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We develop higher order multipoint flux mixed finite element (MFMFE) methods for
solving elliptic problems on quadrilateral and hexahedral grids that reduce to cell-based
pressure systems. The methods are based on a new family of mixed finite elements, which
are enhanced Raviart—Thomas spaces with bubbles that are curls of specially chosen
polynomials. The velocity degrees of freedom of the new spaces can be associated with
the points of tensor-product Gauss—Lobatto quadrature rules, which allows for local
velocity elimination and leads to a symmetric and positive definite cell-based system for
the pressures. We prove optimal kth order convergence for the velocity and pressure in
their natural norms, as well as (k + 1)st order superconvergence for the pressure at the
Gauss points. Moreover, local postprocessing gives a pressure that is superconvergent
of order (k + 1) in the full L?-norm. Numerical results illustrating the validity of our
theoretical results are included.
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1. Introduction

Mixed finite element (MFE) methods!'®37 are commonly used for modeling of fluid
flow and transport, as they provide accurate and locally mass conservative veloci-
ties and robustness with respect to heterogeneous, anisotropic, and discontinuous
coefficients. A disadvantage of the MFE methods in their standard form is that they
result in coupled velocity-pressure algebraic systems of saddle-point type, which
restricts the use of efficient iterative solvers. To address this issue, there has been
extensive work on developing modifications of MFE methods that can be reduced
to positive definite systems, such as hybridization'®'® or relating them to cell-
centered finite difference or finite volume methods. In the latter approach, a common
technique is to employ special quadrature rules, also referred to as mass lumping,
that allow for local velocity elimination, resulting in cell-centered pressure systems.
Early works of Refs. 13, 38 and 44 based on the lowest order Raviart—Thomas
(RTo) spaces®0 were limited to two-point flux approximations, which were not
robust for general quadrilateral grids or tensor-valued coefficients. An extension to
higher order RT spaces, as well as the second-order Brezzi—Douglas—Fortin—Marini
(BDFM;) spaces!® was developed in Ref. 18, but was also limited to rectangular
grids and diagonal tensor coefficients. The expanded MFE method®” was designed
to handle full tensor coefficients and general grids, but suffered from reduced con-
vergence for problems with discontinuous coefficients.

More recently, a special MFE method, the multipoint flux mixed finite element
(MFMFE) method?”47 was developed, which reduces to cell-centered finite differ-
ences on quadrilateral, hexahedral and simplicial grids, and exhibits robust perfor-
mance for discontinuous full tensor coefficients. The method was motivated by the
multipoint flux approximation (MPFA) method,' 32122 which was developed as a
finite volume method. Unlike the MPFA method, the variational formulation of the
MFMFE method allows for its complete theoretical study of well-posedness and
convergence. The MFMFE method is based on the lowest order Brezzi-Douglas—
Marini (BDM;) space!®33 on simplices and quadrilaterals, and an enhanced Brezzi—
Douglas-Duran-Fortin (BDDF;) space!®?” on hexahedra. The method utilizes the
trapezoidal quadrature rule for the velocity mass matrix, which reduces it to a
block-diagonal form with blocks associated with mesh vertices. The velocities can
then be easily eliminated, resulting in a cell-centered pressure system. A similar
approach was also presented independently in Ref. 17 for simplicial grids, and a
related formulation based on a broken Raviart—Thomas space was developed in
works of Refs. 29 and 30. Motivated by the work in Ref. 30, a nonsymmetric version
of the MFMFE method designed to converge on general quadrilateral and hexa-
hedral grids was developed in Ref. 45. A multiscale mortar MEMFE method on
multiple subdomains with non-matching grids was proposed in Ref. 46. In the work
of Ref. 33, a local flux mimetic finite difference method was developed on poly-
hedral grids, exploring connections to the MFMFE and MPFA methods, see also
related work in Refs. 28 and 40. Furthermore, on simplicial grids and for problems
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with full tensor coefficients, using the MPFA principle, it was shown in Refs. 41, 42
and 48 that the RTy MFE method can be related to a finite volume method with
one pressure unknown per element.

To the best of our knowledge, the aforementioned MPFA and MFMFE methods
with theoretical convergence proofs are limited to the lowest order approximation.
In this paper, we develop a family of arbitrary order symmetric MFMFE methods
on h2-perturbed quadrilateral and hexahedral grids. The main obstacle in extending
the original lowest order BDM; and BDDF; MFMFE methods to higher order is
that the degrees of freedom of their higher order versions cannot be associated with
tensor-product quadrature rules. To circumvent this difficulty, we construct a new
family of mixed finite elements fulfilling this requirement. A key of the construction
is the finite element exterior calculus framework, 2 which is used in the extension
of MFMFE to Hodge Laplace equations.?! However, we consider only the two- and
three-dimensional cases with H(div) element in this paper, so no prerequisite of
the exterior calculus language is necessary. The new spaces are enhanced Raviart—
Thomas spaces with bubbles that are curls of specially chosen polynomials, so that
each component of the velocity vector is of dimension QF(R?) and the velocity
degrees of freedom can be associated with the points of a tensor-product Gauss—
Lobatto quadrature rule.* The application of this quadrature rule leads to a block-
diagonal velocity mass matrix with blocks corresponding to the nodes associated
with the velocity degrees of freedom. This allows for a local elimination of the fluxes
in terms of the pressures from the surrounding elements, either sharing a vertex,
or an edge/face. This procedure results in a symmetric and positive-definite cell-
based system for the pressures with a compact stencil, allowing for efficient solvers
to be used. The proposed technique allows for more straightforward and efficient
implementation and results in reduced computational time. We remark that the
lowest order version of our new elements has the same number of degrees of freedom
as the elements used in previous MFMFE methods, but they are different elements.
This work is not a direct extension of the previous MFMFE methods to higher order,
but a new framework for explicit construction of higher order MEFMFE methods.

We present well-posedness and convergence analysis of the proposed family of
higher order methods. To this end, we establish unisolvency and approximation
properties of arbitrary order k of the new family of enhanced Raviart—-Thomas
family of spaces. Since we study the symmetric version of the MFMFE method,
which relies on mapping to a reference element via the Piola transformation, the
analysis is limited to h2-perturbed parallelograms or parallelepipeds, similar to the
restriction in the lowest order symmetric MEMFE method.?”47 The convergence
analysis combines MFE analysis tools with quadrature error analysis, using that the
Gauss—Lobatto quadrature rule possesses sufficient accuracy to preserve the order
of convergence. We establish convergence of kth order for the velocity in the H(div)-
norm and the pressure in the L?-norm. We also employ a duality argument to show
that the numerical pressure is (k + 1)st order superconvergent to the L?-projection
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of the pressure in the finite element space, which implies superconvergence at the
Gauss points. Moreover, we show that a variant of the local postprocessing devel-
oped in Ref. 39 results in a pressure that is (k + 1)st order accurate in the full
L?-norm. All theoretical results are verified numerically.

The rest of the paper is organized as follows. The new family of finite element
spaces and the general order MFMFE methods are developed in Sec. 2. The error
analyses for the velocity and pressure are presented in Secs. 3 and 4, respectively.
Numerical experiments are presented in Sec. 5.

2. Definition of the Method
2.1. Preliminaries

We consider a second-order elliptic PDE written as a system of two first-order
equations,

u=-KVp, V-u=finQ, (2.1)
p=gonlp, u-n=0onIly, (2.2)

where Q C R? (d = 2,3) is an open bounded polytopal domain with a boundary
0Q = I'p UT'y such that T'p NT'y = (), with measure(I'p) > 0. Here, n is the
outward unit normal vector field on 0f2, and K is symmetric and uniformly positive
definite tensor satisfying, for some 0 < ko < k1 < o0,

kotTe < TK(x)6 < k1€T¢, ¥xeQ, VEeR (2.3)

In applications related to modeling flow in porous media, p is the pressure, u is the
Darcy velocity, and K represents the permeability tensor divided by the viscosity.
The above choice of boundary conditions is made for the sake of simplicity. More
general boundary conditions, including nonhomogeneous full Neumann ones, can
also be treated.

Throughout the paper, we will use the following standard notation. For a domain
G C R4, the L?(@) inner product and norm for scalar- and vector-valued functions
are denoted by (-7 -)G and || - ||g, respectively. The norms and seminorms of the
Sobolev spaces W*P(G), s € R, p > 1 are denoted by | - ||sp.¢ and | - |sp.c,
respectively. Conventionally, the norms and seminorms of Hilbert spaces H*(G) are
denoted by | - ||s,¢ and | - |s,G, respectively. We omit G in the subscript if G = Q.
For a section of the domain or element boundary S C R4~! we write (-, -)g and
| - ||s for the L2(S) inner product (or duality pairing) and norm, respectively. For
a tensor-valued function M, let || M|, = max; j ||M; ||« for any norm ||M|l,. We
will also use the space

H(div;Q) = {ve L*(Q,RY) : V-v e L*(Q)}
equipped with the norm
[Vllaiw = (IVI* + [V - v]|*)2.
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The weak formulation for (2.1)-(2.2) reads as follows: find (u,p) € V x W such
that
(K‘lu,v) - (p,V . v) =—{(g,v-n)r,, veV, (2.4)
(V~u,w)=(f,w), we W, (2.5)
where
V={veH(div;Q):v-n=0onTyx}, W=L*Q).

It was shown!®37 that (2.4)—(2.5) has a unique solution.

2.2. A finite element mapping

Let 75, be a finite element partition of {2 consisting of quadrilaterals in 2d or hexa-
hedra in 3d, where h = maxpeT;, diam(E). We assume T, to be shape regular and
quasi-uniform.?? For any element E € 7j, there exists a bilinear (trilinear) bijec-
tion mapping Fg : E — E, where £ = [~1,1]? is the reference square (cube).
Denote the Jacobian matrix by DFg, and let Jg = |det(DFg)|. Denote the inverse
mapping by Fj', its Jacobian matrix by DF?', and let JFE—I = |det(DF")|. For

% = F;'(x) we have that

DFg!(x) = (DFe) ™ ®), Ty =

Denote by #;, i = 1,...,2% the vertices of £, where #; = (0,0)7, £, = (1,0)7, #3 =
(1,17, and #; = (0,1)7 in 2d, and #; = (0,0,0)7, £5 = (1,0,0)7, #5 = (1,1,0)7,
£, =(0,1,0)7, #5 = (0,0, 1)T, £ = (1,0,1)7, £7 = (1,1,1)7, and s = (0,1, 1)T in
3d. Let r;, i = 1,...,2%, be the corresponding vertices of element E. The outward
unit normal vector fields to the facets of E and E are denoted by n; and f;,
i=1,...,2d, respectively, where facet is a face in 3d or an edge in 2d. The bilinear
(trilinear) mapping is given by

>l

Fp(t) =11 +ro® +ryy + (rsg —rop)dy, in 2d, (2.6)
Fp()=r1 +rat+rug+rs:2+ (rsqa —re)2y + (res — re1)iz
+ (rgs —r41)92 + ((ro1 —r34) — (res —r7))2Y2, in3d, (2.7)

where r;; = r; —r;. For the 3d case, we note that the elements can have nonplanar
faces.

