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COUPLING DISCONTINUOUS GALERKIN AND MIXED FINITE
ELEMENT DISCRETIZATIONS USING MORTAR FINITE
ELEMENTS*

VIVETTE GIRAULT!, SHUYU SUN¥, MARY F. WHEELERS, AND IVAN YOTOVY

Abstract. Discontinuous Galerkin (DG) and mixed finite element (MFE) methods are two
popular methods that possess local mass conservation. In this paper we investigate DG-DG and
DG-MFE domain decomposition couplings using mortar finite elements to impose weak continuity
of fluxes and pressures on the interface. The subdomain grids need not match, and the mortar grid
may be much coarser, giving a two-scale method. Convergence results in terms of the fine subdomain
scale h and the coarse mortar scale H are established for both types of couplings. In addition, a
nonoverlapping parallel domain decomposition algorithm is developed, which reduces the coupled
system to an interface mortar problem. The properties of the interface operator are analyzed.
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1. Introduction. In modeling of flow and reactive transport in porous media, it
is important to employ algorithms that preserve mathematical properties of physical
systems, such as local mass conservation and continuity of fluxes. In addition, geo-
logical media such as aquifers and petroleum reservoirs exhibit a high level of spatial
variability at a multiplicity of scales, from the size of individual grains or pores to
facies, stratigraphic, and hydrologic units, up to sizes of formations. Two methods
that are well-suited to subsurface modeling are the mixed finite element (MFE) and
discontinuous Galerkin (DG) methods. Common features of these methods are local
conservation of mass and accurate treatment of rough coefficients and grids.

MFE and related methods have been very popular in the porous media modeling
community. They provide accurate approximation for both the pressure and the
velocity. A number of approaches have been developed to eliminate the velocity and
reduce the MFE method to a cell-centered or face-centered algebraic pressure system
with a substantially smaller dimension; see, e.g., [40, 8, 6]. For single phase flow, the
reduced system in most cases is symmetric and positive definite, allowing for the use
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of efficient solvers. These reduction techniques, however, apply in most cases to low
order MFE methods on relatively structured grids and may lead to deterioration in
the accuracy on highly irregular or unstructured grids.

DG methods are finite element methods that use discontinuous approximations.
Examples of these schemes include the Bassi-Rebay method [9], the local discontin-
uous Galerkin (LDG) [3, 21] methods, the Oden-Babuska-Baumann (OBB-DG) [32]
method, and interior penalty Galerkin methods [23, 38, 45]. DG methods are of par-
ticular interest for multiscale problems because they (1) support local approximations
of high order and are capable of delivering exponential rates of convergence, (2) are
robust and nonoscillatory in the presence of high gradients, and (3) are implementable
on unstructured and even nonmatching grids and can thus treat highly heterogeneous
porous media. On the negative side, because of the number of unknowns, DG solvers
can be expensive.

Nonoverlapping domain decomposition is a useful approach for spatial coupling
and/or decoupling. A subsurface flow example is the multiblock mortar MFE method-
ology described in [4, 34, 35, 44]. The governing equations hold locally on the subdo-
mains, and physically driven matching conditions are imposed on block interfaces in a
numerically stable and accurate way by using mortar finite element spaces. References
on the mortar approach for other discretizations include [12, 11, 46, 10] for conform-
ing Galerkin and [24] for finite volume elements. Domain decomposition solvers and
preconditioners for mortar discretizations have been developed in [28, 2, 1, 27, 33].

Some computational advantages of the multiblock approach are as follows: (1)
Multiphysics: different physical processes/mathematical models in different parts of
the domain may be coupled in a single simulation; (2) multinumerics: different numer-
ical techniques may be employed on different subdomains; (3) multiscale resolution
and adaptivity: highly refined regions or fine-scale models may be coupled with more
coarsely discretized regions, and dynamic grid adaptivity may be performed locally on
each block; (4) multidomains: highly irregular domains may be described as unions
of more regular and locally discretized subdomains with the possibility of having in-
terfaces with nonmatching grids; and (5) parallelism: the approach leads to domain
decomposition algorithms with near-optimal computational load balance and minimal
communication overhead.

Couplings of DG and MFE methods have been previously studied in the literature.
In [37], a DG-MFE coupling is introduced, which uses two Lagrange multipliers to
impose continuity of fluxes and pressures. A method for coupling LDG and MFE is
developed in [20] by choosing appropriate numerical fluxes on interface edges.

In [5], a multiscale mortar mixed finite element method was introduced for model-
ing Darcy flow. There, the continuity of the flux is imposed via mortar finite elements
on a coarse grid scale, while the equations in the coarse elements (or subdomains) are
discretized on a fine grid scale.

In this paper we develop mortar couplings of DG with DG or MFE methods,
using possibly different scales in the mortar and subdomain grids. Such couplings
allow for (1) the flexibility of applying DG to subdomains where general grids are
required for treating pinchouts, discrete faults and fractures, and highly variable full
permeability tensors; (2) developing a mortar domain decomposition parallel DG
solver via reduction to an interface problem and employing conjugate gradient or
GMRES for its solution; efficient interface preconditioners such as balancing could be
developed [30, 22, 33]; (3) applying the MFE method, which has substantially fewer
unknowns than DG, in regions with relatively smooth or structured grids; and (4)
achieving model reduction through multiscale approximations.
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MORTAR COUPLING FOR DG AND MFE METHODS 951

We study mortar couplings of type DG-DG and DG-MFE, based on four differ-
ent DG formulations, the OBB-DG [32], the nonsymmetric interior penalty Galerkin
(NIPG) [39], the symmetric interior penalty Galerkin (SIPG) [7, 45, 43, 42], and the
incomplete interior penalty Galerkin (IIPG) [43, 23, 42]. The mortar variable has a
meaning of pressure, and it is used as a Lagrange multiplier to impose weak continuity
of normal velocities and subdomain pressures on the interface. This is achieved via
a Robin-type matching condition, which involves a flux jump term and a penalized
pressure jump term. Our approach differs from the one in [37], where two Lagrange
multipliers are used and the method cannot be reduced to an interface problem.

The paper is organized as follows. In the next section we introduce the model
problem and set up some notation. In section 3 we develop and analyze DG-DG mor-
tar couplings. In particular, we establish equivalence between the DG weak formu-
lation and the partial differential equation, existence and uniqueness for the discrete
solution, and convergence estimates. The error estimates are derived in terms of h
and H, the discretization parameters for the subdomain and mortar spaces, respec-
tively. We also develop a parallel nonoverlapping domain decomposition algorithm
for the solution of the algebraic system based on a reduction of the algebraic system
to an interface mortar problem. Similar results are obtained in section 4 for DG-MFE
mortar couplings. We end with some conclusions in section 5.

2. Problem statement and notation.

2.1. Model equations. Let the domain be @ = Q; UQs Ul C R, d =1, 2,
or 3. Although for simplicity we present only the method for two subdomains, our
results easily extend to geometrically nonconforming domain decompositions with a
finite number of subdomains. Similarly, our results can be generalized to more general
boundary conditions than (2.2) below, such as Dirichlet or mixed Dirichlet—-Neumann
boundary conditions. We consider the following equation, which can be used to model
a single-phase flow process in porous media:

(2.1) —-V-KVp=f inQ,
(2.2) —KVp-n=g on 0.

The above system can also be written in a mixed form:

u=-KVp inQ,
Veu=f inQ,
u-n=g ondfd.

Here n denotes the unit outward normal vector to 9€). We assume that the data
f belong to L?(Q2) and g belong to L?(952) and they both satisfy the compatibility
condition

(2.3) /Q fdx = /6 _gdo

With (2.3), system (2.1)—(2.2) defines p uniquely up to an additive constant. The
conductivity K is assumed to be uniformly symmetric positive definite and bounded
from above. In €y, we use a DG formulation; in 25, we use either a DG or a mixed
formulation, with the matching on the interface being achieved by a multiplier.
Throughout the paper we will use the following standard notation. For D c R,
we denote the norm in the Hilbert space H*(D) by || - ||s,p. Consequently, || -||o,p will
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denote the norm in L?(D). We may omit the subscript D if D = Q. We denote by
C' a generic positive constant, independent of h and H, that may not have the same
value at different occurrences. In addition, we denote by € a fixed positive constant
that may be chosen arbitrarily small.

Let £,(€2;) be a nondegenerate partition of ;, ¢ = 1, 2, composed of line segments
if d = 1, triangles or quadrilaterals if d = 2, or tetrahedra, prisms, or hexahedra if
d = 3. If MFE discretization is used in €2, we consider only affine elements there.
The partitions do not need to match on the interface I'1o. If SIPG, NIPG, or IIPG is
used in Q;, we allow £;,(€;) to be nonconforming by refining the mesh in some of the
elements. Let £,(Q) = E(Q1) U ER(Q).

