function spaces:

A Z1 A A 2 :
VI ={p: Q') > Rlo=¢oA) "¢ e (H Q) ¢, =00nT{}, 3.1
Q' = Q) = RIYy =¥ o (A) ¥ € LX(Q), (3.2)
for all t € [0, T). The variational formulation of the Navier—Stokes equations now reads: given

t €(0,T) find (v, py) € V/(t) x Q7 (1) such that for all (¢, y/) € V/ (1) x Q7 (1)

av
or /f v @ldx +d;(v,0,9") +a;(0,0") —b(pr,@") + b (Y, v)
QJ (1)

=f 0~”n~<pfdx+f g-w-”dx+/ Pin()e]dy. (3.3)
INO) el @)

Tin

To write the weak form of the linearly elastic Koiter membrane, let ym = (H, (0, L))z. Then,

the weak formulfltion reads as follows: given ¢ € (0, T) find (7, é) € V™ x V™ such that for all
(C’X) c Vm X Vm

Ly o Lok . . L.
pmrm/ g U B Xd),(\f + pmrm/ -, ;d)? +am(ﬁ’ {) = / f . cd'xA (34)
Finally, let us introduce
VP = (¢: () > Rlo = 9o (S) ¢ e (H (@) 9 =0
onTPUTY 0. =0 onTL (1)},
7)) ={Y: Q" (1) > Ry = o(S)™ ¥ € H'(QP). ¥ lagrwyra = 0}

Now the weak form of the Biot system reads as follows: givent € (0,7T) find (U,V, p,) €
VP(t) x VP(t) x QF(t) such that for all (¢?,@”, ) € VP(t) x VP(t) x QP(t)

DU DV
0 V——| - ¢7dx+p / — - @ldx
p/mm( Dt) ¢ "Jarw Dt ¢

D
+a (U, 9") — by (pys9”) + / 50202y r
QP (1) Dt

DU
0 T (v == [ atn gt
t NO)

—f kVp, —f peq)_{,’dx—i—/ h-(p”dx—i—/ syPdx. 3.5
I r? QP (1) QP (1)

ext

To write a weak formulation of the coupled Navier—Stokes/Koiter/Biot system, define a space
of admissible solutions

W) = (¢, 8, %, 97,87 € VI1) x V" x V" x VP(1) x V()IE = 0 |r),
(Pf|r(z) T=¢ - T}, (3-6)
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where ¢ := ¢ o (A1), X = X © (A '|r()), and add together Egs. (3.3)~(3.5):

Jv . )
oy /Qf() PPl oldx +d;(v,v,07) +a;(v,0") —b(psr,@”) + b7, v)
t

L R 8;’
+ m’ m - 5. 'Ad,\
pr/() (é‘ az) xdx
DU

L 9gg . .
+ ot | == -Cdx +a,(H,8) + / (V——>~ Pdx
P /0 5 ¢ .8+ pp e Ds ¢

DV D
G / —— - 9'dx +a.(U,@") — bey(pp. @") + _/ o Py Yldx
QP (1) t QP (1) Dt

DU
+by (0. 50+ app )

L
:/ afn~q)fdx—/ or”n~(o”dx—/ KVpp-nw”dx+/ f-tdx
@) ') r@) 0

+/} g'cofder/ pin(t)f/),{dy—/p pe¢§’dx+/ h-(p”dx—i—/ syPdx.
QJ (1) T

in Coxt QP (1) QP (1)

3.7

Denote by Ir(, the interface integral

Iy= | (6'n-¢’ —c’n- 9" —kVp, ny” +J7'f - O)dx.
r@)

Decomposing the stress terms and thin shell forcing term into their normal and tangential
components and using conditions (2.19) and (2.21), we have

Irq) =/ (— pp@’ n—(-an)(@" - n)+ I (f - m)(& m) +vnyt — DFIZ yp?
')

+(@-o/n)(@) 1) —(-0’n)@”-T)+J'(f 1) - T)>dX- (3.8)
For each triple of test functions (¢, Z‘, @) € W(t), due to the condition (2.22), we have

Ir(n:/ (_quﬂf n—(n-o’n)(p" -m)+J7(f -n)(@” -n)+v-ny” — % -nlﬂ”) o
@)

Finally, using conditions (2.21) and (2.22), we have

DU
Ir(,):/ <—pp<pf-n+pp<p”-n+v-mﬁ”——-mp”) dx.
I'(t) Dt

Thus, the weak formulation of the coupled Navier—Stokes/Koiter/Biot system reads as fol-
lows: given t € (0,7) find X = (v,%,&,U,V,ps.p,) € VIi@) x V" x V™ x VP(t) x
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VP(t) x Qf(f) x QP(t), with g = Ulr¢),§ = Virg, and v - 7|y = & - 7, such that for
allY = (97,8, X, 9. 9", ¥/, y?) e W) x Q' (1) x Q7 (1)

PX.Y) +d;(v,v,07) = F(Y), (3.9)
where
v s f f f
P(X.Y) = ps —@ldx+a;(v,@") —bi(ps.@’)+ bW, v)
Qf(t) ot
Lo ai\ .. L3 . . o
+pmrm/ E__" 'de+pn1rrn/ _g'Cdx'i_am(n’;)
0 ot o Ot
DU DV
+ p,,/ <V - —) - @"dx + ppf —— - ¢’dx +a,(U,9") — b,y (py, 9")
QP (1) Dt QP (1) Dl
Dp, DU ‘
+ / Soiilfpdx + bep (wp’ _> + ap(P,n lﬁp) + Cfp(Pp, (Pf) - Cep(ppa (Pp)
@y Dt Dt
DU
_Cfp(Wpav)"}_Cep 1;/fpaD_ > (310)
1
and
F(Y) =f g'¢"dx+/ pan(t)fﬂ,{'dy—/ pefp’v’der/ h ~</>”dx+/ syPdx.
Qf @) Tin rb, . QP (1) QP (1)
(3.1

Note that the interface terms are contained in bilinear forms ¢, (-, ) and c,, (-, -). In the error
analysis, for simplicity, we will focus on the time dependent Stokes problem, in which case term
d;(v,v, ') will be dropped.

IV. A LOOSELY COUPLED OPERATOR-SPLITTING APPROACH

To approximate the fluid-multilayered structure interaction problem described in Section II, we
propose a loosely coupled scheme based on a time-splitting approach known as the Lie splitting
[60]. The Lie splitting is applied following the same approach as in [13, 56]. Denote the vector
of unknowns by X. Then, system (2.28) is equivalent to

X

S TAX) =0, in©.7), .1

where A = A| 4 A, is an operator from a Hilbert space H into itself. The Lie scheme corresponds
to solving the following subproblems

X,

5 HAX)=0 in ", ", with X, (") = X",
X
3_12 + Ax(X2) =0 in (",1"h), with X,(t") = X, (t"™).
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Operators A, and A,, where A; = (A}',Aff,Af",A?,AiV,A{’”, Aff)T, for i=1, 2, are defined as
follows

[p;(v—w)-Vo—V.of] [0 ]
Jt-o'n - Ly—Jt-0"n
0 n-Ly—Jp,—Jn-o’n
A]Z 0 5 A2: & . (42)
0 -V .go?
0 aV -V =V .-(kVpp,)

Using this approach, our system is decoupled into a fluid problem and the Biot problem.
Furthermore, we not only split the coupled problem into two different domains, but we also
treat different physical phenomena separately. Details of the loosely coupled scheme in the weak
formulation are given below.

A. Weak Formulation of the Numerical Algorithm in the Discrete Form

In this section, we present the loosely coupled numerical algorithm in the variational formulation.
For simplicity, we work out the analysis assuming that the displacement of the boundary is small
enough and can be neglected. Under these assumptions, domains Q7 (¢) and Q7 () are fixed:

Q') =Qf, Q@)= Vre(,T).

Although simplified, this problem still retains the main difficulties associated with the “added-
mass” effect and the difficulties that partitioned schemes encounter when modeling fluid-porous
medium coupling. Since from now on all the variables are defined on the fixed domain, we will
drop the “hat” notation to avoid cumbersome expressions.

