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Abstract We study the numerical approximation on irreg-
ular domains with general grids of the system of poroe-
lasticity, which describes fluid flow in deformable porous
media. The flow equation is discretized by a multipoint
flux mixed finite element method and the displacements
are approximated by a continuous Galerkin finite element
method. First-order convergence in space and time is estab-
lished in appropriate norms for the pressure, velocity, and
displacement. Numerical results are presented that illustrate
the behavior of the method.

Keywords Poroelasticity - Geomechanics - Multipoint
flux mixed finite element - Continuous Galerkin - Finite
volume method

1 Introduction
Fluid motion through porous media and solid deforma-

tion are inherently coupled. Applications in the geosciences
where such coupling is important include environmental
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cleanup, petroleum production, solid waste disposal, and
carbon sequestration, with field phenomena such as surface
subsidence, uplift displacement, pore collapse, cavity gen-
eration, hydraulic fracturing, thermal fracturing, wellbore
collapse, sand production, and fault activation.

The mathematical model for the coupled fluid-solid sys-
tem used in this paper is the classical Biot consolidation
system in poroelasticity [6, 42] under a quasi-static assump-
tion. The system consists of an equilibrium equation for
the solid and a mass balance equation for the fluid. The
fluid pressure contributes to the total stress of the solid,
and the divergence of the solid displacement represents
an additional term in the fluid content. There is a large
body of literature on the numerical modeling of the cou-
pled system. In [30-32], Taylor-Hood finite elements are
employed for a displacement—pressure variational formula-
tion. A least squares formulation that approximates directly
the solid stress and the fluid velocity is studied in [25,
26]. Finite difference schemes on staggered grids designed
to avoid nonphysical oscillations at early times have been
developed in 1D in [15, 19]. The method in [15] can han-
dle discontinuous coefficients through harmonic averaging.
A formulation based on mixed finite element (MFE) meth-
ods for flow and continuous Galerkin (CG) for elasticity has
been proposed in [36, 37]. The advantage of this approach
is that the fluid approximation is locally mass conservative
and the fluid velocity is computed directly. Further work
addresses the problem of eliminating locking or removal of
nonphysical pressure oscillations via the use of discontin-
uous Galerkin (DG) for elasticity [27, 28, 38]. In [20], a
parallel domain decomposition method has been developed
for coupling a time-dependent poroelastic model in a local-
ized region with an elastic model in adjacent regions. Each
model is discretized independently on nonmatching grids
and the systems are coupled using DG jumps and mortars.
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Applications of the Biot system to the computational mod-
eling of coupled reservoir flow and geomechanics can be
found in [11, 17, 18, 41].

The focus of this paper is to develop a discretization
method for the poroelasticity system that is suitable for
irregular and rough grids and discontinuous full tensor
permeabilities that are often encountered in modeling sub-
surface flows. To this end, we develop a formulation that
couples multipoint flux mixed finite element (MFMFE)
methods for flow with CG for elasticity. The MFMFE
method was developed for Darcy flow in [21, 44, 47]. It
is locally conservative with continuous fluxes and can be
viewed within a variational framework as a mixed finite
element method with special approximating spaces and
quadrature rules. The MFMFE method allows for an accu-
rate and efficient treatment of irregular geometries and het-
erogeneities such as faults, layers, and pinchouts that require
highly distorted grids and discontinuous coefficients. The
resulting discretizations are cell-centered with convergent
pressures and velocities on general hexahedral and simpli-
cial grids. The reader is referred to [45] for the performance
of the MFMFE method for flow on a benchmark test using
rough 3D grids and anisotropic coefficients.

