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Abstract. We consider a fully implicit formulation for two-phase flow in a porous medium with
capillarity, gravity, and compressibility in three dimensions. The method is implicit in time and uses
the multiscale mortar mixed finite element method for a spatial discretization in a nonoverlapping
domain decomposition context. The interface conditions between subdomains are enforced in terms
of Lagrange multiplier variables defined on a mortar space. The novel approach in this work is to
linearize the coupled system of subdomain and mortar variables simultaneously to form a global
Jacobian. This algorithm is shown to be more efficient and robust compared to previous algorithms
that relied on two separate nested linearizations of subdomain and interface variables. We also
examine various upwinding methods for accurate integration of phase mobility terms near subdomain
interfaces. Numerical tests illustrate the computational benefits of this scheme.
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1. Introduction. This work develops algorithmic improvements for multiscale
modeling of two-phase flow in a porous medium, which is an important area for
energy and environmental applications. These problems can be very challenging to
model with strong heterogeneities in the data, degeneracies occurring when residual
saturations are reached, and in the evolution of sharp fronts. Multiscale methods
remain a field of intensive research due to the range of spatial and temporal scales
involved, geologic complexity, and the need to perform local parallel computation on
large domains. One of the distinguishing features in our formulation is the ability to
include the physical effects of capillarity, gravity, and compressibility, which also play
an important role in two-phase computations. The key idea in algorithm development
is to linearize the coupled system in all variables to form a global Jacobian, providing
a useful extension of a previous work [14] to the two-phase fully implicit setting.

The class of methods under consideration are called multiscale mortar methods
[4], which are a type of nonoverlapping domain decomposition method [32, 43, 34].
Following a “divide and conquer” strategy, the global problem is decomposed into
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coarse spatially nonconforming subdomains, on which the underlying equations are
posed on a local level. These subdomains contain independent discretizations that
provide local fine-scale resolution and can be nonmatching on subdomain interfaces.
Lagrange multiplier unknowns are introduced on a coarse mortar space, through which
appropriate interface conditions are weakly enforced to couple the subdomains on a
global level. Figure 1 illustrates a spatial discretization of a global problem into
subdomains and interfaces.

Interfaces Γ
klSubdomains Ω

k

Fig. 1. Illustration of nonmatching subdomain grids and interfaces.

Advanced capabilities of the multiscale mortar methods include the ability to
model multiple physical models, numerical methods, and discretizations both sepa-
rately and within the same simulation [38, 3, 42, 46, 45, 31, 27, 4, 18, 39, 35, 17, 41,
15, 14]. These methods have been developed for single-, two-, and three-phase flows in
porous media, Stokes–Darcy flows, elasticity and poroelasticity, porescale models, and
reactive transport models. In multiphase simulation they have been applied to fully
implicit, IMPES, and iteratively coupled schemes. Subdomain discretization methods
have included mixed finite elements, multipoint flux approximations, and continuous
and discontinuous Galerkin methods on simplices, prisms, quadrilaterals, and hexahe-
dral elements. This work uses mixed finite elements on bricks within the subdomains
and considers a two-phase fully implicit model. The use of a mixed method ensures
local mass conservation and an accurate representation of fluxes.

Multiscale mortar methods are one member of a large family of multiscale methods
in an extensive body of literature. Specific applications to multiphase flows can be
found in other methods such as the variational multiscale method [2], hierarchical
multiscale method [1], multiscale finite element method [19], and multiscale finite
volume method [20]. Many advancements to solvers and preconditioners have been
studied, but typically only linear model problems are considered [13]. Effects due
to capillarity, gravity, and compressibility are oftentimes neglected in most of the
multiscale works on two-phase flow [11, 21, 26]. A notable exception is the recent work
of [44], which incorporates capillary pressure and includes upscaling and downscaling
of permeabilities in a single domain framework.

This work extends for fully implicit two-phase flow the global Jacobian (GJ) and
global Jacobian Schur (GJS) algorithms, which were developed in [14] for slightly
compressible single-phase flows. We remark that other global linearization ideas have
also recently appeared in the literature in the context of porescale network models
[28] and in applications to solid mechanics problems [23]. In this work, a global
linearization is performed for both subdomain and interface variables simultaneously
to yield a single Newton iteration, resulting in an 8 × 8 block Jacobian matrix. The
four flux variables (and optionally two subdomain unknowns) are eliminated to obtain
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linear systems for the 1st (or the 2nd) Schur complements. The 1st Schur complement
system has a modular block structure comprising previously available subdomain
Jacobian matrices with sparse coupling blocks. The 2nd Schur complement system
has a linear interface operator which is solved by a matrix-free approach.

The previous algorithm developed to solve the multiscale mortar method with
nonlinear multiphase models was to reduce the global problem to a nonlinear interface
problem [45, 46, 31, 15]. Thus two levels of linearizations were employed: one on the
interface level and a second on the subdomain level. We refer to this method as the
forward difference (FD) algorithm, because of the approximation necessary for the
Jacobian on the interface level. See Figure 2 for flow charts comparing the number
of nested iterations and tolerances necessary in the GJ, GJS, and FD algorithms.
The use of acceleration techniques such as forcing function [12, 10] or preconditioners
[45, 46, 15] helped to mitigate the computational expense of the FD method, but the
overall complexity of the algorithm still remains.

Fig. 2. Flowcharts for the GJ, GJS, and FD algorithms.

There are several advantages of the GJ method. The computational cost is ob-
served to be much less expensive than the FD method. The number of global Newton
iterations in GJ is observed to be comparable to the number of interface Newton
iterations in FD. However, the GJ method does not have the second Newton loop,
which is observed to be quite expensive in the FD method. Furthermore, the global
linearization provides a simpler algorithm for explicit treatment of nonlinearities with-
out an FD approximation, and it is much more robust by requiring far fewer toler-
ance parameters (see Figure 2). It also enables use of efficient interface solvers and
preconditioners developed for linear interface problems such as multigrid [42], bal-
ancing [30], and multiscale flux basis [16]. The modular block structure of the GJ
matrix allows this algorithm to use existing reservoir simulators for problems with
multiple subdomains and nonmatching grids without much additional effort. From a
parallel computing perspective, this method combines the ideas of both domain and
data decompositions where the latter is utilized for the linear solver. In the case of a
single-phase flow, strong parallel scalability of such a scheme has been shown in [14].

The transport component to the two-phase flow model requires careful integration
of phase mobility terms along subdomain interfaces. This has also been observed in
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hybrid mixed methods for linear advection-diffusion-reaction problems in [7], where
upwind extrapolation schemes have been proposed. In the context of mortars for
two-phase flow, we discuss several possibilities for phase mobility upwinding. These
are observed to have a significant impact on water saturation accuracy, the ability to
achieve nonlinear convergence, and the solvability of linear systems. This is especially
important in a global linearization framework where subdomain and mortar variables
are tightly coupled. We find the best method to be block-to-block upwinding, which
directly projects fluid properties from an adjacent domain. This is a similar idea to
the approach used in the enhanced velocity method [37].

The article is organized as follows: In section 2 we provide the equations describing
the two-phase model. In section 3 we formulate the multiscale mortar discretization.
In section 4 we describe the procedure for global linearization and give the GJ al-
gorithms for the 1st and 2nd Schur complements. In section 5 we discuss different
methods for upwinding on subdomain interfaces. In section 6 we present numerical
results for a variety of test cases demonstrating efficiency, robustness, and accuracy.
In section 7 we give conclusions and future work.