Let qAS()”() be defined on E, and let ¢ = (50 FL?I. Using the classical formula
Vo = (DFbil)T@é, it is easy to see that for any facet e; C OF

1
n; = J—JE(DFgl)Tﬁi7 Jo, = |Je(DF5 ") | ga, (2.8)

€
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where | - |[ga denotes the Euclidean vector norm in R?. Another straightforward
calculation shows that, for all element types, the mapping definitions and the shape-
regularity and quasi-uniformity of the grids imply that

IDFEllg s~ 1Elg o0z~ b, and 29)
2.9
IDF; 0,008 ~ b1, HJFE:I lo.co.2 ~ h™%,

where the notation a ~ b means that there exist positive constants ¢y, ¢; indepen-
dent of h such that cgb < a < ¢1b.

2.3. The Raviart—Thomas mized finite element spaces

Let P* denote the space of polynomials of total degree < k and let QF denote
the space of polynomials of degree < k in each variable. We will make use of the
Raviart—-Thomas spaces for the construction of the spaces needed for the proposed
method. The RT} spaces are defined for £ > 0 on the reference cube as

oF + QFi
Vho(B) = | @+ 0k |, WH(E) = Q" (E), (2.10)
QF + Qkz
The definition on the reference square can be obtained naturally from the one above.
It holds that
V- Vh(E)=WFE) and v-fi, € Q%) Vv e VhL(E), Véec dE.
(2.11)
The projection operator 15, : HY(E,RY) — Vk_(E) satisfies

for k>0, ((@—I5q) -ne ple =0, Vpe QF(e), Ve c IE, (2.12)

PE=1(3) @ Pk (g
( 9 in 2d,

P9 @ Q%(&,2) | in 3d.

(2.13)

The Raviart-Thomas spaces on any quadrilateral or hexahedral element E € T,
are defined via the transformations
1
VHV:V:J—DFEVOF§17 w s w = o Fgt, (2.14)
E

where the contravariant Piola transformation is used for the velocity space. Under
this transformation, the normal components of the velocity vectors on the facets
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are preserved. In particular,'®

Ve Vhi(E), YieWrE),

R (2.15)
(V-v,w)E:(V-\Zw)E and (v -n., w), = (V- fig, W)e,
which imply
1. . 1~ . _1
vene=—V g V-v(x)= J—V -V | o Fp " (x). (2.16)
e E
The RT} spaces on T, are given by
Vi, ={veVivlg & ¥, ve Vi (E), E€ T}, o

WE={weW: w|g <o, weWHE), E€T,}.

Using the Piola transformation, we define a projection operator II§,. from V N
H'(,R?) onto Vi, satisfying on each element

H’IC?,Tq < lef%:r% Hlf%Tq = ﬂIIC%Tq (2.18)

Using (2.16), (2.12)—(2.13) and (2.18), it is straightforward to show that II%,q - n
is continuous across element facets, so H’&Tq € H(div; Q). Similarly, one can see
that H%Tq ‘n=0onIlyifq-n=0o0n Ty, so H%Tq € V]IC%T,h' Details of these
arguments can be found in Refs. 9, 16, 27, 43, 47.

2.4. Enhanced Raviart—Thomas finite elements

In this section we develop a new family of enhanced Raviart—Thomas spaces, which
is used in our method. We present the definitions of shape functions and degrees of
freedom and discuss their unisolvency. The idea of the construction is to enhance the
Raviart—Thomas spaces with bubbles that are curls of specially chosen polynomials,
so that each component of the velocity vector is of dimension Q*(R?) and the
velocity degrees of freedom can be associated with the points of a tensor-product
Gauss—Lobatto quadrature rule.

2.4.1. Shape functions

In this subsection we adopt a convention for compact notation that w=! = 0 for
a polynomial variable w unless it is multiplied by w. For example, it holds that
72, 9,222)T = (1,0,22)T. For k > 1 and integers dy, do, d3, define

jdlydzéd?,
BY(E) = span 0 :0<dy,do,d3s <k,do=kords =k},
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0
BY(E) =span{ | 2% %229 | .0 <dy,dy,ds < k,dy =kords =k,
0

0
BE(E) = span 0 :0<di,do,ds <k,dy =k ords=k

71 ydg 2ds

on the reference element £. While the above construction was done explicitly in
3d, it translates naturally to 2d by omitting the Z terms. We now define the space
B as

d
B*(E) = B (2.19)
i=1

It is clear from the above definition that QF(E,R%) = \7’;}1 (E) ® B*(E) in both
2d and 3d.

For § € B* (E), we then consider V x (X x q). Here, we use the regular curl
and cross product operators in 3d. The cross product applies to a 2d vector by
representing the vector as a 3d one, with zeroed out third component, resulting in a
scalar function, i.e. * x § = 2¢2 — 9q1 for § = (q1,q2)". In 2d, VX applies to a scalar
function ¢ by representing the scalar function as a 3d vector with zero first and
second components, and the first and second components of the result is defined as
V X ¢, ie Vxo¢= (=020, 010)T . Therefore, if § = (¢1,0)T with ¢; = 291992,

9 x (& x ) = 391 ((a2 + 1)@)

—a1y

We are now ready to construct a space isomorphic to B* (E), which is better suited
for the analysis as well as for practical implementation. More precisely, we define

d
B(E)=Vx (xxBYE)), i=1,....d, and B’“(E):Uéf(]@).

One can check that in 2d,

kA a1 (ag + 1).’2‘
B, (F) = spang £~ g2 . 0<ar, a2 <k,ay =k, (2.20)
—a1§
35 I B
By (E) = spanq 271y ] :0<b1,be <k by =k, (2.21)
(b1 + 1)y
and in 3d,

(ag + az + 2)& o< -

A — a 7a 7a — )

B} (E) = span{ 4 ~1ge2 508 _— o TR . (222)

A as =koraz =k
—Qai1z
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—bo
~k o~ 0§b17b27b3§k7
B, (E) = span{ &% 715% | (by + b3 +2)7 | : , (2.23)
R b1 =k or b3 =k
—bQZ
—Cg.’i‘
~k - L 0<eci,ca,c3 <k,
B, (E) = spang £z~ —c3y : . (2.24)
. cio=korc=k
(c1+c2+2)2

We define the enhanced Raviart-Thomas space VF(E) as
VH(E) = Vi (B) + B (), (2.25)

Theorem 2.1. The sum (2.25) is a direct sum, i.e. VF(E) = Vi1 (E) @ B
and dim V*(E) = dim Q*(E,R%).

Proof. We will prove that the space B (E) is isomorphic to B*(E). It suffices to
show that the map § — V X (X x q) is injective on B¥(E). To see it, suppose that
a linear combination of the elements of (2.22)—(2.24) is zero. Note that all elements
in each space of (2.22)-(2.24) have distinct polynomials degrees. Therefore, for a
component of fixed degrees of Z, ¢, Z in the linear combination, only one element
of each space is used to generate the component. This implies that

(a2 + a3+ 2)& —ba
i~ 1yagza3 _04137 + Bxbl ~ba—1 2 b3 (bl + b3 + 2):&
—a12 —by2
—Cg!,i‘

+ Yz —c37Y =0,
(c1+ca+2)2
with some coefficients «, 3, and
ar=by+1=c+1, by=ax+1l=c+1, cz=az3+1=>bg+1. (2.26)

We will prove that « = 8 =~ = 0. If as = k, then 8 =0 due to 0 < a;,b;,¢; < k
and (2.26). Comparing the components of the above equation, we have

—aa; —y(az +1) =0, —aa; +v(a +az+1) =0,

and therefore « = v = 0. Similarly, v = 0 if a3 = k due to (2.26), and a similar
argument gives

—aay — B(az+1) =0, —aa+ B(a1 +az+1)=0,

which results in @ = f = 0. Since this argument holds for any component of
the same polynomial degrees, the map g — V X (X x q) is injective on Bk(E),
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and therefore it is an isomorphism from BF(E) to lgk(E) This implies that the
monomials in (2.20)—(2.21) and (2.22)-(2.24) form a basis of l%k(E') Note that
every element of B; (E) in (2.20)(2.24) contains at least one entry with a variable
of degree k + 1, therefore VA1 (E) N gk(E) = {0}, i.e. the sum (2.25) is a direct
sum. This implies that dim V¥ (E) = dim QF(E, RY). O

2.4.2. Degrees of freedoms and unisolvency

Using the definition (2.25) of V*(E) and the definitions of V- 1(F) and gk(E)7
we have that for § € V*(E),

in 2d: ¢ € P*(2) @ PR(9), a2 € PFTH(Y) @ PR (@),
in 3d: ¢1 € PM(3) ® QF(9,2), @2 € PHT(9) ® OF(4, %),
g3 € PP(2) @ QF(#,9).

For the degrees of freedom of V¥, we consider the following moments:

for k> 1, Q'—>/q-ﬁéﬁ7 Vpe QF(é), Vée dE, (2.27)

PE=2(3) @ Pk(y
( N y; in 2d,

(@) (
(®) (
for k > 2, Q’—)/qu), Vp e Pk72(£)®gk(g,2) (228)
(®) (
(2) (

The number of degrees of freedom given by (2.27) and (2.28) is 2d(k +1)¢~! and
d(k —1)(k + 1)1, respectively. Therefore the total number of DOFs is d(k + 1)<,
which is same as the dimQF (£, R%). We notice that similarly to classical mixed finite
elements such as the Raviart-Thomas or Brezzi-Douglas-Marini families of ele-
ments, the first set of moments (2.27) stands for facet DOFs, which will be required
to be continuous across the facet. The second set of moments (2.28) represents inte-
rior DOFs, and no continuity requirements will be imposed on these. These new
elements can be viewed as the Raviart—Thomas family with added bubbles, which
are curls of specially chosen polynomials.

Theorem 2.2. Let VF(E) be defined as in (2.25). For v € VF(E) suppose that
the evaluations of DOFs (2.27) and (2.28) are all zeros. Then ¥ = 0.