The MFMFE method was motivated by the multipoint
flux approximation (MPFA) methods [2, 3, 13, 14]. In the
MPFA finite volume framework, sub-edge (sub-face) fluxes
are introduced, which allows for local flux elimination
around grid vertices and reduction to a cell-centered pres-
sure scheme. Similar elimination is achieved in the MFMFE
variational framework, by employing appropriate finite ele-
ment spaces and special quadrature rules. The MFMFE
method is based on the BDM| [9] or the BDDF] [8] spaces
with a trapezoidal quadrature rule applied on the reference
element, [21, 44, 47]. We refer to [23, 24] for a related work
on quadrilateral grids using a broken Raviart-Thomas space
and to [1, 22] for papers utilizing both approaches.

The choice of CG for elasticity is reasonable if the per-
meability is not very small and locking is not an issue.
As mentioned above, there has been previous work on
employing DG for poroelasticity discretizations to eliminate
locking [27, 28, 38]. In [28], it was shown that DG degrees
of freedom may only be needed in localized regions, while
the less expensive CG may be used in the rest of the domain.
Since our goal in this paper is to emphasize the applicabil-
ity of the MFMFE method for flow in the Biot system, we
have chosen to consider only CG for elasticity, thus avoiding
the more complicated DG notation. Nevertheless, coupling
MEMEFE for flow with DG or a combination of CG and
DG for elasticity is a possible choice that will be studied in
future papers.

In this paper, we develop convergence analysis for
the MFMFE-CG numerical approximation of the time-
dependent poroelasticity system. We study two versions of
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the method: with a symmetric quadrature rule on simpli-
cial and smooth quadrilateral and hexahedral grids and a
nonsymmetric quadrature rule on rough quadrilateral and
hexahedral grids. The framework allows for handling hex-
ahedral grids with nonplanar faces defined via trilinear
mappings from the reference cube. The backward Euler
method is employed for time discretization. Theoretical and
numerical results demonstrate first-order convergence in
time and space for the fluid pressure and velocity, as well as
for the solid displacement.

The rest of the paper is organized as follows. The prob-
lem formulation and the numerical approximation are pre-
sented in Section 2. Known convergence results for the
MFEMFE method on pure Darcy flow problem are given
in Section 3. The convergence analysis for the continu-
ous in time and the fully discrete schemes is developed in
Sections 4 and 5, respectively. Section 6 is devoted to com-
putational experiments. Finally, conclusions are given in
Section 7.

2 Problem formulation and discretizations

We first introduce some notations. For a domain 2 C Rd,
d = 2,3, let || - |lk.oo» & € R, denote the norm in the
Sobolev space Wkoo(Q). Let || - ||x and | - | be the norm and
seminorm, respectively, in the Hilbert space H*(2). The
norm in L2(2) is denoted by || - ||. The L2(§2)-inner prod-
uct is denoted by (-, -) and for G C 92, (-, -)g denotes the
L?(G)-inner product or duality pairing. For a tensor-valued
function M, let | M|l = max; ; [|M;j|lo for any norm | - [|o.

Let X < (2) Y denote that there exists a positive con-
stant C, independent of the mesh size /4 and the time step
size At, such that X < (>) CY. The notation X < Y means
that both X < Y and X 2 Y hold.

Let @ ¢ R? be a domain with a Lipschitz continuous
boundary d€2 and unit outward normal n. The poroelasticity
system [6, 42] in €2 over a time interval (0, T'], T > 0, reads

—V.o =f, in 2 x (0, T], 2.1
z=—-KVp, in Q2 x (0, T], 2.2)
ad

E(cop +aVau)+Vz=sys, in 2 x (0, T], 2.3)

where f is an external force, s is a source or sink term, and
1
o =\tr(e)I+2ue—apl, €)= E(Vu—i— VuT). 2.4)