Lett" :=nAtforn =1,...,N,where T = N At is the final time. Let the test function spaces
V£, 07, VP, and QP be defined as in (3.1), (3.2), (3), and (3), respectively. The discretization in
time is preformed using the backward Euler scheme. We denote the discrete time derivatives by

(Pn-H _ (pn dt(pn+l _ d[(pn
d n+l _ d d n+l _ .
1P Al‘_ an 1P At

To discretize the problem in space, we use the finite element method. Thus, we define the finite
element spaces V;/ C V/, Q] c Q/,V/ c V?,Q} C @, and V;" := V/|r. We assume that
spaces V,f “and Q ,{ are inf-sup stable. The definition of these discrete spaces will be made precise at
the beginning of Section V. We assume that all the finite element initial conditions are equal to zero:

vy =0, Up=0, Vy=0, n)=0, & =0, p), =0.
Finally, the fully discrete numerical scheme is given as follows:
* Step 1. Given 1"+ € (0,7],n =0,...,N —1,find v} € V;/ and p%! € Q] with V], and
P}, obtained at the previous time step, such that for all ((p{ , 1//{ ) € Vhf X Q;f :

of fm dvtoldx +d, v o) +a (0, @)

R e % -
+ Pmlm / L —Al ! ((p,{ - T)dx
r

Numerical Methods for Partial Differential Equations DOI 10.1002/num



1068 BUKAé, YOTOV, AND ZUNINO
- bf(P?hlv (oh) + bf(l//h ) vhH) +crp(Py s (Pi{)

= /fg(lnH) ¢hdx+/ Pin(th)(ﬂf,hd)h 4.3)
Q. r

in

* Step 2. Given v} "' computed in Step 1, find U}*" € V7, Vi*' € V' and p"+l € QF, such
that for all (¢}, ), v)) € VI x VI x 0}:

(Vi —d Ut - ¢dx + p, / d Vit gldx +a, U o}) + f sod, Py Wi dx

QP QP

+a, (Pt U) = bep (P35 08) + by (U1, AU ) + / @V n)(g} - m)ydx

vitl.g —pitl g
+ Pur / N @] - Ddx + anU, I 0L 1r) — cop (P15 0)
T
=+ Ccp(l/fh ,d,U"+l) — Cfp(wh , n+l - _ /p pe(/)g,hdx +/ h([ﬂ+l) . (pfl)dx
ext Qp
+ / sy dx. (4.4)
QP

The proposed scheme is an explicit loosely coupled scheme where the first step consists of
a fluid (Navier—Stokes) problem, and the second step consists of a poroelastic problem. Both
subproblems are solved with Robin-type boundary conditions, which take into account thin-shell
inertia and kinematic conditions implicitly. Moreover, the kinematic condition is taken as an ini-
tial condition in each of the subproblems. We note that the original monolithic problem becomes
fully decoupled, and there are no subiterations needed between the two subproblems.

Remark 1. Once U}*' and V™' are computed, we can find the membrane displacement 5, "'

and velocity &, via

n+1 n+1 n+l __ n+1
n, Uh Irs h _Vh Ir.

Remark 2. One can apply additional splitting to Step 1 and Step 2 of the algorithm described
above. Namely, the fluid problem described in Step 1 can be split into its viscous part (the Stokes
equations for an incompressible fluid) and the pure advection part (incorporating the fluid and
ALE advection simultaneously). The Biot system described in Step 2 can be split so the elastody-
namics is treated separately from the pressure. For the details of possible Biot splitting strategies,
see [73] and the references therein.

B. Stability Analysis

To present our results in a more compact manner, in the analysis we study the Stokes equations
instead of the Navier—Stokes equations. Let us introduce the following seminorms

172

ll@y e == a.(g;, ¢}) Vo, €V, 4.5)

and
HEullm i= an(&y, 8" Ve, € V. (4.6)
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Furthermore, we define the time discrete norms:

N—1 1/2
o= | At n+1y,2 , -« = max n ,
lell2or:s ( >l 9l = max llg"|ls

n=0

where S € {HX(QF), H*(QP), H*(0, L), E, M}.

Let £ denote the discrete energy of the fluid problem, £ denote the discrete energy of the
Biot problem, and £, denote the discrete energy of the Koiter membrane at time level n, defined
respectively by

n p ‘ n
£ = 0200, .7
n p n l n S() n
& = TNVillian, + IV + P2 g0 4.8)
n pmrm n 1 n
En = =5 IEN 20, + 5101 4.9)

Before proceeding, let us address the following property that will serve as auxiliary result for
the stability and error analysis.

Lemma 1. Suppose (U}, Vit pf:;l) is a solution to (4.4). Then,

vitl = q Uit (4.10)

Proof. Let (¢!, @, v)) =0,V —d,U}*",0) in (4.4). Then, we have

1 1,2
”VZ+ - dtUZJr ||L2(QP) =0,
and the assertion follows. [

The stability of the loosely coupled scheme (4.3)—(4.4) is stated in the following result. The con-
stants that appearin (4.11) are defined in Appendix. They depend on the geometry and triangulation
of the domain, and the configuration of Dirichlet conditions on the boundary.

Theorem 1. Assume that the fluid-poroelastic system is isolated, that is, p;, = 0,p, = 0,8 =
0,k = 0 and s=0. Let {(v}, Py v, Ur & .0, p;»h)}0<n<N be the solution of (4.3) and (4.4).
Then, under the condition o
C2CrC2CppAt
(Zﬂf _ K“TIVY1T%“PF
S()h

2,l,LfS0h

—_ 4.11
C2CHC2Cor 10

>zy>0 lLe. At <

the following estimate holds:

At? Nl :
h

At =Vt
5?]+5,1,\/+€,1:+Tpf||dzvh||2 + ——PmFm b

2o.1:L2@f) 4 At

n=0 L2(I)

N—-1 2

Y 5 At?
+ SID@DIE 20y + = Pnlm ZO

n+1 n+1
Vh T, T
At

L2(I)

At t
2 2
+ Tpmrm | |dt£h . n| |12(0,T;L2(F)) + 71017| |dt Vh | |l2(0,T;L2(Qp))
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At 2 2
+ N | |dIUh | |12(0 T:E) 7 | |dfnh | I |[2(O,T;M) + 8At| |pf,h | |12(0,T;L2(Qf))

At 1
+ TS()' |dtpp,h||]22(0’T;L2(Qp)) + 5 | |\/Evp[7,h | |122(0,T;L2(Qp)) S 6? + 52 + gy?[’ (412)

where § is given in the proof.

Proof. To prove the energy estimate, we test the problem (4.3) with ((p s wh ) = (v”+l , p'}‘;l

and problem (4.4) with (¢}, ¢} ¥) = (U4, V™', piil). Note that, due to (4.10), we have
VZ“ =d,U Z“. Adding the equations together and multiplying by Az, we get

Py

n+l n+l n+l 2
2 (15 12, = 10312, + 11077 = 0412 g, ) + 20 AHID@, I 2 g,

pm m (|| n+l1

1
TRy — IV Tl + 10 7 = Vil )

2wy~ L2(I)

1 2 1
(||v”+ By = IV B, + 1V = VilZay))

(IIU"“IIE U1 + U = UIE)

5o n+112 no2 n+1
+ 5 (||pp,h ||L2(Qp) - ||pp,/1||L2(Qp) + ”pph - pthLZ(Qp))

1 Pmm 1 1
+At||\/_vpn+ ||L2(Ql’)+ (“V”H' n||L2(l") ||V’1 n||L2(r)+||Vn+ n— VZ n”LZ(F))

+ 2 (V3 el gy = 105 Tl + VG T =0 Tl )
5(IIU"+'|rIIM—|IU”|r||M+ WU e =UIrll3,) < Atep (P35 vi) = Ate s, (), 0.
Canceling ||v”+1 7|2 20 and using the discrete energy defined by (4.7)-(4.9), we have
e 4 et + p P12 o 0 B2, + 208, MDD g, + 252 105 7
-V r||L2(F) rm”VZH' -t t”LZ(F) + IomrmAt |ld, v+t - "||L2(r)
+ 2 2A Vi 122 ) + ||d,U"+‘||E+ _||dtUn+l|F||M+ OA ——ld: Py 12 )

+ At||«/_Vp”Jrl 1720p) < Atcf,,(pf,*;,l, v}t — Atcy, (Pl vt + S}? +&,+&,. (413)
The term Atcy,(pht! — p s vj™!) arises in classical partitioned schemes for Navier
Stokes/Stokes—Darcy coupling, and has been previously addressed in [6]. Following the simi-
lar approach as in [6], we can estimate the interface term using Cauchy—Schwarz inequality (AS),
Young’s inequality (A3) (for €; > 0), and the local trace-inverse inequality (A4) in the following
way:

Atcfp(pzvh pph, vh“) = At /(pz_;l — pph ”“ -ndx
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€At +1 2 +1
< ) || Z’h - pp,h“LZ(r) + ||vn ||L2(l")
ElAlCTI

”+1 n+1
|| _p[yh||L2(Q)+_||vh ||L2(F)

Finally, using trace inequality (A7), Poincaré inequality (A6), and Korn’s inequality (A8), we
have

n 1 GlAtCTI nal AZ‘C%C%(CPF -
Atc_fp(p,,, pph,vh+)<2—||p];; _pthLZ(Q) 2—€]||D( h+l)||L2(Q)
(4.14)
Both terms are combined with the equivalent terms on the right-hand side. Setting €, = %

gives rise to the stability condition in (4.11). To recover control on the pressure in the fluid domain
we -exploit the inf-sup stability of the approximation spaces Vh and Q] » - Namely, spaces Vh and
0] , are inf-sup stable provided

n+1

inf sup by (Pyi- 9i) =B, > 0. (4.15)

p/h th¢j€Vf ||‘/’h ||H1(Qf)||l7fh 12@f)

Combining the inf-sup condition (4.15) with (4.3) tested with 1//,{ = 0, we obtain