Proof. Without loss of generality, we present the proof for E = [~1,1]%. We prove
the theorem in 3d, while the 2d result can be obtained in the same manner. From the
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definition of shape functions of V¥(E), ¥ - fic € Q¥(é) for a face é of E. Therefore,
vanishing DOFs (2.27) imply that

U1 (1_£2)ﬁl(£aga2)
V= V2 | = (1 - :(j2)’l~)2 (‘%7 :()7 ’2) ) (229)
v3 (1 —2%)03(2, 9, 2)

with

o e PN © Q45,2), T2 € PR @ QN#,2), T3 € PFT(E) @ QN (&, 9).
In addition, the vanishing DOFs (2.28) further reduce v;, i = 1,2, 3, to

0 = Ly H@)wi(g,2), 02 = Ly ' (§wa(,2), 03 = Lyt (Bws(,9),  (2.30)
where w; € QF (3, 2), etc., and L¥~1() is the monic polynomial of degree k —1lon
[~1, 1] orthogonal to P*~2(t) with weight (1 — ¢2). Since all monomials in V¥(E)

are of degree < 3k, §*2* is not contained in w; (7, 2). Similar statements hold with
kb 2R gk and we (2, 2), w3(&, 9), respectively. Therefore, we can write

wi(§, 2) = §"p1(2) + 25 q1(9) + @1 (3, 2),
where p1 € PE=1(2),q1 € PE=1(9),w1(9,2) € Q¥ 1(9, 2); similar expressions are
available for ws and ws. If p; # 0, v; has monomials with factor #*+1§*. From the
forms of Bi (E), i =1,2,3, this can be obtained only from a linear combination of
elements in 3;( A) with ¢; = c2 = k. However, a linear combination of elements in
lgg(E) Wthh gives £*T19*p; (%) in the first component also has the third component
—(2k + 2)#*g* P (2) where P;(2) is the anti-derivative of pl(A) with P;(0) = 0. All

terms in v3 having #*¢* as a factor are obtalned only from B3( 5. Furthermore, vs
does not contain any terms with factor 2*4* due to the form of ws we discussed,
therefore P = 0 and p; = 0 as well. Applying a similar argument we can conclude
that ¢ = 0, so w; € Q¥ (¢, 2). In addition, we can show that ws € Q¥~1(, 2)
and w3 € Q" 1(&,) by similar arguments.

We now claim that V-¥ = 0. First, V-¥ € Q¥ (E) holds from the definition of
the shape functions. Then the Green’s identity and the vanishing DOFs assumption
give

/V-ffqd)‘(:/ o.nng—/o-qufc:o (2.31)
B b B

for any ¢ € Q¥ 1(E). In particular ¢ = V - ¥ gives V - ¥ = 0. From the expression
of ¥ in (2.30),

0=V-¥=LH@)wi(j,2) + L*G)wa (@, 2) + LH(Z)ws(@, ),
where L*(t) = 4((1—¢*)LE 1 (t)). For 0 <i < k — 1, note that

1 1
/ L)t dt = —i/ (1—) LY e=tde =0

-1 -1
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by integration by parts and the definition of L*~!. From this observation, we can
obtain

0= [E (V- 9)EX(@)wn (5, 3)d% = / (E* (@)1 (3, 2))2 d%,

E

which implies w; = 0. We can conclude wy = ws = 0 with similar arguments,
therefore v = 0. O

2.4.3. Mized finite element spaces
For k > 1, consider the pair of mixed finite element spaces VF(E) x WF1(E),
recalling that

VEE) = Vi (B) e B'(B), WH(B)= Q" (E).

Note that the construction of V*(E) and (2.11) imply that

V- -VHE)=WFYE) and Vv e VFE), VéecaE, v-nse QFe).

(2.32)

Recall also that dimV*(E) = dimQ¥(E,R%) = d(k + 1)¢ and that its degrees of
freedom are the moments (2.27) and (2.28). We consider an alternative definition of
degrees of freedom involving the values of vector components at the Gauss—Lobatto
quadrature points; see Fig. 1, where filled arrows indicate the facet degrees of free-
dom for which continuity across facets is required, and unfilled arrows represent the
“interior” degrees of freedom, local to each element. We have omitted some of the
degrees of freedom from the backplane of the cube for clarity of visualization. This
choice gives certain orthogonalities for the Gauss—Lobatto quadrature rule which
we will discuss in details in the forthcoming subsections.
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(a) V3(E) in 2d

Fig. 1.

Degrees of freedom of the enhanced Raviart—-Thomas elements.
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The unisolvency of the enhanced Raviart—Thomas spaces shown in the previous
section implies the existence of a unique projection operator II* : H!'(E,R?) —
V¥(E) such that

for k>1, ((II*q—q) -ne, ple =0, VecIE, Ve QF(é), (2.33)

PE2(3) @ Pr(
( 2 in 2d,

(2.34)
The Green’s identity (2.31) together with (2.33) and (2.34) implies that
(V- (I*qg—q),0) , =0, YieW(E). (2.35)
Using (2.15), the above implies that
(V- (1fq—q)w), =0 YweW (E). (2.36)

Let VfL X W,ffl be the pair of enhanced Raviart—Thomas spaces on 7T, defined
as in (2.17) and the projection operator IT¥ from VN H*(Q, R?) onto V¥ be defined
via the Piola transformation as in (2.18).

Lemma 2.1. There exists a positive constant 3, independent of h, such that

V-q,
inf  sup V-aqw) > (2.37)
wew} " qevr wlllallaiv
Proof. We consider the auxiliary problem
V'l/ﬁzw in Q, ’l/;:g on 897 (238)

where g € H'/2(0Q,R?) is constructed such that it satisfies [, g -n = [,w
and g-n = 0 on I'y. More specifically, we choose g = (f(m w)¢n, where ¢ €
C°(09) is such that faQ ¢ =1and ¢ =0 on I'y. Clearly, such construction implies
Igll1/2,.00 < Cllw|. It is known? that the problem (2.38) has a solution satisfying

[l < Clwll + [[gll1/2,00) < Cllw]. (2.39)
As the solution 1 is regular enough, I1¥9 is well defined. Using (2.36), the choice
q=1IIkp ¢ V,’ﬁ yields
(V-qw) = (V- g, w) = (V- 3, w) = [Jw]*

We complete the proof by exploiting the continuity bound ||TI¥%]|/qiv < C|l%|1,
which is stated in (3.22) below. m|



1050 I. Ambartsumyan et al.

We also note that since V!, € V¥, it follows from the definition of 1%, that
V.ov=V.-1I v, VveVy, (2.40)
vl < Clvll, Vv eV (2.41)

2.5. Quadrature rule

We next present the quadrature rule for the velocity bilinear form, which is designed
to allow for local velocity elimination around finite element nodes. We perform the
integration on any element by mapping to the reference element E. The quadrature
rule is defined on E. We have for q, v € A%

/K q- vdx—/K_ —DFrq ;DFEVJEdf(
E

= / — DFLK'DFpq-vdk = / K=1q-vdx,
JE B
where
K =JegDFy'K(DFz")T. (2.42)
It is straightforward to show that (2.3) and (2.9) imply that
1Klg oo, ~ BT 21K 000 r 1K g o, ~ B2 oo, (2:43)

Let 2k := {&(1)}X_ and Ay == {\x(i)}E_, be the points and weights of the Gauss—
Lobatto quadrature rule on [—1, 1]. If k is clear in context, we use (p, ¢)¢ to denote
the evaluation of Gauss-Lobatto quadrature with k 4+ 1 points for (p,q). We also
define

Di = (&k(t1), ..., &k(2a)),  wi(3) == Ae(é1) -~ Ak(ia)
fort e 7, = {(il,...,’id), ij S {O,,/{i}}

(2.44)

For the method of order k, the quadrature rule is defined on an element F as follows
(K™'a,v) o p= (K@) 5 5 = D wi(@K 1 (Pi)a(ds) - 9(Pi)- (2.45)
1€y,
The global quadrature rule can then be defined as
-1 _ -1
(K q,v)Q: Z (K q,v)QE
EcTh,

Note that the method in the lowest order case k = 1 is very similar in nature to the

one developed in Refs. 27 and 47, although we use different finite element spaces.
We next show that the evaluation at the tensor-product quadrature points is a

set of DOFs of V¥(E), so the bilinear form with the quadrature is not degenerate.

Lemma 2.2. Forp € Q’“(EA')7 if the evaluations of p vanish at all the quadrature
nodes of the tensor product Gauss—Lobatto rules on E, then p = 0.
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The above statement is obvious, because the evaluations at the tensor product
quadrature nodes become a set of DOFs of QF(E).

Lemma 2.3. For § € V¥ (E )7 if Q(Ps) =0 for all P; in (2.44), then q = 0.

Proof. Without loss of generality, we present the proof for £ = [—1,1]% It suf-
fices to show that the vanishing quadrature evaluation assumption implies that the
moments in (2.27) and (2.28) vanish. Since q - n, € Q*(e) Ve C OE, the vanish-
ing quadrature assumption for nodes on e implies that q - n, = 0. Therefore, the
moments in (2.27) vanish and ¢ is reduced to the form in (2.29), i.e

T (1—2&%)q1(2,9,2)
a=|ae| =097 2 |,
q3 (1 - )63(5%7:&72)

with
@ e PN @) @ Q" (5,2), @ ePFNH) @ QM@ 2), e P2 @ Q. p).

