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Abstract In this paper, we develop a new mixed finite element method for elliptic
problems on general quadrilateral and hexahedral grids that reduces to a cell-centered
finite difference scheme. A special non-symmetric quadrature rule is employed that
yields a positive definite cell-centered system for the pressure by eliminating local
velocities. The method is shown to be accurate on highly distorted rough quadrilat-
eral and hexahedral grids, including hexahedra with non-planar faces. Theoretical and
numerical results indicate first-order convergence for the pressure and face fluxes.
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1 Introduction

Single phase incompressible flow in porous media is governed by coupled Darcy’s
law and continuity equation:

u=—KVp, (1.1)
Vou=f (1.2)
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where p is the pressure, u is the velocity, K represents the rock permeability divided
by fluid kinematic viscosity, and f is the source term. In [33,51], a special mixed finite
element (MFE) method called the multipoint flux mixed finite element (MFMFE) has
been developed for elliptic problems (1.1)—(1.2). This method reduces to a cell-cen-
tered finite difference scheme for the scalar variable and is accurate for discontinuous
full tensor coefficients on 42-perturbed parallelograms, simplicial grids, and A%-per-
turbed parallelepipeds. Cell-centered discretizations are very efficient and widely used
for modeling complex multiphase multicomponent fluid flows in porous media, since
multiscale spatial variability of the material properties often necessitate millions of
cells for accurate approximations. The goal of this paper is to develop a new MFMFE
method thatis accurate on general quadrilaterals and hexahedra such as shown in Fig. 1.
This is a typical grid encountered in geological models. Furthermore, hexahedral grids
can represent highly irregular geometries with significantly reduced number of ele-
ments compared to tetrahedral grids. This is especially important in computationally
intensive applications such as carbon sequestration in saline aquifers.

MEFE methods [14,15,20,22,40,41,45] are well suited to discretize this coupled
system, as they provide accurate and locally mass conservative velocities and can
accurately treat discontinuous full tensor coefficients. A standard formulation of MFE
yields a saddle point system and requires solving pressure and velocity simultaneously.
Another approach, the hybrid MFE formulation [12,16], reduces the discrete prob-
lem to a symmetric positive definite system for the pressure Lagrange multipliers on
element faces. In addition, efficient formulations that reduce to cell-centered pressure
schemes have also been developed. These apply appropriate MFE spaces and numeri-
cal quadrature rules for the velocity mass term. Examples include [42,48] for diagonal
permeability on rectangular grids based on the lowest order Raviart—-Thomas MFE
method [41] and the expanded mixed finite element (EMFE) method for smooth full
tensor permeability on rectangular and cuboid grids [8] and smooth curvilinear grids
[7]. In the case of discontinuous permeability, EMFE loses accuracy unless the pressure
Lagrange multipliers are introduced along discontinuous interfaces [7]. The MFMFE

Fig. 1 General hexahedral mesh
for a geological computational
domain with layers and faults
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method [33,51] has been designed to be a cell-centered pressure scheme that is accu-
rate for both smooth and discontinuous full tensor permeability, but unfortunately it
is not accurate on general hexahedral grids.

The velocity finite element spaces in the above mentioned MFE methods on quadri-
lateral and hexahedral meshes are defined via a mapping from the reference rectangle
or cube using the Piola transformation [38,45]. This transformation preserves nor-
mal components of vectors and leads to continuous normal flux approximations on
the physical grid. Optimal order velocity convergence in the L2-norm on quadrilater-
als has been established for the Raviart—-Thomas (RT) spaces [41,45] in [11,45,47].
However, approximation accuracy for the divergence of the velocity as well as for
the L2-norm of the velocity in other MFE spaces may be reduced due to failure of
the classical scaling arguments [11]. On hexahedra, the deterioration of accuracy is
even more severe due the fact that the constant vector is not contained in the velocity
space [39,43]. Optimal approximation and superconvergence properties in some MFE
methods can be obtained under a grid restrictions to i2-perturbed parallelograms or
parallelepipeds [27,33,51]. Efforts have been made to define accurate MFE methods
on highly distorted elements; proposed developments include [10,11,29,44] where
new families of quadrilateral finite element spaces and lowest order hexahedral finite
element spaces are obtained by enriching the classical Raviart-Thomas finite element
spaces. Other approaches employ composite-element techniques, see [36,43]. All of
these methods require solving saddle point problems in their standard forms.

The multipoint flux approximation (MPFA) method [3,4,24,23] has gained signif-
icant popularity since it combines the advantages of the above mentioned methods: it
is accurate for rough grids and rough full tensor coefficients, and reduces to a cell-cen-
tered pressure scheme. On quadrilaterals and hexahedra the method can be formulated
either on the physical space or on the reference space, leading to a a non-symmetric
or symmetric scheme, respectively [3]. The method was originally developed as a
non-variational finite volume method. However, the convergence analysis was per-
formed by formulating it as a MFE method with appropriate finite element spaces and
numerical quadrature rules for the local velocity elimination. In the case of quadrilat-
erals, this was done in [34,35] using a broken Raviart-Thomas space and in [51] using
the lowest order Brezzi—Douglas—Marini (BDM) space. The latter work develops the
MFMFE method, which is also formulated and analyzed on simplicial elements in two
and three dimensions and is closely related to the MPFA method. In [33], this scheme
was extended to hexahedral elements by introduction of enhanced BDDF| spaces. The
methods in [33,34,51] use symmetric quadrature rules and are related and in some
cases [1,34] equivalent to the reference space MPFA method. They were shown to
be accurate on h2-perturbed parallelograms and h2-perturbed parallelepipeds. Similar
approach has been developed on simplicial elements in [17]. The method analyzed
in [35] uses a non-symmetric quadrature rule and is first order accurate on general
quadrilaterals. It is shown to be equivalent to the physical space MPFA method.

In this paper we develop a new non-symmetric MFMFE method that is first order
accurate on general quadrilaterals and hexahedra. As in the symmetric MFMFE
method [33,50,51], we employ the lowest order BDM| or enhanced BDDF; spaces.
A non-symmetric quadrature rule is introduced for the velocity mass matrix that allows
for local velocity elimination and reduces the method to a cell-centered pressure
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system. Unlike its symmetric variant, the quadrature rule satisfies certain critical prop-
erties on the physical elements, which are key ingredients in the analysis. The method
is equivalent to the symmetric MFMFE method on cuboids and rectangles.

The quadrature rule is similar to the one proposed in [35] for quadrilateral grids.
However, the analysis in [35] does not extend to three dimensions, as it relies on the
approximation property of the RTq velocity space, which is lost on general hexahe-
dral elements. For the same reason the analysis of the symmetric MFMFE method
in [33,51] cannot be extended to general hexahedra. Motivated by the fact that the
Piola transformation provides accurate interpolation of normal velocities on faces of
physical elements, we employ techniques from the analysis of mimetic finite differ-
ence (MFD) methods [18,37]. In particular, we first establish O(h) convergence for
[TTu — vy || (Theorem 3.1), where IT is the enhanced BDDF; mixed finite element
interpolant, using critical properties on the non-symmetric quadrature (Lemmas 2.2
and 2.4) and various bounds on general hexahedra (Lemmas 3.7, 3.8, and 3.10). Next,
we observe that [T preserves the normal component of constant vectors on hexahedra
(Lemma 3.11) and linear vectors on quadrilaterals (Lemma 3.12). A key property here
is that the Piola image of a constant vector on a physical element has a linear normal
component in the reference element, which belongs to the BDDF; space. We note that
such property does not hold for the RT interpolant, which has a constant normal com-
ponent on the reference element. This allows us to establish first order approximation
of the enhanced BDDF interpolant in a face-based L2-norm |ju — Tul| F, (Lemma
3.14), which gives first order accuracy for |[u — u,|| 7, (Theorem 3.2). Finally, the
pressure error estimate (Theorem 4.3) uses the critical properties on the non-symmet-
ric quadrature rule as well as an inf-sup condition Lemma 4.15.

Our analysis applies to hexahedra with non-planar faces and it is confirmed by
the numerical experiments. Existing methods with pressure and velocity degrees of
freedom similar to our method, such as MFD methods [18], composite RTy methods
[36,43], or finite volume methods [28], are limited to planar faces or require extra
tangential velocity degrees of freedom to handle non-planar faces [19].

Asin the non-symmetric MPFA method on quadrilaterals [35] or the non-symmetric
local flux MFD method on polyhedra [37], a coercivity condition needs to be satisfied
for the well-posedness of the non-symmetric MFMFE method. The condition is similar
to the ones from [35,37] and depends on the element distortion and permeability anisot-
ropy. In our numerical examples we investigate these effects, although we emphasize
the convergence of the method. We also compare the behavior of the non-symmetric
MFMFE method to the symmetric version of the method, which is unconditionally
positive definite. As expected, the non-symmetric method converges on rough grids,
where the convergence of the symmetric method deteriorates. However, for some
highly anisotropic problems, the non-symmetric method loses coercivity, while the
symmetric method still works. Therefore one or the other method may be preferable,
depending on the properties of the grids and the permeability coefficient. This choice
can be made element by element. We refer the reader to [2,5,25,26] for more com-
prehensive studies of the grid aspect ratio and anisotropy effects on the monotonicity
and coercivity of the closely related MPFA method, where modified methods with
improved robustness have been developed. Furthermore, grid smoothing techniques
(Gridpro, http://www.gridpro.com/) or a posteriori error estimation and adaptive grid
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refinement [46] could be employed to improve the robustness of the MFMFE method
and the solution quality.