Here h is the maximum element diameter for the mesh. The nondegeneracy
requirement (also called regularity) is that the element is convex and that there exists
p > 0 such that, if h; is the diameter of E; € &£,(Q), each of the subtriangles (for
d = 2) or subtetrahedra (for d = 3) of element E; contains a ball of radius ph; in its
interior. If E} is a triangle (or a tetrahedron), then its subtriangles (or subtetrahedra)
coincide with E;. The set of all interior points (d = 1), edges (d = 2), or faces (d = 3)
within &, (€;) is denoted by T'y(;). Let T'p () = T,(21) UT,(Q2). On each element
face v € 'y (€2), a unit normal vector n is chosen once and for all. This could be done
by numbering the elements of &,(€2;) and directing n from Ej to E; if Ey and E;
are adjacent and k < [. On 0f), the normal vector n coincides with the outward unit
normal vector ngg. On I'j9, the unit normal vector n is chosen as n = npn, = —nyq,.
On I'12, we introduce a mortar finite element partition I'gy, where H is the maximum
diameter of mortar elements. We allow for I'y to be different from the traces of the
subdomain grids on I'ys.

Let E; and E; be two adjacent elements in &,(Q2), with i < j, and let v =
0E;NOE; € T, (Q); then n is exterior to E;. We denote the average and jump on
for an elementwise smooth function ¢ by, respectively,

19} = 5Bl )y + Bl L) [81= (0l Iy = (9l ),

The following functional spaces will be used in weak formulations of our problem:

X(Q) :={q€ L*(Q): VE € &,(), qlp € H(E)}, s> g, i=1and 2,
Vo(Q) :={v € H(div;Q2) : v-n=0o0n 0\ I},
W () := L*(Q2), A:=H?(I'p).
Here v-n is defined in a weak sense, i.e., in the dual of H()%O(aQQ\F]_Q), where HO%O(D) is

the interpolation space between L?(D) and H} (D) [29]. The space X (£2;) is equipped
with the norm

N

(2.4) Il = > 2

Ee&n (%)
For the DG discretization we will use the finite element spaces
Xn() == {qn € L*() : VE € &,(Q), qn|x €PH(E)}, i=1,2, r>1

For the MFE discretization in 25 we will use any of the usual mixed spaces, including
the Raviart—-Thomas—Nedelec (RTN) spaces [36, 31|, Brezzi-Douglas-Marini (BDM)
spaces [16], Brezzi-Douglas—Fortin—-Marini (BDFM) spaces [15], Brezzi-Douglas—
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Duran-Fortin (BDDF) spaces [14], or Chen-Douglas (CD) spaces [18]. We denote
these spaces by V;,(Q2) x Wi, (Q2), where V;(Q2) x Wy, (22) C H(div; Qs) x L?(2).
To enforce the boundary condition on 09 \ I'12, we set

Vh’O(QQ) = Vh(Qg) n VQ(QQ)

On an element F, the restriction of V(€2) is denoted by V;(E). We assume that
the velocity space V,(E) contains (P,,(E))% m > 0, with normal components on
each edge (face) in P, () and that the pressure space W),(E) contains P;(E). In all
cases [=morl=m —1, when m > 1.

On the interface we will use a mortar finite element space to approximate the
pressure and impose weakly the continuity of flux and pressure:

Ap = {pp € L*(T12) : V7 € Ty, pp|, €Ps(7)}, 7>1.

In the above, r, m, and 7 are possibly different constants. We note that all results in
this paper hold if Ay is replaced by its continuous version

b= {,U,HGCO(FH): VTEFH,,UHLE]P);(T)}, r>1.

3. Coupling DG with DG using a mortar space. From now on, we assume
that the tensor K is sufficiently smooth in each element, so that the trace KVp-n
is well-defined on element faces. In this section we consider coupled schemes involv-
ing DG discretizations in both ©; and €5 and matching conditions on the interface
imposed through a mortar finite element space.

3.1. Weak formulation. We define bilinear forms and linear functionals for the
DG scheme in ©;, 1 =1, 2:

(3.1)
Bi(p,q) = Z /KVP Vgdz — /{KVP n} [q
E€E), ~€ET ()
e Y / {KVq m} [p]do . do
VETR(2:) 7 Fr2
— Sform KVq - npq,plg, do + Z [p |do + Z /
T2 setatan remy 1t
(3.2)
Li(g; \) ::/ fqu—/ qua—éform/ KVgnpo,Ado+ Z /q|Q Ado.
Q; 0 \I'12 INP TEFH

Here sfoym = —1 for NIPG or OBB-DG, st = 1 for SIPG, and sgorm, = 0 for ITPG.
The penalty parameter is a discrete positive function that takes the constant value
o, on an interior element face v and o, on a mortar element 7. We let o, = 0 for
OBB-DG and assume that 0 < 02 <oy < a; for SIPG, NIPG, and IIPG. For all
methods we assume that 0 < 02 <o, < ai. We will also show solvability for all
schemes if o, = 0, assuming that condition (A.1) holds for either X (1) or X,(Q2),
but will provide no convergence analysis in this case.

We take Sgorm, = —1 for all methods. This leads to an easy control of the terms
involving integrals on I'y3. The choices 0 or 1 for Sg,.p, are also possible. However,
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in these cases, the weights in the last terms of B;(-,-) and L;(-;-) must be modified.
More details are given in Remarks 3.1 and 3.3.

The weak formulation is: Find p € L?(Q2) with p
A € A such that

Q;, € X(Q;) for i = 1,2, and

o
3.4 — KVp - n|pdo + —T/ = Apdo =0 VueA.
a4 [ KVl PIE DL ’

3.2. Equivalence. We next show that any solution of the mortar DG weak
formulation satisfies the original problem. It is easy to check that the converse is
true, provided the solution of the original problem is sufficiently smooth.

THEOREM 3.1. If (p,\) is a solution of (3.3)—(3.4), then p satisfies (2.1)—(2.2)
in the sense of distributions.

Proof. We first consider the domain ;. For any fixed F € £,(Q;), by taking ¢ €
C§°(E) in (3.3), we easily see that (2.1) holds within . We next consider two adjacent
elements £y C Q; and Ey C §; with an interface . By letting ¢ € H3(E; Uy U E»)
in (3.3), we have

KVp . qul' + KVp . qux — Sform /{qu : Il} [p] do
Y

E1 E2
= / fqdx = — V- (KVp)qdx — V - (KVp)gdx
FE1UE; FEq Eo>
= Z (/ KVp - Vgdx — KVp - npg, qdo) ,
i=1,2 \V Ei OF;

where we have used the fact that —V - (KVp) = f in E for all E € &£,(21). Therefore
(3.5) Sform /{KVq ‘n}[p|do = / [KVp - n]qdo.
2 ¥

For OBB-DG, NIPG, and SIPG, we have so;m # 0, and we can choose q € HZ(E; U

~v U E3) such that ¢ is zero on v and {KVgq - n} is arbitrary in HO%O(’y). Then (3.5)
implies that [p] = 0 on v. When running over all interior faces of 2, this means
that p belongs to H(Q4). In turn, we can choose ¢ € HZ(E; U~ U Es) such that |,
is arbitrary in HO% (7); then (3.5) implies that the jump [KVp-n] = 0 on . Thus
KVp belongs to H(div;Q;), and, therefore, the interior equation —V-KVp = f holds
globally in €2;. The same conclusion holds in 5.

If Storm = 0 (i.e., if we use IIPG), then (3.5) directly implies that [KVp-n] =0
on . Next, by choosing for i = 1,2, ¢ in (3.3) such that ¢|g, € H?(E;) with ¢ and
V¢ -n both zero on 9(E;) \ v, q arbitrary on HO% (7), and g = 0 elsewhere, we see that
(3.3) reduces to

oy

o[ wdr=o

which implies that [p] = 0 on . Then we conclude as above that p belongs to H!(Q1)
and (2.1) is satisfied in € for the four DG versions. Clearly, the same result is true
in QQ.
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Now, by substituting this information into (3.3) with ¢ = 1,2, we obtain that p
and A satisfy for any ¢ € X (€;)

o, fo
KVq - npq,plg, do + Z ﬁ/ (Pa)lq, do = Z F/ qlg, Ado
(36) P12 7€l TIT 7€l T

— / (9 + KVp - npq,)qdo + KVg - -npq,Ado.
02;\I'12 T2

To recover the boundary condition (2.2), let E be an element of &,(£2;) adjacent to
9 \ T12, and v = OE N (99 \ T'12). By taking ¢lg,\z = 0 and ¢|p € H*(E) with
g=0and Vg-n=0on dE\ v, (3.6) reduces to

—/KVp-nqu:/quU.
¥ v

3
Since the trace of ¢ is arbitrary in HZ (), we conclude that —KVp-n = g on .
Therefore (2.2) is satisfied on 99; \ I'12, and (3.6) becomes

or or
qu . nagip‘ﬂi do + Z F/ (pq) Q; do = Z F / q|Qi Ndo
(37) P12 rely 70T rely T YT

+ KVg - -npq,Ado.
T2

Finally, we turn to the interface I'1o. For ¢ = 1,2, let E be an element of &, (2;)
adjacent to I'15, and v = OF NT15. By taking Q‘Q,‘,\E =0 and ¢|, € H*(E) with
g=0and Vg-n=0o0nJdE\~, (3.7) becomes

> ( KVg - naq,(p

Tel g, 7TNYy#D

or

By choosing KVg - n and ¢ arbitrarily in the interior of v, we show that plg, = A
on v, and consequently for ¢ = 1,2, p|Qi = A on I'y5. This implies in particular that
p € HY(Q). The matching condition (3.4) now becomes _fl“u [KVp-n]udo = 0,
which implies that KVp - n is continuous across I'1z. Thus we have (2.1) over the
entire domain . d

3.3. Discretization. The mortar DG-DG finite element scheme is as follows:
Find (pulg, » Pulo, » Ar) € Xn(Q1) x Xp(Q22) x Ap such that

(3.8) Bi(pnsan) = Li(qn; Am)  Van € Xp(), i=1,2,
2
or
6:9) [ Kpnlpudo = 3 75 [ S (onla, ~ Audpado Via € A
T2 rely 7 VT =1

In the analysis we shall use the following inequalities, which hold if the penalty
parameter 03 is chosen to be sufficiently large.