We want to show that all moments (2.28) of q are zeros. To do it, we first express
q1 as

k—

Z (@)r;(5,2),  15(,2) € Q"(5, 2), (2.46)

j=0
where L7 is the Legendre polynomial of degree j with weight (1 —%2) as before. For
fixed g and Z, let us consider the Gauss—Lobatto quadrature of ¢;v along & with
v € P*=2(%). For fixed values of § and 2, ¢; is a polynomial of degree < k -+ 1, so
this quadrature evaluation of ¢;v equals the integration of g;v in & with the fixed
g and 2. In particular, if v = L7 (2), 0 <m < k —2, § = £, (4), 2 = & (), then the
vanishing quadrature assumption and the expression of ¢; in (2.46) give

1

k
0= Y N6, @) = [ 060, &0
1=0

—1

1
_ / (1 — &) (L&) (6 (0), & (5)-

-1

This implies that 7,,(9,2) = 0 for any § = & (i), 2 = &(j), 0 < 4,5 < k if
0 <m < k—2, and therefore r,,, =0 for 0 < m < k — 2 by Lemma 2.2. As a con-
sequence, q; = (1 — 22)LE~1(2)rk_1(9, 2) with r,_1 € QF(¢, 2) and its evaluations
at the DOF's given by the first component in (2.28) vanish. We can derive similar
results for ¢o and g3, i.e. @ gives only vanishing moments for the DOFs (2.28).
We can conclude that § = 0 by the same argument as in the previous proof of
unisolvency. |

The above result allows us to define a set of DOFs of V¥(E) as the evaluations
of the vectors at the tensor-product quadrature points p;, © € Zj. Examples were
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given in Fig. 1. Recall that for points on 8E7 some of the vector components are
facet degrees of freedom for which continuity across facets is required, while some
are “interior” degrees of freedom, local to each element. For convenience of notation,
denote the set of points p; by ps, i = 1,...,n, ngp = (k + 1)%. Any vector §(p;)
at the node P; is uniquely determined by its d components evaluated at this node.
Since we chose the Gauss—Lobatto (or trapezoid, when k& = 1) quadrature points
for the construction of the velocity degrees of freedom, we are guaranteed to have
d orthogonal DOFs associated with each node (quadrature point) p;, and they
uniquely determine the nodal vector q(p;). More precisely,

d
=> (@ i, (2.47)

j=1
where fi;;, j = 1,...,d, are the outward unit normal vectors to the d hyperplanes
of dimension (d — 1) that intersect at P;, each one parallel to one of the three mutu-
ally orthogonal facets of the reference element. Denote the velocity basis functions
associated with p; by V45, j =1,...,d, i.e.
(Vij - D) (Pi) =1, (Vij - By ) (Ps) =0, m #j, and
(\A/ij~ﬁlm)(151)20, l;ﬁl, m:l,...,d.

The quadrature rule (2.45) couples only d basis functions associated with a node.
For example, in 3d, for any node i = 1,...,ng,

(K91, {/il)Q’E =K' (P)we(i), (K 95, ‘71‘2)Q"E = K51 (Bi)we (i),

(’C_lffﬂ,{fﬁ)Qﬁ = K31 (Ps)wi (), (K_lvilavmj)Q,E =0 Vmyj #il,i2,13.

(2.48)

(2.49)
By mapping back (2.45) to the physical element E, we obtain
(K~ 'q,v ZJE i) wy. (1)K~ (pi)a(pi) - v(pi)- (2.50)
Denote the element quadrature error by
UE(Kflq,v) = (Kﬁlq,v)E - (Kﬁlq,v)QE, (2.51)

and define the global quadrature error by U(K’lq, v) ’E =o0g (K*Iq7 V). Similarly,
denote the quadrature error on the reference element by

op(K7'4,%) = (K7'4,9) 5 — (K7'4,9) 5 5 (2.52)
The following lemma will be used to bound the quadrature error.
Lemma 2.4. For any § € VF(E) and for any k > 1,

(q 11 qu, A)Q’EA =0, for all vectors Vv € Qk_l(E,]Rd). (2.53)
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Proof. Without loss of generality, we present the proof for £ = [~1,1]%. We show
a detailed proof only for the 3d case because the 2d case is similar. Let v;, i =
1,2, 3 be the ith component of q — ﬂ’;;qu. Considering the expression v; with the
basis of Legendre polynomials, the definition of shape functions in V’“(E) and the
constraints from (2.13) yield that v; has the form

vi = LM (@)pa(§, 2) + LM (@)an (§, 2) + LM (@)1 (5, 2)

+ L*(§)ua (&, 2) + LF(2)wi (2, 9), (

where L' is the standard ith Legendre polynomial as before, p1, q1,71 € Q*~1(7, 2),
up € PPH(@) @ PRT(2) + QF(4,2),  wi € PPTN(@) @ PRTI() + QF (4, 0).

2.54)

(2.55)

From (2.12), the restrictions of v; on & = —1 and on & = 1 are orthogonal to
QF=1(y, 2), and it gives two equations

pta+rn=0, pp—q+r =0 (2.56)

therefore ¢ = 0 and 11 = —p;. A similar argument can be applied to ve and vs. In

summary, we have
v = (LM1(@) = LN @) (9, 2) + LF(9)ua (&, 2) + LH(2)wi (,9), (2.57)
= (L1 () = LM @)pa(2. ) + LM (D)ua(@, §) + LE (2)wa(, 2), (2.58)
vs = (LM1(2) = LM (2))pa(, 9) + LM (@)us(9, 2) + LF(9)wa(9, 2), (2.59)
)

where us, us, wa, ws belong to polynomial spaces similar to the spaces in (2.55
with variable permutation. To prove (vy, q) 5.5 =0for g€ QF1(E), we will show

(LM N@) = L"N@)p1 (9, 2),9) 6. = O,
(L*(§)ur(#,2),9) 5 = 0, (2.60)

(LF(2)wi(2,9),9) g 5 = O-
For the first equality, recall that the quadrature points of the Gauss—Lobatto rules
are the two endpoints and the zeros of %Lk(t) in [—1, 1]. It is clear that LF~!— LF+1
vanishes at the two endpoints. In addition, L*~! — L**! vanishes at the zeros of
4 Lk(t) in [—1,1] from the identities

2.57

—1d
k dt (®)-
Therefore, the first equality in (2.60) holds. To prove the second equality in (2.60),
let us consider a restriction of the tensor product Gauss—Lobatto rule for fixed
quadrature points of & and 2. For fixed & and 2, the product L*(§)u; (%, 2)q(Z, 9, 2)
is a polynomial in § of degree at most 2k — 1, so evaluation of L*(9)u:(Z, 2)q(Z, 9, 2)
with the restricted Gauss—Lobatto rule is the same as the integration of the func-
tion in . However, this integration in 4 is zero because L¥ (7)) and ¢ € QF~1(z, 9, 2)

(k4 1)(LFF — LFY(t) = (2k + 1) (tL*(t) — LF1(t)) = (2k + 1)
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are orthogonal. Since (-, )Q £ 1s a sum of these restricted Gauss-Lobatto rules,
(L* (§)ur (2, 2), 4)g . = 0. The third equality in (2.60) follows from the same argu-
ment as the second equality. Finally, the same argument can be used for vy and v3,
so the assertion is proved. O

2.6. The kth order MFMFE method
We first define an appropriate projection to be used in the method for the Dirich-

let boundary data g. This is necessary for optimal approximation of the boundary
condition term. Moreover, the numerical tests suggest that this is not a purely the-
oretical artifact, as without the projection we indeed see a deterioration in the rates
of convergence. For a facet ¢ € OF, let RE™! be the L?(é)-orthogonal projection
onto QF~1(¢), satisfying for any ¢ € L?(é),
(6 —RE1g ) =0 Vi e QFL(e).
Let Ry~ : L*(9Q) — Wy ![aq be such that for any ¢ € L*(99), Ry~ ¢ = RE1do
Fz' on all e € 9Q. Recall that, c.f. (2.11), if v € Vi ' (E), then ¥ - fi. € QF1(¢)
for all ¢ C OF. Then, using (2.12) and (2.15), we have that
Vo e L30Q), (p—Ri o, v-n)ogg=0 VveVil(E) (2.61)
and
Vv e HY(QRY), ((v—IEv) n, RETI9)a0 =0 ¢ € L2(09). (2.62)

The method is defined as follows: find (us,pn) € VF x W,ff*l7 where k£ > 1, such
that

(K_luh,v)Q —(pn,V-v) = —(R’;flg, v-n)r,, veEVF (2.63)
(V . uh,w) = (f, w)7 w E W,f_l. (2.64)

Following the terminology from Refs. 27 and 47 we call the method (2.63)—(2.64) a
kth order MEMFE method, due to its relation to the MPFA scheme.

In order to prove that the method stated above has a unique solution, we first
present several useful results.

Lemma 2.5. If E € Tj, and q € L*>(E,R?), then

2-d,
lalle ~ =&l g (2.65)
Proof. The statement of the lemma follows from (2.14):

1 1
/q-qu:/ —DFrq- —DFrq JpdXx,
B JE

& JE

Jp-1 —1
FE FE

1 1
/c‘1~c‘1d5<:/ DF;'q- DF;'qJ,-1dx,
E E J B

and bounds (2.9)
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Lemma 2.6. The bilinear form (K’lq7 V)Q is an inner product on V,’i and

(K~'q,q) 22/2 is a norm in V¥ equivalent to | - ||.

Proof. Let q € V} be given on an element E as q = Y %, ijl qi;Vij. Using
(2.3), (2.9), (2.50), and the basis property (2.48), we obtain

ng ng d
(K™'a,a) g = > Je®)we(@) K~ (p)a(p:) - ap:) > Ch*Y > " q
=1

i=1 j=1
On the other hand,

ne d ne d ne d
lallZ = { D2 aiviss DY awvi | <ChY D g

i=1 j=1 k=1 I=1 i=1 j=1

Hence,
(K'a.q),, > Cllall”. (2.66)

and due to the linearity and symmetry, we conclude that (K~'q,v) o is an inner
;/2 is a norm in V¥. Using (2.3), (2.43) (2.45), (2.65), and

the equivalence of norms on E, we obtain

(K7'a,4) g = Y we(@K 7 (Pa)ab:) - a(pi) < C*~al, < Cllallz.

product and (K~'q,q)

1€Ly
(2.67)
Combining (2.66) and (2.67) results in the equivalence of norms
_ 1/2
collall < (K 'a,a) ) < eillall. (2.68)
O

We now proceed with the solvability of the method (2.63)—(2.64).

Theorem 2.3. The kth order MFMFE method (2.63)—(2.64) has a unique solution
for any k > 1.

Proof. Since (2.63)—(2.64) is a square system, it is enough to prove uniqueness
of the solution. Letting f = 0, ¢ = 0 and choosing v = u and w = py, one
immediately obtains (K’lu;Z7 uh)Q = 0, which yields up = 0 due to (2.68). Next,
we use the inf-sup condition (2.37) to obtain

(V'q7ph) (K‘luh,q)Q .