In the above constitute equations, u(x, ¢) is the displacement
of the porous rock, p(x, t) is the fluid pressure, z(x, ?) is the
Darcy velocity, K(x) is a symmetric and uniformly positive
definite tensor representing the rock permeability divided by
the fluid viscosity, o (x, 7) is the total stress tensor, ¢y > 0
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is the storage coefficient, « is the Biot—Willis constant, and
A and p are the Lamé constants
Ev E
}\‘ = T i A M = >
(1 +v)(1 —2v) 2(I+v)

where E is the Young’s module and v is the Poisson’s ratio.
The gravity force is ignored for simplicity. We assume that
there exist constants 0 < ko < kj such that for all x € 2,
K(x) satisfies

kotT& < ETK(x)E < k€7 &,

The above system is supplemented by the following bound-

2.5)

vE e RY. (2.6)

ary and initial conditions, wherein 02 = I', U I'; and

0Q=T,uUTl,,;:
u=20, onI", x (0, T], 2.7
on=ty, onI'y x (0, T], 2.8)
p=0, onl) x (0,T], 29
z-n=0, onl; x (0, 7], (2.10)
p(,0) = po, in €, (2.11)
u(-, 0) = ug, in Q. (2.12)

We assume that s(-, 1) € L2(Q), f(-,1) € (L2 ()%, ug €

(L2(22))4, and pg € L%(2). The no-flow and homogeneous

Dirichlet boundary conditions are considered for simplicity.
The following functional spaces will be used in the weak

formulation.

V={vew' @7 :v=00onr,},

Z={zec Hdiv;Q) :z-n=0onT,},

W = L*(Q).

The weak formulation is: find u(-,¢) € V, z(-,t) € Z, and

p(,t) € W,t € [0, T], such that

a(u,v) —a(p, V-v) = £, v) + (ty, V1, ,
(K™'z,q) — (p, V-q) =0,

(aat(cop+otv-u), w) + (V-z,w)=(s, w),Yw € W, (2.15)

VveV, (2.13)
VqeZ, (2.14)

u(,0) =up, p(,0) = po, (2.16)

where
a(u,v) = (c(u) : €(v)) = Cue() : €(v)) + (AV-u, V-v).
It is easy to see that a(-, -) is coercive:

IvI? <a(v,v), Vve (H Q) (2.17)

We first consider a semidiscrete approximation of the
system (2.13)—(2.16). We apply the CG method for the dis-
placement and the MFMFE method [21, 44, 47] for the
flow. Given finite element approximating spaces V;, C V,
Z, C Z,and W, C W, the coupled MFMFE-CG method is:

find u, () € Vp, 2,(¢t) € Zy, and pp(t) € Wy, t € [0,T],
such that

VveV, (2.18)
(2.19)

a(uy, v) —a(pp, V-v) = (£, v) + (ty, V)1, ,
K~ 'z, q) 9 — (pn, V-q) =0,

0
(&(Coph‘f‘av'uh), w>+(V-Zh, w)=(g, w),Yw € Wy, (2.20)

vq € Zy,

u,(0) = Ppug,  pr(0) = O po, 2.21)

where P;, and Q) are projection operators onto V;, and Wy,
respectively, defined in (2.53) and (2.41), and (-, -)p is a
quadrature rule defined in Section 2.2.

There are two key ingredients in the MFMFE method.
The first is an appropriate choice of mixed finite element
spaces Z;, and W), and degrees of freedom. The second is a
specific choice of the numerical integration rules for (-, -)o
in (2.19). These two choices allow for flux variables associ-
ated with a vertex to be expressed by cell-centered pressures
surrounding the vertex. We consider two quadrature rules—
symmetric an nonsymmetric. The former works well on
affine or smooth grids, while the latter is designed to handle
rough quadrilateral or hexahedral grids.

In the next sections, we give details on the MFMFE
method and the CG method on various grids.