The rest of the paper is organized as follows. In Sect. 2, the non-symmetric MFEMFE
method is developed. In Sects. 3 and 4, the error analysis for the velocity and pressure,
respectively, is presented. In Sect. 5, numerical examples demonstrate the superior
convergence properties of the non-symmetric MFMFE method compared to the sym-
metric MFMFE method [33,51]. Conclusions are given in Sect. 6.

Throughout the paper we use the notation X < (2) Y to denote that there exists
a constant C, independent of the mesh size &, such that X < (>) CY. The notation
X = Y means that both X < Y and X 2 Y hold.

For a domain G C R?, the L?(G) inner product and norm for scalar and vector
valued functions are denoted (-, -)g and || - ||, respectively. The norms and semi-
norms of the Sobolev spaces W57 (G), k € R, p > 0 are denoted by | - llx, p,c and
| - Ik, p,G respectively. The norms and seminorms of the Hilbert spaces H K(G) are
denoted by || - ||x.¢ and | - |x,G, respectively. We omit G in the subscript if G = 2. For
a section of the domain, subdomain, or element boundary S C RI~1 we write (-, )s
and || - || for the L>(S) inner product (or duality pairing) and norm, respectively. For
a tensor-valued function M, let || M ||x,co = maX; j || M;;llk,o0o. Furthermore, let

H(div: G) = {v e (LXG) V. .ve LZ(G)} ,

1/2
I¥lavie = (V1% + 1V - vI3)

2 Definition of the method

We consider the system (1.1)—(1.2) in a domain Q C R?, d = 2,3 with Lipschitz
continuous boundary. For simplicity we assume homogeneous Dirichlet boundary
conditions

p=0 ono<,

although more general boundary conditions can also be treated. We assume that K is a
symmetric and uniformly positive definite tensor with L°°(£2) components satisfying,
for some 0 < kg < k1 < o0,

kotTe <eTK(x)E <ki&TE, ¥xeQ, andVé eRY 2.1

2.1 Finite element mappings

Let 7;, be a conforming, shape-regular, quasi-uniform partition of €2 [21]. The elements

considered are quadrilaterals and hexahedra in two and three dimensions, respectively.
We assume that for any E € 771 there exists a bilinear (trilinear in 3D) bijection map-
ping Fg . E — E, where E is the reference square (cube). Denote the Jacobian
matrix by DFg and let Jg = det(DFg). Assume that sign(Jg) > 0.
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170 M. Wheeler et al.

Denote the inverse mapping by F —!_its Jacobian matrix by DF ~! andlet J ol =
E
det(DF'). We have that

1
DF;'(x) = (DFg)™' (%), Jpo1 (%) = oL

In the case of hexahedra, E is the unit cube with vertices £| = 0,0,0)7,
f2=(1,0,007, 13 = (1,1,007, 4 = (0, 1,007, £5 = (0,0, DT, £ = (1,0, DT,
t7= (1,1, D7, g = (0,1, DT . Denote by r; = (x;, y;, z;)T.i = 1,..., 8, the eight
corresponding vertices of element E as shown in Fig. 2. We note that the element can
have non-planar faces. The outward unit normal vectors to the faces of E and E are
denoted by m; and fy;, i = 1, ..., 6, respectively. In this case Fg is a trilinear mapping
given for % = (£, §,2) € E by

FE®) =r1(1 =51 =31 -2) +rx(1 =) —2) +r3xy(1 - 2)
+rs(1 =)y —=2) +rs(1 —x)(1 — PZ +rex(l — y)Z
+1r7%92 +rg(1 — )2
=T + 1% + 1419 + 1512 + (r34 — r21)XY + (res — r21)x2
+ (rgs — r41)yZ + (r21 — r3g — res +rig)xyz, (2.2)

wherer;; = r; —r;.Itis easy to see that each component of DFf, is a bilinear function
of two space variables:

DFE(X) = [r21 + (133 —r21)y + (r65 — r21)Z + (21 — 3z — res +1r78) Y2,
r41 + (134 — r21)% + (rgs — rs1)Z + (ra1 — r3s — res + reg)iz,
rs; + (res — ra1)X + (rgs —rq1)y + (ra) — r3g — res +rg)xyl.
2.3)

In the case of quadrilaterals, E is the unit square with vertices ¥} = (0, O)T,
ty = (1,07, 3= (1, D7, #4 = (0, )7 Letr;,i = 1,...,4, be the corresponding
vertices of E. The bilinear mapping of quadrilaterals has the form, for X(x, y) € E,

rg \ 7

~ ~ I
ry ro

Fig. 2 Trilinear hexahedral mapping
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FE®) =1r1(1 —%)(1 —9) + 1281 — 3) +1r3xy +ra(l — %)y
=r+@—r)X+@g—r)y+ @3 +r -1 —ryxy. (24

The Jacobian matrix and its determinant are

DFE(X) =[r2 —r1 + (r3 +11 —12 —18)y, 14 — 11 + (r3 + 11 — 12 —14)%], (2.5)
Je =2|T1| + 2(IT2| — |T1 DX + 2(|T4| — |T1])J, (2.6)

where |T;| is the area of the triangle formed by the two edges sharing r;.
Using the above mapping definitions and the classical formula, for scalar ¢ (x) =
¢ (X), Vo = (DFEI)TVq&, it is easy to see that, for any face oredge ¢; C E,

1 ~\Ta _ ~\Ta
n; —J_JE(DFE ) n;, Je,- = |JE(DFE ) nl|Rd7 2.7

€

where | - |ga 18 the Euclidean norm in RR¥. Also, the shape regularity and quasiunifor-
mity of the grids imply that, for all E € 7,

-1 —1
IDFEllg 0.z Sh:  IDFE llooo, e Sh™,

., 2.8)

_ _ p—d
e oo i = 1 1 pot o0 = h™4

2.2 Mixed finite element spaces

Let V(E") and W(E) be the finite element spaces on the reference element E. For
convenience, we use the same gotation in two and three dimensions.

On the reference square, let V(E) x W (E) be the lowest order BDM; finite element
space [15]:

V(E) = (P1(E))? + r curl(£29) + s curl (97,

A . 2.9
W(E) = Py(E),

where r and s are real constants and (P;)? denotes the space of d-dimensional polyno-
mials of degree < k. In the case of the unit cube, the space is defined by the enhanced
BDDF; space [33]:

V(E) = BDDF,(E) + rocurl(0, 0, £22)7 + r3curl (0, 0, £2$2)7
+ sacurl (£92,0,0)7 + szcurl (£5%2, 0, 0)7
+ nreurl (0, 922, 0)7 + reurl (0, £922, 0)7,

W(E) = Py(E),

(2.10)

where the BDDF| velocity spaces on the unit cube [14] is defined as
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BDDF, (E) = (P1(E))* + rocurl (0, 0, £92)7 + ricurl(0, 0, £3%)7
+socurl (£92, 0, 0)7 + sycurl (22,0, 0)7
+tocurl (0, £, 0)7 + rrcurl (0, £22, 0)7. 2.11)

Here r;, si,t;, i =0, ..., 3) are real constants. Note that in both cases
V-V(E) = W(E),
and that for all ¥ € V(E) and for any face (or edge) ¢ of E,

Vv -n,; € Pj(e) on the unit square, V-ny; € Q;(e) on the unit cube,

where Q1 is the space of bilinear functions. The degrees of freedom of V(l:? ) are
chosen to be the values of v - fi; at the corners of ¢ for all faces (or edges) of E.

The spaces V(E) and W(E) on any physical element £ € 7, are defined via the
Piola transformation:

1
Vo Viv= —DFgVvo Fl, (2.12)
JE

and the standard scalar transformation
~ ~ —1
wewiw=woF, . (2.13)

Under these transformations, the normal components of the velocity vectors on the
faces (edges) are preserved [16]:

(V-v,uw)g =(V-V,0)p and (v-n,, w), = (V-hy, 0),. (2.14)
In addition, (2.7) implies that
L. -1
v.n, = —V-n;o Fp (X), (2.15)
Je
and (2.14) implies that
[ IS -1
Viv=|—V.-V])oF; (). (2.16)
JE

Clearly, for v € V(E), V - v # constant since Jg is not constant on quadrilaterals
or hexahedra. Furthermore, while J, = |e| = constant on quadrilaterals, this is not
true on hexahedra. As aresult v-n, € P;(e) on quadrilaterals, but v -n, ¢ Q1(e) on
hexahedra.
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The finite element spaces V;, and W}, are given by

th{veV: Vg < ¥, v e V(E), VEeTh],
o 2.17)
th{weW: wiE < 0, B e W(E), VEeTh},

where

V = H(div: Q) = {v e (LX) :V.ve LZ(Q)} W= LAQ).