[pall < C sup = sup =0
qevk lallaiv qeve llallaiv

and thus p, = 0, which concludes the proof of the theorem. |
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2.7. Reduction to a pressure system and its stencil

In this section, we describe how the MFMFE method reduces to a system for the
pressures by local velocity elimination. Recall that the DOFs of V*(E) are cho-
sen as the d vector components at the tensor-product Gauss—Lobatto quadrature
points, see Fig. 1. As a result, in the velocity mass matrix obtained from the bilinear
form (K ~'uy,v), the d DOFs associated with a quadrature point in an element
E are completely decoupled from other DOFs in E, see (2.49). Due to the con-
tinuity of normal components across facets, there are couplings with DOFs from
neighboring elements. We distinguish three types of velocity couplings. The first
involves localization of degrees of freedom around each vertex in the grid. Only
this type occurs in the lowest order case k = 1, similar to the previously developed
lowest order MFMFE method.?”#” The number of DOFs that are coupled around
a vertex equals the number of facets n, that share the vertex. For example, on
logically rectangular grids, n, = 12 (faces) in 3d and n, = 4 (edges) in 2d. The
second type of coupling is around nodes located on facets, but not at vertices. In
2d, these are edge DOFs. The number of coupled DOFs is three — one normal to
the edge, which is continuous across the edge, and two tangential to the edge, one
from each of the two neighboring elements. In 3d, there are two cases to consider
for this type of coupling. One case is for nodes located on faces, but not on edges.
In this case the number of coupled DOFs is five — one normal to the face, which
is continuous across the face, and four tangential to the face, two from each of the
two neighboring elements. The second case in 3d is for nodes located on edges, but
not at vertices. Let n. be the number of elements that share the edge, which also
equals the number of faces that share the edge. In this case the number of coupled
DOFs is 2n.. These include n., DOFs normal to the n. faces, which are continuous
across the faces, and n, DOF's tangential to the edge, one per each of the n, neigh-
boring elements. For example, on logically rectangular grids, n. = 4, resulting in
eight coupled DOFs. Finally, the third type of coupling involves nodes interior to
the elements, in which case only the d DOF's associated with the node are coupled.

Due to the localization of DOF interactions described above, the velocity mass
matrix obtained from the bilinear form (K ~'uy,v), is block-diagonal with blocks
associated with the Gauss—Lobatto quadrature points. In particular, in 2d, there
are n, X n, blocks at vertices (n, is the number of neighboring edges), 3 x 3 blocks
at edge points, and 2 x 2 blocks at interior points. In 3d, there are n, x n, blocks
at vertices (n, is the number of neighboring faces), 2n. x 2n. blocks at edge points
(ne is the number of neighboring elements), 5 x 5 blocks at face points, and 3 x 3
blocks at interior points.

Proposition 2.1. The local matrices described above are symmetric and positive
definite.

Proof. For any quadrature point, the local matrix is obtained by taking v =
V1i,...,Vy in (2.63), where v; are the velocity basis functions associated with that
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point. We have
m m
(Kﬁlu;“vi)Q = Zuj(Kflvj,vi) = Zaijuj7 i=1,...,m.
=1 =1

Using Lemma 2.6 we conclude that the matrix M = {a;;} is symmetric and positive
definite. 0

The block-diagonal structure of the velocity mass matrix allows for local velocity
elimination. In particular, solving the local linear systems resulting from (2.63)
allows us to express the associated velocities in terms of the pressures from the
neighboring elements and boundary data. This implies that the method reduces the
saddle-point problem to an element-based pressure system.

Lemma 2.7. The pressure system resulting from (2.63)—(2.64) using the procedure
described above is symmetric and positive definite.

Proof. The proof follows from the argument presented in Proposition 2.8 in Ref. 47.
We present it here for the sake of completeness. Denoting the bases of Vﬁ and
W,’f‘l by {v;} and {w;}, respectively, we obtain the saddle-point type algebraic
system arising from (2.63)—(2.64),

() ()= () .

where Aj; = (K~'vi,v;), and Bf; = —(V-v;,w;). The matrix A obtained by the
above procedure is symmetric and positive definite, as it is block diagonal with SPD
blocks associated with quadrature nodes shown in Proposition 2.1. The elimination
of U leads to a system for P with a symmetric and positive semidefinite matrix
BA~'BT. It follows immediately from the proof of Theorem 2.3 that BT P = 0 if
and only if P = 0. Therefore, BA~'B” is positive definite. ]

Remark 2.1. We note that while V’fL has more DOF's than V’fﬁ%h with comparable
accuracy, cf. Sec. 3, the above reduction technique allows for local elimination of
all velocity DOFs, resulting in a symmetric and positive definite system only for
the pressure DOFs in W,ffl. This is computationally more efficient than solving a
saddle point problem for the classical Raviart-Thomas MFE method in V’;}}h X
WhEt

Remark 2.2. It was pointed out by an anonymous reviewer that it can be shown
that the matrix B has a tensor product structure if it is formed using the tensor
product Gauss quadrature rule. This property can be exploited for faster and low
storage matrix-free assembly and application of the matrix BA~!BT, resulting in
further gain in efficiency. We thank the reviewer for noting this important property.
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3. Velocity Error Analysis

Although the proposed schemes can be defined and are well posed on general quadri-
lateral or hexahedra, for the convergence analysis we need to impose a restriction on
the element geometry. This is due to the reduced approximation properties of the
MFE spaces on arbitrary shaped quadrilaterals or hexahedra that our new family
of elements inherits as well. The necessity of said restriction is confirmed by the
numerical computations. We recall that, since the mapping Fg is trilinear in 3d, the
faces of an element E may be non-planar. We will refer to the faces as generalized

quadrilaterals. We recall the notation of r;, i = 1,...,2%, and edges ryjj =7T;—1T;
from Sec. 2.2.
Definition 3.1. A (generalized) quadrilateral with verticesr;, i = 1,...,4, is called

an h2-parallelogram if
|I‘34 - r21|Rd S Ch2

The name follows the terminology from Refs. 24 and 27. Note that elements of
this type in 2d can be obtained by uniform refinements of a general quadrilateral

grid. It follows from (2.6) that gxgE is O(h?) for h2-parallelograms.

Definition 3.2. A hexahedral element is called an h2-parallelepiped if all of its
faces are h?-parallelograms.

Definition 3.3. An h2-parallelepiped with vertices r;, i = 1,...,8, is called
regular if
|(ra1 — r3s) — (res — r78)|rs < Ch>.
It is clear from (2.7) that for h2-parallelepipeds, gigg , aazgg and g 52 are O(h?).
3
Moreover, in case of regular h?-parallelepipeds, Wygﬁ is O(h?).
We next present some bounds on the derivatives of the mapping Fg.

Lemma 3.1. Let 7 > 0. Then the bounds

|JE|JooE<ChJ+d j<a, wherea=1 in 2d,
(3.1)
a:4 Zn 3d, ‘JE|j,OO,E:O’ ]>a’
and
Cwtl, j<d, .
|DFgl; 5 < ] —DFE < Cpi—d+t
0, ji>d, |JE oo
(3.2)

|JeDFg"| < Chrte, j=d
EETE Lo = ji>d’

hold if E is an h-parallelogram or a reqular h?-parallelepiped. Moreover, the esti-
mates (3.2) hold for j = 0 if E is a general quadrilateral or hexahedron and for
j=0,1if E is an h*-parallelepiped.
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Proof. We begin with the proof of (3.1). In 2d, (2.6) gives
DFp = [ro1,ra1] + [(r34 — r21), (r34 — r21)3],

from which it can be shown easily that Jg is a linear function satisfying (3.1). In
3d, (2.7) gives

DFg = [ro1 + (r34 — r21)9 + (re5s — r21)2 + ((r21 —raa) — (res — r7s))yz;
ra; + (rsq —ro1)% + (rss —ra1)Zz + ((ro1 —ras) — (res — rvs))T2;
r51 + (res — r21)@ + (rgs — ra1)y + ((ror — r3q) — (res — r78))2y).

(3.3)

It can be verified that Jg is a polynomial of three variables of total power at most
4 with

Bize = (JB)gg9 = (JB)222 = 0, :
(/r) (/&) (V&) 0 (3.4)
and it can be written as Ju = <y 4y fra<a QGrirars @ §227S, where

|aT1T2T3| S Chr1+rz+r3+3, (35)

from which (3.1) follows immediately.

We proceed with the proof of (3.2). If E is a general quadrilateral or hexahedron,
the bounds with j = 0 are stated in (2.9). The estimates in 2d and for j =1, 2 in
3d were shown in Refs. 24, 27 and 47. We now focus on the case when F is a regular
h?-parallelepiped and j > 2. Since Fp is bilinear, |DFg|, ., 5z =0, Vk > 2, and
(3.3) gives

|DFgly o p < CR*Y, k=012 (3.6)

Therefore, it follows from the product rule that for any j > 2,

<C
joo,E

JE

DFE

JE |DFE|1,oo,E

JE JE

1
. |DFE|O,00,E + ‘_

3,00, E jfl,oo,EAJ

N |DFE|2,OO,E> (37)
Jj—2,00,F

1
We further compute the derivatives of —:
E

2) = LY 6 e S e
1 2 1 1 1
<E>m — E(JE)% - E(JE)JNM <E>w J3 (Je):(JE)y — J2 (JE)2g,

(L)MA:_E(JE)%(JE)@, f%(JE) (Ji)sg + ng( 2o (J8)es ;Q(JE)my
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() -- ﬂUﬂﬂthk+%Uthh
J3 (JE)2(JE)gz + f_%(JE)é(JE)A ;2 (JB) 92

(%) = BURRURUR): ~ JURUR)s(r)ss - 55 e
zum<h»umw + S ()as(i)ay + 75 (Te)s(Te)ios

J4 (Je):(JE)§(JE)28 + E(JE)ii(JE)yé + E(JE)Q(JE)J‘MEQ

1

(JE) (JE)isg —

(JE)MU Z.
T T3 !

We note that due to (3.4) the higher order partial derivatives will consist of the
same partials that appear above, while the power of Jg in the denominator will
continue to grow. Therefore, it follows from (3.5) that |%|kmE < Ch*=3, which,
combined with (3.6) and (3.7), implies that

L pr
Jg F

<O (W 7Ph+ W TR+ WP < OO
J,00,E

To show the last inequality in (3.2), we note that using the cofactor formula for
inverse of a matrix, one can verify that Je DF; Lis of total degree 3, which implies
that for every k > 3, |JeDF;"'|, . 5 = 0. We also compute

(JeDFg")11)asg
=2[(y1 — y2) + (y3 — ya)ll(z5 — 26) + (27 — 28) + (22 — 21) + (21 — 23)]
+2[(21 — 22) + (23 — 24)][(ys —5) + (s —y7) + (¥ — y2) + (y3 — a)],
with similar expressions for the rest of partial derivatives. Therefore |JgD

—1
Fg |3,m,ESCh5' 0

The above bounds allow us to control the norms of the velocity and permeability
on the reference element.