2. Two-phase model. Consider a time interval [0, T ], along with a spatial do-
main, Ω ⊂ R

d, d = 2 or 3, with boundary ∂Ω and outward unit normal n. The
spatial domain is decomposed into NΩ nonoverlapping subdomains such that

Ω =

NΩ⋃
k=1

Ωk, Ωk ∩Ωl = ∅ when k �= l,

where overbars denote set closure. Subdomain interfaces are denoted by Γkl = Γlk =
∂Ωk ∩ ∂Ωl, Γ =

⋃
1≤k<l≤NΩ

Γkl, and nk is the outward unit normal to Ωk.
In this work we consider flow of two immiscible phases through a porous medium,

in which each phase α = o (oil) and α = w (water) is assumed to be a slightly
compressible fluid. In our fully implicit formulation, the primary unknowns will be
the oil mass flux uo, the water mass flux uw, an auxiliary oil mass flux ũo, an auxiliary
water mass flux ũw, the oil pressure po, the oil concentration no, and two Lagrange
multipliers λ1 and λ2. All remaining unknowns can be expressed in terms of the
primary variables: the water pressure pw, the water concentration nw, the saturation
sα for each phase, and the fluid density ρα for each phase. Known data include the
porosity of the medium φ, the relative permeability curve krα for each phase, the
fluid viscosity μα for each phase, a mass flux source function qα for each phase, an
initial condition pα,0 for each phase, and the absolute permeability tensor K. Here K
is assumed to be uniformly bounded and positive definite; i.e., there exist constants
0 < k0 ≤ k1 < ∞ such that

ko‖ξ‖2 ≤ ξTK(x)ξ ≤ k1‖ξ‖2 ∀ξ ∈ R
d, ∀x ∈ Ω,(2.1)

where ‖ · ‖ is the Euclidean vector norm.
The expanded mixed formulation for fully implicit two-phase flow through a

porous medium [46] is given, for subdomains k = 1, . . . , NΩ and phases α = o,w,

∂

∂t
(φsαρα) +∇ · uα = qα in Ωk × (0, T ],(2.2a)

ũα = −K(∇pα − ραg) in Ωk × (0, T ],(2.2b)

uα =
krαρα
μα

ũα in Ωk × (0, T ](2.2c)
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subject to the initial, boundary, and interface conditions

pα = pα,0 at Ω× {t = 0},(2.2d)

uα · n = 0 on ∂Ω× (0, T ],(2.2e)

pα = pΓα(λ1, λ2) on Γ× (0, T ],(2.2f)

uk
α · nk + ul

α · nl = 0 on Γkl × (0, T ],(2.2g)

with the closure relationships

sw + so = 1,(2.2h)

pc(sw) = po − pw,(2.2i)

ρα(pα) = ρrefα ecαpα .(2.2j)

For each phase α on each subdomain Ωi, the subsurface flow is characterized
by Darcy’s law (2.2b), a conservation of mass (2.2a), and the relationship between
phase mass flux to auxiliary mass flux involving phase mobility (2.2c). We assume
a hydrostatic initial condition in (2.2d) and no-flow external boundary conditions
in (2.2e). The phase pressures on the interfaces are functions of the two Lagrange
multipliers in (2.2f), and a conservation of mass is enforced over the entire domain
in (2.2g). The saturation constraint (2.2h) describes immiscible flow, the capillary
pressure function (2.2i) is a known function of water saturation that relates the two
phase pressures, and the equations of state (2.2j) describe the slightly compressible
density of each phase with small compressibility constants cα.

3. Multiscale mortar discretization. The concentration and mobility for
phase α is denoted by

nα = ραsα and mα =
krαρα
μα

,(3.1)

respectively. Note that our definition of mobility includes density, which differs from
the literature. The primary unknowns for the multiscale mortar discretization are
(po, no), along with velocities (ũo, ũw,uo,uw), and Lagrange multipliers (λ1, λ2) cor-
responding to various physical unknowns on the interface. The functions pΓα in (2.2f)
evaluate interface pressure for phase α in terms of the Lagrange multipliers. In this
work we use pΓo = λ1 and pΓw = λ2, although other possibilities are possible leading to
minor modifications in the algorithm.

For each subdomain Ωk, let T k
h be a conforming quasi-uniform finite element

partition consisting of rectangular elements or bricks with characteristic mesh size
h, which may be different for each k, thereby allowing nonmatching grids on the
subdomain interfaces. For the spatial discretization, our formulation can use any of
the usual mixed finite element spaces [6], denoted by V k

h × W k
h . In particular our

numerical results use the lowest order Raviart–Thomas–Nédélec elements [33, 29] on
bricks for the flux and the pressure, i.e.,

V k
h =

{
v ∈ H(div,Ωk) : v|E = (m1x1 + β1,m2x2 + β2,m3x3 + β3)

T ,ml, βl ∈ R

∀E ∈ T k
h , and v · n = 0 on ∂Ω

}
,

W k
h =

{
w ∈ L2(Ωk) : w|E = γ, γ ∈ R ∀E ∈ T k

h

}
.

For each interface Γkl, we choose an independent quasi-uniform finite element
partition Gkl

H with characteristic mesh size H and define the mortar space Mkl
H con-

taining either continuous or discontinuous piecewise polynomials of degree larger than
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one. We remark that for stability of the mortar method, the mortar space cannot be
too rich [4].

For each phase α, the global mass flux, pressure, and Lagrange multiplier spaces
are

Vh =

NΩ⊕
k=1

V k
h , Wh =

NΩ⊕
k=1

W k
h , and MH =

⊕
1≤k<l≤NΩ

Mkl
H .

Choose a temporal discretization 0 = t0 < t1 < · · · < tNT = T , with δtn =
tn− tn−1. To simplify notation we suppress subscripts h and H , as well as time index
n except for nn−1

α , which denote the known concentrations at the previous time step.
Employing the backward Euler method for time integration with the aforementioned
discrete spaces for pressure, mass flux, and mortar variables to system (2.2a)–(2.2j)
gives the following fully discrete multiscale mortar expanded mixed finite element
system for fully implicit two-phase flow.

(Multiscale mortar expanded mixed finite element method.) For time levels n =
1, . . . , NT , find (ũk

o , ũ
k
w,u

k
o ,u

k
w, p

k
o , n

k
o , λ

kl
1 , λkl

2 ) ∈ 4V k
h × 2W k

h × 2Mkl
H such that for

subdomains Ωk, k = 1, . . . , NΩ,∫
Ωk

φnk
α − φnn−1

α

δt
w dx+

∫
Ωk

∇ · uk
αw dx−

∫
Ωk

qαw dx = 0,(3.2a)

∫
Ωk

K−1ũk
α · ṽ dx−

∫
Ωk

pkα∇ · ṽ dx−
∫
Ωk

ραg · ṽ dx+

NΩ∑
l=1,l �=k

∫
Γkl

pΓα ṽ · nk dσ = 0,

(3.2b)

∫
Ωk

uk
α · v dx−

∫
Ωk

mαũ
k
α · v dx = 0,(3.2c)

and for interfaces Γkl, 1 ≤ k < l ≤ NΩ,∫
Γkl

(
uk
α · nk + ul

α · nl
)
η dσ = 0,(3.2d)

for all w ∈ W k
h , ṽ ∈ V k

h , v ∈ V k
h , and η ∈ Mkl

H . Note that pkw, ρ
k
o , ρ

k
w, n

k
w, m

k
w, and

mk
o are all functions of primary unknowns (pko , n

k
o) using (2.2h)–(2.2j).