Recall the projection operator in the space Vj,. The operator : (HY(E)? - V(E)
is defined locally on each element by

A
A A A ~

(11§ — §) - hz, G1); =0, Ve C IE, (2.18)
where g; € Py (é) for the case of the unit square E, and g1 € Qj(e) for the case of

the unit cube E. The global operator IT : VN (H (Q))d — V}, on each element E is
defined by the Piola transformation:

Mq < Mq, [q= 4. (2.19)

Furthermore, (2.15) and (2.18) imply that I'lq - n is continuous across element inter-
faces, which gives I1q € Vj, and (2.16) implies that

(V-(Ilq—q),w) =0, Yw e Wj. (2.20)
In the analysis, we will require a similar projection operator onto the lowest order

Raviart-Thomas velocity space [40,41]. The RTj spaces are defined on the unit cube
as

o ol + Bix o A
VEEY=|aw+B5 |, WRE) = Py(E), (2.21)
o3 + B3z
and on the unit square as
SR, A + p1x SR A
VRE) = (¥ ) WR(E) = Py(E). 2.22
(E) (Ol2+/32y (E) = Py(E) (2.22)

Hereo; and B; (i = 1, 2, 3) are real consta}nts.AIn both cases, \Y -VR(E) = WR(E) and
V-0, € Py(é). The degrees of freedom of VX (E) are chosen to be the constant values of
v -1i; on all faces (or edges) of E. The projection operator Iy : (H! (E))d — VR(E)
satisfies

((TTRG — Q) - g, Go)s =0, Ve CIE, Vo € Py(E). (2.23)

@ Springer



174 M. Wheeler et al.

The spaces Vf and W}f on 7, and the projection operator ITg : (H L)y —» V,’f are
defined similarly to the case of Vj and W),. By definition, we have

VRCVy, WE=w,. (2.24)
The projection operator [T satisfies
(V- (Tgq — q), w) =0, Ywe Wk, (2.25)
and
V.v=V_.IIgv, VveV, (2.26)

It has been shown in [11,33,47] that on general quadrilaterals and /2-perturbed
parallelepipeds,

la — gl + llq — TIrq|l = O(h).
However, on general hexahedra, it only holds that [29,39,43]
lq — gl + lq — TTrq|l = O(D).

Due to the above property, the analysis in [35] of the non-symmetric MPFA method
on quadrilaterals does not extend to hexahedra.

Let Q be the L?*(E)-orthogonal projection onto W (E), satisfying for any ¢ €
L*(E),

@—0¢,w)p=0 YieWE).
Let Qy : L?(Q2) — Wj, be the projection operator satisfying for any ¢ € L?(),
Onp = 0o FE_1 onall E.
It is easy to see that, due to (2.14),
(0 — Qnp,V-v) =0, VvevV, (2.27)
Using a scaling argument and the Bramble—Hilbert lemma [21], it can be shown that

lo — Qnoll S hlel:. (2.28)

@ Springer



MFMEE on distorted quadrilaterals and hexahedra 175

2.3 Quadrature rule

The integration for the velocity mass matrix on any element E is performed by map-
ping to the reference element E and applying quadrature rule defined on E. Using
(2.17) and (2.12), we map the physical integral to the reference one; namely for all
q,V € Vp, we have

1 . A N
(K~ 'q,v)g = (EDFgKl(FE(x))DFEq, v) = (M. V),
E

where
1
MERX) = & )DFE KK~ (Fe(R) DFE(R). (2.29)

Define a constant matrix K g such that flb{ is the mean value of K/ on E, where

K/ and K/ denote the elements on the i-th row and j-th column of matrix K z and
K respectively. Let £, ; denote the center of mass of E. Replacing DF g and K by

the constant matrices DF E (f. p) and K g respectively, we define

ME()A() =

TG, )Kp DFE®). (2.30)

JEX)

In addition, we use (-, -) O.F to denote the trapezoidal rule on E:

E
@9, E' 'Zq(n) V(E), 2.31)

where I; are the vertices of element E defined in Sect. 2.1.
The quadrature rule on an element E is defined as

~ 2d
A E — A A
(K™'a. V). = (Mr@, 9y ;= 'Z—d' D Me@E)ad) - ¥(F).  (2.32)
i=1

Mapping back to the physical element E, we have the quadrature rule on E:

zd
(K 'q.v)p.r = >0 ZJE(rl)(D YT (r;)DFf (r,. E)KE q(r;) - v(r;). (2.33)
i=1

This is related to a non-symmetric inner product used in mimetic finite difference
methods [32,37]. Note that this trapezoidal rule for the modified integrand induces a
non-symmetric quadrature rule unless the Jacobian matrix DFE is constant. A similar
quadrature rule on quadrilateral elements was introduced in [35], where the mean value

of K El was used. Our choice of f;l slightly simplifies the error analysis. However,

our analysis easily extends to the case of K El, see Remark 4.6.
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The global quadrature rule on €2 is defined as

(K 'gvo= D (K 'q. vk
E€T,

Remark 2.1 The quadrature rule (2.33) becomes symmetric on parallelograms and
parallelepipeds. In such cases and when the permeability is a constant tensor in each
element, the method is equivalent to the symmetric MEMFE method [33,51], where
the quadrature rule is based on Mg.

Next we discuss a property of the quadrature rule that leads to a cell-centered
pressure scheme. The corner vector (F;) is uniquely determined by its normal com-
ponents to the faces that share the vertex. Since we chose the velocity degrees of
freedom as the normal components to the face (edge) at each corner ¥;, the corner
vector (T;) can be uniquely expressed in terms of the degrees of freedom that share
the vertex t;. More precisely,

d
q) = Zﬁ -0 (F;)n;;,

j=1

where n; j»J =1,...,d, are the outward unit normal vectors to the faces (or edges)
sharing F;, and §-1; ; (F;) are the velocity degrees of freedom associated with this corner.
More precisely, the first index i denotes the node and the second index j denotes the
direction. Denote the basis functions associated withT; by ¥;;, j = 1, ..., d,see Fig. 3:

Vij -0y (F) =1, Vij-hp(®) =0,k # j, Vij-0p(@®) =0, [#i, k=1,....d.

The quadrature rule (2.32) couples only the d basis functions associated with a corner.
For example, on the unit cube,

— . M@y — . . M3 (&)
(MEVll,Vll)QJ;-=ET, (MEVH,Vlz)QE:ET,

= M3 (1) o

MgV V13) g p = ET and (MEV11,¥ij) g = 0, (2.34)

wherei # 1, j =1,2,3.

Vg3
AV53 |
\A’{,‘ :
1
LEAV&
Lo
e V31 / < —
2 Vo1
/ A Vi2 / ’
Vi2 Vo V21 V22

Fig. 3 Degrees of freedom and basis functions for the enhanced BDDF| velocity space on hexahedra
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The following are some properties of the quadrature rule that are key ingredients
in the velocity error analysis.

Lemma 2.1 ([33,51]) ForanyV € \A/(EA) and constant vector Qg on E the numerical
quadrature rule satisfies

(¥ — TgY, 40y ; =0 (2.35)
Lemma 2.2 For any constant vector qo on E and v € Vj,(E),
(K~ 'qo,v—TIgv)g g =0. (2.36)

Proof By the definition (2.32) of the quadrature rule and the Piola transformation
(2.12),

(K~ 'qo, v—TIgv)0.F = (MEdo, ¥ — ICIR‘A’)QA’E
1 PO _ PPN
E 0.E
= (DFEG, K 0. ¥ = f1s%) . =0, (2.37)

where we have used (2.35) in the last equality. O

Lemma 2.3 For any constant vector qq on E and¥V € R TO(E ),
(DFg(E, )V, Qo) z = (DFEV, qo) ;- (2.38)

Proof Since the proofs in two and three dimensions are very similar, we give only
the proof for the 3D case. Let ¥ = [01(X), 02(9), 03(2)17, £, ;= (%, e, Z¢), and
DFE == [81(5)7 2)7 gz()?:a 2)5 53()2? .)A))]a We have

(DFEV, qo0) & 2/51(2)51(972)40613615’612
E
+ / 92()Ex(5. 2) - qo dRd5dz + / 3(D)E (R, 9) - qo did .
E E

(2.39)
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Since the midpoint quadrature rule is exact for bilinear functions on a square, the first
term in the right in (2.39) can be written as

1 1 1
/@@m@iy%ﬁ@&=/mmw//&@aquz
B 0 0 0

1 1

1
- / 516 d / £1Ge 20) - qod9d? = / B1E, G, 20 - qo diddz.
0

0 0 i
Similar identities hold for the other terms on the right in (2.39). O

Lemma 2.4 For any constant vector qy on E and v € RTy(E),

_ —-—1
(K 'q0,V)o.e = (K qo, V)E. (2.40)

Proof The proof is similar to the proof of Lemma 3.1 in [35]. By the definition (2.32)
of the quadrature rule and the Piola transformation (2.12),

_ 1 | A
(K~'q0. V)o.£ = (—DF% (. K DFqu,v)A )
JE ’ 0.E

R —1 R ~ —-—1 N
= (DFg(rC’E)KE qO’V)Q,E = (DFET(rc,E)KE qo,v)é

——1 N N ——1 N ——1
- (KE @, DFE(rc’E)v)E - (KE @, DFEV)E = K7'q. Ve (241

where we have used the fact that trapezoidal rule is exact for bilinear (trilinear) func-
tions on E, and (2.38). O

2.4 The multipoint flux mixed finite element method
The method is defined as follows: find u, € Vj, and p, € W}, such that

(K 'ap,v)g — (pn, V-v) =0, VveV, (2.42)
(V-oup,w) = (fiw), YweWw, (2.43)

Following the terminology from [33,51], we call the method (2.42)—(2.43) a non-sym-
metric multipoint flux mixed finite element (MFMFE) method, due to its relation to
the MPFA method and the non-symmetric quadrature rule (2.33).

For the solvability of this system, we require the bilinear form (-, -) ¢ to be coercive.
This holds if the matrix M, associated with (-, -) ¢ is positive definite, see (3.27) in
Sect. 3.2.