, S Telo))
BlIP 5 l2@r) < sup =2 (4.16)
q,,{evhf @i a1 @r)

where 8 > 0 is a constant independent of the mesh characteristic size and 7, ((p ») is a shorthand
notation for the following terms

vn+1 _ Vn .T
pf/ dt ot ¢}{dx+pnlrm/ h—h(q’}{ ~1’)dx,
r

Ti(o)) : N

To(p;) = a; (0" @]) + crp(PL 1)

Exploiting the Cauchy—Schwarz (AS), trace (A7), and Poincaré (A6) inequalities, we obtain
the following upper bounds
L2<r>> ’

n+1 n
v, ct-V,-1

At

Ti(p])

“’hEVn ||‘Ph||H1(Qf)

CTCPF (Pf“dth“ ||L2(Qf) + Pmm

2(‘0 ) n _ n
—h < 2us||D (v}, i )||L2(Qf) + CrCprk l/2||\/EVPp,h||L2(QP)-

q,/ evj ||‘Ph [| 1 «f)
Let us now multiply the square of (4.16) as well as the bounds for 7; (¢ '}f) by €, At? and combine
the resulting inequality with (4.13) and (4.14) to get,

2

At
gty et ot + —pr = 46,C1Chrp v 17207,
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C7CxCrr ntl
+2,lLfAf (1—m—262Afﬂf ||D(‘Uh )||L2(Qf)
Af? n+l TV pmrmAtz“V”H Lt 'THZ
+—pprm(1—4e C2C2 Tm) || —————— + h h
2 Prm 2 PP At L2 2 ” At HL2(I~)
Pl AL N , Ar? . Ar o
+ Lﬂdr e ||iz(r)+ ||szhrH||Lz(Qp) T||dzUh+l||ZE + THdr 1y
Atz ElAfCT] n n n
+ T (SO - T ||dtp +1||L2(Qp) + GZﬂ;At2||pf:l||L2(Qf) + At”\/_vp +l||L2(Qp)
2 ZC%C%’F n 2 5n 5/1 6n 4.1
— 26 At T||ﬁvpp,h||Lz(Qp) =& +E+E,. (4.17)
Note that here we used equalities 7' = U""'|; and &/' = V*!|;.. After summing up with

respect to the time index n, we observe that
C2C%
1 2~T~PF 2
At § [W‘Vp"* N ||\/EVp;,h||L2(m)]

N—-1 C2C2
ZAtZ< _2 ZAI ) ||\/_Vpph||L2(Qp)+At||\/—vpph”L2(Qp)
n=1

By setting
1 . 1 1 1 CYZ-C%(CPFCTI K
T M 2, C2C2, 200 CECE, 200, 2isoh | AICECE
PrCrCpr 20m¥mCrCpEp tﬂf MfSO tC;Cop
we prove the desired estimate with § = €, ,3_?. ]

Remark 3. Numerical algorithm (4.3) and (4.4) can be seen as a combination of a partitioned
scheme for Stokes/Darcy coupled problem presented in [6] and the kinematically coupled scheme
[13, 56] for decoupling FSI problems. While the kinematically coupled scheme is proven to be
unconditionally stable, the partitioned algorithm for Stokes/Darcy coupled problem gives rise to a
stability condition. Indeed, we recover the same property here. The stability condition is indepen-
dent of the fluid and structure densities, and therefore the scheme is not affected by the instabilities
related to the added mass effect. The bilinear form responsible for the stability condition depends
only on the Darcy pressure and the fluid velocity, and is equivalent to the problematic one in the
Stokes/Darcy system.

V. ERROR ANALYSIS

In this section, we analyze the convergence rate of the proposed method with respect to the mono-
lithic solution. We start by subtracting the discrete solution obtained by the proposed scheme from
the continuous solution, giving rise to the consistency error terms and the operator splitting error
residuals. The operator splitting error can clearly be separated into terms arising from splitting
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the Stokes/Darcy system (operator R,s; below), and terms due to the relaxation of the kinematic
condition (2.29) (operator R, below), typical when splitting FSI problems.

While we do not expect to obtain suboptimal convergence due to the Stokes/Darcy splitting,
it has been shown by Fernandez [15] that the kinematically coupled scheme exhibits suboptimal
convergence. We observe the same behavior here. We follow the standard approach in which we
use the dissipative terms from the backward Euler scheme and the viscous dissipation to absorb
the error due to the Stokes/Darcy splitting. The error due to the splitting of fluid and structure
subproblems cannot be handled in the same way, and gives rise to a suboptimal term. However,
as we show in the following section, we do not observe the suboptimal behavior in the numerical
results.

For the spatial approximation, we apply Lagrangian finite elements of polynomial degree
k > 1 for all the variables, except for the fluid pressure, for which we use elements of degree
s <k. We assume that the regularity assumptions reported in Lemma 1 of Appendix are satisfied
and that our finite element spaces satisfy the usual approximation properties, as well as the fluid
velocity-pressure spaces satisfy the discrete inf-sup condition (4.15).

Let P, be the Lagrangian interpolation operator onto V,”, and let 1'[,{ '? be the L?*-orthogonal

projection onto Qj'7, satisfying
(pr =L, prs¥) =0, VY, € Q),r € {f, p}. (5.1
Then, I, := P,|r is a Lagrangian interpolation operator onto V,". Introduce a Stokes-like

projection operator (S, R) : V/ — V,/ x Q] defined for all v € V/ by

(Syv, Ryv) € V' x 01, (5.2)
Sp)r = Iy (v|r), (5.3)
a;(Spv,9l) — b(Ryv,9]) = a;(v,9]), Yo, € V;/such that ¢ | = 0, (5.4)
b(y. Siv) =0,y € 0f. (5.5)

The finite element theory for Lagrangian interpolants and L? projections [74] gives the classical
approximation properties reported in Lemma 3. Since P, is the Lagrangian interpolant, so is its
trace on I'. Therefore, we inherit optimal approximation properties also on this subset. We refer
to Lemma 3 for a precise statement of these properties.

We recall that the discrete problem, namely (4.3) and (4.4), is based on a nonconforming
discretization approach, because the discrete finite element spaces do not satisfy the interface con-
straints on the test functions defined in (3.6) and used in the continuous problem formulation (3.9).
To account for the corresponding consistency error of the scheme, we derive below the variational
formulation of the continuous problem without enforcing the constraints (3.6), see in particular
Eq. (5.6), and we will then subtract the continuous and discrete variational equations set into con-
forming test and trial spaces. Assuming § = Ulr), & = Vlrq, and @7 |r = ¢,, @7 |- = x,,, the
weak formulation is given as follows: Find X = (v,U,V, ps, p,) € V' x VI x V' x Q] x Q7
such that for all Y, = (@}, 0L, L, i, ¥!) € V/ x VP x VP x Q] x QF we have

PX.,Y,) =FX,)+ / t-0'n(p] -t — ! 1)dx. (5.6)

r
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Denote the bilinear form of the coupled discrete problem by ﬁ(X s Yn):

- UESRINE SR 4R -
P(Xh’Yh) pr/ d,UZ+ (phdx+af(v”+lv(ph)+pmrm/ h A
of

s
-1)d
A A7 (@j, - T)dx

— b_f(p'flttl’ (oh) + bf(wh +1) + Cfp(P;l,,h, (P,{) =+ Pp /p(v2+1 _ dtUZJr]) . ¢de
Q
+ pp /g;p dtVZ‘H . (Pde +ae(UZ+l’¢Z) +L sodter»l hpdx +ap(pn+1 w/f)

ph

— bep (P @) + by (W d UL +pmrm/(d Vit on) (g} - mydx

n+1 n+1

n T T n+l . p

+ Pm¥m At ((0 T)dx +am(Uh| 7(ph|l") Cep(pph ’¢h)
r

1
+ oW, iU = ey (U, 0,
where Xh (vh+l Un+l V"H,p'ﬁ,l,p;;l)

To analyze the error of our numerical scheme, denote €' = v — vt &t = pi*! —

Pl et = Ut Uit et = Vit — Vit and ettt = pit! — piil We start by subtracting
(4.3) and (4.4) from (5.6), g1v1ng rise to the following error equations:

P(E.Y,) = R (o)) + R (@) + R (@)) + R (W) + Rt (0 — ol),

forall ¥, € V| x V/ x VI x Qf x QF, where E = (/f!, el "1, ei*! ¢!, e"*!), and the
consistency error terms are given by

Ry o) = by / f(d,v”1 — 00" - g dx
Q
Ry o) = oy /Q ) (d, V"™ =3, V"™ - @rdx + pury / (d, V" =3,V - gpdx,
r
Ry @) = —pp f dU" = 3,U"") - ¢lldx,
QP

R’;“(W)=/ so(di ™t = 3 py YW dx + b, (W7, d, U — 9,0
QP

+ Cep(whps dIU”+l - atUn+l)5

RN o)) = cpp(plh — Pi o)),

vl -Vt
RZSZ ((ph Z) = / (T ' an +pmrmT) (‘PZ T — ‘PZ : T)dx.
r

Let us split the error of the method into the approximation error 6, and the truncation error §,,
withr = f, fp,u,v, p, as follows:

el;(—}—l — vn+1 vz+1 — ( n+1 S vn+1) + (Sh _ vh+1) 9;+l + 8”+1,
n+l _ n+l _ n+l n+l1 Hf n+l I—If n+l1 n+l1 9n+| 6n+]
€pp = Py Pin = (Pf WPy )+ AL Py —ph) = + 0y, s
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n+l Un+1 Uz-H — (Un+l _ PhUn+l) + (PhUn-H _ U2+l) = QL:H»I + 8;1+l’
n+l _ VVH—I V2+1 — (Vn+1 _ PthH—l) + (thrH—l _ Vz+l) —- 9:1+l +5$+1’

n n+1 n+1

= it — il = (ph

n+l _ ZPZJrl) + (Hp n+l pZJ,;l) = 911)1+l + 3;+1.