LEMMA 3.1. Fori = 1,2, let £,(Q;) be nondegenerate. Then, with each ~y in
I'n(82), we can associate a positive number o., such that the following inequality holds
for all qn € X () and all g € X (€):

1 1 1 o
(310) | > [ {KVay-n}laldo| < SIK:Vanlio +5 > 7 / lg)” dor
YETH () "7 yeTh () 7Y
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Proof. For each E in &,(£2;), let B2 (resp., A1) denote the maximum (resp.,
minimum) of the eigenvalues of K on E By assumption, Ag** < knax and )\%ﬂn >
Kmin > 0, with kpax and ki independent of h and E. Let v = 0FE; N 0FEs belong to
T'n(€), and let us expand

1 1
HKVa, 0} los < 5 3 1K ale oy < 5 30 A5Vl oo
j=1,2 j=1,2

By reverting to the reference element E, and using the equivalence of norms on a
finite-dimensional space on FE, there exists a constant ¢, independent of h, such that

1
Van-mlo, < 5 5 g (2) )

(3.11) ﬂ':“ pox )

c Y

<3 —— ||K2VQh||0E

2 Amln (|E )

Therefore
> [anjaae < Yy B (L ¥ KAl
h -2 ; Amm |E ‘ h10,E; 0

YETR () 77 YELK () 5=1,2 E;

By applying Young’s inequality with parameter € > 0, this becomes

Z /{KVQh'n}[q]dU i Z Z ||K2VQh||0E

(312 e e

max

oy oy LR '”Hnunm

'yEFh(Q )j=1,2

It is easy to see that in the first sum an element F is counted at most L times, where
L is a fixed number that depends on the type of elements used; for instance, L = 4
in the case of tetrahedra. Therefore, by choosing € = ﬁ, we can take

Iy (B
B

(3.13) oy =4L& Y

=12

a quantity that is bounded above and below independently of h, owing to the nonde-
generacy of the mesh. With this choice, (3.12) implies (3.10). |

We next analyze the solvability of the system (3.8)—(3.9). This is a square finite-
dimensional system, and existence is equivalent to uniqueness. Let f = 0 and g = 0.
Take ¢, = pp, in (3.8), and sum over the two subdomains ; and Q2 to obtain

/ KVph vphd']j - (1 + Sform Z / {KVph n} [ph]

Ec&RL(Q ’YEFh ()
. g
14 X —
s+ 7 [
~ETL(Q) v TEFH
or
:/ [KVph n )\Hd0'+ Z /th|Q Agdo.
P12 TEFH
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Summation of (3.14) and (3.9) with uy = Ay leads to

KTl — (14 simm) Y- [ (K0 n} il do

(3 15) ’yGFh(Q) v
: 2
+ Y U”/ Pdo+ Y “T/Z )~ A)’do =0,
el () hy T€ly

310) KIS 7 [l 3 7 /Z

vETL(Q) 7€l

First consider the case 0 < 02 < o, < ¢l. For OBB-DG and NIPG, we have

dO’—O

Since K is positive definite in €2, the above equation implies that Vp, = 0 in each
E € &,(Q) and ppla, = Ag on I'ig, ie., pp is continuous across I'13. For NIPG, we
see, in addition, that pj is continuous in €7 and €; therefore py is a constant over
the entire domain €2, and Ay is the same constant on I'ys.

For OBB-DG and i = 1,2, (3.8) now implies that

(3.17) > {KVqy, -n} [py]do = 0.

YETL(Q:) 77

Let v € T'h(€;), and let v C OF, E € E,(Y;). If r > 2, we can construct qh such that
anlovs =0, anlp € Pr, fv KVq, -ndo =1, and fv’ KVqp, -ndo =0 for v/ C OE \ v
(see [39]). Equation (3.17) implies that [pn] = 0 on . Hence pp, is continuous in €,
i =1 and 2, and therefore p;, is a constant over the entire domain 2 and Ay is the
same constant on I'ys.

For SIPG and ITPG, assuming that 09/ is sufficiently large, we employ the inequal-
ity (3.10) in ©; and Qs with ¢, = ¢ = pj, and conclude from (3.15) that

(3.18)

]. 1 2 ]. O—'Y
0> JIK 3o+ S hv/ph P do +
~ETKL()

Z UT /Z ph|Q *AH O’.

7€l

We then conclude that py, is a constant over the entire 2 and Ay is the same constant
on Flg.

Let us now consider the case o, = 0; we see from (3.8), using (3.17), (3.16), or
(3.18), that for all schemes we have

(3.19) KVQh|Qi . naQi(phbi — )\H)dO' =0, =1 and 2.
ISP

If the mortar compatibility condition (A.1l) is satisfied for X5 (1), we have Ay =
Pulg, from (3.19) with ¢ = 1. Since Ay and pp|g, are both constants, we further
conclude, from (3.19) with i = 2, that pulg , pulg,, and Ay must be the same
constant. This concludes the argument for o, = 0.

We have shown for all schemes that the null space of the linear system (3.8)—(3.9)
is the constant vector. Owing to the compatibility condition (2.3), the right-hand side
for ¢, = 1is fQ fdx— fBQ gdo = 0. Hence the solution exists and is unique up to an
additive constant. We therefore have proved the following solvability theorem.
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THEOREM 3.2. For OBB-DG, we assume that r > 2. For SIPG and IIPG, we
assume that O’S s sufficiently large. We make no assumption for NIPG. Then the
scheme (3.8)—(3.9) possesses a solution (pp, Am) unique up to an additive constant
that is the same for pp and Ag. The same conclusion holds if o = 0, assuming that
the compatibility condition (A.1) holds for either i =1 or 2.

3.4. Convergence of the DG-DG schemes. Now, we use an interpolant p of
p that has particular properties on the elements adjacent to the interface I'yo. On the
other elements F, we take p to be the interpolant constructed in [39] in the case of
OBB-DG or simply take p to be the L?(E)-projection of p for the DG methods with
interior penalties. More precisely, pla, € Xn(;), ¢ = 1,2, for all E € E,(Q), p|g is
exact on P, and for all E adjacent to I'1o

v v

In the case where r > 2 such an interpolant is constructed in [39]. In fact, that
interpolant satisfies (3.20) on all element sides v C OE. In the case where r = 1, we
augment (3.20) with the conditions

(3.21) / KVp-ndo = | KVp-ndo, ~ COE\T19, i=1,...,d—k,
Vi i

Vi
(3.22) /ﬁd;v:/pdx,
E E

where k is the number of sides that E shares with I';2. Note that condition (3.21) is
empty if k = d. It is easy to see that, if K is a constant on F, (3.20)—(3.22) define
p uniquely and that p is exact for linears. If K is not a constant on F, an extension
similar to the one in [39] can be used. In all cases, p has optimal approximation
properties, namely, on each E € &,(Q),

(323) |p - ﬁ|k,E < Chg+1_k|p|7‘+1,E’ k=0,1,2.

1 _1
Note that, for v C OF, the trace inequality [7] |¢|ry < C(hE|Plit+1,E + hp? |k E)
implies that

~ r+1—k
(3.24) P = Bliy < Chy  Mplsap, k=0, 1.

More generally, we have the following lemma.
LEMMA 3.2. Let E,(Q;), i = 1,2, be nondegenerate. Then there exists a constant
C, independent of h, such that for all p in H*(X;), s > %,

2

3.25) (> A I{KVe-p)-n}bi, | <Ch*pla, p=min(r+1s).
YET R ()

Proof. Consider a side y adjacent to an element E. The result follows by switching
to the reference element, applying a trace theorem, and using (3.23):

h |’Y| max ~ 2(s—1 ~
|”E| (AB™)? (Ip—pI?,EJrhE( )Ip—pliE)

<Chy" Vlpl2 5. O

hy|IKV (p = )| -nllf , < C
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THEOREM 3.3. Let p be a solution of (2.1)—(2.2). Let (pn, Ag) be a solution of
(3.8)(3.9). We assume that p € H*(Q) for some real number s > 3 and that 9 is
sufficiently large for SIPG and IIPG. Then there exists a constant C, independent of

h and H, such that

1KV = lont [ 30 7 bulls, + 30 5 3 onle, = Anlly,

YETL(R2) ’Y T€ly i=1,2

L(HNE s . o 1
<C|(h " +H* 2 ), p=min(r+1,s), i =min r+1,sf§ .