Lemma 2.5 If (3.27) holds, then the method (2.42)—(2.43) has a unique solution.
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Proof 1tis sufficient to show the uniqueness since (2.42)—(2.43) is a finite-dimensional
square linear system. We let f = 0 and choose v = uj and w = pj, to conclude that
(K luy, uy)p.; = 0. Since (3.27) holds, the norm equivalence (3.28) implies that
u, = 0. For p, € W), C L*(), there exists q € (H'(2))? such that V - q = py,
[31,30]. Taking v = Ilq in (2.42) and using (2.20) implies that p, = 0. O

2.5 Reduction to a cell-centered stencil

In this section we describe how the multipoint flux mixed finite element method reduces
to a system for the pressure at the cell centers. Consider any interior vertex r. that is
shared by k elements E1, ..., Eg; see Fig. 4 for a two-dimensional example of five
quadrilaterals sharing a vertex. Denote the faces that share the vertex by ey, . . ., ex, and
the corresponding velocity basis functions associated with the vertex by vy, ..., Vi.
Let the normal components of u;, on the edges be denoted by uq, ..., ur. Note that
for clarity the normal velocities in Fig. 4 are drawn at a distance from the vertex.

Recall that the quadrature rule (K !, ) o decouples the basis functions that do not
share a vertex (see (2.34)). Setting v; in (2.42) leads to coupling of # only with u»
and us. Similarly, u, is coupled only with u#; and u3, etc. Thus, the five equations
obtained by taking v = vy, ..., v5 form a linear system for uy, ..., us.

We derive the local linear system for the example in Fig. 4. Without loss of gener-
ality, assume that edges e and e3 are mapped to horizontal reference edges, edges e
and e4 are mapped to vertical reference edges, e5 in E; is mapped to a vertical edge
and es5 in E5 is mapped to a horizontal reference edge.

Taking v = v3 in (2.42) gives

(K", v3) o = (K~ "wp, v3) 0.y 4+ (K 'up, v3) 0.5, (2.44)

By applying the quadrature rule (2.32), we have

Fig. 4 Five quadrilaterals
sharing a vertex and associated
degrees of freedom

=
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(K", v3) 0,15 = (Mgsin, ¥3)
= ur(Me%2,93) 5 + us(Me93,93) 5 5
1

7 (-MBlealuz + M, leslus) lesl. (245)

where we have used (2.15) in the last equality. Note that the components of M E; are
evaluated at the vertex. Similarly, the second term on the right of (2.44) can be written
as

_ 1/~ —
(K~"wnv3) 0,50 = 7 (M, lelsus — ME lelaus) lesl. (2.46)
For the second term on the left of (2.42), we write

(pr, V-v3) = (pp, V- V3) gy + (pn, V - V3) 4
= (Pn, V3 " NEy)es + (Phy V3 - NE) ey

NN oA A 1
= (Pn, V3 - Ngy)ey + (Pn, V3 - Mg )e, = 5(1)3 — pa)lesl. (2.47)
In the last equality we used the fact that trapezoidal rule is exact for the integrals on

3 since py, is constant and V3 - 1 is linear (or bilinear for 3D elements). The above
results gives the equation associated with test function v3 as:

1~ 1~ 1~ 1 —
— s MR lealuz + (EM}; + EM}Ez) leslus — S M lealua = p3 — pa.

Similarly we derive the other four equations of the local system and write the system
as

uj 2p1 —2p2

_ uz 2py—2p3
AMA | uzs | =A | 2p3—2ps |, (2.48)

uy 2p4 —2ps

us 2ps —2p)

where A = diag(le1], |ez], le3], |es], les|) and

M, =
Me, + My, M, -M
-MY,  MPB+ME M3

ME MRy -
M, ME MR A,
M3 -Mg MY+ MP
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Let M, = AIVICA. On general quadrilateral and hexahedral elements, M, is not sym-
metric unless the meshes are parallelograms and parallelepipeds. The stability condi-
tion (3.27) ensures the solvability of this local system.

Let M be the matrix induced by the bilinear form (K-, ) - Clearly M is block-
diagonal with each block M, associated with a corner point c. The size of M, is
ne X ne, where n. is the number of faces (or edges in 2D) that share the vertex point
c. The solution of the local n. x n. linear system allows for the normal component of

velocities u;, i = 1, ..., n. to be expressed in term of the pressure degrees of freedom
pi,i = 1,... N, at the cell centers, where N, is the number of elements that share the
vertex c.

The discrete mass conservation equation (2.43) reads, taking w = 1 and using
(2.14),

(Vew, De= D (u-ng, D)= > (-, 1)e, (2.50)

e€dE écdE
where Gy, - i is linear (or bilinear) on the edge (or face) é. Applying the trapezoidal
rule for the quantity (@, - fiz, 1), is exact and gives a linear combination of the normal
components of the velocities defined at the vertices of E. Then, substituting #; from
(2.48) into (2.50) gives a cell-centered stencil for the pressures. The pressure in each
element E is coupled only with the pressures in elements that share a vertex with

E. This gives a 9-point or a 27-point stencil on logically rectangular or cuboid grids,
respectively.

3 Convergence of the velocity

In the error analysis, we will make use of the following auxiliary lemmas on general
quadrilateral and hexahedral elements.

3.1 Auxiliary results

Lemma 3.6 ([33]) For any element E € Tj,

lallj.e Sk lallj-1e. j=1.2. Yqe Vi(E). (3.D

The following are bounds on the Jacobian matrix terms that appear in the Piola
transformation (2.12).

Lemma 3.7 For a general quadrilateral and hexahedral element E € Ty,

1

— DFg < n', (3.2)
JE 0,00,E
|JEDFE_1|].’OO’E <pdl j=01. (3.3)
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Proof The proof for general hexahedra can be found in [33]. The proof for general
quadrilaterals is similar. O

Remark 3.2 Better bounds can be obtained under a certain restriction on the element
geometry. A quadrilateral in 2D or a hexahedral face in 3D with vertices ry, 12, 13,
and r4 (numbered counter clockwise) is called an hz—parallelogram if

2
[r34 —roglpe S A°.

A hexahedron is called an h2-parallelepiped when all of its faces are 42-parallelo-
grams. For h2-parallelograms and /- aralleleplpeds one order higher estimate holds
for the one-seminorm; namely, |Jg DF |1 o b S < K9 (see [51,33)), as compared to
(3.3) for general quadrilateral and hexahedral elements.
Lemma 3.8 For any element E € Ty,
Il z =~ A" alle, Vo e LAE)?, (3.4)
lal, ¢ < 7P lale + Rl ), Vae (H'(E)? (3.5)

Proof Let q(X) = q o F(X). By the standard scaling argument [21] and the shape
regularity of mesh,

lal; s =~ h'~lalje, j=0.1. (3.6)

The definition of the Piola transformation (2.12) implies,
4®) = JeDF;'q(R). 3.7)
Then, by (3.3) and (3.6),
lallz < |JeDFZ! h*h= 2 qllg = qlle. (3.8)

lo.co. 2101z < lqll

Similarly, using (3.2), one can show
lalle S A1 - (3.9)

Next, using (3.7), (3.3), and (3.6), we get

41, z S eDFg'|, o gl + 1JeDFg ' o sl ;2
<R ql g + TR g
= h "2 qll g + h gl . (3.10)

This gives (3.5). O
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Lemma 3.9 The following trace inequality holds:
Iv-nllag =~ h~" vz Vv eV, (3.11)

Proof First, note that (2.8) implies that J, ~ hdA_l. Now, (3.11) follows from (2.15),
the norm equivalence on the reference element E, ||V - il]| 9p ™ vl - and the scaling
estimate (3.4). m]

Lemma 3.10 The following estimates hold for all q € (H'(E))?:

ITlralle + ITalle < lglle + Algli g, (3.12)
IV-Tgalle +1IV-Tqlle SV -qlle. (3.13)

Proof We present the proof for I1r. The proof for IT is similar. First, note that
ITRAN S Il + ITTRG —dllz S 1Allz +1dl g SNl g (B14)

where we have used the Bramble—Hilbert lemma in the second inequality. Now, using
(3.4), we have

ITgralle < A2 10RaN; S R0 e

~

ST gl g + 19 gl E) = lallE + gl e, (3.15)

using (3.5) in the last inequality. This gives (3.12). To show (3.13) we write, using
(2.16) and (2.8),

—d/2,. % A A —d/2,\ & A
IV - Tralle S 21V - Tl < bz 1V @l S 1V -qlle.

where we have used that V - 1 Rrq is the LX(E )-projection of V. q. This completes
the proof of (3.13). O

The next lemmas establish important properties of the mixed interpolant of constant
(in 3D) and linear (in 2D) vectors in a physical element.