Lemma 3.2. For all q € H?(E), there exists a constant C' independent of h such
that the bound

al, 5 < O3 g (3.8)

holds for every j > 0 if E is an h?-parallelogram or regular h*-parallelepiped, for
j=0,1if E is an h®-parallelepiped and for j = 0 if E is a general quadrilateral or
hezahedron.
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Proof. The result in 2d was shown in Refs. 24, 47, while the cases 7 = 0,1,2
in 3d were proven in Ref. 27. It then suffices to prove the case j > 3 for regular
h2-parallelepipeds. Let

d=qoFr(k%), a=JgDF;'q

As it was shown in the previous lemma |JzDF,'|, . 5 = 0, hence (3.2) implies
that for r > 3,

ldl, p < C(h*al, 5+ h*lal,_y g+ bYal,_y 5 +Rlal s 5)- (3.9)

By change of variables and the chain rule, we have that |q|; ; < Ch=3/2||q|l.5,
which, combined with (3.9), completes the proof. m|

Lemma 3.3. There exists a constant C' independent of h such that the bound

K™Y, & < Ch™ 2 K™Y 0. (3.10)

J,00, B =

holds with j > 0 on h2-parallelograms and reqular h?-parallelepipeds, with j = 0,1
on h?-parallelepipeds and with j = 0 on general quadrilaterals and hezahedra.

Proof. The above result with j = 0 was already stated in (2.43). Moreover, for
j = 1,2 (3.10) was shown in Refs. 27 and 47, so we focus on the case j > 3 for h2-
parallelograms and regular h2-parallelepipeds. By the use of a change of variables,
the chain rule, and (3.2), it is easy to see that

|K7Y. 5 <CW|K ™Yook (3.11)

73,00, E
Using (3.2) and the definition of K~1 given in (2.42), we have

K e <C D

0<a,B,7<j
atpB+y=j

K g 00,1 DFE

a,00,F

v,00,E

1
—DF
Jg E

< C Z ha7d+1hﬁh“/+lHKfl||j7oo7E < Chj7d+2||K71

0<a,B,7<j
a+pB+y=j

J,00,E>

where we also used (3.11) for the second inequality. m|

Lemma 3.4. There exists a constant C independent of h such that on
h2-parallelograms and regular h?-parallelepipeds

la—Tall + [la = Wz'all < CHY|lall;, (3.12)
la — all < CH*allj41, (3.13)
IV (a—1aq) ||+ V- (a— M'a)ll < ORIV - all;, (3.14)

for 1 < j < k. Moreover, (3.12) and (3.14) also hold on h*-parallelepipeds with
j=1.
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Proof. We present the proof for II* only, as the argument for H’E}l is similar.
Using (2.65) and (3.8), we have

d—2 ~ A “ a—2 “ .
la—Talls < Ch7= @ -1l 5 < Ch7= |alj,, 5 < CHHdlljm,

where 1 < 57 < k. For the second inequality in the above, we used the fact that f[f
preserves all polynomials of degree up to k, i.e. ’Pk(E) C Vk(E), and applied the
Bramble-Hilbert lemma.!? Summing over the elements completes the proof of the
first two statements of the lemma.

For the last inequality, it follows from (2.14) that

2 1~ a2 - —d1S A
/E(V-(q—H’iq)) dx:/@g(v(q—ﬂ’iq)) Jpd& < Ch™ UV - §f3 4.

(3.15)
where we have used (2.9), (2.35), and the Bramble-Hilbert lemma in the inequality.

We also have

J
Vedl;p =16V dl;p <CY el slVoalip
=0

i
<CY RHIRITTEV gl g < CWYE|V qllie,  (3.16)
1=0

where we used (3.1) and change of variables back to E in the second inequality. A
combination of (3.15) and (3.16), and a summation over all elements completes the
proof of (3.14). m|

X Let Q:k’l be the L? (E)—orthogonal projection onto I/T/k’l(EA')7 satisfying for any
¢ € L*(E),
(6— Q" 1p,0) =0 Ve WF(E).
Let Qﬁ_l (L2(Q) — W,ff_l be the projection operator, satisfying for any ¢ € L?(Q),
Okl =0F1poFy' onall E.
It follows from (2.32) that
(06— QF ¢, V-v) =0 VveVh (3.17)

Using a scaling argument similar to (3.15)—(3.16), one can show that on h*-
parallelograms and regular h2-parallelepipeds,

lp — @y~ "ol < CH|lgll;, 1<j<k. (3.18)

Moreover, the above bound holds with 7 = 1 on general quadrilaterals and hexahe-
dra and with j = 2 on h?-parallelepipeds.
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Lemma 3.5. For general quadrilaterals and hexahedra there exists a constant C'
independent of h such that for any finite element function ¢

lellje <Chellj—1m, G=1,....k (3.19)

Proof. Let ¢ = ¢ o Fg(Z). Using (2.9), we have

— 1/2 ~ — 1/2 ~
he < IDFg looslTEly 2 o181 5 < CIDFE o2l 2l 2 41815

< C|IDFy"

1/2 1/2 _ _
ooes bl TEIY2 ol Tt 182 sllelle < Ch R0 gl

< Cr7 el

The general case follows by applying the above bound to any derivative of p. O

We will make use of the following continuity bounds for the mixed projection
operators IT¥ and IT%,..

Lemma 3.6. There exists a constant C independent of h such that on h?-
parallelograms and regular h?-parallelepipeds

11k q

IMsrtallje < Clallje, j=1,....k (3.21)

The above bounds also hold with j = 1 on h?-parallelepipeds. Furthermore, on gen-
eral quadrilaterals or hexahedra

I ql|div, 5 + ||Hlfg}l(I||div,E < Cld|h,&- (3.22)

Proof. It follows from (3.12) and the triangle inequality that

a0,z < [|all1,5-
Let ”Pg be the L?(E)-projection onto P7/(E,R9). It is well known!? that ||q —
Pidlle < ChitY|q| j+1,6- Using (3.19), we have for any j = 1,...,k+1,
alye = [Mia — Py al;e < Ch|[Wa — Py dllo,s
< Ch/([Wa = allo.p + lla =P dllo.s) < Clall;,
where we also used (3.12), (3.13) and (3.18). This completes the proof of (3.20).
The proof of (3.21) is similar. The proof of (3.22) uses a scaling argument similar to

(3.15)—(3.16) for the divergence and a scaling argument using (3.8) for the L?-norm.
Details can be found in Lemma 3.6 in Ref. 27. O

Remark 3.1. For the rest of the paper, all results are stated for h2-parallelograms
and regular h2-parallelepipeds. We note that the results also hold in 3d on
h2-parallelepipeds with k = 1, except for the pressure superconvergence.
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In the next two lemmas we bound two terms arising in the error analy-
sis due to the use of the quadrature rule. We use the notation ¢ € W%Loo if
o € WEk(E)YE € T), and ||¢||k.00.r is uniformly bounded independently of h.

Lemma 3.7. On h2-parallelograms and reqular h?-parallelepipeds, if K~ € W%OO7
then there exists a constant C independent of h such that for all v € V¥,

(KM, v = ) | < OB [ullelv] (3.23)

Proof. Let P* be the L2(E)-orthogonal projection onto P*(E,R%). For any ele-
ment E € T, we have

(K 'TFu, v — Hlfz_TlV)Q,E = (’Cflﬂffh A\ ﬂ];%_Tl‘A’)Q»E

= (PF 1 MTER), v — 1131 ) 5

+ (KM e - PR (T ), ¢ - ) ) e

The first term on right is equal to zero due to (2.53). For the second term we use
Bramble-Hilbert lemma:

| (K — PR (I R), ¥ — 7' 9) | < IR, 5 ¥ — ¥ g -

Using (3.10) and (3.8), we obtain
A k A
|K71H’:ﬁ|k,]§7 < CZ |’C71|k7i,oo,E|H’:ﬁ|i,E
i=0
k
<O R K o ph D2 T
i=0

< CRF =424 | K=Y oo [ TFu

k-
Therefore, using (3.8), (3.20) and (2.41), we get
(K MTa — PP I R), v - 151 ) 5

< CRF Y2 K | oo, ||k, 2222 | |0,

< Ch¥| K1

ko020l E[ V0, B-
The proof is completed by summing over all elements. O
Lemma 3.8. On h2-parallelograms and regular h?-parallelepipeds, if K~ € W%LOO,

then there exists a constant C independent of mesh size such that for all q € VF
and v € Vg}?h

oK) <C Y BHK
EeTy,

ko0, E a5V - (3.24)
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Proof. For each E € T, we have
op (K 'q,v) =0 (PFHKT1q),%) +op(Kra— P (Kq), ¥).

The first term on the right is equal to zero, since the tensor-product Gauss—Lobatto
quadrature rule is exact for polynomials of degree up to 2k — 1. Using the Bramble—
Hilbert lemma, (3.10) and (3.8), we bound the second term as follows:

|op(Kta— P (Ka), 9)| < CIKMal, 5191

k
<O Ko gl £ 191

=0
< CHF= 42 K 7Y j oo, llalllk, 20722 V]|

< Ch*| K1

koo ElldllkElIV]E

Summing over all £ € Tj, we obtain (3.24). O

3.1. Optimal convergence for the velocity

We subtract the numerical method (2.63)—(2.64) from the variational formulation
(2.4)-(2.5) to obtain the error equations:

(K_lu7 V) — (K_luh,v)Q — (p —pn, V- v)
=—(g=Ry'g, v-m)r,, veEV], (3.25)
(V-(u—up),w) =0, weW; " (3.26)
Note that due to (2.35), it follows from (3.26) that
V- (ITfu —uy) = 0. (3.27)
If we take v = IT*u — uy, in (3.25), then

(K_lu,l_[fu — uh) — (K_luh,l_[fu — uh)Q

+{g—RF1g, (T"u — wy) -n)r, = 0. (3.28)
Let w = IT*u — u;, then an algebraic manipulation of the above gives

(K_lw,w) = —(K‘lu,w) + (K‘lﬂlju,w)Q —{g— Rﬁ_lg, W n)p,.