Our plan is to rearrange the terms in the error equations so that we have the truncation errors
on the left-hand side, and the consistency and interpolation errors on the right-hand side. After
that, we will choose ¢ = &%,/ = 87t @l = d,8:+', ¢} = d,8"*", and Y/ = §n*!, and use
the stability estimate for the truncation errors. Finally, we will bound the remaining terms, and
use the triangle inequality to get the error estimates for ey, e,, e, and e,,.

Rearranging the terms in the error equations, and using property (5.1) of the projection operator
I17, we have

P8, V) =Ry o) + R (o) + Ry (@0 + R () + Rid (on) + R (@1 — 00)

0s2

—py /f a0 - grdx —ap O @) + b0 0))
Q

USRI I L

bf(l//hf, 97'+1) + pp / dle;H—l : ¢f,dx = Pmlm f ! Al ((phf : T)dx
r

QP

— by f 0, - grdx + p, f Aot - pldx — a6, 9]) — a, @, W)
QP QP

+ by O 07) = oy (U, di0; ) = /(dﬂ;l“ -n)(g;, - m)dx
r

9n+1 . 9;+1 .T
— Pl fr T o — a6 10l + O 0
e W) + (UL 00 + ey (07 0, 5.7)

forall Y, € Vi x V' x V! x Qf x QF, where §, = (8!, 8+1, 51+1, 6711 L8t
Let & be defined as

pm m

1
2
&1 = L1812 0, + BN 2 g, + ||5"||E S8 gy + Z5 S 2, + 5118, 1

L2<s2f>

Note that & corresponds to the total discrete energy defined in Theorem 1 measured for the
truncation error.

Theorem 2. Consider the solution (v, pyjp, Vi, Uns &, 0y, Ppi) 0f (4.3) and (4.4). Assume that
the time step condition (4.11) holds, and that the true solution (v, p,, V,U, &, 1, p,) satisfies (A9).
Then, the following estimate holds:

+ IV = Vull;

v — 1900, T5L2(2P))

2
V—0y, | |12(0,T;Hl(Q/v))

2 4
vh||[°O(O,T;L2(Qf) + EH
2 2 2
+ ||p17 - pp,hHIOC(O’T;I_}(Qp)) + ||pp - pp,h||12<0’T;Hl(Qp)) + ||§ - Eh”lw(O,T;LZ(O,L))
2 2 2
+ ||U - Uh”[OO(O’T;Hl(Qp)) + ||)7 - ”h||/°°(0,T;H1(0,L)) + A[”pf - pf,h”lZ(O,T;LZ(Qf))
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= C(hszI (v’ U, n, pp) + h2k+2BZ(U’ V7 )1,57 pp) + hzs+2||pf||2

12(0,T;HS ()

+h*EB(U, VL E) + Atlinll; + APBy(v, U, V.0, pp) + AP 19,0];

(0,T;H2(0,L)) L2(0,T; L2(F)))

where y is the small parameter that appears in the stability analysis, namely (4.11) of Theorem
1, and

Bi(v,U,n, pp) = ||v] |120<;(0 T:Hk+1(QfY) + ||v||122(0 T:Hk+1(Qf ) + ||pp||122(0’T;Hk+|(Qp))

+ ||3zv||Lz(OTHk+1(Qf)) + ||3rU||L2(0T HEHLQpY)
1802 2ot 1oy + 1Rt 0.
1Pl aistiam) + 101 gttt gy F 1101 o ot 0.

By(U,V,n.§,p,) = ||alpp||iZ(O’T;Hk+l(Qp)) + ||8TTU||12(O’T;Hk+1(Qp)) + ||attvlli2(0!T;Hk+l(Qp))
1001210 gt 00y, 1100V 12 0 gt camyy + 1122 0 gt 0
1P P ity + 1V 1ot
18U gty + 100V 1oty + 16N i 0.

Ba(U. V) = 118,01 gty + 130V 1o gty + 186 1o ot 0
Bs(w,U,V,n.§,pp) = ||anv||iz(o rizefy T ||3tpp||iz(0 ral@ry T ||8Tfpp||§‘2(0’T;L2(Qp))

+ 118, U1l 19, U1l

L2(0.T;H! (QP)) + | L2(0,T;L2(QP))

+ | |8ttl"| |L2(0,T;L2(0,L)) + | |811lV| |L2(0,T;L2(Ql’))

2 2
180U 7020000y F 18 oo o200y 1180 V e 0,212

Proof. With the purpose of presenting the proof in a clear manner, we will separate the proof
into four main steps.

Step 1: Application of the stability result (4.12) to the truncation error equation. Choose
o] = &1, vl = 8 oy =d i, ¢ = d,8;, and ¥ = 847 in Eq. (5.7). Thanks to (5.5),
the pressure terms simplify as follows

—bp (8,00 = b (8}, St = 0. (5.8)

Then, multiplying Eq. (5.7) by Az, summing over 0 < n < N — 1, and using the stability
estimate (4.12) for the truncation error, we get

2 N 2 N— n+1 n 2
pfAt ,omrmA 8y T —8,
63 Z ||d15n+1||L2(Qf)

L2(r)

N-1 n+1 n+1 2

IOmrmAt2 8u 'T_Bf T
+yAr ) NIDEI 20

; @ T =0 Al L)
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N-1 N—1
PmlmAF ppAL? ., Ar? )
+ S Sl + T D S g, + = D NS
n=0 n=0
At2 N-—1 At2 N—1 N—-1
+ = 2N e+ = D1 g, + ALY VKV g,
n=0 n=0 n=0
N-1
< gé) + At Z(Rr}+l(87+l) + RZ+](dt8;1+l) + Rﬁ+1(dt53+l) + Rr;+1(8;1)+1) + RZ;1(8;-+1)
n=0
N-1 N—1
+ RIS —d8) = prAry / , doytt -8 dx — Aty ap(0F 8
n=0 Q2 n=0

N1 N-1
+ Athf(G;Ijl’a;H) +ppAt2/ df@:ﬂ 'dfc%’“dx
n=0 P Qp

N-1 N-1
— Pulm Z/F(efﬂ,ﬂ T =00 )@ TYdx = pur Z/F(egﬂ =00 (@8 T)dx
n=0 n=0

N—-1

N-1 N-1
— pyAt Zf 0"+ . d,8"  dx + p, At Z/ a0yt - dsydx — ALY a0),d,5)T")
n=0 Qr n=0 Qr n=0

N—-1 N—1 N—1

— At Z a, @, 80 + At Z bep (017", d, 811y — At Z bep (8571, d, 00
n=0 n=0 n=0
N—1 N-1

— ALY an @ 0. diS ) — purn ALY | (@01 n)(d, 8, - m)dx
n=0 n=0 r
N-1 N-1 N—-1

F ALY o O diS) — ALY o (BT dOIT) + ALY gy (83,05
n=0 n=0 n=0
N-1

— ALY e (00,8, (5.9)
n=0

The right-hand side of (5.9) consists of consistency error terms R’}*' SR R R';,“, the
operator splitting errors R"' and R"%', and mixed truncation and interpolation error terms. We
will proceed by bounding the consistency error terms.

Step 2: The consistency and splitting error estimate. In this step, we will use the following

bound of the consistency error terms proved in Lemma 5 in Appendix:

N-1
At Z(Rr}Jrl (Sr}+l) + R::l+l (d,(SZJrl) + Rng] (dt(SZJrl)
n=0

+Rr;+l(8;+l)+Rgs+ll(8r}+l)+Rgs+zl(81}+l _d182+1))

2 2 2 2
S CAt (||aliv||L2(0’T;L2(Qf)) + ||afpp||L2(0,T;Hl(Qp)) + ||8Itpp||L2(O’T;L2(Qp))

Numerical Methods for Partial Differential Equations DOI 10.1002/num



1078 BUKAC, YOTOV, AND ZUNINO

2 2 2
+ | |81fU| |L2(0,T;HI(QP)) + | |atttU||L2(O,T;L2(Qp)) + | |atttn| |L2(0,T;L2(O,L))

2 2 2 2
10 VP2 pazcam + 100U Porziam + 18 B razo.y + 180V P ra2m)

+ CAtllnleZ(o’T;HZ(O’L)) + CAt3||attv||iZ(O,T;L2(r)) + A(8f78pa 81}’814)9
where
'}/At N-1 onT N-1
A(Sf,SP,SU,Su) = T Z ||D(51}+1)||2Lz(9f) + % Z ||8;’H T — 8:’+1 . THZLZ(F)
n=0 n=0
A V)
t+ o DIV g, + €18 12, + 11812 e, + 1D G200

n=0
N—1

+ CALY (182112200 + 1821122+ DG 2 00)-

n=1

Referring to the terms collected into the expression A(8 ¢, &, 8,, 8,,), we observe that the discrete
Gronwall Lemma is required to obtain an upper bound.