At this point, our two-phase multiscale mortar formulation will depart from the

work in the previous literature. Let {vk
i }

Nk
u

i=1, {wk
i }

Nk
p

i=1, {ηkli }N
kl
λ

i=1 be finite element basis
functions for Vk

h, W
k
h, and Mkl

H , respectively. The 8 unknowns are then expressed as
linear combinations of the basis functions

ũk
o =

Nk
u∑

i=1

Ũk
o,iv

k
i , ũk

w =

Nk
u∑

i=1

Ũk
w,iv

k
i , uk

o =

Nk
u∑

i=1

Uk
o,iv

k
i , uk

w =

Nk
u∑

i=1

Uk
w,iv

k
i ,

pko =

Nk
p∑

i=1

P k
o,iw

k
i , nk

o =

Nk
p∑

i=1

Nk
o,iw

k
i , λkl

1 =

Nkl
λ∑

i=1

Λkl
1,iη

kl
i , λkl

2 =

Nkl
λ∑

i=1

Λkl
2,iη

kl
i ,

(3.3)

and the coefficient vectors Ũk
o , Ũ

k
w, U

k
o , U

k
w ∈ R

Nk
u , P k

o , N
k
o ∈ R

Nk
p , and Λkl

1 ,Λkl
2 ∈

R
Nkl

λ are to be determined. These are grouped together by subdomains and interfaces
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to form the global coefficient vector unknowns. Defining variables for the total number
of degrees of freedom for the mass flux, pressure, and Lagrange multiplier,

Nu =

NΩ∑
i=1

Nk
u, Np =

NΩ∑
i=1

Nk
p , and Nλ =

∑
1≤k<l≤NΩ

Nkl
λ ,

the global coefficient vectors are Ũo, Ũw, Uo, Uw ∈ R
Nu , Po, No ∈ R

Np , and Λ1,Λ2 ∈
R

Nλ . Substituting the representations from (3.3) into the variational formulation
(3.2a)–(3.2d), we obtain the following equations in residual form:

(Auxiliary equations.) For k = 1, . . . , NΩ and j = 1, . . . , Nk
u,

Ak
o,j =

∫
Ωk

⎛
⎝Nk

u∑
i=1

Uk
o,iv

k
i

⎞
⎠ · vk

j dx−
∫
Ωk

mo

⎛
⎝Nk

p∑
i=1

P k
o,iw

k
i ,

Nk
p∑

i=1

Nk
o,iw

k
i

⎞
⎠
⎛
⎝Nk

u∑
i=1

Ũk
o,iv

k
i

⎞
⎠· vk

j dx,

(3.4a)

Ak
w,j =

∫
Ωk

⎛
⎝Nk

u∑
i=1

Uk
w,iv

k
i

⎞
⎠· vk

j dx−
∫
Ωk

mw

⎛
⎝Nk

p∑
i=1

P k
o,iw

k
i ,

Nk
p∑

i=1

Nk
o,iw

k
i

⎞
⎠
⎛
⎝Nk

u∑
i=1

Ũk
w,iv

k
i

⎞
⎠· vk

j dx.

(3.4b)

(Darcy law equations.) For k = 1, . . . , NΩ and j = 1, . . . , Nk
u,

Dk
o,j =

∫
Ωk

K−1

⎛
⎝Nk

u∑
i=1

Ũk
o,iv

k
i

⎞
⎠ · vk

j dx−
∫
Ωk

⎛
⎝Nk

p∑
i=1

P k
o,iw

k
i

⎞
⎠∇ · vk

j dx

(3.4c)

−
∫
Ωk

ρo

⎛
⎝Nk

p∑
i=1

P k
o,iw

k
i

⎞
⎠g · vk

j dx +

NΩ∑
l=1,l �=k

∫
Γkl

pΓo

⎛
⎝Nk

λ∑
i=1

Λkl
1,iη

kl
i ,

Nk
λ∑

i=1

Λkl
2,iη

kl
i

⎞
⎠vk

j · nk dσ,

Dk
w,j =

∫
Ωk

K−1

⎛
⎝Nk

u∑
i=1

Ũk
w,iv

k
i

⎞
⎠ · vk

j dx−
∫
Ωk

pw

⎛
⎝Nk

p∑
i=1

P k
o,iw

k
i ,

Nk
p∑

i=1

Nk
o,iw

k
i

⎞
⎠∇ · vk

j dx

(3.4d)

−
∫
Ωk

ρw

⎛
⎝Nk

p∑
i=1

P k
o,iw

k
i ,

Nk
p∑

i=1

Nk
o,iw

k
i

⎞
⎠ g · vk

j dx

+

NΩ∑
l=1,l �=k

∫
Γkl

pΓw

⎛
⎝Nk

λ∑
i=1

Λkl
1,iη

kl
i ,

Nk
λ∑

i=1

Λkl
2,iη

kl
i

⎞
⎠vk

j · nk dσ.

(Mass balance equations.) For k = 1, . . . , NΩ and j = 1, . . . , Nk
p ,

Bk
o,j =

∫
Ωk

φ

⎡
⎣Nk

p∑
i=1

Nk
o,iw

k
i − nn−1

o

⎤
⎦wk

j dx+ δt

∫
Ωk

⎡
⎣∇ ·

⎛
⎝Nk

u∑
i=1

Uk
o,iv

k
i

⎞
⎠− qo

⎤
⎦wk

j dx,

(3.4e)
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Bk
w,j =

∫
Ωk

φ

⎡
⎣nw

⎛
⎝Nk

p∑
i=1

P k
o,iw

k
i ,

Nk
p∑

i=1

Nk
o,iw

k
i

⎞
⎠− nn−1

w

⎤
⎦wk

j dx

(3.4f)

+ δt

∫
Ωk

⎡
⎣∇ ·

⎛
⎝Nk

u∑
i=1

Uk
w,iv

k
i

⎞
⎠− qw

⎤
⎦wk

j dx.

(Flux continuity equations.) For k = 1, . . . , NΩ − 1, l = (k + 1), . . . , NΩ, and
j = 1, . . . , Nkl

λ ,

Hkl
o,j =

∫
Γkl

⎛
⎝Nk

u∑
i=1

Uk
o,iv

k
i · nk +

N l
u∑

i=1

U l
o,iv

l
i · nl

⎞
⎠ ηklj dσ,(3.4g)

Hkl
w,j =

∫
Γkl

⎛
⎝Nk

u∑
i=1

Uk
w,iv

k
i · nk +

N l
u∑

i=1

U l
w,iv

l
i · nl

⎞
⎠ ηklj dσ.(3.4h)

Here we have used the closure relationships (2.2h), (2.2i), and (2.2j) to express the
functions pw = pw(Po, No), ρo = ρo(Po), ρw = ρw(Po, No), nw = nw(Po, No), mw =
mw(Po, No), and mo = mo(Po, No) in terms of the unknown coefficients Po and No.

4. Global linearization. The residual equations constitute a set of (4Nu +
2Np + 2Nλ) nonlinear equations which will be solved by a Newton method, where

(Ũo, Ũw, Uo, Uw, Po, No,Λ1,Λ2) is the unknown coefficient vector before elimination.
The system takes the following form:

Ao(Ũo, Uo, Po, No) = 0, Bo(Uo, No) = 0,

Aw(Ũw, Uw, Po, No) = 0, Bw(Uw, Po, No) = 0,

Do(Ũo, Po,Λ1,Λ2) = 0, Ho(Uo) = 0,

Dw(Ũw, Po, No,Λ1,Λ2) = 0, Hw(Uw) = 0.