Proof. Since by assumption p is smooth enough, we let p € Ay be the continuous
nodal interpolant of p and define

n=Ag—p, 0 =p—p nt=Ag-p=n+n.

Define

E=pn—p, E=p—p, i=p-p=E+¢
The interpolant p satisfies [19]
(3.26) lp = Bler, < CHY *|plitij20, 0< k<1,

where the bound for fractional k is obtained by interpolation between L?(I'13) and
HY(T13).

By subtracting the weak formulation (3.3) from the finite element scheme (3.8)
and choosing ¢, = ¢4, we obtain

Bi(€4,6) = Li(¢% am) — Li(€%p) + Bi(¢!,€7), i=1,2.
Summation over the two subdomains leads to
2

Bi(¢%,¢%) =Y (Bi(¢", €M) + Li(¢* am) — Li(€%;p))

= i=1

2
:ZBi(fl,fA)—i—/ [Kver ndg+z > = I /g |, ndo.
i=1

T2 i=1 TEFH

gl

(3.27)

Similarly, by subtracting (3.4) from (3.9), with 4 = ug = n“, and noting that p and
KVp - n are continuous across the interface I'12, we obtain

/rlz KVt n]ytds = 3 3 G [ (€4, - ntntae

1=1,27€ly

:/F [KV£I~ ndo — Z Z UT/£I|Q D Ado.

1=1,27€ly

(3.28)
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Summing (3.27) and (3.28) results in

(3.29)

2 g. g

S OB ehH - >0 > T/é N CEDDY 7/5 o, —n*ndo
=1 i=1,27€l'y i=1,27€l'y

2
_ (eI Ay A I I A
_ZBZ(g NS /F [KVEA -n)n d0+/F12 KV - n]| nido
ISRy EUNTEED wib oy (L e
1=127€ly i=1,27€l'y

We expand the first term on the left-hand side of (3.29):

S Bie! 6 = IKEVER o — (4 stm) 3 / {KVEr -0} [¢] do

YETL(Q)
+ Z "”/gf“ do+ > Z“T/ﬂﬂda
~ET ( 1=1,27€ly

We denote by LgyEqu and Renkqu the left-hand and right-hand sides of (3.29), re-
spectively. An algebraic manipulation yields

Dipan = IKAVE G — (14 srm) Y [ K968 0} [e] o
)

’YEFh(Q
+ZUW/€AdU+ZZUT/§A_ do.
YETL () i=1,27€ly

For NIPG and OBB-DG, the second term in Lg;gEqu vanishes, leaving only the
coercive terms. For STPG and ITPG, we employ the inequality (3.10) with ¢, = ¢ = ¢4
to conclude that

1,1
LErrEqu 2 §|”K2VEA 2

> ﬁL[&A}Qda

YETR(Q)

L X g (e

1=1,27€l'y

— do.

We now consider the right-hand side of (3.29). By expanding its first term as

2
> B¢ ¢ = / Kvel . verde — / {Kv¢! - n} [ do
i=1 E€&L(Q) YETL ()
— Sform {KVeh -n} [¢f]do— | [KVE -net]do
f “/GFZI:(Q / /F”
+ | [Kver-ng!]do + A do + Ir [ (e g, do
/FH[ WGFZ / ZZIZ TEZF / "
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and using the fact that ' and n? are uniquely defined on Ty, we have

Renbqu = Y /E KV¢ - vetde — ) / {Kv¢'-n} [¢4] do

Ee&L(Q) yETL(Q) VT
— Storm Z /{KV§A~n} [51] do + Z ZJ/ [51] [fA] do
~ETR(2) " vern(@) 7Y
=Y [ (M, € g, — 0o
T€lY Ti=1,2
7
_/ [(KVer -n(n' — ¢ d0+/ [KVe - n(n? — M) do =Y T
T2 I'io i=1

We now bound each term 7T; of Rgngqu. We first bound 73 for NIPG, SIPG, and
IIPG:

Tl <e S %/[gA]Qda+oh2ﬂ*2.
yera(@) 7 77

For OBB-DG we use an argument from [39] and the property (3.20) of p, which holds

for all element sides. On each side v = 0E, N OEs, let ¢, = ¢! — c?y, where ¢! is the
mean value of €4 on F;. We have
Tl =| Y {KVe¢ - n} ([¢Y] - ¢,)do
yETH(2) T
€ 1 _
< > (hl[é“A] — oI5, + Chy [ {KVE- n}|3,7) < elK> Ve o + ChH,
yeru (@™ 7

where we used the fact that

A A A 3 /1cA A
16M = eyllony < 1€ B, = Allony + 16 B, — Elloy < CRE(1E41,5, + €41, 5,)-

We continue with bounds on the rest of the terms T; of Rgrgqu for all methods:
3o+ CIK2VE 2 o < ellK2VENR o + Ch2 2,
~ A 2 1 112
s <& > hw/{Kvg n} do+C h—/[g] do
~ETH(Q) g veTh(Q) Y

< | K2VENF o + OB,
T <e Y %/[gA]QdajLChQN*{
y

yeETR(Q) T
|T5| < e Z %/Z ( A|Qi*77A)2dJ+C Z %/Z fﬂéida

7€l Ti=1,2 7€l Ti=1,2

toy ;’T/ (n)? do

rely T YT i=1,2

SN

Te€ly Ti=1,2

Tz

7€l Ti=1,2

ITh] < el K2 Ve

2 _
o~ ") do+ R TIET L CHY

IA

2 _
o~ nA) do + Ch2H=2 4 O %!,
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To handle term T, we use the special properties (3.20)—(3.22) of the interpolant
p on the interface I'15. We define

T i= — KVeA g, (nf — 5I)|Q,- do, i=1,2.
T2

Obviously, we have Tg = T,1+15,2. We bound T 1, suppressing the subscript 925 for
simplicity; the bound for T§ o is similar. By using the same argument as for bounding
T3, it is easy to see that

Ts.1] < Ta+ T + ElKEVE G o, + OB 2,
where
Ty := / |KV£I . nﬁj‘ do, Tp:= / |KV§ . nnI| do.
INE s
To bound term T4, let Py, 1 be the L?-projection onto the space of piecewise constants

on &,() N Ty, use (3.20), and revert to the reference element to recover the H=
norm in the second factor below; this gives

Ty = / KV (p— ) n(n’ — Pyayl)| do
NP

2

<C| > mlIKVE-p)n}, > H"IH;

YET12 Y€ 12

[N

Then we apply (3.25) to the first factor and (3.26) with k = % to the second factor;
this gives
Ta < CW* ol H' 3 plgyy 0, < CH272 4+ CHPPL

To bound term T, we first subtract (3.3) from (3.8) and take the test function to be
a piecewise constant on & (£21), to obtain the discrete mass balance equation

- > / {KV(pr, —p)-n}lgldo — | KV(py —p)-nglo,do
(3 30) YET K (1) T
) o
+ Z Iy / [pr] [q] do + Z / Phlg, — m) qdo = 0.
vthﬁz) TEFH

Let 7' = Py(n!), where Py € L(Hz(I'15); H'(€)) is an extension operator, and let
9, be the L2-projection onto the space of piecewise constants on £, (€;). Using (3.30)
and the continuity of the trace of 7! across interior interfaces, the term Tz has the
following expression:

KV¢-nnldo
T2
= > [ {KV(pr—p)-n}[i']do+ | KV(p, —p) nij'do
EF}L(Q ) v F12

= Z /{KV pr —p)-n} [17 — On7y ] do + KV (pn —p) -n(i’ — Quil)do

YETHL (1) T2

+ Y /ph [Qnit'] do +
h.,

YET R (1)

Z / pulg, — Au) Quif'do = ZTBz

TEFH
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To bound the first term, observe that, by mapping to the reference element, using a
trace theorem and the regularity of £,(€21), we have on any segment v adjacent to an
element F

7" = Qi o,y < CRE |71, k-

Applying the continuity of the extension operator P; gives

2

Teal<C Y hIKV@=p)E, | 1715
YETK (1)

For the first factor we write p, —p = &4 + ¢! and apply (3.11), (3.25), and (3.26),
thus deriving

. _ 1
Toal < CH 3 bl y 0, (W7 Plus + IKEVE o, )
< AKEVE PR g, + (22 4 L),

with a similar bound for |Ts 2|. The remaining terms are bounded as follows:

a. i—
3 /ph o ~7do| < Y T |palll, + CH,

YETHL (1) YETHL(Q1) v
|TB,4‘§ Z JT/ph|Ql_)‘H) (th —'17 dJ Z /ph|Ql_)\H Ido
T€l'y EFH
< 3 7 ke, ~ Al + COPE 4 5
Tl