Q

Moreover, rewriting the right-hand side gives

(K 'w,w), = —(K 'u,w— H’}%}lw) —(g—RE g, w-n)r,

Q
— (K7 (u - Fu), 105, w) — (KR, T w)

+ (K ', T W), + (KT, w — T w) (3.29)

Q Q
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Testing (2.4) with w — II%'w and using that V-w = V - II%'w = 0, see (3.27)
and (2.40), we can rewrite the first two terms in (3.29) as
—(Kta,w — ' w) — (g — Ry ™'g, w-n)r,,
= <gv (W - Hllc{}lw) . n>FD - <g - Ri_lgv w- n>FD =0,
using that, due to (2.61)-(2.62), (R} 'g, (w — II*'w) - n)r, = 0 and (g —
RE1g, Ik 'w - n)p, = 0. For the third term on the right in (3.29) we use (3.12)
and (2.41) to get

[(K ! (u = IFu), 18 w) | < CRP K o0l w]l-

To bound the fourth and fifth terms on the right in (3.29), we use (3.24), (3.20)
and (2.41):

= (K T, Mt w) + (KT, Mt w) | = [o (K T, i w))
< Ch*| K kool wl.
For the last term on the right in (3.29) we use (3.23):

(K u,w — It w) | < CRP K| oo lulli]|w]l-
Combining the above bounds, we obtain from (3.29) that

kool TEw —us,  (3.30)

(K~ (Iu—up), u — ) , < ORF|| K1
implying that
[T = wp ]| < CRE K o0 [[ull- (3.31)

Bounds (3.31) and (3.27), together with (3.12) and (3.14), result in the following
theorem.

Theorem 3.1. Assume that the partition T;, consists of h?-parallelograms in 2d or
reqular h?-parallelepipeds in 3d. If K~ € W7k-};°°, for the velocity uy, of the MFMFE
method (2.63)—(2.64), there exists a constant C' independent of h such that

[ —up|| < ChF||ullg, (3.32)
IV - (u—up)|| < CL*|[V -y (3.33)

4. Error Estimates for the Pressure

In this section, we use a standard inf-sup argument to prove optimal convergence
for the pressure. We also employ a duality argument to establish superconvergence
for the pressure.
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4.1. Optimal convergence for the pressure

Theorem 4.1. Assume that the partition T, consists of h%-parallelograms in 2d or
reqular h?-parallelepipeds in 3d. If K~ € W%OO7 then for the pressure py of the
MFMFE method (2.63)—(2.64), there exists a constant C' independent of h such that

lp = prll < CRE(Jlullx + [lp]l)- (4.1)

Proof. We first note that the RT;_1 spaces Vg}lh X W,ffl on general quadrilat-
erals and hexahedra satisfy an inf-sup condition similar to (2.37). The proof is the
same as the argument in Lemma 2.1. Hence, using (3.25) and (2.61), we obtain

— 1 Qkilp_phav'v
197 'p—pull < = sup (2. )

~ b 0£vEVRLY, 1Vl aiv

(K~ (Fu— ), v), — (K H(ITfu —u),v)

Q

1 +o(K~ Tk, v)
=—  sup
B 0£vEVRLY, Ivllaiv
C _
< K |koolall,
B
where we used (3.31), (3.12), (3.24), and (3.20) in the last inequality. The result
then follows from (3.18) and the triangle inequality. O

4.2. Superconvergence of the pressure

In this subsection, we prove superconvergence of the pressure, i.e. we show that
| Qﬁ_lp — pn|| is O(h*+1) for the MEMFE method of order k. We also apply local
postprocessing to obtain an improved approximation pj € W,’f such that ||p — pj ||
is O(Rk+1).

The following bound on the quadrature error will be used in the superconver-
gence analysis.

Lemma 4.1. On h%-parallelograms and regular h?-parallelepipeds, if K~' €
Wf—:rl’oo7 then for all 9 € VK and v € V%Tﬁ, there exists a positive constant C
independent of h such that

lo(K ', v)| <C Y WK kit oo, pllallkr el viie. (42)
EeTy,

Proof. For any element E we have op (Kﬁlq, v) = 0p (IC’lél, \7). Since the
quadrature rule is exact for polynomials of degree up to 2k — 1 and k > 1, then it
is exact for polynomials of degree up to k. An application of the Bramble—Hilbert
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lemma implies

05 (Ka.9)]

<o

where we used that ¥ is linear. Using (3.8) and (3.10), we obtain
op(K™'a,v) < CHMHY K s co.ellallkrgllVIILe.

Summation of over all elements completes the proof. O

k+1
Z |K—1|i,m,E|Q|k+li,E] ‘A’”E> 3

k
Z |K_1|i7oo,E|€1|ki,E‘| 9116 +
i=0

i=0

The following result establishes superconvergence of the pressure if the
H?-elliptic regularity which is defined below holds. Let ¢ be the solution of

~V-KV¢=—(QF 'p—py) inQ, ¢=0 ondQ. (4.3)
We say that this problem satisfies H2-elliptic regularity if
1KVl + 16ll2 < CI1Q5"p — pal (4.4)

with constant C' which may depend on K and 2 but is independent of ¢. Some
sufficient conditions for (4.4) can be found in Refs. 26 and 32. In the proof of the
theorem below, we follow the argument in Ref. 20 with appropriate modification to
deal with the quadrature terms.

Theorem 4.2. Assume that the partition T;, consists of h%-parallelograms in 2d
or reqular h?-parallelepipeds in 3d. Assume also that K~ € W;f—jl’oo, and that the
H?-elliptic reqularity (4.4) holds. Then, for the pressure py, of the MFMFE method
(2.63)—(2.64), there exists a constant C independent of h such that

19570 = pull < CRFH(|[ulli + |V - ullp)- (4.5)
Proof. The proof makes use of a duality argument. Let ¢ be the solution of (4.3).
Denoting —KV¢ by u*, (u*, ¢) satisty

(K 'u*,v) = (¢,V-v) =0, veH(iv;Q), (4.6)
(V-u*,q) = (2 'p—pna), q€L*9Q). (4.7)

Taking v=u—uy, ¢ = —(Q’,fflp — pr) and adding the two equations gives

(Ku"u—w,) — (6, V- (u—w,)) — (V-u, Q) 'p—prn) = |19} 'p— pal*.

(4.8)

Consider the discretization of (4.6)—(4.7) as in (2.63)—(2.64) and let (u},, ¢}) be the
solution of the discrete problem. We now use the Galerkin orthogonality (3.25)—
(3.26) with v = II%'up and w = QF " '¢ to get

(K~ u, Miptug) — (K tap, Mrtag) o — (Qp7'p = pa, V- Wit ug)

— (V- (u—up), Q) '¢) =0, (4.9)
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where we used that (p — QF 'p,V - Ilfluf) = 0 due to (3.17) and (g —
RE1g, Tk ug - n)r, = 0 due to (2.61). Subtracting (4.9) from (4.8) and using
the symmetry of (K~!-,-) and (K~!-,)g gives

(K~ (u" = Ty wi), w) = (KMt wp) + (KMl wg, )
— (0= 9310,V (wmw)) (V- (u” = [ ui), Q57 'p — pa)
= Q4 'p — pall”

Since V - 1% 'uf = V- uj, and (V- (u* —u}),q) =0 holds for all ¢ € WE from
the definition of uj, the last term in the left-hand side vanishes. Therefore, we have
(K (u* = H’E}luZ),u —uy) — U(Kflﬂlf%}luz,uh) —(¢— Q1 V- (u— uy))

= Q5 "'p —pul*. (4.10)
with o (K 'k uj, ) = (K i uj, wp) — (K ' R uj, up) - Observe that
the difference of (4.6) and its discrete counterpart gives

(K H’}%Tu uh) (K_luz,ﬂlf%}lu—uh) =0,

Q
because V - (II%;'u — uy,) = 0. From this we obtain
o (K~ 11k u )
= U(K HRT h7H’1€%T u) - U(K HRT h7HkT1u uh)
= o (K~ w, Mg a) — (K g ug, g a — uy,)
+ (K g, Mg — )
= o (K~ Mz uy, Wi a) + (K7 (0" — g ag), It u — wy)
— (K71 (wj, — W ) I a — )
and we can rewrite (4.10) further as

(K~ (0" = Mt ug ) u — Mpta) + (K7 (uj, = T ug), Wt a — )

— o (K Mptup, Mita) — (¢ - Q47 '0, Ve (u—wp)) = Q7 p— pa*.

(4.11)

We will show that the terms on left above can be bounded as follows:
(K (0" = W ug), u = T w) | < CRF+Y|QEp — pu | ul, (4.12)
(5w, — W), T = w) | < CRFFYIQEp — |, (4.13)
o (Kl g, T ) | < CR*|QEp — pullull, (4.14)

(¢ — Q)0 V- (u—up))| < CR" Q" p — pullIV - ullx, (4.15)
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which, combined with (4.11), imply the statement of the theorem. For (4.12), we
note that
* k— k k k
lu* = M | < flu” = T u|| + [ (M7 0 — )|
< flu* = Mg u|| + C M u” — |
* k— * k * * * * *
< [lu* — ezt u'(| + C(MEz u* —w*| + |lu* —wy[) < Chlu*(ly,  (4.16)
where we used (2.41), (3.12), and a bound for the discretization error
[u” —wj || < Chlju|y, (4.17)

which is obtained in a manner similar to the velocity error estimate (3.32). Bound
(4.12) follows from the use of the Cauchy-Schwarz inequality, (4.16), (3.12), and
(4.4). Bound (4.13) is obtained in a similar way, by adding and subtracting u* in
the first component and u in the second component, and using (4.17), (4.16), (3.12),
(3.32), and (4.4). Bound (4.14) follows from

o (K It uy, 5 a) | < o (K (T ugy, — Oput), T u) |
+ o (K~ g, Wy )|
< C(h*[|ul|x T w, — T |+ A [k lu]|1)
< CRMY1Q5 p — pallllullr,
where we used (3.24), (4.2), (3.21), (4.16), (3.12), and (4.4). Finally, (4.15) follows
from (3.18), (3.33), and (4.4). |

Using the above result we can easily show superconvergence of the pressure
at the Gauss points. For an element E, let ||-||; denote the discrete L?(E)-norm
computed by mapping to the reference element F and applying the tensor-product
Gauss quadrature rule with £ points in each variable. It is easy to see that ||w]|; =
|w||g for w € WFH(E). Assuming continuous pressure p|g, let p!|z € WFH(E)
be the Lagrange interpolant of p|g at the k% Gauss points. It is shown in Lemma 4.3
of Ref. 23 that

195 'p — p|| < CR*|pllks1- (4.18)
We now have
llp = pull = ||lp" = pull| = " = pull < lIp" = Q5 'pll + 1195 'p — pall
< CRF (e + IV - ullk + Ipllr+),

using (4.18) and (4.5).