Step 3: The mixed truncation and interpolation error terms estimate. In this step, we estimate
the remaining terms of (5.9), which are terms that contain both truncation and interpolation error.

Using Cauchy—Schwartz (AS), Young’s (A3), Poincaré (A6), and Korn’s (A8) inequalities, we
have the following:

N-1 N-1 N-1
n n n yAt n
—prAL) / LAy 87 dx = CALY D IIVAOTH s, + =g D IIDGT Dl2qr,
n=0 n=0 n=0

Furthermore, using Young’s (A3), Korn’s (A8), and trace (A7) inequalities, we can estimate

N-—1
— ALY (ap @8 4+ a, (00 80 — (80T 0FT) + ¢ (01, 87)
n=0
N-1 N—1
< CAt D 9n+l 2 )/At D 8}1+] 2
< CALY IIDOF D2, + 5 2 IDEF DIy,
n=0 n=0
N-1 At N-1
+CALY IV e, + 2 D IVKYE g,
n=0 n=0

Due to (2.20), we have

ottt -0 e =Vt — vt e — " 4 [ =0 onT.

Hence,

N—1 N—-1
— Plm Z[F(e’;“ T =0 DE - TYdx — pur Zfr(e,j’“ T =0 T)(d ) - T)dx
n=0 n=0

N—-1 N—1
= —purn At Y [ @O T Ddx = purn Y [ @ T 07 D)
n=0 r 0 YT
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N-1
X (d81 T — 8% T)dx = —pura At Z / dor o) 7)dx (5.10)
’ r

n=0

‘We bound the last term as follows

N-1 N—-1 N—1
n n n ‘)/At n
—PulmALY fr (@6 1)@ Ddx <CALY 11d0) Iy + == D IID@F DI ags:
n=0 n=0 n=0

The next two terms can be controlled as follows

N-1 N-1
At
= ALY (b A0 + o8 d0) = = Y INEVE g,
n=0 n=0
N-1
+CALY VO oy
n=0

We bound the pressure term as follows

N-1 N-1 N—1
n n n yAt n
Aty b5 81 < CArY 1107 12, + g D IPGT DI,
n=0 n=0 n=0

To estimate the remaining terms, we use discrete integration by parts in time. Using Eq. (A2),
we have

N—-1 N—-1
ALY b, (00, d,85) =a/ oV - 8N dx —ozAtZ/ 4,0tV - 8ldx
n=0 QF n=0 Qr
N—-1 N—-1
< Cll6) 113200, + €D 22y + CAL Y A0 (122 ) + CALY IIDGDI 200,
n=0 n=0
and
N—1 N—-1
Atzcep(e;j“,d,ag“) = afej,vajf -ndx — ocAtZ/ d,6,7'8, - ndx < C|IVO) |25 )
n=0 r n=0 r
N—1 N—-1
+ €lIDGEN 220 + CALY NIV |22, + CALY [IDGEDI200)-
n=0 n=0
Also,

N-1 N—-1
ppAtZ/ dio! - d, 8 dx = p,,/ d,6" - sVdx —,opAtZ/ d 0! - §"dx
QP Qr o Jar

n=0

N—-1 N—-1

N2 N2 172 2
< ClldiO) 113200, + €lI8) 12200, + CAL Y 11dufy ™ 12200, + CALY 118012600

n=l1 n=1
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and

N-1 N-1
_pme/ 0" . 4,8 dx = _pp/ oy .35dx+p,,m2/ 46" 5hdx
=0 v @ QP e v QP

N—-1 N-1

< CllO) 112200, + €D 2y + CALY IO |12 ) + CALY IIDGDI 20,

n=1 n=1

In a similar way,

N-1 N-1
,opAtZ/ dio"+! - d, 5" dx =,0,,/ di0Y -8V dx —,opAtZ/ d 0"t - §"dx
n=0 Qr Qr n=1 QF

N—-1 N—-1

< CelldO) 117260, + €IDGI 20, + CAL Y N1y 12200, + CAL DY DG 20
n=1 n=1
and
N-1
— Pty / (@0 - n)(d, 8" - m)dx = —pprn / (@6 -n)(8Y - n)dx
n=0 r r
N—-1
+ Ot ALY fr (dy 0y - m)(8; - mydx < Cld O |17, + €182 Il
n=1
N—-1 N—-1
+ CALY NId 0 1P ) + CALY I8l
n=1 n=1
Furthermore,
N—1 N—1
— ALY a0 d8) = —a 0).8)) + Aty aud,0),81) < CAIDON) a0,
n=0 n=1
N-1 N-1
+elIDEN 220, + CALY IIDWE O oy, + CALY IIDGDI22 00
n=1 n=1
Lastly,
N-—1 N-—1
— ALY @, O 0, diS T P = —an @) 1n,8) I0) + ALY an(d6) 6, 8]1r)
n=0 n=lI
N-1 N—1

< CIBN o113, + €llsY eI, + CAL Y Nldg  r3, + CAL Y [18ulr 1.

n=1 n=1

Using the estimates from Steps 1-3, we have
TE<N.4+G+S+T, (5.11)

where 7€ denotes the terms on the left-hand side of the stability estimate for the truncation error

N—1 N—1 2

py AL . Pl AL = [ 8 T =8 T
TE=EY + = |ld |22, + >
n=0 n=0

At

2 2

L2(I)
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N-1 N— 2

Y n+1 2 ,omrmAt 5”+| ‘T 8.,;'+1 ‘T

2 At 2
n=0 n=0 L=(T)
2 N—-1 2 N—-1 2 N—-1

Z 1,817 2 ) + Z I8+ |13 + Z Ild 83 I 113,

At2 N-1 At N-1
2 n+1y2 § n+1p12
+ 4 ||dt8p+ ||L2(QP) + 2 ||\/EV8[;+ ||L2(Qp)’
n=0 n=0

N denotes the terms at time N, multiplied by ¢, that can be incorporated in the left-hand side
N = €(IDG P2 gy + 118N 122 g, + 118N 122 0, + 18115150,

G denotes the terms for which we have to apply the discrete Gronwall lemma

N—1
G = CALY (DGR, + 18212 + 182122 + 182101,
n=0

S denotes the approximation error terms

N-1
S=CAtY (IDOF ) 2ar, T 105 12 20r, + VO 1200y + IVAOT 12207,

n=0

F VO 2 gy + 110y 2y + 1VA0, 172 o)+ 11d0 0 I

L2(QP)

+IID@0; ™Il

L2(QP)

+ 1161

L2(QP)

+ 11,017

L2(QP)

n+l n+1
110222 0, e 2, 10222 2 am,

1 2 2
+ ||dt91:l+ |r||M) + C0r<r}13<)§\](||9;||L2(Qp) + ||V9:||L2(Qp) + ”91’:||L2(Ql’) + ||D(9:)||L2(Qp)
101 By + 1107 P, + 116122 g, + 10712 ).
Using Lemma 6, we bound the approximation error terms as follows
2k 2 2 2
S < Ch <| |v||12(0 T; Hk+1 (Qf)) + | |pp | |12(0,T;Hk+1(521’)) + | |atv| |L2(0,T;Hk+l (Qf)) + | |atU| |L2(0,T;Hk+l(ﬂp))
+118,pyll; +113,ml1; +11poll: +IU;
Ipp LZ(O’T;HkJrl(Qp)) i LZ(O,T;H]‘+1(0,L)) Pp lf’O(O,T;H"“(Q”)) lOO((),T;Hk+1(QI7))
2542
+||77||100(0T Hk+1(0L))) + Ch : ||pf ||12(0T HS+1(Qf))
2k+2 2 2 2
+ Ch (| |atpp| |L2(0,T;Hk+l(ﬂl’)) + | |al‘lU| |L2(0,T;Hk+l (QP)) + ||8U V| |L2(O,T;Hk+1(917))
+ 110.&1; +113, VI +118,11; + 1Pl
1SNL20,r;Hk+1(0,L0)) VL2071 HAH (QP)) 152,15k (0,L)) P01 Hk+1 (QP))
+||V| |l°°(0 T: Hk+l(Qp)+||8 U| |IOO(0 T: Hk+l(Qp))+||a V| |lOO(0 T: Hk+l(Qp))+||at§||IOO(0 T: Hl‘+l(0 L)))

2k+4 2 2 2
+ CH (110401 gty + 100V oo pugio oy + 1008 o iono ) -
(5.12)
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In the statement of the theorem, terms multiplying 2% are denoted by B;(v,U,n, p,), terms
multiplying 2**? are denoted by B,(U, V, 1, &, p,), and terms multiplying 2*** are denoted by
B 3 (U7 V7 s)

Lastly, 7 denotes the bound on the consistency and splitting error terms

T CAt (”a”v||L2(0TLz(Qf))+||8’pP||L2(OT Hl(Qp))+||atlpp||L2(0T LZ(QP))+||8”U||L2(OTHl(Qp))

10U 10 120 10 22000y + 180V B2 pis2amy + 186Ul a2y

3 2
F 1000 0.7:120.2)) T 104 V 100 0.7:12 20y ) + C At |1 |12(o,T;H2(0,L)) +CAr| |3trv||Lz(0’T;Lz(l—))'

The terms multiplying C At? in T give rise to terms denoted by B,(v,U,V,9,&, p,) in the
statement of the theorem.