By combining the results for T4 and T’z ;, we obtain

1 g 2
Tl < el K2VEMS o, +6 > hJH[ph]”o,a,"‘EZ
YETH(Q) T T€lH
+C(p*72 4 B,

7 et =,
HT £ |Ql n 0,7

where we have also used (3.24) and (3.26). The last term 77 can be bounded as
follows:

HE DY Z ||€A

[N
N

=R, >N —||KV§’

i= 12TerH i=127€ly
<ey Z = &g, =5, + Ch* P H.
i=1,27€ly Hr

Thus

+ 3 2, 2 7 5 et -,

yely Q)

<CM“2<H)+CHW1.
= h

The proof is completed by using the triangle inequality. 0
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Remark 3.1. Tt is also possible to choose Sty = 0 or 1, independently of Sgopm-
For example, taking St = 1 in SIPG preserves the symmetry of the method. These
choices, however, require fine-scale related weights in the interface penalty terms of
B;(+,-) and L;(+;-), in order to control the terms involving integrals on I';3. More
precisely, the last terms of B;(-,-) and L;(-;-) in (3.8)—(3.9) need to be replaced by

(3.31) > / prlo,ailodo amd Y 7 / drloo At dor
YE R, vETL 4

respectively. Here T'j,; denotes the trace of &£,(€2;) on I'12. Similarly, the interface
pressure continuity term in (3.4) should be replaced by

> Z /phlg = Au)pndo.
i= 12761—‘;”

Then the terms involving integrals on I';2 can be controlled by the terms in (3.31)
and | - [lo,q., via the inequality, for all g, € X5 (Q;) and all u € L*(T12),

§ 2

’YGFh i

(3.32)

KVg, -nudo| <
T2

2 HIK =Vanll§

assuming the weights o, are sufficiently large. Note that (3.32) can be shown in a
way similar to (3.10). It can then be seen that all modified mortar DG methods are
well-posed; i.e., Theorem 3.2 holds for Sgo;, = 0, 1, or —1. Moreover, under the
assumptions of Theorem 3.3, following its argument, we can show that there exists a
constant C, independent of h and H, such that

> P+ (3 S Pllenla, ~dull,

YETL(R2) 'Y i=1,2~v€ly ;

—1 n—L H % . _ . _ 1
<C|h "+ HF 2 " , p=min(r+1,s), i =min r+1,s—§ .

Note that, if H = O(h), the above bound and the estimate from Theorem 3.3 provide
the same (optimal) asymptotic convergence. However, in the multiscale case H =
O(h%), 0 < a < 1, the bound from Theorem 3.3 is better.

3.5. The interface operator and the reduced problem. In the following
we present a nonoverlapping domain decomposition algorithm, which involves the
reduction of the coupled system to an interface problem in the mortar space. We are
motivated by the algorithms developed in [26, 4].

Let us split L;(g, A) into a sum of two terms:

Li(g; A) = li(q) + bi(X, ),

1K=V (pr, —

where

(3.33) / fqu—/ gqdo,
9\T'12
b (>‘ q Sform/ qu nso,; o + Z /
T2

(3.34) TEFH
= / KVq nso; Ao + Z /
T2 TEFH
since we take Siorm = —1. We comment on the choices 5go.n = 0 or 1 in Remark 3.3.
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Define a bilinear form dg : L?(I'12) x L?(T'12) — R for A\, u € L?(I'12) by
(3.35)

2
* Or %
dn() =Y < | Ko, monsdo = 3 7 [ (i, —A)udff),
i=1 12 rely T YT

where p}(A)]a, € Xp(Q), i = 1,2, is the solution of
(336) Bi (p;kz()‘)v qh) = b’L ()‘7qh)a an € Xh(QZ)a i=1and 2.

Define a linear functional gz : L?(I'12) — R by

_ or [ _
gu(p) = *Z ( g K Vph|g, - noq,pdo — Z F/Phb,i Md0> ;
12 TJT

i=1 T€TH
where ppla, € Xn(£%;), ¢ = 1,2, solves
B; (P, qn) =1li(gn), qn € Xn(£};), i=1 and 2.
It is easy to see that the solution (pn, Ag) of the DG-DG scheme (3.8)—(3.9) satisfies

(3.37) dag M, pm) =9 (kE), pH € AH,
with
Prn = Ph(Am) + D

We now analyze the properties of the bilinear form dg(-,-) for the various DG
schemes. We first let g, = p} (1) in (3.36) for some pu € L?(I'13) to obtain

(3.38) By (N, P (1)) = b (A, ph (1)), =1 and 2.
By using (3.35), (3.34), and (3.38), we have
(3.39)
2 2 o o
du (A p) =Y bilp,pr (V) —2> > FT/pZ(/\)ImudoﬂL? > FT//\uda
i=1 i=lrely 7 ey 77T
2 2 o o
=Y Bi(i(w)pi (M) =2 > ﬁ/pi(/\) opdo+2 ) FT//\udo-
i=1 i=17elg ' 77 rely T YT

Note that the above representation implies that the interface bilinear form dg (-, ) is
nonsymmetric for all DG versions.
To show coercivity, using (3.39) and (3.1), we obtain

dg (W) = IKEVDE VIR g = (1 + storm) Y. | {KVPEN) -0} [ph (V)] do

YETR(R) 77
o . o, . 2
3 2o Y Y 7 [ (i, -0 do
NyeD,(Q) 1YY i=1,27¢ly " /7
(3.40) . . i
> IV a5 X 2 [ B
2 2 h
YETH(Q) v
or . 2
> D F/(Ph(A>|ni—/\) do,
i=1,27ely = "~ 77T
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where we have used (3.10) for the inequality when $gom = 0 or 1. Therefore the
interface bilinear form dg(-,-) is positive semidefinite on L?(I';3). The argument in
the solvability Theorem 3.2 implies that dg (A, A) = 0 only if A = constant. We
summarize our results below.

THEOREM 3.4. Let the assumptions of Theorem 3.2 hold. For all DG versions, the
interface bilinear form dg (-, -) is nonsymmetric and positive semidefinite on L?(T'12),
with the kernel consisting of the constant functions.

Remark 3.2. If the Dirichlet boundary condition is imposed on a part of 02, I'p,
such that [T'p| > 0, then dg (-, -) is positive definite on L?(T'12).

Remark 3.3. For a general choice of Sgorm, coercivity of dy(-,-) can be shown for
all modified schemes introduced in Remark 3.1, by using inequality (3.32). Recall
that taking Sgorm = 1 in SIPG gives symmetric forms B;(+,-). It is easy to see that
in this case dg(-,-) is also symmetric. In particular, by using (3.35) and (3.34) with
modified penalty terms and (3.38), we obtain

2
Z i(ps i (X)) + Z %/Auda
i=1 vy

YEL h,i

Z SAESDY Z::/)\Mda =dy (1, ).

YEL R,

Therefore in this case the conjugate gradient method can be employed for solving
(3.37).

4. Coupling DG with MFE using a mortar space.

4.1. Weak formulation. We now consider the case where DG formulation is
used in §2; and a mixed formulation is used in {29, the matching at the interface being
achieved by a mortar multiplier. Recall that W (Qy) = L%(Qy), A = H2 ('), and
B;(+,-) and L;(-;-) are defined in (3.1) and (3.2), respectively. In this section, we use
only the definitions in 2; and drop the subscripts for simplicity. That is, we denote
Bi(+,-) and Ly (+;-) simply by B(-,-) and L(;-), respectively.

Let u, be the restriction to Q2 of an extension of ¢ satisfying u, € H(div; ) and
u, -n = g on 9Q. The coupled DG-mixed weak formulation is as follows: Find p €
L*(Q), such that plo, € X (), pla, € W(Q2), u € Vo(Q2)+uy, and A € A such that

(4.1) B(p,q) = L(g; ) Vg € X(h),
(4.2) K*1u~vdz—/ pV-vdx:—/ v -npa,Ado Vv € Vy(Qa),
Qs Qo ISP

(4.3) V- -ugdr = fqdx Yqe W(Q2),
Qz Q2
(4.4) _/ (KVplo, -n+u-n)udo+ Y /H (Plg, — Apdo =0 Yu € A.
P12 7€l
As in section 3, we take Sform = —1. The choices Siorm = 0 or 1 are discussed in

Remarks 4.2 and 4.4.

4.2. Equivalence.

THEOREM 4.1. If (u,p, A) is a solution of (4.1)—(4.4), then p satisfies (2.1)—(2.2)
in the sense of distributions. Conversely, if p is a sufficiently smooth solution of
(2.1)—(2.2), then there exists u and X\ such that (u,p, \) solves (4.1)—(4.4).
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Proof. By using the same arguments as in the DG-DG case, we conclude that
plg, € H'() satisfies (2.1) in ©; and (2.2) on 99 \ I'12 and that pl, = A on T'a.

We now take v € (CSO(QQ))d, and (4.2) becomes
K lu-vds — / pV -vdxr =0,
QQ Q2

which implies that u = —KVp in Qs. With ¢ € C§°(Q3), (4.3) implies that V-u = f
in Q. Hence (2.1) is satisfied in 5. We have forced that u-n = g on 093 \ I'1a,
which results in the satisfaction of (2.2) on 9 \ T'12.