Lemma 3.11 In the case of hexahedra, for any constant vector qq on E,
Ve COE, Tlqp-n, = qo - ne. (3.16)

Proof The Piola transformation gives o = Jg DF, 1q() with Jg DF = Cg, where
C is the cofactor matrix of DFg. Then

A ~ T A A
Qo - f; = Cpqo - 1y = Cgh; - qo.
It is easy to check by direct computation that

Ce =le1,e2,¢3], €1 € (Pr11(E)), e € (P1a1(E)), ¢3 € (P112(E)),
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where Py, «,,; 18 the space of tensor-product polynomials of degree at most ¢; in
variable x;, i = 1,2, 3. A closer inspection shows that Cgh; € Pj (é)3. For example
on the face (X = 0) of the reference element E, it is easy to calculate using (2.3)

(c2 + 822)(d3 + 839) — (da + 82Y)(c3 + g32)
Cephy = — | (di + g19)(c3 + g32) — (c1 + g12)(d5 + g39) |,
(c1+ 812)(dr + g29) — (di + g1Y)(c2 + g22)

where the constant vectors are [c1 ¢ ¢3]7 = 141, [d d2 d3]7 = rs51,and [g, %) g3]

rgs — rp1. This gives Cgn; - qo € Py ), 1mply1ng that qo - n; € P1(e) C V(E) ng.
Now, (2.18) implies that qu n; = o - 0 and the proof is completed by using

(2.15). O

Lemma 3.12 In the case of quadrilaterals, for any linear vector q1 on E,
Ve COE, Tlq;-n,=qp - ne. (3.17)

Proof Letq) = Jg DFE_]ql. Due to (2.15), it is enough to show on any edge e,

114, - fi; = q; - ny. (3.18)
Let qi = [a; + bix + c1y a» + box + cy]” and the constant normal vector
n, = [d; d>]". By (2.15)
2
G -y = lelqr - me =le| D (@i + bix + ciy)d;. (3.19)
i=1
Then by (2.4), we have q; - fi; € P;(é). Now, (2.18) implies (3.18). O

Remark 3.3 The above result in 3D relies on the key property that the Piola image of a
constant vector on a physical element has a linear normal component in the reference
element, which belongs to the BDDF; space and the enhanced BDDF; space. This
property does not hold for the RT interpolant, which has a constant normal component
on the reference element.

In the analysis, we will use the following well-known estimates [13]. There exists
q1 € P (E) such that

lp—q'llj e Sh* lplle, =01, (3.20)
and

lp—q'lle Shlplh.e. (3.21)
Using the trace inequality for Lipschitz domains [6,9],

VeedE, |ple <h Y ple+n"* ol e, Yoe HY(E),  (3.22)
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we have the interpolation estimate on e:
lp —=a'lle S 1¥21plaE. (3.23)
We also have [21]

IK—Kgle ShIK| g (3.24)

3.2 Coercivity of the velocity bilinear form

For the analysis of non-symmetric MFMFE method we require some properties of the
bilinear form (K !, -) o defined on the space V,. Note that

(K 'a.vo= D (K'a,vpr= D v/Mq. =viMqa,  (3.25)
E€T, ceCy

where Cj, denotes the set of corner or vertex points in 7, v, := {(v - ne)(xc)}e 1 X
is the coordinate vector of point ¢, and n. is the number of faces (or edges in 2D) that
share the vertex point c. An example of the n. x n, matrix M, is given in (2.49). In
the above, vq is the global vector of values of the normal trace degrees of freedom of
v in V;, and M is the block-diagonal matrix with blocks M, ¢ € Cj. From (2.30) and
(2.8) one can see that

IMcllg oo 2 ~ A IK 0., - (3.26)
Lemma 3.13 Assume that M, is uniformly positive definite for all ¢ € Cj:

nlETE SETME, VE e R (3.27)

Then the bilinear form (K_1 -, *) g is coercive in Vy, and induces a norm in Vj, equiv-
alent to the L*-norm:

(K~'v,v)g = IV|?, Vv eV, (3.28)
If in addition
ETMIM & S h*ETE, VE eR™, (3.29)
then the following Cauchy—Schwarz type inequality holds:
(K~'q,v)o S lalllivll Vg, v e Vy, (3.30)

Proof Let v € V;,. Using the shape regularity of 7y, it is easy to check by direct
calculation that for all E € 7,

vl < hfvEivg,
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where v is the vector of values of the degrees of freedom of v in E. We then have

2 d,T d,T T —1
vi- < Z hevpve S Z hev.ve S Z V. Meve = (K7 'V, V),
EeTy, ceCy, ceCy,

where we have used (3.27) and (3.25). This implies that M* = %(M +MT7) is sym-
metric and positive definite and that (K —ly, V)p = VgZMVQ = Vg;MS Vg 1S a norm.
The equivalence to || v|| follows from (3.26). If (3.29) holds, then (3.30) follows from
the Cauchy—Schwarz inequality for the norm induced by the matrix M7 M. O

In practice, we can verify the assumptions (3.27) and (3.29) by considering only
the local d x d matrix associated with a vertex of an element E. In particular, M =
> g7, ME, where M is a block diagonal matrix with 24 blocks of size d x d cor-
responding to the vertices of E. For any vertex c of E, denote the associated d x d
matrix by M. It is easy to check that

hipTy <n™MSy vy eR? (3.31)
and
" MMy S h*yTy, ¥neR? (3.32)
imply (3.27) and (3.29), respectively.

Conditions (3.31) and (3.32) impose restrictions on the element geometry and the
anisotropy of the permeability tensor K. We refer readers to [35,37] for discussions
on these conditions.

For the permeability tensor K, we will use the following notation. Let W%’l * consist

of functions ¢ such that ¢|p € W*°(E) for all E € 7;,. Here « is an integer. Let
l@lle,00 = maxge;, 1@l 00,E-

3.3 Convergence of the velocity to the interpolant of the solution

We are now ready to establish first order convergence of the computed velocity to the
MEE interpolant of the true solution.

Theorem 3.1 Let K € W}[}f"(m and K= € WO(Q). If (3.27) and (3.29) hold,
then the velocity uy, of the non-symmetric MFMFE method (2.42)—(2.43) satisfies

[Tha —up || S Aduly + [pl2), (3.33)
Proof Let v = ITu — uy, and note that (1.2), (2.43), and (2.20) imply that

(V-v,w)=0 Ywe W,
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Taking w € W), such that w|g = JgV - v forall E € 7}, implies that V - v = 0. Then
from (2.42) we have

(K*l(nu — ), Tu — uh)Q
= (K_ll"lu, V)Q —(pp, V-v) = (K_ll"lu, V)Q
> (K*‘n(u+?qu1),v)QE -y (K*‘n(?qu‘),v)Q’E

EeT, ’ Ee€T,
=1+ I, (3.34)

where q1 is defined in (3.20). The term I in (3.34) can be manipulated as
K-'(Kevgh), ) =(1<—1? vq', )
( (E‘Z)VQ’E EVAV) g
- (K’IEEVq], nRv) - (Vq‘, nRv) . (3.35)
0.E E
using (3.16), (2.36) and (2.40). Note that

> (Vp,Tgv)p = (Vp,Tgy) = (p, V- TIgy) = (p, V- V) =0,
E€T),

using (2.25) and the fact that p = 0 on 2. Then I, can be further written as

L= (Vip—g") Teve < D IV(p—gHlEelTrvie

EeTy, EeTy,
< D hlpleIvliE +hviLe) S Alpl2lvi. (3.36)
E€T),

where we have used (3.20), (3.12), and (3.1). To bound /;, we write

(K'Mu+KeVgh), Vo e ST+ KeVg)lelvie
Su+KeVg'llg +hlu+KeVe' i p)lvie
= (lu+KeVg'llg + hlulip)Ivle, (3.37)

using (3.30), (3.12), and the fact that K £Vq' is aconstant vector. It remains to estimate
lu + KEVq1 || . From (3.20) and (3.24), we have

lu+KeVg'lle < (K —Kp)Vplle + IKeV(p —¢HlE
ShUVplEe +Iplee) S hlploe. (3.38)

A combination of (3.37) and(3.38) gives

I < hdlpllz + DV (3.39)
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The proof is completed by combining (3.34), (3.36), (3.39), and (3.28). O

3.4 Convergence of the velocity on the element faces

In this section we show that the result from the previous section implies convergence
of the computed normal velocity to the true normal velocity on the element faces. We
introduce a norm for vectors in 2 based on the normal components on the faces of 7j,:

|E|
vi%, = > > an-neni, (3.40)

EeT, ecdE

where | E| is the volume of E and |e| is the area of e. This norm gives an appropriate
scaling of size of |2] for a unit vector. The shape regularity assumption on the mesh
implies that |E|/|e| = h, which gives

172

Wiz = AL D D venelz | . (3.41)

E€Ty, ecdE

The next result establishes approximation for the enhanced BDDF| interpolant in the
norm || - | 5.

Lemma 3.14 On hexahedra,

(=) nfle A2l E, (3.42)
and
lu— Mu|l 5, < Alul;. (3.43)
On quadrilaterals,
I = TTu) - nelle < A2l e, j=0.1 (3.44)
and
lu— Tullz, <A . j=0,1 (3.45)

Proof Let q be any constant vector on E in the case of hexahedra or a linear vector
on E in the case of quadrilaterals. Lemma 3.11 and Lemma 3.12 imply that

(@ —TI) -n.|, = [[(@—q) -0, — (ITu —TIq) - n. ||,
< w—q) - nefle + [TT(u — q) - nelle. (3.46)
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By the trace inequality (3.22), we have
I =) -nelle S A lu—glle +h"lu—qli g (3.47)
The trace inequality (3.11) implies that

IM@—q)-nle A2 IT0@ - Qllp Sh V2 u—qle + 7Y u—ql g,
(3.48)

where we have also used (3.12) in the last inequality. Taking q to be the L?-projection
of u into the space of constant vectors on E in the case of hexahedra or into the space
of linear vectors in the case quadrilaterals in (3.46)—(3.48) yields (3.42) and (3.44).
Inequalities (3.43) and (3.45) follow from (3.42) and (3.44), respectively, and (3.41).