(4.1)

To form the Jacobian matrix, we compute the derivatives of each residual equation
with respect to each unknown. Terms that will be simplified are denoted with hats.
We denote the matrices:

(Ak
1)ji =

∂Ak
o,j

∂Ũk
o,i

, (Ak
2)ji =

∂Ak
o,j

∂Uk
o,i

, (Âk
3)ji =

∂Ak
o,j

∂P k
o,i

, (Ak
4)ji =

∂Ak
o,j

∂Nk
o,i

,

(Bk
1 )ji =

∂Ak
w,j

∂Ũk
w,i

, (Bk
2 )ji =

∂Ak
w,j

∂Uk
w,i

, (B̂k
3 )ji =

∂Ak
w,j

∂P k
o,i

, (B̂k
4 )ji =

∂Ak
w,j

∂Nk
o,i

,

(Ck
1 )ji =

∂Dk
o,j

∂Ũk
o,i

, (Ĉk
2 )ji =

∂Dk
o,j

∂P k
o,i

, (Ckl
3 )ji =

∂Dk
o,j

∂Λkl
1,i

, (Ckl
4 )ji =

∂Dk
o,j

∂Λkl
2,i

,

(Dk
1 )ji =

∂Dk
w,j

∂Ũk
w,i

, (D̂k
2 )ji =

∂Dk
w,j

∂P k
o,i

, (D̂k
3 )ji =

∂Dk
w,j

∂Nk
o,i

, (Dkl
4 )ji =

∂Dk
w,j

∂Λkl
1,i

,

(Dkl
5 )ji =

∂Dk
w,j

∂Λkl
2,i

,

(Ek
1 )ji =

∂Bk
o,j

∂Uk
o,i

, (Ek
2 )ji =

∂Bk
o,j

∂Nk
o,i

,
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(F k
1 )ji =

∂Bk
w,j

∂Uk
w,i

, (F̂ k
2 )ji =

∂Bk
w,j

∂P k
o,i

, (F̂ k
3 )ji =

∂Bk
w,j

∂Nk
o,i

,

(Lkl
1 )ji =

∂Hkl
o,j

∂Uk
o,i

,

(Lkl
2 )ji =

∂Hkl
w,j

∂Uk
w,i

.

Let (·, ·)k denote the L2 inner product over subdomain Ωk, and let 〈·, ·〉kl denote the
L2 inner product over interface Γkl. We use the residual formulation (3.4a)–(3.4h) to
compute the following partial derivatives, omitting superscript k in the test functions
to simplify notation:

(Ak
1)ji = − (movi,vj)k ,(4.2a)

(Ak
2)ji = (vi,vj)k ,(4.2b)

(Âk
3)ji = −

(
co

(
no

μo
k′ro +

ρo
μo

kro

)
wiũo,vj

)
k

,(4.2c)

(Ak
4)ji = −

(
1

μo
k′rowiũo,vj

)
k

,(4.2d)

(Bk
1 )ji = − (mwvi,vj)k ,(4.2e)

(Bk
2 )ji = (vi,vj)k ,(4.2f)

(B̂k
3 )ji = −

(
ρw
μw

(
co
no

ρo
k′rw + cwkrw

)
wiũw,vj

)
k

,(4.2g)

(B̂k
4 )ji = −

(
ρw

μwρo
(cwkrwp

′
c − k′rw) wi ũw,vj

)
k

,(4.2h)

(Ck
1 )ji =

(
K−1vi,vj

)
k
,(4.2i)

(Ĉk
2 )ji = − (wi,∇ · vj)k − (coρogwi,vj)k ,(4.2j)

(Ckl
3 )ji =

〈
ηkli ,vk

j · nk
〉
kl
,(4.2k)

(Ckl
4 )ji = 0,(4.2l)

(Dk
1 )ji =

(
K−1vi,vj

)
k
,(4.2m)

(D̂k
2 )ji = −

((
1− cono

ρo
p′c

)
wi,∇ · vj

)
k

−
(
cwρw

(
1− co

nop
′
c

ρo

)
gwi,vj

)
k

,(4.2n)

(D̂k
3 )ji = −

(
1

ρo
p′cwi,∇ · vj

)
k

−
(
cwρw
ρo

p′cgwi,vj

)
k

,(4.2o)

(Dkl
4 )ji = 0,(4.2p)

(Dkl
5 )ji =

〈
ηkli ,vk

j · nk
〉
kl
,(4.2q)

(Ek
1 )ji = δt (∇ · vi, wj)k ,(4.2r)

(Ek
2 )ji = (φwi, wj)k ,(4.2s)

(F k
1 )ji = δt (∇ · vi, wj)k ,(4.2t)

(F̂ k
2 )ji =

(
φ

(
cwnw + co

ρwno

ρo
(1− cwp

′
c)

)
wi, wj

)
k

,(4.2u)
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(F̂ k
3 )ji =

(
φ

ρo
(cwnwp

′
c − ρw)wi, wj

)
k

,(4.2v)

(Lkl
1 )ji = 〈vk

i · nk, ηklj 〉kl,(4.2w)

(Lkl
2 )ji = 〈vk

i · nk, ηklj 〉kl.(4.2x)

Entries with two pressure basis functions are evaluated using the midpoint rule, and
entries with one or more velocity basis functions are evaluated using the trapezoidal
midpoint rule as in [5]. Entries with mortar basis functions are evaluated using
composite Newton–Cotes rules with accuracy depending on the polynomial degree
of the mortar space. For example, an interface with a quadratic mortar requires the
composite Simpson’s rule. Mobilities mo and mw are upwinded and will be discussed
in section 5.

Note that in the above computations the Lagrange multipliers have the meaning
of phase pressures at the interfaces, which explains the zero contribution for C4 and
D4. The formulation allows for a different choice such as no, po, in which case the
block matrices C3, C4, D4, D5 will be different.

4.1. Jacobian simplification and global assembly. We simplify the above
Jacobian using the technique that is typically performed for slightly compressible flow
models, by which we drop certain terms that are multiplied by the small compress-
ibility constants co and cw. Note that these terms are small and would be exactly
zero in the case of incompressible fluids. Specifically we take

(Âk
3)ji ≈ 0,(4.3a)

(B̂k
3 )ji ≈ 0,(4.3b)

(B̂k
4 )ji ≈ (Bk

4 )ji =

(
ρw

μwρo
k′rw wi ũw,vj

)
k

,(4.3c)

(Ĉk
2 )ji ≈ (Ck

2 )ji = − (wi,∇ · vj)k ,(4.3d)

(D̂k
2 )ji ≈ (Dk

2 )ji = − (wi,∇ · vj)k ,(4.3e)

(D̂k
3 )ji ≈ (Dk

3 )ji = −
(

1

ρo
p′cwi,∇ · vj

)
k

,(4.3f)

(F̂ k
2 )ji ≈ (F k

2 )ji = (φρw (cwsw + coso)wi, wj)k ,(4.3g)

(F̂ k
3 )ji ≈ (F k

3 )ji = −
(
φ
ρw
ρo

wi, wj

)
k

.(4.3h)

This yields an approximation to the Jacobian (matrix), but the residual vector (right-
hand side) is still computed exactly. Consistent with the theory on inexact Newton
methods, when convergence is achieved, the solution to this nonlinear system coincides
with that of the full Newton method [22]. With the above derivations and simpli-
fications complete, we note the following identities: A2 = B2, C1 = D1, C2 = D2,
E1 = F1, and L1 = L2.