By taking v € (Hl(Qg))d, with v =0 on 9 \ T'12, (4.2) becomes

—/ V- npo,Ado = — Vp-vdx—/ pV - vdx
1—‘12 Qz Qg

= —/ vV - npo,pdo = —/ vV - Npo,pdo.
0y T2

Since the trace of v can be arbitrarily chosen in H[)%O(Flg)d7 we conclude that plg, = A
on I'15. Hence p has the same trace on both sides of I'15, and therefore p belongs to
HY(Q).

Finally, on I'12, (4.4) gives — KVp|, -n=u-n= — KVp|, -n; that is, KVp-n
has the same trace on both sides of I'15. Therefore (2.1) is satisfied in the entire
domain 2. O

4.3. Discretization. We recall that the DG and MFE approximation spaces
were introduced in section 2. Let 1T, € L(H'(Q2)% V1,(Q2)) be the standard MFE
interpolation operator satisfying on any E € &,(€2) [17]

(4.5) / V-(u—Tpu)grdz =0 Vg, € Wi(E),
E

(4.6) /(u—Hhu)-nvh-nda Vvy € Vi(E), Vv e€OE,
2!

(4.7) ||Hhu||H(div;E) < Cluly,E,

(4.8) [u—Tullor < CR™ M ulmir B

These properties imply that for all MFE spaces under consideration [17]
(4.9) V- Vi0(Q2) = Wi(Q).

More precisely, we have the following inf-sup condition.
LEMMA 4.1. Let £,(Q2) be nondegenerate. For any pp in Wi, (Qs), there exists
vy, in Vi 0(Q2) such that

Vv =pp infy
and a constant C independent of vy, pn, and h such that
(4.10) Vil (@ivies) + Ve - mllor., < Cllpallo.g.,-

Proof. First, we extend p;, by a constant function in 2; so that its mean value is
zero in 2. Let pj, denote the extended function. Then

[5rllo,2 < Clipallo,0,-
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As pj, has mean value zero in , there exists v in HE(Q)? such that (cf. [25])
V-v= ﬁh in Q
and

(4.11) IVl1,0 < Clpnllo,o < Cllpallo,os-

Take v, = IIv. Then we easily derive from (4.5)—(4.7) and the regularity of v that
the restriction of vy, to Qg belongs to Vi, 0(Q2) and satisfies (4.10). 0

Let uy 4 be an adequate approximation of ug in V3 (£22). The finite element
mortar DG-MFE discretization is to find (pp|q, » Palg, > ns Arr) in Xp(Q1) x Wi (€22) X
(Vh,0(822) +upg) X Ay such that the following equations hold for all (qh\gl ; Qh|92 )
vh,,uH) in Xh(Ql) X Wh(Qg) X Vhyo(ﬂg) X AH:

(4.12) B(pn,qn) = L(qn; A\n),
(4.13) K tuy - vpde = / prV - vpdr — / Vi, - Noq, Agdo,
Qo Q2 T2
(4.14) V -upqpdr = fandz,
QQ Q2
(4.15) / uy, -npugdo = / KVph|Q -npgdo + Z /ph\gl o)imdo.
F12

7€l

Note that both u, and uy, 4 are introduced only for theoretical reasons and in practice
we need only to approximate g.

We now address the existence and uniqueness of the solution of the above system.
This is a square finite-dimensional system, and existence is equivalent to uniqueness.
Let f =0 and uy 4 = 0. By taking g5 = py, in (4.12), we have

Z / KVpy - Vprdzr — (1 + Storm) Z / {KVpy, - n} [pp] do

E€&r (1) YETR(Q1) 77
or
(4.16) + Z / pn)? do + Z /ph|91da
RISV Ql) TGFH
— KVppla, -nigdo + Z /ph|Q1)\Hd0'
Fiz TGFH

By taking v, = uy in (4.13) and ¢, = p, in (4.14), we have

(4.17) K 'u, - upde = —/

up - n3Q2)\HdJ = / uyp - Il)\HdO'.
Qo NP

T2

By taking pg = Apg in (4.15), we obtain

(4.18) / uy, -nlgdo = — / KVph|Q -n\gdo + Z /ph|91— ))\Hd()'.
T2 TElY

Summation of (4.16), (4.17), and (4.18) leads to

1 1
1K= Vpullg o, — (1 + Storm) Z {KVpp -n} [pp] do + K" 2ufj o,

(4.19) 7€l
+ ) / 12 do + Z /ph|Ql )2do = 0.
Y€ (1) ’Y TEFH

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



MORTAR COUPLING FOR DG AND MFE METHODS 969
First consider the case 0 < 02 < o, < ol. As in section 3.3, we easily derive
from (4.19) that for OBB-DG and NIPG, u;, = 0 in Qq, py is a constant in 5 and
Mg is the same constant on I'15. The same conclusion holds for SIPG and IIPG, by
applying inequality (3.10).
Now as uy, is zero, (4.13) becomes

(4.20) Vi € Vio(822), /

phv . vhdx = / A\ nagz/\HdO'.
Qo

iz

Let pp, denote the mean value of py, in Qo: P, = ﬁ fm prdz. Then (4.20) implies
that for all vy, in Vj 0(Q2), with vj, - n =0 on 99,

/ (pr —PR)V - vidz = 0.
Q2

As pp, — pr, belongs to W, (£22) and has mean value zero, the argument of Lemma 4.1
implies that there exists vj, in V5, (€2), with v - n = 0 on 9, such that

/ (pn = P)V - vide = |[pn — Prll3 q,-
Q2
Therefore pj, is also constant in 9, and (4.20) implies that

(4.21) Vv, € Vi 0(Q2), / Vi n(Ag — pulg,)do = 0.
T2

Since Ay is constant and coincides with the trace of pj, coming from 21, we infer from
(4.21) that it also coincides with the trace of p; coming from 5. Thus pj, is constant
in Q.

There remains the case o, = 0. With the information we have so far, (4.12)
implies that

(422) I(thkz1 . n(/\H — ph|91)d(f =0.

If the mortar compatibility condition (A.2) is satisfied, since pj is constant in Qo,
(4.21) implies that Ay = pp|q,. Thus, Ay is constant, and (4.22) implies readily that
pr, has the same trace on both sides of I'y5. If the mortar compatibility condition
(A.1) holds, as py, is constant in €, then (4.22) implies that Ay = pnlq, . Hence Ay
is constant, and (4.21) implies again that Ag = pa|,; therefore pj, is constant in €.

We have shown for all schemes that uy is unique and that the null space of the
linear system (4.12)—(4.15) for pp and Mg is the constant vector. The compatibility
condition (2.3) implies that the right-hand side is orthogonal to the null space, and
therefore the solution exists and is unique up to an additive constant for p; and Ag.
We have proved the following solvability theorem.

THEOREM 4.2. For OBB-DG, we assume that r > 2. For SIPG and IIPG,
we assume that 0'3 s sufficiently large. No assumption is needed for NIPG. Then
the scheme (4.12)—(4.15) possesses a solution (ppn,an, Ag) unique up to an additive
constant that is the same for py, and Ag. The same conclusion holds if o = 0,
assuming that either the compatibility condition (A.1) for i =1 or (A.2) holds.
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4.4. Convergence. We define the interpolant p of p such that p in Qs is the L2-
projection and p in Q4 is defined as in the previous section. Then, on any E € &£,(Q2),
p satisfies

(4.23) lp = Bllo,e < CRE [plita, -

For p, we take again the continuous nodal interpolant of p in Ag. Now we choose
upg. On any v C OE N (08 \ T'12), considering that u-n = g, we define Py,g by

Png = (pu- n)|’v'

Since, by construction, (IIpu - n)|, does not depend on the interior values of u, Png
depends only on g. Then we can take for up 4, any function in V5 (€2) such that
up,g = Prg on 0Qy \T'12. All results derived below are independent of this choice and
depend only on Prg. To prove the convergence theorem below, we need the following
trace inequality. The proof is a variant of those derived by Brenner in [13]; see also
[41]. Tt is stated in Qq, but it is valid in any connected Lipschitz domain.

THEOREM 4.3. Let £,(21) be nondegenerate, and let T' be any portion of 9
with positive measure. Assume that 0 < 02 <o, < a}y, Then there exists a constant
C, independent of h such that, for all functions q, in Xn(Q1), the following trace
inequality holds:

2
(4.24) / Gdo < C | |K2Va|? o, T Z / an)? do + ’/ qn do
I r

YETH (21 )

We proceed with the convergence analysis of the coupled DG-MFE methods. We
consider only the cases of NIPG, SIPG, or IIPG, since Theorem 4.3 does not apply
in the case of OBB-DG. We comment on that case in Remark 4.1.