We next show that the above superconvergence result for | QF'p — py|| can be
used to compute a higher order approximation to the pressure p in the L?(£2)-norm,
using a variant of the local postprocessing proposed in Ref. 39. The postprocessing
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idea is also utilized for a posteriori error estimation (see e.g. work of Ref. 34). Let
W} be the L2-orthogonal complement of W) in WF. We now define p;; € W} by

Qi = L, (4.19)
(Vp;, Vg = —(K'a,,Vq)g, qc¢€ W}lf(E), VE €T;. (4.20)

Theorem 4.3. Under the assumption of Theorem 4.2, there exists a constant C'
independent of h such that

lp = phll < CH* ([l + 11V - wllk + [lpllk4)- (4.21)

Proof. Let QN,’?L be the L? orthogonal projection onto W,’f . By the triangle inequal-
ity it is enough to estimate ||QFp — pi||. Let pp := p; — Q)pp. Considering the
decomposition OFp —p; = (Q)p — QVpr) + (OFp — Pn), it is sufficient to estimate
|Qkp — pr| by Theorem 4.2. Recalling that Vp = —K ~1u, we have

(Va(p—1},), Vag) = —(K'(u—w,), Vig), VqeWE,

where V, is the element-wise gradient. From p —p; = (p— Qkp) + (Q%p — QVpn) +
(Q¥p — pn) and by taking ¢ = OQFp — fj, in the above equation, we get

IVa(Qhp = B < IVa(p — Qp) | + 1K~ (u —un)|| < CR*(Ipllk + Jullx),

where we used the Bramble-Hilbert lemma, an inverse estimate, and (3.32). Since
W,? is the space of element-wise constants on 7y, Qﬁp — pp, is orthogonal to element-
wise constants. Then the element-wise Friedrichs’ inequality yields || Qﬁp —pnlle <
Chg||[Vi(QFp — pn)||e for all E € Tj. The conclusion follows by combining this
and the above inequality. O

Remark 4.1. Instead of the postprocessing (4.19)—(4.20), one may use the post-
processing defined in Ref. 39 and obtain a numerical pressure that is convergent of
order O(h¥*+1). The error analysis is almost the same as the above.

5. Numerical Results

In this section, we present numerical experiments on quadrilateral and hexahedral
grids that validate the theoretical results in the previous sections. The method has
been implemented in the finite element library deal.IL.® The code is available in
the deal.II code gallery.® In the first example, we test the method on a sequence
of meshes obtained by a uniform isotropic refinement of an initial quadrilateral
partition of the unit square. The boundary conditions are chosen to be of Dirichlet
type for simplicity. The test case is constructed with the full permeability tensor
coefficient

o ((x +1)2+y° sin (wy))
sin (zy) (x+1)2
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Pressure Velocity, magnitude
-4.053e-03 0.609 1:22 1.83 2.433e+00 4.047e-03 8.60 17.2 25.8 3.439e+01
L ' [ b

Fig. 2. Computed solution for Example 1 on the third level of refinement.

and the analytical solution
p = x3y* + 22 + sin(xy) cos(zy).

The computed pressure solution on the third level of refinement is shown in Fig. 2
(left), where the colors represent the pressure values and the arrows represent the
velocity vectors. Similarly, Fig. 2 (right) shows the velocity solution, where colors
represent the velocity magnitude. The numerical relative errors and convergence
rates are obtained on a sequence of six mesh refinements and are reported in Table 1
for the MFMFE methods of order k = 2, 3, 4. We note that in all cases we see the
predicted convergence rate of order O(h*) for all variables in their natural norms,
as well as superconvergence of the pressures at the Gauss points, i.e. ||p — ppl|
is of order O(h**1). We also observe O(h**+1) convergence for the postprocessed
pressure. We note that the deterioration of the convergence rate of the divergence
and the superconvergence rate of the pressure for the fourth-order method on the
finest grid is due to the fact that these errors are very small and roundoff errors
start having a noticeable effect.

In the second example, we focus on a 3d case. We let K be a full permeability
tensor with variable coefficients

2%+ (y +2)? 0 cos(zy)
K= 0 22+2  sin(xy) |,
cos(zy)  sin(zy) (y+3)°
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Table 1. Relative errors and convergence rates for Example 1.
k=2
Ta—unl [V -a—uwl | Tp—pal o = pal e

h Error Rate Error Rate Error Rate Error Rate Error Rate
1/3 | 8.80E-02 — |1.46E-01 — |3.20E-02 — |5.80E-03 — |1.19E-02 —
1/6 | 2.36E-02 1.9 |3.74E-02 2.0 | 7.90E-03 2.0 |7.73E-04 2.9 |1.42E-03 3.1

1/12 | 6.01E-03 2.0 | 9.41E-03 2.0 | 1.98E-03 2.0 | 1.18E-04 2.7 |1.66E-04 3.1
1/24 | 1.50E-03 2.0 | 2.36E-03 2.0 | 4.96E-04 2.0 |1.70E-05 2.8 |1.94E-05 3.1
1/48 | 3.74E-04 2.0 | 5.89E-04 2.0 | 1.24E-04 2.0 |2.30E-06 2.9 |2.29E-06 3.1
1/96 | 9.31E-05 2.0 | 1.47E-04 2.0 | 3.10E-05 2.0 |2.99E-07 2.9 |2.78E-07 3.1
k=3
Ta—unl [V -a—wol | Tp—pnl Mo — pal o —pf]

h Error Rate Error Rate Error Rate Error Rate Error Rate
1/3 | 1.35E-02 — | 1.96E-02 — |3.16E-03 — |4.36E-04 — |1.03E-03 —
1/6 | 1.69E-03 3.0 | 2.44E-03 3.0 |3.95E-04 3.0 |3.33E-05 3.7 |5.33E-05 4.3

1/12 | 2.09E-04 3.0 | 3.04E-04 3.0 | 4.95E-05 3.0 |248E-06 3.8 |2.79E-06 4.3
1/24 | 2.59E-05 3.0 | 3.80E-05 3.0 | 6.19E-06 3.0 | 1.74E-07 3.8 | 1.55E-07 4.2
1/48 | 3.22E-06 3.0 |4.75E-06 3.0 | 7.73E-07 3.0 | 1.17E-08 3.9 | 9.04E-09 4.1
1/96 | 4.02E-07 3.0 | 5.93E-07 3.0 | 9.67E-08 3.0 | 7.57E-10 4.0 |5.44E-10 4.1
k=4
lu—usll IV - (u—up)l lp — pall lllp — pall llp — il

h Error Rate Error Rate Error Rate Error Rate Error Rate
1/3 | 1.13E-03 — | 1.52E-03 — | 2.46E-04 — |2.83E-05 — |5.17E-05 —
1/6 | 6.84E-05 4.1 |9.24E-05 4.0 | 1.52E-05 4.0 | 1.00E-06 4.8 | 1.26E-06 5.4

1/12 | 4.20E-06 4.0 | 5.74E-06 4.0 | 9.50E-07 4.0 | 3.55E-08 4.8 | 3.20E-08 5.3
1/24 | 2.59E-07 4.0 | 3.58E-07 4.0 | 5.94E-08 4.0 | 1.20E-09 4.9 |8.74E-10 5.2
1/48 | 1.61E-08 4.0 | 2.25E-08 4.0 | 3.71E-09 4.0 | 3.98E-11 4.9 |2.59E-11 5.1
1/96 | 1.00E-09 4.0 |4.96E-09 2.2 |2.32E-10 4.0 |&878E-12 2.2 |8.72E-12 1.6

and solve the problem with Dirichlet boundary conditions and the analytical pres-
sure solution chosen as follows

p = zy® + 2% + y2% 4 cos(zy) + sin(z).

The initial computational domain is obtained as a smooth map of the unit cube, i.e.
we start with a 4 x4 x4 unit cube mesh and then apply the following transformation
to its points

T

Y

z

Z 4 0.03 cos(37) cos(3my) cos(3mZ),

7 — 0.04 cos(37z) cos(37g) cos(37Z),

= 24 0.05 cos(3n) cos(3my) cos(372).

The sequence of meshes on which we perform the convergence study is then obtained
by a series of uniform refinements of the initial grid, described above. Figure 3 (left)
presents the pressure solution, computed on the third level of refinement, where the
colors represent the pressure values and the arrows depict the velocity vectors. The
velocity magnitude is also shown in Fig. 3 (right). The computed numerical errors
and convergence rates shown in Table 2 once again confirm the theoretical results
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Pressure Velocity, magnitude
Lo & 9.512e-01 2.45 327 4.216e+00 L & 6.127e+0022.8 39.4 56.0 7.268e+01
_— owmr | . [ |

Fig. 3. Computed solution for Example 2 on the third level of refinement.

Table 2. Relative errors and convergence rates for Example 2.

k=2
lu— gl (V- (a—u)ll llp — Pl lllp — prll lp — p3
h Error Rate Error Rate Error Rate Error Rate Error Rate
1/4 | 7.47TE-03 — | 2.92E-02 497E-03 — | 1.63E-04 3.34E-04 —

1/8 | 1.82E-03 2.0 |7.24E-03 2.0 | 1.24E-03 2.0 |2.23E-05 29 |3.99E-05 3.1
1/16 | 4.51E-04 2.0 | 1.81E-03 2.0 | 3.11E-04 2.0 |3.07E-06 2.9 |4.86E-06 3.0
1/32 | 1.12E-04 2.0 |4.51E-04 2.0 |7.77E-05 2.0 | 4.12E-07 2.9 | 6.00E-07 3.0
1/64 | 2.80E-05 2.0 |1.13E-04 2.0 | 1.94E-05 2.0 |5.38E-08 2.9 | 747E-08 3.0

k=3
Tu—wl [V -a—uwdll | Tp—pnl Mo — pnl o —pi]
h Error Rate Error Rate Error Rate Error Rate Error Rate
1/4 | 5.06E-04 — | 2.01E-03 2.03E-04 — | 3.78E-06 1.23E-05 —

1/8 | 6.37TE-05 3.0 |2.46E-04 3.0 |2.54E-05 3.0 |2.56E-07 3.9 |6.93E-07 4.2
1/16 | 7.93E-06 3.0 |3.05E-05 3.0 | 3.17E-06 3.0 | 1.87E-08 3.8 |4.06E-08 4.1
1/32 | 9.87E-07 3.0 | 3.81E-06 3.0 |3.97E-07 3.0 | 1.35E-09 3.8 |2.46E-09 4.0
1/64 | 1.21E-07 3.0 |4.88E-07 3.0 | 4.96E-08 3.0 |8.83E-11 3.9 | 1.50E-10 4.0

from the error analysis section. We see the optimal O(h*) order of convergence for
all variables, and also O(h**+1) superconvergence for the pressure.

In summary, the numerical experiments confirm the theoretical convergence
results for the higher order MFMFE method both on h2-parallelograms and regular
h2-parallelepipeds.
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