To form the global matrix, subdomain matrices are grouped together as block
diagonal matrices, and interface matrices are grouped together by interface. For
example, matrices A1, C3, and L1 are defined as

A1 =

⎛
⎜⎝
A1

1

. . .

ANΩ
1

⎞
⎟⎠ , C3 =

⎛
⎜⎝

C12
3
...

C
(NΩ−1)NΩ

3

⎞
⎟⎠ , and L1 =

(
L12
1 · · · L

(NΩ−1)NΩ

1

)
.
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Without loss of generality, we have assumed that Γ12 and Γ(NΩ−1)NΩ are nonempty.
Using the above-defined block matrices, the linear system for the inexact Newton step
takes the form⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A1 0 A2 0 0 A4 0 0
0 B1 0 B2 0 B4 0 0
C1 0 0 0 C2 0 C3 C4

0 D1 0 0 D2 D3 D4 D5

0 0 E1 0 0 E2 0 0
0 0 0 F1 F2 F3 0 0
0 0 L1 0 0 0 0 0
0 0 0 L2 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

δŨo

δŨw

δUo

δUw

δPo

δNo

δΛ1

δΛ2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
= −

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ao

Aw

Do

Dw

Bo

Bw

Ho

Hw

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.(4.4)

4.2. Velocity elimination. We first eliminate both primary and auxiliary mass
fluxes for each fluid phase from system (4.4) to form a Schur complement system with
the unknowns

δΘ =

[
δPo

δNo

]
and δΛ =

[
δΛ1

δΛ2

]
.(4.5a)

This is accomplished by partial Gaussian elimination. The reduced system has the
block structure

J

[
δΘ
δΛ

]
=

[
JΘΘ JΘΛ

JΛΘ JΛΛ

] [
δΘ
δΛ

]
=

[
RΘ

RΛ

]
,(4.5b)

with the matrices

JΘΘ =

[
JPoPo JPoNo

JNoPo JNoNo

]
=

[
E1A

−1
2 A1C

−1
1 C2 E2 − E1A

−1
2 A4

F2 + F1B
−1
2 B1D

−1
1 D2 F3 + F1B

−1
2 (B1D

−1
1 D3 −B4)

]
,

(4.5c)

JΘΛ =

[
JPoΛ1 JPoΛ2

JNoΛ1 JNoΛ2

]
=

[
E1A

−1
2 A1C

−1
1 C3 E1A

−1
2 A1C

−1
1 C4

F1B
−1
2 B1D

−1
1 D4 F1B

−1
2 B1D

−1
1 D5

]
,

(4.5d)

JΛΘ =

[
JΛ1Po JΛ1No

JΛ2Po JΛ2No

]
=

[
L1A

−1
2 A1C

−1
1 C2 −L1A

−1
2 A4

L2B
−1
2 B1D

−1
1 D2 L2B

−1
2 (B1D

−1
1 D3 −B4)

]
,

(4.5e)

JΛΛ =

[
JΛ1Λ1 JΛ1Λ2

JΛ2Λ1 JΛ2Λ2

]
=

[
L1A

−1
2 A1C

−1
1 C3 L1A

−1
2 A1C

−1
1 C4

L2B
−1
2 B1D

−1
1 D4 L2B

−1
2 B1D

−1
1 D5

]
,

(4.5f)

and the residual vectors

RΘ =

[
RPo

RNo

]
=

[
E1A

−1
2 (Ao −A1C

−1
1 Do)−Bo

F1B
−1
2 (Aw −B1D

−1
1 Dw)−Bw

]
,(4.5g)

RΛ =

[
RΛ1

RΛ2

]
=

[
L1A

−1
2 (Ao −A1C

−1
1 Do)−Ho

L2B
−1
2 (Aw − B1D

−1
1 Dw)−Hw

]
.(4.5h)

The GJ method (Algorithm 1), which recently appeared in [14] for slightly com-
pressible single-phase flow, can now be directly applied to the fully implicit two-phase
system (4.5b) with two Lagrange multipliers. Note that in practice the entries in
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Algorithm 1. The GJ method.

Given [Θ0,Λ0],
for n = 1, . . . , NT do
[Θn,0,Λn,0] = [Θn−1,Λn−1]
for k = 0, . . . ,NEWT MAX do
Rn,k = [RΘ, RΛ](Θ

n,k,Λn,k)
if (‖Rn,k‖ < NEWT TOL) then break k-loop
Jn,k = [JΘΘ, JΘΛ; JΛΘ, JΛΛ](Θ

n,k,Λn,k)
[δΘ, δΛ] = gmres(Jn,k, Rn,k)
[Θn,k+1,Λn,k+1] = [Θn,k + δΘ,Λn,k + δΛ]

end for
[Θn,Λn] = [Θn,k,Λn,k]

end for

(4.5c)–(4.5h) reduce to simple expressions after quadrature, which can be very effi-
ciently implemented as a cell-centered finite difference code without matrix-matrix or
matrix-vector products. Since the matrix J is highly nonsymmetric, the generalized
minimum residual (GMRES) method [22] can be used to iteratively solve the linear
system on each Newton step. We note that GMRES may be replaced with another
suitable linear solver.

4.3. Interface formulation. We can also eliminate subdomain primary vari-
ables from system (4.5b) to form a second Schur complement system with δΛ =
(δΛ1, δΛ2)

T as the sole unknowns. This linear interface problem has the form

JS δΛ = RS ,(4.6a)

where

JS = JΛΛ − JΛΘJ
−1
ΘΘJΘΛ and(4.6b)

RS = RΛ − JΛΘJ
−1
ΘΘRΘ.(4.6c)

Note that JΘΘ is a block diagonal matrix, and each decoupled block of subdomain
unknowns is invertible. The matrix JS need not be formed, and its action is obtained
in the solution of successive linear subdomain problems. We refer to this strategy
as the global Jacobian Schur (GJS) method given by Algorithm 2. This enables the
use of previously developed preconditioners and techniques for the linear interface
problem such as multigrid [42], balancing [30], and construction of a multiscale flux
basis [16]. We note again that GMRES may be replaced with another suitable linear
solver.

The GJS algorithm gives a much simpler domain decomposition strategy for non-
linear model problems, because the interface problem has already been linearized. We
remark that previous attempts at developing fast solvers for nonlinear interface prob-
lems have included Neumann–Neumann preconditioners, nonlinear multigrid meth-
ods, and the frozen Jacobian multiscale preconditioner [46, 45, 15]. These methods
showed moderate success at reducing computation costs, but the implementations
were very complex.

5. Upwinding mobilities. The numerical integration of mobility terms (4.2a)
and (4.2e) is essential to capturing accurate transport of phase saturation. Within
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Algorithm 2. The GJS method.