THEOREM 4.4. Let E,(9;) i = 1,2, be nondegenerate. Let p € H*(Q), s > 2,
be a solution of (2.1)-(2.2), and let u = —KVp. Let (pn,up, Ag) be a solution of
(4.12)~(4.15), where NIPG, SIPG, or IIPG is used in (4.12). We assume that o9 is
sufficiently large for SIPG and IIPG. Then there ezists a constant C, independent of

h and H, such that

K3V (s~ p) > 7th ||07+HK : uh—u)HoQ
YET L (1) ’Y 22
1
H\?
> T ~llpnla, A1L1H(2HS0<h”‘1 <h> +H“—%+h”>,
T7€ly

where p = min (r + 1, s), ﬂ:min(F+ 1,s— %), andu:min(m+ 1,s— %)
Proof. In addition to the error variables n, n’, n, €, ¢!, and ¢4 introduced in

section 3.4, we define

X =up—u, XI =u—Il,u, XA :uh_Hhu:X"‘XI’

and observe that, owing to the choice of uy g4, x*? belongs to V1,0(22). By subtracting
the weak formulation (4.1) from the finite element scheme (4.12), and choosing g, =
€4, we obtain

B(¢* &) = B(¢", ¢ + L& Am) — L(E%p)
B 6N+ [ KV o+ Y FE [ eMande

Tz TGFH

(4.25)
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By subtracting from the mixed finite element scheme (4.13)—(4.14) the corresponding
weak formulation (4.2)-(4.3), we obtain the error equations for all (v, g) in Vi, (22)
X Wh(Qg)Z

(4.26) Ky -vyde = §A V. vydr — / v, - Dpq,ndo,
Qo Qo T2

(4.27) vV xA qndr =0,
Q2

where we have used the properties (4.9) and (4.5). Note that (4.27) and (4.9) imply
that

(4.28) vV-xA=o.
By taking vj, = x“ in the equations above and noting that n = —nggq,, we have
(4.29) K 'y x*da — / X nndo =0.

Qo T2

Similarly, by subtracting the matching condition (4.4) from its finite element formu-
lation (4.15), and taking pg = n“, we obtain

(4.30) / x -npido = —/ KV¢lg, -nnp’do +
F12 1—‘12

> / (Elo, — n)do.

Tely
Summation of (4.25), (4.29), and (4.30) yields

BENeM + [ Ky M — /

x4 - nndo + / x - nntdo
Qo T2

T2

O

7€l

= B(glng) +/I‘ KVEA‘Ql ’ m?dU +

or
— KV¢]q, -nnido + Z il /(£|Q1 —n)n’do.

Ci2 7€l

Rearranging terms results in

BEA N+ K D o, + Y 5 [, - n e = 30 75 [(64],,0%0

T7Cly 7€l
_ I +A A I Or A I
=86t - [ Ve, s = 32 G [ €, a'ao
TE
(4.31) "
or
-y F/(gﬂm —nf)nAda+/ KVe' |, -nntdo
T7el'y T T T2
+ K_lxl-XAdm—/ XA-nnIdo+/ x! - nntdo.
Qo T2 INP]

We denote by Lgriqu the left-hand side of (4.31) and apply an algebraic manipulation
to obtain

Lpabq = [K2VEAR o, — (14 Storm) Y. [ {KVEA -0} [¢4] do

YETH(Q1) 7
(e} 2 _1 gr
+ Z h;Y/ (€] do + K™ 2x A3 o, + Z F/(§A|Ql — 2o
~YETL (1) vy rely T YT
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For NIPG and OBB-DG, the second term in LgEqu vanishes, leaving only the coercive
terms. For SIPG and IIPG, we employ the inequality (3.10) with ¢, = ¢ = &4 to
conclude that

g
LErrEqu = 7|”K2V£A|”0 RS + A Z . / gA

’YEFh(Q )
K-} AH L/( Al oA
+H X O,QZ+ Z HT - g ’Ql n
7€l

We now consider the right-hand side of (4.31), which is denoted by Rgygqu- By
expanding the first term as

B(ehet) = / KVe' - vetde — > / {KV¢! -n} [¢Y] do
Eeén( YETK () "7
— Sform Z / {Kng ' Il} I:gl] do — / KV£I|Q1 : n§A|QldU
YETK(Q1) T
+ KV£A|Q1 n§ |Qld0+ Z / EA do + Z UT /€I|Q1§ |Q1d07
[z ~yETH( 7€l
we have
RinBqu = / KV¢' - vetde — > / {KV¢ -n} [ do
E€En(Q1) YETR(21) 77
—Sform Z / {KVé-A . dU + Z U’Y /
yelL (1) 77 YETK (1)
T Z O'T / 5]‘91 I)(é—A!Ql_nA)do.
TEFH

+ K1y Adm—/ x4 nnlda—i—/ x' - nnido
Qo NP NP

10
— KVél|a, -n(nf —€q,) do +/F KV§I|Ql n(n?* - g,) do = ZT
12 =1

T2

We now bound each term in Rgygqu. We skip terms T7-T5 because they have the
same bounds as in the proof of Theorem 3.3. Next, (4.8) implies that
|T6| <€HK 2X H

—&—C’HK 2y H <€HK 2y H + Ch?.

0,02 0,822 0,922

To bound term T%, let 7Y = Py(n?), where P, € L(Hz(T'12); H () is the analogue
of P,. By considering that xy* - n vanishes on 9§ \ T'12, we can write

/ (x* )7’ do
99
Then, by using (4.28) and (3.26), we obtain

|T7| <

< ”X IlH_; ,0Q2 £,00Q2 <C HXAHH(dw Q2) Hn ||27F12 :

‘T7| S €

1 2 =
K_EXAH +CH*L,
O,QQ
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To estimate Ty, we split it into

I nide — I A — eMdo I éAdo
/m(x A /Fm(x Yot — e4)d +/ (- )Erdo,

T2

and we consider first the last term. Let &4 = IFL\ me ¢4do. The approximation

property (4.6) of II;, implies that
[ metio = [ ny(et - o
F12 I‘12

As €4 — ¢4 has mean value zero on I'15 and €4 is a constant, the trace Theorem 4.3
yields:

1
< Clx" nllor,, | IK2VEY

(2
ot Y IR,

~veTL(Qy) Y

/ (x" - n)¢tdo
1—‘12

As far as the first term is concerned, we write

< (Z §;||nA—aA||3,T>

7€l T

1

]{T I 2 :
(3 2o nit)

Tely T

=

/ (X' m)(n* =N do
T2

By collecting these inequalities and using the approximation properties of IIj, we
derive:

. 2 1 or 2 Y
|Ts| < e Z h—”/[{‘ﬂ do+e|K2VEA S, +e Z F/(§A|Ql an) do+Ch*.
yETH(Qr) 77 rely ~ T U7

Term Ty can be bounded by using the argument for 75 ; in Theorem 3.3:

1 o 9 or 2
To| < dKIVE 0, +¢ > Tllipallly, +€ > 2|60, =0,

VETR(Q) T€ln
+ C(h* 72+ HT).

The estimate of the last term is the same as for 7% in Theorem 3.3:

g A A 2 —
Tio| <e > F [n* = €, ||y + CR* 2 H.
€l |
Finally, we combine all terms to conclude that

(o2 2 _1
Ba+ > TN, + |
YETH () T

+ZZ—:
T€ly

An application of the triangle inequality completes the proof. 0
Remark 4.1. The difficulty in coupling OBB-DG with MFE in the above proof lies
in the estimate of term Tg. The term is bounded by using the special trace inequality

1 2
K= Vel

0,02

2 H .
4o, -0, _<c <h2“‘2 (h> +H2 h2”) .
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from Theorem 4.3, which involves penalized jump terms on interior edges (faces).
An alternative approach to handle Tg is to construct a special MFE interpolant ITu
satisfying

Yug € Ay, / (u—TIu) - npy do = 0.
T2
This can be done by assuming a specific relation between the mortar grid and the
MFE grid. Due to lack of space, we do not pursue this approach further here.
Remark 4.2. The cases Storm = 0 or 1 can be treated as in Remark 3.1. It
can be shown for the modified DG-MFE methods that, under the assumptions of
Theorem 4.4, there exists a constant C, independent of A and H, such that

1
IKEY (o =p) oy + | D el + K (= w)|
wth(Ql) o
1
2 _ a1 (H\? y
Z 'v th|91 /\HHMSC<h“ Ly gr-2 (h) +h>,
wth(Ql)

-

H\? )
th _pHO,Qg S C <h# 1 H‘u’ 2 <h> +hu+hy> ;

where = min(r+1,s), i = min(FJrl,sf%), v = min(erl,sf%), and v =
min (I 4+ 1, s).