Finally, using estimates (5.12), approximation properties (A10)—(A15), triangle inequality, and
the discrete Gronwall inequality, we prove the desired estimate, except for the pressure error in
the fluid domain.

Step 4: Analysis of the fluid pressure error. To control this part of the error, we proceed as for
the stability estimate. More precisely, we start by taking ¥/ = 0,¢” = 0,¢” = 0, and ¥/ = 0
in (5) and rearranging it as follows
n+1
by o) = py / A oldx + a0+ pur [ T

r

+eppelon — b o)) — Ry (0)) — RiG (@) — Ris (@) (5.13)

‘[’ J—
((oh T)dx

For simplicity of notation, let us group the terms on the right-hand side of the previous equation,

T(o]) = p; f deH - pldx +as(@, of)

n+l T—e¢
+ P / IO T (ol x4 eyl p]) + b0 0],
r

Owing to the inf-sup condition (4.15) between spaces Vhf and Q,{ there exists a positive constant
B independent of the mesh characteristic size such that,

(5.14)

B | aes < sup 1O R OD —Rei' @) ~ Ry )
9 HL2@fy = .

‘/’ie"hf ||¢h a1 @f)

Moving along the lines of the stability estimate, the following upper bounds for the right hand
side of (5.14) hold true, with a generic constant C which depends on the trace (A7), Korn (AS),
and Poincaré (A6) inequalities, as well as on the parameters of the problem,

T(o])

1 1
up ————— = C<||e'}+ ||H1(szf) + ||8;||H1(QP) + ||9£||H1(QI’) + ||‘9;;,r ||L2(Qf)
q,I{thf ||‘Ph||H1(szf)

n
v

At

371+1

T—68-T

1 1
+ ||dt€;+ ||L2(§zf) + ‘ + ||dt9]nf+ : T||L2(r)>-

L2(I)
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Using the bounds detailed in Lemma 5 of Appendix, we get

Rn+1(¢ )_Ril+l(¢ )_R’H—l((p,{’l’) -

osl 0s2

1 1
C(II@CI}"Jr = 3" 2@

L2(r)>

Finally, we replace the previous estimates into (5.14), square all terms, sum up with respect to n
and multiply by Az2. There exists a positive constant ¢ small enough such that

q;I{EVhf ||‘Ph Nt

vn+l T—V". 1

T -afn—l-pmrm At

+V R = P2 +

2

N—1 8n_+1 T=8.1

2 n+l n+1 v n+l1
AP Y I8 12 01, < AP Z (||d, 220, + ’ N + 1O 2

n=0 n=0 LA(r)
1 1 1 1
e 1, 1S5 @, 1005 gp, + 107 1720, + 0™ = 30" 175 )
2
vt -Vt
1
+||V(pz+ _pp)HLZ(Q]r T 'an+pmrm .
At L2(r)

To conclude, combining the triangle inequality with the approximation properties of the discrete
pressure space and bounding the right-hand side using Lemma 4 and Eq. (5.11), we obtain

Athf - pf’hlllzz(O,T;Lz(Qf) 5 C<h2k61(v’ U’ n, pP) + h2k+262(v9 U’ V? ”787 pp)

+h2s+2||pf||2 +h2k+4B‘;(U V §)+At||77||

12(0,7;H5+1(Qf)) 12(0,T;H2(0,L))

+ APB .U V. 1.6, p,) + At ||a,tv||L2(m2(r)))

VI. NUMERICAL RESULTS

The focus of this section is on verification of the results presented in this work and exploration
of poroelastic effects in the model. We test the scheme on a classical benchmark problem used
for convergence studies of FSI problems [13, 45, 50, 75, 76]. In Example 1, we present the con-
vergence of our scheme in space and time. Furthermore, we validate the necessity of the stability
condition (4.11).

In Example 2, we analyze the role of poroelastic effects in blood flow. In particular, we compare
our results to the ones obtained using a purely elastic model. We distinguish a high permeability
and a high storativity case, and present a comparison between the two cases and the purely elastic
model.

In both examples, we use the full Navier—Stokes equations for fluid flow given on a moving
domain. The fluid domain and ALE velocity w” are computed as follows

An(®) = & + Ext(@), Q") = An(Q), w" =dx",
where & € ,x" € Q(t"), and x" ! € Q" ).
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TABLE 1. Geometry, fluid, and structure parameters that are used in Example 1.

Parameters Values Parameters Values
Radius R (cm) 0.5 Length L (cm) 6
Membrane thickness r,, (cm) 0.02 Poroelastic wall thickness r,, (cm) 0.1
Membrane density p,, (g/cm?) 1.1 Poroelastic wall density p, (g/cm?) 1.1
Fluid density p; (g/cm?) 1 Dyn. viscosity p (g/cm s) 0.035
Lamé coeff. 11, (dyne/cm?) 1.07 x 10°  Lamé coeff. A,, (dyne/cm?) 4.28 x 10°
Lamé coeff. 11, (dyne/cm?) 1.07 x 10°  Lamé coeff. A, (dyne/cm?) 4.28 x 10°
Hydraulic conductivity ¥ (cm? s/g) 5%x107° Mass storativity coeff. sy (cm?/dyne) 5%x107°
Biot—Willis constant o 1 Spring coeff. 8 (dyne/cm*) 5% 107
A. Example 1

We consider the classical test problem used in several works [13, 45, 50, 76] as a benchmark
problem for testing the results of FSI algorithms for blood flow. In our case, the flow is driven by
the time-dependent pressure data:

Lmax. (l — cos (%)) ift < T

Pin() = {02 .1

if t > Thaxs

where pn. = 1.3334dyne/cm” and T, = 0.003s. For the elastic skeleton, we consider the
following equation of linear elasticity:
DU
Ppw-i-ﬁU—V%)‘p:O.

The additional term BU comes from the axially symmetric formulation, accounting for the recoil
due to the circumferential strain. Namely, it acts like a spring term, keeping the top and bot-
tom structure displacements connected in 2D, see, for example, [49, 75, 77]. The values of the
parameters used in this example are given in Table I.

Parameters given in Table I are within the range of physiological values for blood flow. The
problem was solved over the time interval [0,0.006] s.

To verify the convergence estimates from Theorem 2, let the errors between the computed and
the reference solutionbe definedas ey = v—vr, €5, = pr—Prrers €0 = V—Vier, € = Pp—Pprefs
and e, = U — U . We start by computing the rates of convergence in time. To do so, fix Ax =
0.016 and define the reference solution to be the one obtained with A7 = 5 x 107" Table II shows
the error between the reference solution and solutions obtained with At = 107°,5 x 107,107,
and 3 x 107’ for the fluid velocity v, fluid pressure p ¢, pressure in the pores p,,, displacement U
and its velocity V, respectively.

To study the convergence in space, we take At = 5 x 10~° and define the reference solution
to be the one obtained with Ax = r,/14 = 0.007. Table III shows errors between the reference
solution and the solutions obtain using Ax = 0.01,0.0125,0.0167, and 0.025.

As we can see, we observe the first-order convergence in space. Even thought our error esti-
mates predict half-order convergence in time, our numerical results indicate the first order. This
may be due to the fact that the second-order derivative of the structure is rather small.