Given [Θ0,Λ0],
for n = 1, . . . , NT do
[Θn,0,Λn,0] = [Θn−1,Λn−1]
for k = 0, . . . ,NEWT MAX do
Rn,k = [RΘ, RΛ](Θ

n,k,Λn,k)
if (‖Rn,k‖ < NEWT TOL) then break k-loop
Jn,k = [JΘΘ, JΘΛ; JΛΘ, JΛΛ](Θ

n,k,Λn,k)
function JS(ξ) {return JΛΛξ − JΛΘ gmres(JΘΘ, JΘΛξ)}
RS = RΛ − JΛΘ gmres(JΘΘ, RΘ)
δΛ = gmres(JS , RS)
δΘ = gmres(JΘΘ, RΘ + JΘΛδΛ)
[Θn,k+1,Λn,k+1] = [Θn,k + δΘ,Λn,k + δΛ]

end for
[Θn,Λn] = [Θn,k,Λn,k]

end for

the strict interior of each subdomain (Figure 3, left), we follow the standard choice of
picking the phase mobility from the upwind direction, as given in (5.1a)–(5.1b). How-
ever, at subdomain interfaces (Figure 3, right) several possibilities exist (described
below), which can have a significant impact on mass conservation and nonlinear con-
vergence of the method. For simplicity, the figure and quadrature formulas assume
matching grids, but a simple modification allows the general case. Here v represents
the common velocity basis function on an internal edge, and vL and vR represent
the distinct velocity basis functions on opposing sides of an interface. We advocate
usage of block-to-block upwinding, which is shown to be the most stable and accurate
choice in the numerical results for the GJ method (see section 6.2).

p
L

o
p
R

o

v

p
L

o
p
R

o
p
λ

o

v
L

v
R

Fig. 3. Degrees of freedom within subdomain (left) and on interface (right) for upwinding.

Upwinding “within a subdomain.” Without loss of generality, consider two
neighboring elements (i, j, k) and (i + 1, j, k) in the interior of a subdomain, denoted
EL and ER, respectively. Let �po denote the difference in oil pressure of these
elements, that is,

�po = pRo − pLo .

The standard choice of upwind mobility in combination with the trapezoidal midpoint
(TM) quadrature rule [5] gives the following expression for the numerical evaluation
of oil mobility terms in (4.2a):

mup
o =

{
mL

o if �po < 0,

mR
o if �po > 0,

(5.1a)
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∫
EL∪ER

mo v · vdx ≈
TM

mup
o ×

(
hL
x

2 hy hz
+

hR
x

2 hy hz

)
.(5.1b)

Similar expressions are used for integrating water mobility terms in (4.2e). Here hx,
hy, hz are the mesh widths in the three coordinate directions on a brick element.
However, for elements adjacent to a subdomain interface, the choice for upwinding is
not obvious. In the following, we discuss three possibilities (a)–(c).

We define the L2-projection from the traces of left and right subdomains to the
mortar grid as QLΛ and QRΛ, respectively, and define the L2-projection directly from
right to left subdomains as QRL:

QLΛ : Wh(Ω
L|Γ) → MH , QRΛ : Wh(Ω

R|Γ) → MH , QRL : Wh(Ω
R|Γ) → Wh(Ω

L|Γ)
(5.2)

The inverse maps are obtained using the transpose. Different upwinding methods are
obtained by using the following definitions:

(a) Upwinding “using mortar.” This method uses the mortar unknown itself to
define the upwind direction. Recall in this paper that we are using λ1 = pΓo
and λ2 = pΓw. The pressure differences are

�pLo = QT
LΛp

Γ
o − pLo ,(5.3a)

�pRo = pRo −QT
RΛp

Γ
o .(5.3b)

The upwinded mobility comes from the properties on the current subdomain
or a projection of the mortar variables themselves, i.e., on the left side of the
interface

mup,L
o =

⎧⎪⎪⎨
⎪⎪⎩

kro(s
L
o )ρo(p

L
o )

μo
if �pLo < 0,

kro(QT
LΛs

Γ
o )ρo(QT

LΛp
Γ
o )

μo
if �pLo > 0,

(5.3c)

and on the right side of the interface

mup,R
o =

⎧⎪⎪⎨
⎪⎪⎩

kro(QT
RΛs

Γ
o )ρo(QT

RΛp
Γ
o )

μo
if �pRo < 0,

kro(s
R
o )ρo(p

R
o )

μo
if �pRo > 0.

(5.3d)

(b) Upwinding “through mortar.” This method uses the trace of the adjacent
subdomain unknown projected through the mortar space onto the current
subdomain grid to define the upwind direction. The pressure differences are

�pLo = QT
LΛQRΛp

R
o − pLo ,(5.4a)

�pRo = pRo −QT
RΛQLΛp

L
o .(5.4b)

The upwinded mobility comes from the properties on the current subdomain
or a projection of the values of the adjacent subdomain through the mortar
space onto the current subdomain, i.e., on the left side of the interface

mup,L
o =

⎧⎪⎪⎨
⎪⎪⎩

kro(s
L
o )ρo(p

L
o )

μo
if �pLo < 0,

kro(QT
LΛQRΛs

R
o )ρo(QT

LΛQRΛp
R
o )

μo
if �pLo > 0,

(5.4c)
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and on the right side of the interface

mup,R
o =

⎧⎪⎪⎨
⎪⎪⎩

kro(QT
RΛQLΛs

L
o )ρo(QT

RΛQLΛp
L
o )

μo
if �pRo < 0,

kro(s
R
o )ρo(p

R
o )

μo
if �pRo > 0.

(5.4d)

(c) Upwinding “block to block.” This method uses the trace of the adjacent
subdomain unknown projected directly onto the current subdomain to define
the upwind direction. The pressure differences are

�pLo = QRLp
R
o − pLo ,(5.5a)

�pRo = pRo −QT
RLp

L
o(5.5b)

The upwinded mobility comes from the properties on the current subdomain
or a projection of the values of the adjacent subdomain directly onto the
current subdomain, i.e., on the left side of the interface

mup,L
o =

⎧⎪⎪⎨
⎪⎪⎩

kro(s
L
o )ρo(p

L
o )

μo
if �pLo < 0,

kro(QRLs
R
o )ρo(QRLp

R
o )

μo
if �pLo > 0,

(5.5c)

and on the right side of the interface

mup,R
o =

⎧⎪⎪⎨
⎪⎪⎩

kro(QT
RLs

L
o )ρo(QT

RLp
L
o )

μo
if �pRo < 0,

kro(s
R
o )ρo(p

R
o )

μo
if �pRo > 0.

(5.5d)

Using the definitions in upwinding methods (a)–(c), the application of trapezoidal
midpoint quadrature in the elements adjacent to subdomain interfaces gives∫

EL

mo v
L · vLdx ≈

TM
mup,L

o ×
(

hL
x

2 hy hz

)
,

∫
ER

mo v
R · vRdx ≈

TM
mup,R

o ×
(

hR
x

2 hy hz

)

for the subdomains to the left and to the right of the interface, respectively.
Note that in the case of matching grids, all three projections in (5.2) are identity.

The consequence is that upwinding methods (b) and (c) reduce to the single domain
case and produce the same solution for fluid transport. Conversely, in method (a), the
definitions of the upwind direction and mobility to the left and right of the interface
are not equal. Thus even in the case of matching grids, the solution may deviate
from a comparable single-domain method, the nonlinear iteration may diverge, or
the linear systems may become singular. In the authors’ experience, the difficulties
with method (a) are aggravated in the case of nonmatching grids (which is one of the
main benefits of using domain decomposition), and also as the number of subdomain
interfaces is increased for a fixed problem size.

The reason we advocate method (c) over method (b) is that the mortar grid size
H is usually taken to be coarser than the subdomain grid size h, giving the multiscale
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aspect to the method. Therefore, the two subsequent projections in method (b) may
cause an unnecessary loss of information in the fluid properties when needed from
the adjacent subdomain. This can be entirely prevented using method (c), where the
fluid properties use the best possible information.