4.4.1. Convergence for the MFE pressure. To estimate the error on the
pressure computed by the MFE method in €5, we start again with the error equation
(4.26). By virtue of the inf-sup condition in Lemma 4.1, we can choose in (4.26)
vy, € V5, 0(€2) such that

| =5V vide = w51,
Qo

Vil f(divis) + Ve - 1llor, < Cllpn — Pllo,os,-
Therefore,

Ipn = pllo.c < € (IK# (wn = Wilo.e + IAer = pllorss ) -

The first term on the right is bounded in Theorem 4.4. For the second term on the
right, we have

< ||/\H _ph|Q1”07F12 + ||ph‘Ql _p||07F12'

The first term on right above is bounded in Theorem 4.4. Finally, by choosing the
undetermined coefficient in p, such that frm(p — prla,) do = 0, and applying Theo-
rem 4.3, the last term above can be controlled by terms bounded in Theorem 4.4.
Thus, by using a triangle inequality and (4.23), we derive the following theorem.
THEOREM 4.5. Let the assumptions of Theorem 4.4 hold, and let fru (p—pn)do =
0. Then there exists a constant C, independent of h and H, such that

1
2

H\? _ ,
Ipn — pllo, <C (h“‘l (h) + HF3 4 1Y + h”) ,
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where p = min (r +1,8), g = min(F+1,5— %), v = min(m+1,s— %), and v =
min (I 4+ 1, s).

Remark 4.3. When 2 is decomposed into several subdomains, then the last step
in the proof of Theorem 4.5 involves the estimate of p — p;, over the union of several
interfaces, say, I' = Uj<;</I';. The statement of Theorem 4.3 can be extended to

this case. Therefore, it suffices to choose the undetermined constant in p;, such that
fr(ph —p)dO‘ =0.

4.5. The interface operator and the reduced problem. Recall the defini-
tion of I;(+) and b;(+,) in (3.33) and (3.34), respectively. We now define a bilinear
form dgr : L*(T12) x L?(T1a) — R for A\, € L2(12) by dur(A i) := Sy dii (A, p):

* Or *
daaOn) = [ K VO, monypdo — 3 75 [ (57N, - Nndo,

P12 7€l

dir (A pt) == — / (M, - Non, udo,
Tio

where p} (A) € X, (1) is the solution of
(4.32) By (py(A),an) = b1 (A qn)  Van € Xn($21)

and uj, () is the first component of the solution (uj (A), p; (X)) € Vi 0(22) x Wi (Q2)
of

(4.33)
K 'uj(\) - vpde = / PNV - vide — / vy, -ngo,Ado Vv, € Vi 0(Q2),
22 22 T2
V-uj(Ngrdz =0 Vg, € Wi ().

Qa2
Define a linear functional g : L?(I'12) — R by gg(u) := Z?zl gr,i(p):

_ Or _
QH,I(M) = K Vph|szl Ny, pdo + Z A / ph|§ll pdo,

P2 7el'y
g ,2(1t) ¢=/ Uy, - nog, pudo,
T2

where Py, € X5, (1) solves

By (Pr,qn) =l (an)  Yan € Wa(1)

and @y, is the first component of the solution (@, pr) € (Vi,0(Q2) + up,g) X Wi(Q2)
of

K_ll_,lh -vpdr = / prV - vpdx Vv € Vh’O(QQ)’

Qo Qo

Veu,qpde = | fandr Vg, € Wi(Q2).
Qo Qo

It is easy to see that the solution (pp,up, Ag) of the DG-MFE scheme (4.12)—(4.15)
satisfies

dg (Mg, pm) = 9u (Be) . 1E € AH,
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with
prn =py(Ag) +Prn on Qq and Qo; u, =u;(Ag)+u, on Q.

We now analyze the properties of the bilinear form dg(-,-) for the various DG-
MFE schemes. By taking ¢, = pj(u) in (4.32) and v;, = uj(p) in (4.33) for some
u € L?(T'12), we obtain

(4.34) Bi (p(A); pi (1)) = b1 (A pi (1)
and
(4.35) KM wi(de =~ [ i) non,Ado
Qo T2
By using (3.34), (4.34), and (4.35), we have the following representation of dg(-,-):
oy
du (A, 1) = bi(p, pp(A)) — 2 Z /Ph Mo, pdo
TEFH
+ Z /)\,udaf/ uy, (N, - oo, udo
TGFH P12
or
= B0 () 2 30 7 [ 5iWlaundo
TEFH
+ Z /)\,uda+ K 'uf (p)ui(N) da.
TEFH

By an argument similar to that used in proving (3.40), using the above representation
and (3.1), we obtain

3 1 o
w002 TR+ 3 7 [ wio
WEFh
o
+ ¥ 7 [ i \Q;w do + K~ bu (V) 2 g,
7€l

implying that dg(-,-) is positive semidefinite on L?(I'13). The argument in the solv-
ability Theorem 4.2 implies that the kernel of dg(-,-) consists of the constant func-
tions. We have obtained the following result.

THEOREM 4.6. Let the assumptions of Theorem 4.2 hold. For all four versions of
coupled DG-MFE methods, the interface bilinear form dg(-,-) is nonsymmetric and
positive semidefinite on L?(T'12), with the kernel consisting of the constant functions.

Remark 4.4. In the case of Sgorm = 0 or 1, coercivity of dy (-, -) can be shown for
all modified DG-MFE schemes introduced in Remark 4.2, by using inequality (3.32).
It is easy to see that dy (-, ) is symmetric for SIPG with Storm = 1.

5. Discussion and conclusions. We have developed a multiscale formulation
for coupling DG with DG and DG with MFE using mortar spaces. The method
is based on imposing weak continuity of flux and pressure via a Robin-type match-
ing condition with a penalized pressure jump. Although the formulations described
in this paper are for two subdomains, the results can be extended to geometrically
nonconforming domain decompositions with a finite number of subdomains.

Our mortar formulation can be viewed as a two-level domain decomposition solver
via reduction to an interface problem. By choosing the special case of continuous
approximating functions in the subdomains, this approach allows the coupling of
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continuous Galerkin (CG) with DG, CG with MFE, and CG with CG. The latter
represents a new mortar domain decomposition algorithm for CG.

Appendix A. Mortar compatibility conditions. Here we define the mortar
compatibility conditions needed for solvability of the methods with o, = 0.

DEFINITION (mortar compatibility conditions). We say that a DG space Xp(§);)
is compatible with a mortar space Ay if, for any py € Ay,

(A.l) KVqy, - Il,quO' =0 Vg, € Xh(Qz) = pug =0.
ISP

We say that the MFE space V1, 0(Q2) is compatible with the mortar space Ay if, for
any pp € Am,

(A.2) / vy -npgdo =0 Vv € Vi, 0(Q2) = pg =0.
T2

Note that (A.1) is imposed only if o, = 0. For DG-MFE methods, either (A.1)
or (A.2) is needed. For matching meshes, one can choose I'y to be the trace of the
subdomain grids. In this case a sufficient condition for (A.1) is r > 7+ 1, and a
sufficient condition for (A.2) is m > 7. For nonmatching meshes, if a compatibility
condition is needed, it is imposed only on one of the subdomains, allowing flexibility
for the mesh and the finite element space in the other subdomain.

The compatibility condition (A.2) limits the richness of the mortar space. It has
been studied in [47, 4, 33], and it has been shown to hold for very general nonmatching
configurations of mortar and subdomain grids and spaces.

Below, we give some examples of spaces on nonmatching meshes satisfying the
compatibility condition (A.1) for d = 2. For simplicity we assume that K is a constant
tensor in each element.

PropoSITION A.1. Let K be constant in each element. Assume that d = 2,
r =2, and each element of T'y contains at least two element faces from Ep (1) NT12.
Then the DG space Xp,(21) and the mortar space Ay with ¥ = 2 or ¥ = 3 satisfy
(A.1).

Proof. Consider a mortar element 7 € 'y, and assume that 7 D v U 72, where
v and 7, are the edges of two distinct elements E; C &,(1) and Ey C &,(Q4).
Since K is nonsingular (because K is positive definite), Kn is not zero. Noting that
KVgp,-n = Vqp,-Kn (because K is symmetric) and g, ranges over P(7y;), we conclude
that KVqy, - n ranges over Py (7;).

First let us consider ¥ = 2 for Ay and take puy € Po(7). The orthogonality
condition in (A.1) yields

/pl,quU:O Vp1 € Pi(yi), i =1,2.
Yi

In particular, fw pgdo = fw pugdo = 0. Therefore, g has a root inside 71, say,
a1, and a root inside o, say, ae. Therefore py = C(x — aq)(xz — az). By choosing
p1 = (x — 1) in 41, we have f% C(r — a1)?(x — ag)do = 0. Since (x — ) cannot
change sign in 71, we must have C' = 0; consequently pgy = 0, and (A.1) holds.

We now let 7 = 3 and take uy € Ps5(7). Then, as before, we have two distinct
roots a1 € 1 and g € 7. Since py € P3(7), we know that py has another real
root, say, as, and then py = C(z — a1)(x — a2)(x — az). By taking p1 = (x — a1)
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in 71, we have fm C(r — a1)?(z — az)(z — az)do = 0. Since (z — az) cannot change
sign in 7y, we must have either C' = 0 or a3 € ;. By taking p1 = (z — ag) in 9, we
conclude similarly that either C' = 0 or ag € 2. As y; and 7, are disjoint, we must
have C' = 0; consequently pug = 0, and (A.1) holds. O

[13]
[14]

(15]
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