To verify the necessity of the time-step condition (4.11), we compute the total energy EV of
the system using different time steps. The time at which EV is computed is either the time when
EY becomes greater than 10%°, or the final time " = 6 ms. Figure 2 shows the relation of the

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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-5

x 10
14
T 12
102} | I AX = rp/6 1 10
I

z [ = o
W o) L _ _ _Ax rp/4 l aq 8
' _ Ax=r/2 6
10° - - 1 4

At AX

FIG. 2. Verification of the time-step condition (4.11). Left: Relation between the total energy of the system
and the time step. Right: Relation between Ax and the critical At. [Color figure can be viewed in the online
issue, which is available at wileyonlinelibrary.com.]

energy of the system and the time step (left), and the relation between Ax and the critical At
(right). Indeed, we observe a linear relation between Ax and the critical value of Af, with the
proportionality constant 2.4e — 3. This is less restrictive than the prediction (4.11) from the theory,
where the proportionality constant for the parameters in Table I can be estimated as 3.5¢ — 7,
indicating that the scheme enjoys better stability properties than prescribed by (4.11).

t=1.5ms t=3.5ms t=5.5ms
pressure
&am
-10000

0

-5000

5000
i‘.lm

0
-5000

5000
iﬂm

0
-5000

5000
i:I(IIIJ

0
-5000

FIG. 3. Pressure in the lumen, velocity streamlines, and pressure in the wall at times t=1.5 ms, #=3.5 ms
and ¢ =5.5 ms. The outer layer of the arterial wall is model using a elastic model (top), poroelastic model with
5o =75 x107% «k =5 x 10~° (middle top), poroelastic model with sy =2 x 10™>, k = 5 x 10~ (middle
bottom), and poroelastic model with sy = 5 x 1075, k¥ = 10~* (bottom). [Color figure can be viewed in the
online issue, which is available at wileyonlinelibrary.com.]

Numerical Methods for Partial Differential Equations DOI 10.1002/num



1088 BUKAC, YOTOV, AND ZUNINO
t=1.5ms t=23.5ms t=5.5ms velocity
: 0
£
2
o

2

FIG. 4. Velocity magnitude at times #=1.5 ms, #=3.5 ms and r=5.5 ms. The outer layer of the arterial
wall is model using a elastic model (top), poroelastic model with so = 5 x 107°%, k = 5 x 107 (middle
top), poroelastic model with 5o = 2 x 107>, k = 5 x 107 (middle bottom), and poroelastic model with
so =5 x 10’6, Kk =10"* (bottom). [Color figure can be viewed in the online issue, which is available at
wileyonlinelibrary.com.]

B. Example 2

In this example, we compare our numerical results to the ones obtained using a purely elastic
model for the outer layer of the arterial wall. More precisely, while the fluid and the membrane
are modeled as before, we assume there is no fluid contained within the wall, and we model the
thick wall using 2D linear elasticity
D*U E o
,opD—t2 +BU -V -6 =0, inQ")fort e (0,7).

The coupling conditions in this case are given as follows:

v=E&n=U onl(), (6.2)
oc'n—cfn+J'f=0 onI(). (6.3)

The problem is solved using an operator-splitting approach performed in the same spirit as in
this manuscript. The unconditional stability is due to the Robin boundary conditions that involve
membrane inertia, appearing in both fluid, and thick structure subproblems. For more details see
[78].

For the purpose of understanding the poroelastic effects to the structure displacement, we distin-
guish two cases: the high storativity case sy > «, and the high permeability case « > 9. We give a
comparison of the results obtained using the elastic model for the outer wall, and poroelastic model

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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FIG.5. From top to bottom: Flow rate, radial displacement of the membrane, mean pressure in the lumen,
and mean pressure in the pores. Results were obtained using the elastic model (dotted line), and poro-
elastic model with the following parameters: case 1 (so = 5 X 107%, k = 5 x 107%; dashed line), case 2
(so =2 x 107>, k =5 x 107°; dash dot line), and case 3 (so = 5 x 107%, ¥ = 1 x 107*; solid line). [Color
figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

using two different values for s, and two different values for k. The first test case for the poroelas-
tic wall will correspond to the parameters s, and « from Example 1 (s) = 5x 107,k = 5x 1077),
the second test case will correspond to the increased value of sy (s = 2 X 1075,k =5 x 10_9),
and the third example to the increased value of k (so = 5 x 107,k = 107*). Figure 3 shows the
pressure pulse (colormap) and velocity streamlines obtained with the two models. The velocity
magnitude is shown in Fig. 4.

To quantify the differences, we compute average quantities on each vertical line S! of the com-
putational mesh ", corresponding to the position x; = i - Ax, where Ax = 0.016andr € {f,m}.

The quantities of interest are membrane displacement, the mean pressure, and the flow rate in the
lumen:

i i

_ 1 _ 1
Dr(xi) = F /sf prads, py(x;) = S—lp /SP Pprds,  QO(x;) = /s.f vy, - eyds.

Figure 5 shows a comparison between the flow rate in the lumen, membrane displacement,
and the mean pressure in the lumen and in the wall, obtained using a poroelastic model and an
elastic model. In the high permeability regime, the structure displacement is the smallest, while
in this case, we observe the largest mean pressure in the wall. In the high storativity regime, we
observe a delay in the pressure wave propagation speed, and qualitatively different displacement.
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VIl. CONCLUSION

The focus of this article is on modeling and implementation of a fluid-poroelastic structure inter-
action problem. In particular, we study the interaction between the fluid a multilayered wall, where
the wall consists of a thin membrane, and a thick poroelastic medium. We proposed an explicit
numerical algorithm based on the Lie operator splitting scheme. An alternative discrete problem
formulation based on Nitsche’s method for the enforcement of the interface conditions is under
study [79]. This new method can accommodate a mixed formulation for the Darcy’s equations.
We prove the conditional stability of the algorithm, and derive error estimates. Stability and
convergence results are validated by the numerical simulations. The drawback of the scheme is
that it requires pressure formulation for the Darcy equation. Concerning the application of the
scheme to blood flow in arteries, we test numerically the porous effects in the wall, comparing
results obtained with different coefficients to the ones obtained using a purely elastic model. We
observe different behavior depending on the storativity or permeability dominant regime.

APPENDIX AUXILIARY RESULTS

We collect in this section some auxiliary results and proofs that complement the stability and
convergence analysis of the proposed scheme. They are either a consequence of the standard
theory of the finite element method or they follow from basic results of approximation theory. For
the reader’s convenience, we report them separately from the main body of the manuscript.

For any real numbers a, b, the following algebraic identities are satisfied:

(@ —b)a = 1az— lbz—i—l(a—b)z, (A1)
2 2 2
N—1 N—-1
At Za"“d,b”+1 =a"b" — At Zdta”“b” —a°, (A2)
n=0 n=0

and for non-negative real numbers a, b, and € > 0
b (A3)

Lemma 2. Given the functional spaces Vhf c v/, Q,{ c Qf, VP C VP and Q) C Q7, the
following inequalities hold true:

¢ local trace-inverse inequality:
1Y Pagy < CrillVnlPagp Yih € OF: (A4)

e Cauchy-Schwarz inequality:

/ v-udx
Qf/r

e Poincaré inequality:

< Il 2@rimllull2@rry Yo,u € Vil (AS)

ol 2@rry < CrellVVll2py YV E v, (A6)
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* trace inequality:

1/2 1/2
ll2) < Crlloll 2 g IVl o, YO € V7S (A7)
* Korn inequality:
IVoll 201/, < CxlID@)| 200570, Yo € VTP (A8)

Here, constants Cpr, Cr and C depend on the domain <2, and constant Cy; depends on the
angles in the finite element mesh.

Our analysis holds provided that the following regularity assumptions are satisfied by the exact
solution of the problem.

Assumption 1. Let X be a Banach space, and (0, T) C R a time interval. We define the L*-space
of functions u : (0,T) — X by

T
L*(0,T;X) = {ulu is measurable and/ ||u||§(dt < oo},
0

and L*®-space by
L*0,T;X) = {u|u is measurable and ||u||y is essentially bounded}.

Then, the Sobolev space W*2(0, T; X) = H*(0, T; X) is defined to be the set of all functions
u € L*(0, T; X) whose distributional time derivative D¢u belongs to L?*(0,T; X), for every a with
|| < k. We assume that the weak solution of (2.28), complemented by the prescribed interface,
boundary and initial conditions, is such that

ve H'(O,T; H(Q)n H*(0,T; L*(Q')),

py € L*(0,T; H*'(Q7)),

nel®0,T; H"0,L)NH0,T; H*'(0,L)) N H*(0,T; L*(0, L)),
& e H*0,T; H'(0,L)) N H*(0,T; L*(0, L)),

8,& € L0, T; H(0, L)),

8,& € L™(0,T; H(0, L)),

U e L™0,T; H(QP) N H*0,T; H*'(QP)) N H*(0, T; L*(Q")),
V e L=, T; H*'(QP) N H?(0, T; L*(QP)),

8,V e L™(0,T; H'(QP)),

8,V e L*0,T; H'(Qr)),

pp € L0, T; HY(QP) N H'(0, T; H1(QP)) N H*(0, T; L*(27)). (A9)

Then, our finite element spaces satisfy the approximation properties reported below.