One other important remark is that mortar saturation values are needed in
method (a). To get mortar saturation values when using two phase pressures as mor-
tar unknowns, this requires an elementwise Newton iteration to invert the pc curve
in the elements along the interface. This also means that the case pc = 0 cannot
be handled. Since methods (b) and (c) do not require mortar saturation values, the
additional Newton iteration is no longer necessary, the zero capillary pressure case
can be handled, and two interface pressures can be used as mortar unknowns (which
is the most natural case when integrating by parts in the variational form).

6. Numerical examples. In this section we perform two numerical examples
with the multiscale mortar method. Example 1 (section 6.1) shows the capability of
modeling spatially nonconforming domains and strong heterogeneities and compares
the efficiency of the GJ algorithm to the FD algorithm (recall Figure 2). Exam-
ple 2 (section 6.2) shows the capability of modeling multiple rock types with strong
capillarity and compares the accuracy of water saturation solutions using the vari-
ous upwinding methods. In both examples, the fluid viscosities are μo = 2.0 cp and
μw = 0.5 cp, the fluid compressibilities are co = 4.0e-3 psi−1 and cw = 3.3e-4 psi−1,
and the fluid reference densities are ρrefo = 56.0 lb/ft

3
and ρrefw = 62.3 lb/ft

3
.

6.1. Example 1: Fault. This example has nonconforming spatial geometry in
the form of a fault between two subdomains with different mesh resolutions. This
highlights the ability of the multiscale mortar method to resolve complex geologic
features such as faults and lithology. The geometry and discretization are shown in
Figure 4, with positive x representing the depth direction. The size of subdomain Ω1

is 20 × 100 × 100 ft with a uniform grid of 10 × 10 × 10 elements. The subdomain
Ω2 is offset by 8 ft in the x-direction and 10 ft in the z-direction and has a size of
21× 100× 105 ft with a uniform grid of 7× 7× 7 elements. The mortar grid is defined
in the area of overlap on the fault plane with a uniform grid of 2 × 5 elements and
uses a continuous linear mortar.

X

YZ

X

YZ
X Y

Z

Fig. 4. Geometry and discretization for Example 1: subdomain grids in the x-y plane (left),
subdomain grids in y-z plane (middle), and mortar grid (right).

On this grid we have two absolute permeability datasets for the x-component of
the diagonal tensor K, shown in Figure 5. The y- and z-components of this tensor
multiply the x-component by a factor of 2.

The first dataset is denoted the barrier case with a background permeability of
100 md, a high permeability streak of 1000 md, and four low permeability barriers
of 0.1 md. On subdomain Ω1, the streak is on x-layer 6, and the barriers are on
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Fig. 5. Absolute permeability datasets for Example 1: Barrier case (left) and logarithm of
heterogeneous case (right).

y-columns 4 and 7. On subdomain Ω2, the streak is on x-layer 2, and the barriers are
on y-columns 3 and 5. The porosity in this case is φ = 0.2.

The second dataset is denoted the heterogeneous case where both the permeability
and porosity values are used from a subset of the SPE10 industrial benchmark [9].
On subdomain Ω1, the values span from data locations (21, 1, 1) to (30, 10, 10). On
subdomain Ω2, the values span from data locations (61, 1, 1) to (67, 7, 7). Recall that
the x-coordinate represents depth.

The residual saturations for oil and water are srw = 0.2 and sro = 0.2, respec-
tively. The effective saturation se ∈ (0, 1) is defined as

se =
sw − srw

1− srw − sro
.(6.1)

There is one injection well and one production well in opposite corners of the domain
using a Peaceman well model [8]. Both wells are vertical and completed through
the entire reservoir depth. The injection bottom hole pressure varies linearly from
(505 psi, day 0) to (510 psi, day 30) and remains constant thereafter. The production
bottom hole pressure varies linearly from (495 psi, day 0) to (490 psi, day 30) and
remains constant thereafter. External boundary conditions are no-flow. The initial
condition comes from a hydrostatic equilibrium with po(0) = 500 psi and sw(0) =
0.22. There is a uniform time step of δt = 1 day with a final simulation time of
T = 400 days. The capillary pressure, relative oil permeability, and relative water
permeability follow the following J-Leverett and Brooks–Corey relationships [8] with
entry pressure pd = 10 md and grain size exponent λ = 2:

pc(sw) = pd s
−1/λ
e , kro(sw)= (1− se)

2(1− s(2+λ)/λ
e ), krw(sw) = s(2+3λ)/λ

e .(6.2)

Plots of the simulation results are shown in Figure 6. Many effects contribute
to the observed complex behavior, including the presence of the fault, gravity, cap-
illarity, compressibility, anisotropy, and heterogeneity. In the barrier case, the water
saturation front must snake around the low permeability barriers to travel from the
injection to production well. In the heterogeneous case, the water saturation contour
iso-surfaces are rougher from increased heterogeneity and travel slower due to lower
permeability values.

We demonstrate the efficiency of the global Jacobian algorithm proposed in this
work for two-phase flow with a comparison of the global Jacobian (GJ) method with
the previously developed forward difference (FD) method. Since the algorithms are
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Fig. 6. Numerical result for Example 1 at T = 400 days: Top row shows oil pressure and
bottom row shows water saturation, with a transparent domain and iso-surfaces shown at contour
levels. Left column shows barrier case and right column shows heterogeneous case.

Table 1

Relative tolerances for the algorithms used in Example 1.

FD method GJ method

Forward difference 1E-7 Global Newton 1E-4

Interface Newton 1E-4 Direct linear solver

Interface GMRES 1E-2

Subdom. Newton 1E-3

Subdom. GMRES 1E-4

inherently different in the iterations that are performed, in Table 1 we summarize the
tolerances used for each algorithm. In each method, the outermost Newton tolerance
is taken to be the same, which produces solutions with comparable accuracy. The FD
method requires choosing five tolerances in order to strike a careful balance between
achieving convergence without oversolving inner iterations. In practice, this requires
some trial and error, and tolerances are shown that worked well for this particular
problem. Conversely, the GJ method is conceptually simpler as it only needs a non-
linear and a linear tolerance, akin to single domain methods. In practice, this also
makes it much more robust. In this work, we perform a single-processor simulation
and use a sparse direct solver for the linear systems in the GJ method. Numerical
results were not yet obtained with the GJS method due to the use of the direct solver.
We note that the code is written in parallel following the previous work on slightly
compressible single-phase flow [14], but that a parallel preconditioner appropriate for
a two-phase flow system [36, 25] was not yet available in the implementation.

The computational cost for these two algorithms and two cases are summarized in
Table 2. The simulation results show that the number of interface Newton iterations
with the FD method is comparable to the number of global Newton iterations with the
GJ method, in both the barrier and heterogeneous cases. However, the FD method
requires a large number of inner iterations that are not present in the GJ method
(recall Figure 2). For example, each time a subdomain Newton iteration is performed
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Table 2

Computational cost for Example 1 measured in terms of iteration counts and CPU time until
t = 200 days. Tot. is the total iteration count for the entire simulation, Avg. 1 is the average
number of iterations per time step, and Avg. 2 is the average number of iterations per next outermost
iteration. Nonlinear subdomain solves are performed by solving a global block diagonal nonlinear
system with blocks corresponding to subdomains, using a global Newton iteration. All subdomain
computations are decoupled due to the block diagonal structure of the system, and subdomain Newton
iterations are reported as the number of iterations for the global Newton solve.