(]

Remark 3.4 The above result for the enhanced BDDF; interpolant relies on
Lemma 3.11. Therefore, due to Remark 3.3, similar approximation result also holds
for the standard BDDF; interpolant, but it does not hold for the RT interpolant.

Theorem 3.2 Let K € W%OO(Q) and K~ e W%OO(Q). If (3.27) and (3.29) hold,
then the velocity uy, of the non-symmetric MFMFE method (2.42)—(2.43) satisfies

la—wllz < k(i +pll2). (3.49)
Proof The triangle inequality gives

[(w—wy) - nll, < [[(u—TTu) -0, + ||(Mu — up) - 0|,
<Kl g 4+ 272 T — w2,

where we have used (3.42) and (3.11) in the second inequality. The assertion of the
theorem follows by combining the above inequality with (3.41) and (3.33). O

Remark 3.5 Tt is easy to see that the analysis presented in this section is valid also
for the method (2.42)—(2.43) using the BDDF space instead of the enhanced BDDF;
space. Recall that the standard BDDF; MFE method does not converge on general
hexahedra. Our results indicate that, while the quadrature rule (-, -) o does not lead to a
cell-centered finite difference system for the pressure in the case of the BDDF space,
it does lead to a method that gives a first order accurate fluxes on the hexahedral faces.

4 Convergence of the pressure
Lemma 4.15 The spaces V,’f x Wy, satisfy the inf-sup condition:

Vv,
sp V) Sl v e W, 4.1)

O#VEVf ”V”div
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Proof 1t is enough to show that Yw € W), there exists v € V}If such that
(V-v.w) = [w|* and [[Vllay < [w]. (4.2)

Asnoted in the proof of Lemma 2.5, forany w € W), C L?(Q), thereexistsq € H'(Q)
such that [31,30]

V-q=w and [qfi < wl, 4.3)
Using (2.25), we have
(V- Trq.w) = (V- q, w) = [w]*, (4.4)
Furthermore, (3.12), (3.13), and (4.3) imply that
IMrallaiv < llalli < lwll. 4.5

Now, (4.4) and (4.5) imply that v = T[1gq satisfies (4.2), which completes the proof.
O

Theorem 4.3 Assume that K € W};l""(sz), K- e W%;OO(Q), and that (3.27) and
(3.29) hold. Then the pressure py, of the non-symmetric MFMFE method (2.42)—(2.43)
satisfies

Ip = pull < h(laly + [Ipll2). (4.6)
Proof By Lemma 4.15, we have

(V-v,0np — pn)
10rp — pull < sup . 4.7

Ver ” v ” div

Using (2.27) and (2.42), the numerator can be written as

Vv,0p—p) = -V.p—p)=(V-v,p—qg"H) +(V-v,¢") = (V-V, p)
= (V-v.p—gh+ D D g v e+ (K (MTu =), v)g
E€T), ecdE
- > (k' vgs + (Va' k)
E€T,
I+ L+ I3+ 14,

where ¢! is defined by (3.21). Term I; is estimated using (3.21):

111l S Allp Y - v 4.8)
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Using the continuity of p, (3.23), and (3.11), term I, can be written as

LI=|> > @ —p.veome = > > lig" = plellv-nll

E€T), ecdE E€T) ecdE
S K2 1phh™ 2 v = hipla vl (4.9)

Using (3.30), term /3 is estimated from Theorem 3.1 as:
[3] < h(lali + 21V (4.10)

Term I4 can be written as

li= Y (K'MKVp.vIor = (Vg Vi)
E€T),

-3 (K—ln(Kvp—EEVql),v)
EeT, Q.E

+ > (K'MK V' vg.x — (Vo' k)
E€Ty,
=+ (4.11)

Using (3.30) and (3.12), we estimate term I as

111 S D IK T KV p — KeVehlelvie
E€Ty,

< D UKVp—KeVg'lle +hIKVp = KeVa'lLp)lvie
E€T),

S Z (KK = Ke)Vplle + IKe(Vp — Vg e + hlpl.e)lIvie
E€T),

S hlipl2livil, (4.12)

where we used (3.24) and (3.20) in the last inequality. Using (3.16) (or (3.17) for 2D)
and Lemma 2.4, we have that

1 =(K"KgVq',v)p — (Vq',v) = 0. (4.13)

A combination of (4.7)—(4.13) and (2.28) completes the proof. O

Remark 4.6 Our error analysis also holds when the mean value of K ~lis used in
the numerical quadrature rule (2.33) instead of the inverse of K. Let us denote this
quadrature rule by (-, 1) 5:
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2d
(K™'a.v)g 5= 35 ZJE(m(DF ) () DFE &, K5 a) -vr).  (4.14)
i=1

It is easy to see that Lemma 2.4 takes the form
(K™'q0. V5. = (K5 'q0. V)E.

with Egl being replaced by K El. Using this identity, (3.35) becomes

K'Kpvg' Tl v)~ :(v I v) ((K*l—?”)?vl,n v),
( EVq R o.F q R E+ E E EVYq RV) .

and Iff in (4.13) becomes
1= (K" KpVq' vg - (va' v = (K =K' ) Keva'v)

Note that the extra terms are O(h), as they involve the difference between K El and
?El. Thus Theorems 3.1, 3.2, and 4.3 also hold for the quadrature rule (4.14).

5 Numerical experiments

In this section, we test both the symmetric and the non-symmetric MFMFE methods on
h?-parallelograms and 1 2-parallelepipeds as well as on highly distorted quadrilaterals
and hexahedra. The velocity error ||[ITu—uy, || is approximated by the trapezoidal quad-
rature rule. The face error |ju —uy|| 7, is computed by the 3-point or 9-point Gaussian
quadrature rules on edges or faces. The pressure error ||p — pp|| is approximated
by the 9-point or 27-point Gauss quadrature rules on quadrilaterals and hexahedra.
The discrete L? pressure error || p — py || is computed by the midpoint quadrature rule:
llp—prll> = ZEGT |E|(p— pn)*(m.), where m, is the center of mass of the element
E. We also report convergence in the discrete flux error

1 1
-l = > > B ﬂ/ -e—m/uh-ne
e

E€T), ecdE

The resulting linear algebraic system is solved using the software HYPRE (high per-
formance preconditioners) developed by researchers at Lawrence Livermore National
Laboratory.!

1 http://computation.llnl.gov/casc/hypre/software.html.
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5.1 2D examples

We consider two types of meshes—smooth and non-smooth. The smooth mesh is a
C°° map of a uniform mesh on the unit square. The map is defined as

x =X+ 0.06sin(27x) sin(27 y),
y =3y —0.05sin(27 x) sin(27 y).

The mesh is shown on the left in Fig. 5. It is easy to check that in this case the elements
are h’-parallelograms. The second mesh consists of highly distorted quadrilaterals
generated by perturbing the uniform mesh points in a random direction by a distance
of size O(h), see the right Fig. 5. The grids on the different levels of refinement are
obtained by mapping or perturbing refinements of the uniform grid.

We consider problem (1.1)—(1.2) with a given analytical solution

px,y) = sin(37tx)2 sin(37ry)2,

and full permeability tensor

2 1.25
K= (1.25 3 ) ’
The boundary conditions are of Dirichlet type.

We first test the convergence of ||u — ITu|| £, . The results foru = —K'V p, where p
and K are defined above, are given in Table 1. We observe second order convergence
on both the smooth grids and the rough grids, which confirms the theoretical results
in Sect. 3.4. The slight variation in the convergence rate on the randomly perturbed
grids is due to varying shape regularity constants on the different grid levels.

Next, we test the convergence of the MFMFE method. Table 2 shows the numer-
ical results on /h2-parallelogram meshes. As the theory predicts for the symmetric

AW
5

Shtas

Fig. 5 Smooth quadrilateral mesh (left) and randomly /-perturbed quadrilateral mesh (right)
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Table 1 Interpolation error

la — 1'[u||_7:h on the 2D meshes 1/h Mesh 1 Mesh 2
8 3.20E+40 - 3.43E+0 -
16 8.64E—1 1.89 9.30E—1 1.88
32 2.20E—1 1.97 2.47E—1 1.91
64 5.54E-2 1.99 5.34E-2 2.21
128 1.39E—-2 1.99 1.38E—-2 1.95
256 3.47E-3 2.00 3.80E-3 1.86
512 8.68E—4 2.00 8.86E—4 2.10
Table 2 Convergence in the 2D example on hz—parallelogram grids
1/h lp = pal [T — uy, | lu—wlF,
Symmetric MFMFE
8 4.46E—1 - 1.04E+1 - L.11E+1 -
16 2.02E—1 1.14 441E+0 1.24 4.12E+0 1.43
32 9.67TE—2 1.06 2.19E4+0 1.01 1.83E+0 1.17
64 4.79E-2 1.01 1.10E4-0 0.99 8.86E—1 1.05
128 2.39E-2 1.00 5.50E—1 1.00 4.40E—1 1.01
256 1.19E-2 1.01 2.75E—1 1.00 2.19E—1 1.01
512 5.97E-3 1.00 1.38E—1 0.99 1.10E—1 1.00
Non-symmetric MFMFE
8 4.45E—1 - 1.05E+1 - 1.10E+1 -
16 2.03E—1 1.13 4.38E+0 1.26 4.06E+0 1.44
32 9.67TE-2 1.07 2.17E+0 1.01 1.81E+0 1.17
64 4.79E-2 1.01 1.09E4-0 0.99 8.78E—1 1.04
128 2.39E-2 1.00 5.45E—1 1.00 4.36E—1 1.01
256 1.19E-2 1.01 2.73E—1 1.00 2.18E—1 1.00
512 5.97E-3 1.00 1.36E—1 1.01 1.09E—1 1.00
Ik llp—pall e =l 7, Iy = pall lla —upll 7,
Symmetric (left) and Non-symmetric (right) MFMFE
8 2.37E—1 - 8.40E+0 - 2.35E—1 - 8.31E+0 -
16 4.96E—2 2.26 2.46E+0 1.77 4.99E-2 2.24 2.39E4+0 1.80
32 1.15E-2 2.11 6.35E—1 1.95 1.16E—2 2.10 6.12E—1 1.97
64 2.84E-3 2.02 1.61E—1 1.98 2.86E—3 2.02 1.55E—1 1.98
128 7.08E—4 2.00 4.05E-2 1.99 7.12E—4 2.01 3.89E—-2 1.99
256 1.77E—4 2.00 1.01E-2 2.00 1.78E—4 2.00 9.74E-3 2.00
512 4.42E-5 2.00 2.53E-3 2.00 445E-5 2.00 2.44E-3 2.00