Lemma 3. Let P, be the Lagrangian interpolation operator onto VI, I, = P,|r be the
Lagrangian interpolation operator onto V", S, be a Stokes-like projection operator defined in
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(5.5), and let I"I,{/p be the L*-orthogonal projections onto Q,{/p definedin (5.1) . Using piecewise
polynomials of degree k and s, we have:
v = Spollygior) < Chk”v”HkH(Qf), (A10)
llpy — hI’f||L2<Qf) <CK +1||Pf||1—1x+1<szf)a (A11)
U = PuUl 2gry < CH MU it ) (A12)
U = PuUl 1 (@py < CHNIU || i1 o) (A13)
llpy — Hl[:pplle(Ql’ = Chk+l||Pp||Hk+l(QP>’ (Al14)
lpp — ngpHHl(QP) = Chk||Pp||Hk+1(szp)- (A15)
Furthermore, since I, = Py|r is a Lagrangian interpolant, we have:
WU — P U2y = lIn — Lol 2y < Chk+]||77||Hk+1(r)’ (A16)
WU — PU| iy = lln — 1h77||H1(r) = Chk||77||Hk+1(r)’ (A17)
NV = PuVll2e) = 11§ — L2 < Chk+l||§||11k+1(r)~ (A1)

Proof. The proof of (A10) can be found in [15], Theorem B.5. For the proof of the other

inequalities, see [74].

Lemma 4 (Consistency and splitting errors). The following inequalities hold:

ALY Ndig™ = 09" 1720, < CALI34011 2011200

ALY Nldu@" = 0,di0" 120, < CALBu0N 2010200

N it — vy
APY T -o/n+ pmranLzm < CAHMIE o200,
n=0
+ CAL3,0 - 71200 2
N—1
ALY V@™ = 9" < CALIBOI 207110
n=0

AtZHWd,«p — 30" 2 < CAL04011 20 1 110

||d[(p - a‘P ||L2(Q) = At maX0<n<N||att‘P ||L2(Q) At ||att‘p||IOO(OTL2(Q))’

Proof. We will prove the first three inequalities. The proofs for other inequalities are similar.

Using Cauchy—Schwartz inequality, we have

,n+l

N—1
ALY ldo"t = 3, "+1||L2(Q)—At2 / '— (t — "), p(1)dt| dx
n=0

n=0

Numerical Methods for Partial Differential Equations DOI 10.1002/num



FLUID-POROELASTIC STRUCTURE INTERACTION 1093

tn+l T
|t —t”|2dt/ |a,,<p|2dt) dx < CAt2// 19,0 dtdx
" QJO

L2(0,T;L2()).

1
SN

< CAPloll}
To prove the next two inequalities, we integrate by parts twice, and use Cauchy—Schwartz

inequality:

ALY lldee" = 3,(dio" 12 g,

m+l1 m—1 2
t—1"a q)dt+/ (t —t"_l)a,,(pdt)
A2 (/ " Iz 2@
N— n+l1 n+l 2 n—1 1.2 2
At2 t t (l _ tn) t (l — ])
Z ( / aztt(odt_/ Tattt‘Pdt_/ T&,mdr)
—0 th th L2(Q)
1 N—-1 Al4 m+l 2 M+l ([ B tn)z 2
_/ Z( / attt(odt + / —am(odt
A = 0 r t)l 2
m—1 n—1 2
—t
U )dx
tn+1 Ats tn+1 5 Infl
Al‘3 / Z < /n [0+ 9| 2dr + 1—0 |3m(p|2dl + W |attt(p|2dt)d-x

< CA[ ||attt‘P||L2(0T LZ(Q))

To prove the third inequality, note that V" - T = v" - 7 on I', since V" and v" are solutions to
the continuous problem. Thus, since the exact solution satisfies Eq. (2.22), we have

2 N-1
vn+1'r_vn..[

2 2
At Z T-0'n+ purn X i = At Z||r~afn+pmrmd,v r||L2(r)
n=0 L=(T) n=0
N-1
=ACY |t Ly 410"+ purn(d "™ T — 90" D)y
n=0
N-1 N—1
2 112 2 1
< CAPY 1" Mgy, + CAP Y Nld™! -1 — 30" x|,
n=0 n=0
< CAt||nll; + CAP |0, - T|I;

12(0,T:H2(0,L)) L2(0,T;L2(T))"

Lemma 5. The following estimate holds:

N-1
AtZ(R?}rI(S;JrI)+R;l+l(dr83+l)+R:+l(dr83+l)+R;+1(5;+1)+Rn+l(a;+l)+Rn+l(8?+l —d,(S;:_H))

os1 0s2
n=0
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2 2 2
=< CAt (Hatl‘vllLZ(OT LZ(Q]'))+||8tpp||L2((),T;H1(Q])))+||8trp[1||L2(0’T;L2(Q])))+||8trU||L2(0’7‘;H1(Q[l>)

100U 2020y + 101 B 712000y + 10 VIS 1120m

+ ||8ttU||lo<>(0T LZ(Qp)) + ||atfn||loo(07~ Lz(() L)) + ||attvllloc(07~ LZ(QP)))

+ CAUIE o r20y T COL N8R 12, + AGr87,80,80),

where

L2(I)
n=0

N
V n pmrm n n
A7 8y,80,80) = o= Z DG 200, + Z 187+ T =8 Tl
n=0
A N—
? Z |ﬁVS;+1||i2(Q,}) + 6(”81])\]||12(Qp) + ||811;v||22(r) + ||D(8114V)||i2(9p>)
n=0

N—1
+ CALY (1821220, + 1L 2y + DG 26))-

n=1

Proof. Using the formula for integration by parts in time (A2), the consistency errors are
bounded as follows:

N—-1 N—-1

N—-1
n n n n )/At n
Aty REH@) = CAr Y lld™ = 00" g, + S Do IIDG D 2,
n=0

n=0 n=0

ArZR"“(W“) <CArZ||d, T g, ZII«/_ V82 )

n=0 n=0
N-—1

+CALY (IVEU™ = 3,U" D125 g0,
n=0

At ZR’;“(dta’;“) = —ppf dU" —3,U")-8Ydx — p,r, /(d,UN —3,U") - 8Ndx
e Qr r

N-1 N—-1
+ppAt2/ (dttU”_H _at(dtUnH))'Szdx + OmTm Al Z/(d”Un-H —Bt(dtU”'H))o(Sﬁdx
n=1 QF = r

N—-1
< Clld UY = 8,UN 1250, + CAL Y [1d U™ = 8,(d, U220,
n=1
N-1
+ ClldUN = U125 + CAL Y Nld U™ = 8,(d, U D1 ) + €180 113200,
n=1
N—-1
+ell8) 1122, + CAL Z 18211220, + CAL D 1181122 -
n=I1 n=1
N—1
ALY RIS = p, f @ V" -, VY. 8Vdx
n=0
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— ppAt Z (dy V" = 8,(d, V") - 8hdx < Cld VY = 9,V 1320,
= /P
N—1
+CAL Y V' = 8,d V") s g + EIDG Raie,

n=1
N—-1 N-1 N-1

+ CALY DG 2 AL Y REFGF) < CALY NIV = P26,
n=1 n=0 n=0

N N—1 N-1
y n os n n
+ L= Z 1D s gy A1 S RO G — i) = At Z/
n=0 n=0 n=0 r
n+l | _ Vn .
X (r -o'n + pmrm%) (5}+1 ST — 83“ - T)dx

vn+l T—V". 1
At

N-1
PmT
+ m4m§ :||8;+1'r—8;'+1 THZ
n=0

L2(I)

The final consistency error estimate follows by applying Lemma 4. ]

Lemma 6. (Interpolation errors). The following inequalities hold:

N-1

+1y12 2 2k+2 2
ALY O P2 gy S ORI 20 70200y < P10 20 11220 st o)
n=0

N—-1

E +17(12 2 2k 2
At ||VdI9; ||L2(Q-/) S ||at0f||L2(0‘T;Hl(Qf)) S h ||atv||L2(0!T;Hk+l(Qf))’
n=0

N—-1

+112 2 2k+2 2
ALY 1dn 12 gmy < 1100051E 2071200 < W N00U 20 7t
n=0

n+1 2k+2
Arz A0 12y < 1100011320 rg2cry < B NEIR 200 i1 0.0,

N—-1
+1 2k
ALY O 1y < 100500120 s 00y < B0 20 st 0.0y
n=0
N-1
n+1 2 n+1712 np2
ALY (DO D Fagr, + 1IV0 12 gn) + 1IVO 2 60)
n=0
N
2k 2 2
< ALY (I s g, + 1P s a0)
n=0
2k 2 2
S h (||v||[2(0,T;Hk+1(Q/)) + ||pp||12(0’T;Hk+l(Q[))))-
2k+2 2k+4
max (14071122 g, = € (218, V Bt amy + B 100V I psr any )
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Proof. We only give the proof for the last inequality in Lemma 6. Other inequalities can be
easily shown using manipulations similar to the ones in Lemma 5, and approximation properties
(A10)—(A1Y).

From Taylor expansion, we have

At +1
dif; = 36] + =-0.0,(2),  z € [1".1"].

Using the equality above, we get the following

2
2 _
L2@pr) —

. At
819U + 7 0,16, (2)

max ||d,0, ] max
0<n<N 0<n=N

L2(QP)

2k+2 2 27 2k+2 2
= C (P10, VI s @ + AR 2110V I s )

=C <h2k+2||8’V||12°°<0,T;Hk+1<91’>> + h2k+4||3"V||1200(o,r;Hk+1<QP>>) '
The last inequality is obtained using the CFL condition (4.11). ]
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