FD method

Perm. Intf. Newton Intf. GMRES Subdom. Newton CPU

Tot. Avg. 1 Tot. Avg. 1 Avg. 2 Tot. Avg. 1 Avg. 2 time

Barrier 331 1.66 6,355 31.78 19.20 20,662 103.31 3.25 161.49

Heterog. 241 1.21 2,629 13.15 10.91 9,212 46.06 3.50 71.18

GJ method

Perm. Global Newton CPU

Tot. Avg. 1 time

Barrier 342 1.71 11.80

Heterog. 212 1.06 7.71

for the Barrier problem, it takes an average of 3.25 iterations (Avg. 2), but since it is
inside two outer loops, the average number of subdomain Newton iterations per time
step is actually 103.31 (Avg. 1). The expense of these nested iterations is evident in
the CPU time, where the FD method is observed to take an order of magnitude longer
to run using the same system and optimization level. However, we note that since
CPU times are highly subjective (they are dependent on machine, implementation,
problem size, tolerances, etc.), the iteration counts provide a stronger basis to argue
that the GJ method outperforms the FD method.

6.2. Example 2: Multiple rock types. This example is based on a lab exper-
iment by Kueper in [24] with multiple rock types and strong capillary effects. Here
we perform a simplified version of this experiment from [40] with two rock types. The
domain is Ω = 70 × 50 ft with a fine grid resolution of 1 × 1 ft. This grid is divided
into NΩ = 2 × 2 = 4 subdomains with a coarse mortar such that H = h2/3 with
continuous linear elements as shown in Figure 7. There are two injection wells at the
top center of the domains with a bottom hole pressure of 1600 psi, and there are a
total of ten production wells spaced evenly on the left and right sides of the domain
with a bottom hole pressure of 1000 psi. External boundary conditions are no-flow.

The capillary pressure curve for each rock type is given by (6.3a) as a continuous
piecewise function with cutoff saturations sc1 = 0.01 and sc2 = 0.9, effective saturation
se given by (6.1), and residual saturations equal to sro = 0.05 and srw = 0.2. The
entry pressures pd and the grain size exponents λ vary for each rock type according
to (6.3b), along with absolute permeability K and porosity φ. Relative permeabilities
are also given in (6.3b). The initial condition is taken to be uniform po(0) = 500 psi
and sw(0) = 0.2. The external boundary conditions are no-flow. The time step is
gradually ramped up from min δt = 0.001 day to max δt = 0.1 day with a multiplier
of 1.05 and a final simulation time of T = 200 days.

pc(sw) =

⎧⎪⎨
⎪⎩

pd s
−1/λ
c1 if 0 ≤ se < sc1,

pd s
−1/λ
e if sc1 ≤ se ≤ sc2,

pd s
−1/λ
c2

1−se
1−sc2

if sc2 < se ≤ 1,

(6.3a)
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XPERM

504
52.6

Fig. 7. Absolute permeability (left) and an exploded view of the division into four subdomains
with coarse mortars (right) for Example 2.

Fig. 8. Four test cases used in Example 2.

pd λ K φ
Rock type 1 135 psi 2.49 504 md 0.2
Rock type 2 37.7 psi 3.86 52.6 md 0.2

krw = 0.9 s2e
kro = 0.5 (1− se)

2(6.3b)

We run this example with four test cases, illustrated in Figure 8. Case 1 is a
single domain used as a reference solution and verification with [40]. Cases 2–4 all
use four subdomains with the GJ method. Case 2 uses a mortar space on a matching
fine scale H = h with piecewise constant elements and employs upwinding “block
to block.” Cases 3 and 4 both use a mortar space on a coarse scale H = h2/3 with
continuous linear elements. Case 3 employs upwinding “through mortar,” and Case 4
employs upwinding “block to block.” There is no case for upwinding “using mortar”
because it could not achieve nonlinear convergence. The Newton tolerance is 1e-2.

Oil pressure and water saturation fields are shown in Figure 9 at t = 1, 100, 200
days for Case 2. These fields are representative of the results in [40], with additional
effects due to fluid compressibility. They are observed to be highly discontinuous at
rock-type boundaries due to the strong capillarity effects that present in the physical
model. Additional numerical discontinuities appear in the solution on subdomain
interfaces, which is a consequence of mass conservation enforced weakly in the mortar
space.

Errors in water saturation at the final time are shown in Figure 10. The error
between the reference solution Case 1 and the fine-scale mortar solution Case 2 shows
an excellent match with a pointwise error of ‖s2w − s1w‖∞ = 0.001, which is below
nonlinear solver tolerance. This uses block-to-block upwinding and was the best
result that was obtained with four subdomains. Case 2 is then compared to the two
coarse mortar cases when varying the upwinding technique. The comparison against
the coarse mortar using upwinding through a mortar shows a very large pointwise
error of ‖s3w−s2w‖∞ = 0.37. The figure shows error accumulating near injection wells,
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Fig. 9. Oil pressure (top row) and water saturation (bottom row) for Example 2 with Case 2.
Times shown for t = 1 days (left), t = 100 days (center), and t = 200 days (right).

|s2w − s1w| |s3w − s2w| |s4w − s2w|
abs(SWerr)

1.05E-03
9.68E-04
8.81E-04
7.94E-04
7.07E-04
6.21E-04
5.34E-04
4.47E-04
3.60E-04
2.74E-04
1.87E-04
1.00E-04

abs(SWerr)
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Fig. 10. Errors in water saturation at t = 200 days for Example 2: Case 2 versus 1 (left),
Case 3 versus 2 (center), and Case 4 versus 2 (right).

rock-type boundaries, and well within the subdomains. No comparison could be
shown with upwinding using mortar itself because nonlinear convergence could not be
achieved, giving evidence that this is not the proper choice. The comparison against
the coarse mortar using the block-to-block upwinding technique shows a significant
improvement with a pointwise error of ‖s4w−s2w‖∞ = 0.07. Moreover, the figure shows
errors have completely disappeared around the injection wells and in the interior of
the domain, with just some modest error remaining on the interfaces. This gives
strong evidence that block-to-block upwinding provides improved transport behavior
in the nonoverlapping domain decomposition setting.

7. Conclusions. We have developed several new algorithms for efficient and ro-
bust solution to the multiscale mortar mixed finite element method in a two-phase
fully implicit formulation with capillarity, gravity, and compressibility. The novelty
of our approach is to linearize the coupled system of subdomain and mortar vari-
ables simultaneously to form a global Jacobian. The flux unknowns (and optionally
subdomain unknowns) are eliminated to obtain linear systems for the 1st (or the
2nd) Schur complements, denoted by the GJ and GJS methods, respectively. The
1st Schur complement system has a modular block structure comprising previously
available subdomain Jacobian matrices with sparse coupling blocks. The 2nd Schur
complement system can utilize an extensive collection of previously developed pre-
conditioners for a linear interface problem. In addition we have investigated multiple
techniques for accurate integration of phase mobility terms near subdomain interfaces
and have found the best method to be block-to-block upwinding. Numerical results
demonstrate the modeling flexibility of the mortar method, the efficiency of the GJ
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algorithm, and an improvement to fluid saturation accuracy with the proposed up-
winding technique. These example include important modeling features such as non-
matching grids, geologic faults, permeability barriers, strong heterogeneities, multiple
rock types, and three-dimensional domains. Future plans include developing special-
ized preconditioners for the GJ and GJS methods and extensions to more complex
physical models and discretizations.

Acknowledgment. We would like to thank Mika Juntunen for his instrumental
help in formulating the original GJ concept.
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