MFMFE method [51] and the non-symmetric MEMFE method, we observe first order
convergence for the pressure and the velocity. In addition, we obtain second order
superconvergence for the face flux and the pressure at the cell centers.
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Table 3 Convergence in the 2D example on randomly %-perturbed quadrilateral grids

1/h P — pall [T — up, || lu—up 7,

Symmetric MFMFE

8 6.02E—1 - 1.14E+1 - 1.32E+1 -

16 2.12E—1 1.51 4.86E+0 1.23 4.58E+0 1.53
32 9.95E-2 1.09 2.76E4+0 0.82 2.47E4+0 0.89
64 4.96E—2 1.00 1.94E4-0 0.51 1.48E+0 0.74
128 2.51E-2 0.98 1.69E+0 0.20 1.34E+0 0.14
256 1.32E-2 0.93 1.60E+4-0 0.08 1.40E+0 <0
512 7.95E-3 0.73 1.60E+0 0.00 1.31E+0 0.10
Non-symmetric MFMFE

8 6.04E—1 - 1.15E+1 - 1.28E+1 -

16 2.17E—1 1.48 4.77E+0 1.27 4.23E+0 1.60
32 1.00E—1 1.12 2.38E4+0 1.00 1.95E+0 1.12
64 4.97E-2 1.01 1.19E+0 1.00 8.02E—1 1.28
128 248E-2 1.00 5.92E—1 1.01 4.07E—1 0.98
256 1.24E-2 1.00 297E—1 1.00 2.24E—1 0.86
512 6.20E—-3 1.00 1.49E—1 1.00 1.05E—1 1.09
Ik llp = pall e —ull 7, llp = pall llu —upll 7,
Symmetric (left) and Non-symmetric (right) MFMFE

8 3.51E—1 - 1.16E+1 - 3.48E—1 - 1.12E+1 -
16 6.42E—2 2.45 3.16E4+0 1.88 7.14E-2 2.29 2.84E4+0 1.98
32 1.35E-2 2.25 1.19E+0 1.41 1.33E-2 2.42 8.67E—1 1.71
64 5.21E-3 1.37 5.91E—1 1.01 3.15E-3 2.08 2.79E—1 1.64
128 4.94E-3 0.77 4.87E—1 0.28 7.58E—4 2.06 1.28E—1 1.12
256 4.88E-3 0.18 5.00E—1 <0 2.03E—4 1.90 6.86E—2 0.90
512 5.02E-3 <0 4.71E—1 0.09 4.83E-5 2.07 3.17E-2 1.11

Table 3 demonstrates the convergence behavior for the randomly perturbed grids
of size O(h). The numerical results show that the non-symmetric MFMFE method
has first order convergence for both the velocity and the pressure on these highly dis-
torted grids. Clearly the convergence of the velocity and the pressure of the symmetric
MFMFE method deteriorates.

5.2 3D examples

In the 3D examples we consider four hexahedral meshes. The first one is generated
using a smooth map of a uniform grid given by

X +0.03sin(37x) cos(3w y) cos(3mZ2),

y —0.04 cos(3mx) sin(3mw y) cos(37Z),

7 =240.05cos(37x) cos(3my) sin(3wZ).

X
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where « is a parameter.

The convergence of the interpolation error ||u — ITul| 7,, u = —K'V p, on the four
grids with @ = 1 is presented in Table 4. We observe first order convergence for the
h-perturbed grids, as predicted by the theory. Moreover, second order convergence is
obtained for the smooth grids. This can be proven by a scaling argument using the fact
that the BDDF; interpolant preserves the normal components of linear vectors on the
faces of the reference element. The scaling estimates developed in [33] for h2-per-
turbed grids allow for the scaling argument to be employed without loss of accuracy.
We note that such scaling argument would give no convergence on rough grids.

In order to explore the coercivity of the non-symmetric MFMFE method on dis-
torted grids and anisotropic full tensor coefficients, we tested « = 10, 100, 1000 on
the four meshes. In some cases the coercivity condition (3.27) was violated, leading
to a singular algebraic problem. For each mesh we report convergence for the largest
value of @ among the three tested, for which the non-symmetric method was positive
definite. These values are « = 100 for mesh one, « = 1000 for mesh two, « = 10
for mesh three, and @ = 100 for mesh four. As predicted by the theory in [33], the
symmetric method was coercive in all cases. As we report below, the non-symmetric
method exhibits first order convergence on all grids, while the convergence of the
symmetric method deteriorates on rough grids. We note that one or the other method
may be chosen element by element, depending on the roughness of the grid and the
permeability anisotropy, as it is done in the coupled example in Sect. 5.3. Further-
more, there have been a number of modifications developed in the literature for the
closely related MPFA method, which exhibit improved coercivity and monotonicity
properties, such as methods with compact stencils [2,5] or increased pressure sup-
port [25,26]. These approaches, as well as grid smoothing techniques (Gridpro, http://
www.gridpro.com/) or a posteriori error estimation and adaptive grid refinement [46],
could be explored for the MFMFE method, but this is beyond the scope of this paper.

We also test the convergence of the symmetric and non-symmetric MFMFE meth-
ods on the randomly A-perturbed mesh 3 for a problem with a variable full tensor
coefficient given by

y2+2  cos(xy) sin(xz)

K = | cos(xy) (x+3)? cos(yz)
sin(xz) cos(yz) (x+ 12+ 22

Table 4 Interpolation error |ju — ITul| F, on the 3D meshes

1/h Mesh 1 Mesh 2 Mesh 3 Mesh 4

4 1.21E—4 - 1.67E—4 - 1.36E—4 - 1.60E—4 -

8 3.20E-5 1.92 7.20E-5 1.21 4.04E-5 1.75 5.65E—5 1.50
16 7.26E—6 2.14 3.40E-5 1.08 1.57E-5 1.36 2.29E-5 1.30
32 1.72E—6 2.08 1.69E—5 1.01 8.57E—6 0.87 1.06E—5 1.11
64 4.22E-7 2.03 8.51E—6 0.99 3.98E—6 1.11 5.21E-6 1.02

128 1.05SE-7 2.01 4.28E—6 0.99 2.04E—6 0.96 2.59E—-6 1.01
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The pressure is as in the first four 3D examples.

Tables 5, 6, 7, 8 and 9 demonstrate the convergence behavior of both the symmetric
and the non-symmetric MFMFE methods for the five examples described above.

The non-symmetric MFMFE method developed in this paper exhibits first order
convergence for both velocity and pressure on all four meshes. These numerical results
confirm the theory established in Theorems 3.1, 3.2, and 4.3. Furthermore, the compu-
tational results indicate second order superconvergence for pressure at the cell centers
on all four meshes and for the face fluxes on the smooth mesh.

The symmetric MEMFE method on h2-parallelepipeds has been proven to have
first order convergence for velocity and pressure [33]. Table 5 confirms this theoreti-
cal result. We also observe similar convergence on the second and fourth meshes, see
Tables 6 and 8, respectively. However, on the randomly perturbed mesh, the conver-
gence of the velocity and the pressure in the symmetric MFMFE method deteriorates,
see Tables 7 and 9.

5.3 A coupled scheme

Both the theory and the numerical examples confirm that the symmetric MFMFE
method is accurate on h2-parallelograms and h2-parallelepipeds, and the non-symmet-
ric MEMFE method is accurate on general quadrilateral and hexahedral grids. Recall
that the distinction between these two methods lies in the numerical quadrature, which
is defined at the element level. Thus the symmetric and the non-symmetric MFMFE

Table 5 Convergence in the first 3D example on smooth hexahedral grids with @ = 100

1/h P = pall [TTu — || lu—up 7,

Symmetric MFMFE

8 1.48E—05 - 5.15E—-03 - 3.82E—03 -

16 7.17E—06 1.05 2.77E—-03 0.89 1.80E—03 1.09

32 3.56E—06 1.01 1.43E—-03 0.95 8.67E—04 1.05

64 1.78E—06 1.00 7.25E—-04 0.98 4.30E—04 1.01
Non-symmetric MEFMFE

8 1.48E—-05 - 5.74E—-03 - 4.37E—-03 -

16 7.19E—06 1.04 2.56E—03 1.06 1.67E—03 1.39

32 3.56E—06 1.01 1.25E—-03 1.03 7.59E—04 1.14

64 1.78E—06 1.00 6.26E—04 1.00 3.71E—-04 1.03

I/h lip = pall lla —upll 7, lp — pull lla —wpll 7,
Symmetric (left) and Non-symmetric (right) MFMFE

8 4.12E—06 - 1.31E-03 - 3.87E—06 - 1.58E—03 -

16 1.05SE—06 1.97 4.59E—-04 1.51 1.04E—06 1.90 4.08E—04 1.95
32 2.69E—07 1.96 1.27E-04 1.85 2.68E—07 1.96 1.01E—04 2.01
64 6.84E—08 1.98 3.37E-05 1.91 6.77E—08 1.99 2.57E—-05 1.97
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Table 6 Second 3D example on an A-perturbed grid with & = 1000

1/h lp— prll 1T — u || lu— w7,

Symmetric MFMFE

8 1.57E—-05 - 9.38E—02 - 5.70E—-02 -

16 7.83E—06 1.00 4.97E-02 0.92 2.91E-02 0.97

32 3.90E—-06 1.01 2.60E—02 0.93 1.50E—02 0.96

64 1.95E-06 1.00 1.33E—-02 0.97 7.69E—03 0.96
Non-symmetric MFMFE

8 1.57E—-05 - 9.70E—02 - 5.80E—02 -

16 7.81E—06 1.01 5.17E—-02 0.91 3.00E—02 0.95

32 3.90E—-06 1.00 2.66E—02 0.96 1.54E—-02 0.96

64 1.95E—-06 1.00 1.35E—-02 0.98 7.79E—03 0.98

I/h lip — pall lla —upll 7, lp — pull lla —wpll £,
Symmetric (left) and Non-symmetric (right) MFMFE

8 3.06E—-06 - 2.35E—-02 - 2.64E—06 - 2.29E—-02 -

16 9.15E-07 1.74 9.91E—03 1.25 6.87E—07 1.94 9.79E—-03 1.23
32 247E-07 1.89 4.76E—03 1.06 1.76E—07 1.96 4.76E—03 1.04
64 6.13E—08 2.01 2.39E-03 0.99 4.53E—-08 1.96 2.39E—-03 0.99
Table 7 Third 3D example on a randomly A-perturbed grid with « = 10

1/h lp = poll [T — up || lu — w7,

Symmetric MFMFE

8 1.49E—-05 - 7.16E—04 - 5.25E-04 -

16 7.27E—06 1.04 4.71E—04 0.60 3.25E—-04 0.69

32 3.82E—-06 0.93 3.75E—-04 0.33 3.09E—04 0.07

64 2.31E—-06 0.73 3.48E—-04 0.11 2.76E—04 0.16
Non-symmetric MFMFE

8 1.50E—-05 - 7.29E—-04 - 5.37E—-04 -

16 7.21E—06 1.06 3.75E—-04 0.96 2.59E—-04 1.05

32 3.57E—-06 1.01 1.88E—04 1.00 1.52E—04 0.77

64 1.78E—06 1.00 9.45E—-05 0.99 7.32E—-05 1.05

I/h ip = pall lha — w7, lp = prll llu — w7,
Symmetric (left) and Non-symmetric (right) MFMFE

8 3.79E—-06 - 2.26E—04 - 3.64E—06 - 2.42E—-04 -

16 1.73E—-06 1.13 1.17E—-04 0.95 1.02E—06 1.84 8.01E—05 1.60
32 1.47E—06 0.24 1.17E—-04 0.00 2.63E—-07 1.96 3.84E—05 1.06
64 1.49E—06 <0 1.10E—-04 0.09 6.62E—08 1.99 1.73E—-05 1.15

@ Springer



200

M. Wheeler et al.

Table 8 Fourth 3D example on an A-perturbed grid with & = 100

1/h lp— prll T — uy, || lu— w7,

Symmetric MFMFE

8 1.53E—-05 - 7.39E—-03 - 6.27E—03 -

16 7.38E—06 1.05 3.79E—-03 0.96 3.15E-03 0.99

32 3.65E-06 1.02 1.91E-03 0.99 1.59E-03 0.99

64 1.82E—06 1.00 9.57E—04 1.00 7.96E—04 1.00
Non-symmetric MFMFE

8 1.52E—-05 - 7.40E—03 - 6.33E—03 -

16 7.36E—06 1.05 3.81E—03 0.96 3.17E—-03 1.00

32 3.65E—06 1.01 1.92E—-03 0.99 1.59E—-03 1.00

64 1.82E—-06 1.00 9.62E—04 1.00 7.97E—-04 1.00

I/h lip — pall lla —upll 7, lp — pull lla —wpll £,
Symmetric (left) and Non-symmetric (right) MFMFE

8 3.97E—-06 - 2.22E-03 - 3.64E—06 - 2.21E-03 -

16 1.04E—06 1.93 8.14E—04 1.45 1.01E—06 1.85 7.51E-04 1.56
32 2.57E-07 2.02 3.86E—04 1.08 2.83E—-07 1.84 3.27E—-04 1.20
64 6.30E—08 2.03 1.97E—04 0.97 9.28E—-08 1.61 1.60E—04 1.03
Table 9 Fifth 3D example on a randomly /A-perturbed grid with a variable permeability

1/h lp— prll (TTa — || o — w7,

Symmetric MFMFE

8 1.48E—05 - 9.15E—04 - 6.61E—04 -

16 7.26E—06 1.03 5.87E—04 0.64 4.06E—04 0.70
32 3.82E—-06 0.93 4.64E—04 0.34 3.83E-04 0.08
64 2.30E—-06 0.73 4.30E—04 0.11 3.40E—-04 0.17
Non-symmetric MFMFE

8 1.49E—-05 - 9.23E—-04 - 6.66E—04 -

16 7.20E—06 1.05 4.68E—04 0.98 3.21E-04 1.05
32 3.57E—-06 1.01 2.36E—04 0.99 1.90E—-04 0.76
64 1.78E—06 1.00 1.18E—04 1.00 9.11E—05 1.07
I/ llp = pall lla —upll 7, llp = pall e —up i 7,
Symmetric (left) and Non-symmetric (right) MFMFE

8 3.54E—06 - 2.65E—04 - 3.37E-06 - 2.78E—04 -

16 1.70E—06 1.06 1.35E-04 0.97 9.92E—-07 1.76 8.83E—05 1.65
32 1.48E—06 0.20 1.39E—-04 <0 2.54E—-07 1.97 3.98E—05 1.15
64 1.49E—06 <0 1.31E—-04 0.09 6.41E—08 1.99 1.71E—05 1.22
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methods can be easily coupled element by element. In particular, one can select the
symmetric quadrature rule for 42-perturbed elements and the non-symmetric quadra-
ture rule for highly distorted elements. To test this concept, we choose the “coupled”
mesh as shown in Fig. 7 consisting of the randomly /-perturbed and the ~%-perturbed
meshes from Fig. 5, as well as a uniform mesh. The analytical solution, permeability,
and boundary condition are the same as in Sect. 5.1. Table 10 demonstrates that the
coupled method has first order convergence for the pressure and the velocity and has
second order convergence for the pressure at the cell centers.

Fig.7 A “coupled” mesh T
consists of hz—perturbed and
randomly A-perturbed
quadrilaterals, and uniform
rectangles T

Table 10 Symmetric MFMFE coupled with Non-symmetric MFMFE

1/h lp = pall [Tl —uy, | o —wllz,

4 3.40E+0 - 4.52E+1 - 5.86E+1 -

8 5.96E—1 251 1.02E+1 2.15 118E+1 2.31
16 2.03E—1 1.55 4.37E4+0 1.22 4.00E+0 1.56
32 9.72E—2 1.06 2.16E+0 1.02 175E+0 1.19
64 4.79E—2 1.02 L11E+0 0.96 8.58E—1 1.03
128 2.39E-2 1.00 5.53E—1 1.01 4.25E—1 1.01
256 1.20E—2 0.99 2.77E-1 1.00 2.13E-1 1.00
1/h Ilp — pall o —upll 7,

4 3.04E+0 - 5.47E+1 -

8 3.96E—1 2.94 9.82E+0 2.48
16 4.77E-2 3.05 2.49E+0 1.98
32 1.17E-2 2.03 7.07E—1 1.82
64 2.91E-3 2.01 2.39E—1 1.56
128 7.73E—4 1.91 1.00E—1 1.26
256 1.84E—4 2.07 4.75E-2 1.07
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6 Conclusions

In this paper, a non-symmetric MFMFE method on both quadrilaterals and hexahedra
is developed based on BDM| and enhanced BDDF; spaces, and a special quadrature
rule. This method gives a cell-centered pressure stencil by locally eliminating the
velocity degrees of freedom. On highly distorted quadrilateral and hexahedral grids,
the non-symmetric MFMFE method gives better approximation than the symmetric
formulation from [33,51]. In particular, the non-symmetric MEMFE method exhibits
first order convergence for pressure and normal velocities on faces, as well as second
order superconvergence for the pressure at the cell centers. Furthermore, second order
superconvergence is observed for the face fluxes on smooth meshes. The method can
handle non-planar hexahedral faces. Since the symmetric and non-symmetric MFMFE
methods are locally defined, they can be coupled so that the non-symmetric method is
applied to highly distorted elements. Affine elements can also be coupled with quad-
rilateral and hexahedral elements. We remark that based on accurate velocities on
faces one can obtain accurate velocity inside elements by applying post-processing
techniques [49].
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