2.1 Finite element spaces

Assume that 2 can be exactly partitioned into a union of
finite elements of characteristic size . The elements can
be triangles or quadrilaterals in 2D, tetrahedra or hexahe-
dra in 3D. Let us denote the family of partitions by 7j
and assume that they are shape-regular and quasi-uniform
[12]. This is a standard assumption in finite element anal-
ysis. It was needed in the analysis of the MEMFE method
for Darcy flow in [21, 44, 47]. We utilize several auxiliary
results from these papers in our analysis. We further require
shape regularity of the grids for optimal approximation of
the finite element space in the elasticity equation. The dis-
placement, velocity, and pressure finite element spaces on
any physical element E are defined, respectively, via the
vector transformation

AL _ 2 —1
Vo viv=voFo,
via the Piola transformation
N 1 A _
q< G:q=—DFgqo F;', (2.22)
JE
and via the scalar transformation
w<—>121:w=1boFb?l,
where Fr denotes a mapping from the reference element E

to the physical element E, DFg is the Jacobian of Fg, and
JE is its determinant. The Piola transformation preserves
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the normal components of the velocity vectors. The finite
element spaces Vy,, Zj, and Wy, on 7}, are given by

Vh:iveV: Vg < ¥, v e V(E), VEeTh},
Zh={q€Z: qle < 4, q € Z(E), VEen},

Wh={weW: wlg < b, » € W(E), VEeTh},
(2.23)

where V(E ), Z(é ) and W(E ) are finite element spaces on
the reference element E.

Triangular elements In the case of triangles, E is the refer-
ence triangle with vertices #; = (0,0)”, #, = (1,0)7, and
f3 = (0, D7. Letr;(i = 1,2,3) be the corresponding ver-
tices on the physical element. The linear mapping Fg has
the form

Fg() =ri(1 =X —3) + 12X + 13y, (2.24)
and the spaces are chosen as for displacement

V(E) = (PI(E)), (2.25)
and the lowest order BDM [9] spaces for flow

Z(E) = (Pu(E)?,  W(E) = Py(E). (2.26)

where P, denotes the space of polynomials of degree at
most k.

Convex quadrilaterals In the case of convex quadrilater-
als, E is the unit square with vertices | = (0,0)7, £, =
(1,07, 83 = (1, DT, and #4 = (0, 1)T. Denote by r;, i =
1,...,4, the corresponding vertices of E. In this case, Ffg is
the bilinear mapping given as

Fp() =ri(1-0)(1=3)+rk(1-9)+r3ty+rs(1-5)J,

(2.27)
and the spaces are for displacement
V(E) = (01(E))*, (2.28)
and the lowest order BDM| [9] spaces for flow
Z(E) = (PL(E)> +r cutl®%9) + s curl(£3?),
W(E) = Py(E), (2.29)

where Q1 denotes bilinear or trilinear polynomial spaces
and r and s are real constants.

Tetrahedra In the case of tetrahedra, E is the reference
tetrahedron with vertices £ = (0,0, 0)7, £, = (1,0, 0)7,
£3=(00,1,07,and 4 = (0,0, DT . Letr; G = 1,...,4)
be the corresponding vertices of E. The linear mapping for
tetrahedra has the form

FE®) =ri(1 =X =3 —2) + 12X +r3) + 142, (2.30)
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and the spaces are

V(E) = (PI(E))®, (2.31)
for displacement and the BDM; spaces for flow [9]:
Z(E) = (P1(E)®,  W(E) = Py(E). (2.32)

Hexahedra In the case of hexahedra, E is the unit cube
with vertices f; = (0,0,0)7, £, = (1,0,0)7, #3 =
1,1,07, 84 =(0,1,007, 5 = (0,0, DT, £6 = (1,0, DT,
7 = (1,1,D)7, and 3 = (0,1, 1)7. Denote by r; =
(xi, i, z,-)T, i =1,...,8, the eight corresponding vertices
of E. We note that the element can have nonplanar faces. In
this case, F is a trilinear mapping given by

FE®) =ri(1 -1 =91 =2 +rx1 =91 -2)
Fr389(1 —2) +ra(1 — DI — 2)
Frs(1 =51 = I+ rex(l — )2

+r739Z +r3(l — %)yz, (2.33)
and the spaces are defined by
V(E) = (Q1(E))*, (2.34)

for displacement and by enhancing the BDDF; spaces [21]
for flow:

Z(E) = BDDF,(E) + sycurl(0, 0, £22)7
+s3curl(0, 0, £252)7 + neurl(£52,0,0)7
+neurl(£5%2, 0,00 + wocurl(0, $22,0)7
+wsceurl(0, £922, 0)7,

W(E) = Py(E),

where the BDDF; (L:? ) space is defined as [8]:

BDDF;(E) = (Pi1(E))? + socurl(0, 0, £$2)7
+s1curl(0, 0, £33 7 + roeurl (552, 0, 0)7,
+rcurl($22, 0,007 + wocurl(0, £92, 0)
+wicurl(0, 72z, 0T,

(2.35)

(2.36)

In above equations, s;,t,w;(i = 0,...,3) are real
constants.

In all cases, the degrees of freedom (DOF) for displace-
ments are chosen as Lagrangian nodal point values. The
velocity DOF are chosen to be the normal components at
n points on each face where n is the number of vertices of
that face. We choose these points to be the vertices. The
dimension of the space is dn,, where d is the dimension
and n, is the number of vertices in E. Note that the orig-
inal BDDF| spaces have only three DOF on square faces.
These spaces have been enhanced in [21] to have 4 DOF on
square faces. This special choice is needed in the reduction
to a cell-centered pressure stencil in a pure Darcy flow prob-
lem as described later in this section. In addition, the normal
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components of the velocity vectors on the faces (edges) are
preserved [10], under the Piola transformation (2.22):

A A

whe = (q - Mg, W);,
(2.37)

(V-quwg=(V-§1i);and(q-n,,

which is needed for an H (div; 2)-conforming velocity
space as required by (2.23).

Recall the projection operators in the space Z, and Wj,.
The operator I1 : (H'(E))¢ — Z(E) is defined locally on
each element by
(11§ — @) - g, (2.38)
where g, € Pj(e) for the case of the unit square (or sim-
plices) E, and g, € Q;(e) for the case of the unit cube

E. The global operator IT : Z N (H'(2))? — Zj, on each
element E is defined by the Piola transformation:

Mg = 11§.

Gi1)e =0, VécCIE,

q < Igq, (2.39)

Furthermore, I1q - n is continuous across element interfaces
and

(V- (Ilq - q), w) =0, (2.40)

Let Q be the L2(E) -orthogonal projection onto W(E)
satisfying for any ¢ € L2(E),

@—0¢,0);=0 VioeW(E).

Let Oy : L%(Q2) — W), be the projection operator satisfying
for any ¢ € L?(Q),

Yw € Wy,.

Onp = Q¢oFy' onall E. (2.41)
It is easy to see that, due to (2.37),
(p— Q. V@) =0, VqeZ. (2.42)

2.2 A quadrature rule

We first introduce some notation on the element geome-
try. A quadrilateral in 2D or a hexahedral face in 3D with

-§(F;), symmetric,

Trap(MEq, 8 = % Sk MeED§E)

vertices ri, I», r3, and r4 (numbered counter clockwise) is
called an h2-parallelogram if

2
T34 — r21lRe S A°.

A hexahedron is called an h2-parallelepiped when all of its
faces are h2-parallelograms. We refer to grids of such ele-
ments as h%-perturbed grids. It holds for such grids that
IDFE| Loo B S < h?%. We employ a symmetric quadrature rule

on affine and h%-perturbed grids and a nonsymmetric rule
on general quadrilaterals and hexahedra.

The integration on a physical element is performed by
mapping to the reference element and choosing a quadra-
ture rule on E. Using the Piola transformation, we write
(K~ ) in (2.14) as

1 . A A
K 'q.9)F = (EDFEK—%FE(x))DFEq, s) )

E
= (MEgqQ,9)p,

where

1
Mg = J—DIFEK*(FE(&))DIFE. (2.43)

E
Define a perturbed M E as
~ 1 . —
Mg = EDIE‘E (r E) K, DFp, (2.44)

where . - is the centroid of £ and Kz denotes the mean

c,E
of K on E. In addition, denote the trapezoidal rule on E by
Trap(-, -) g

Trap(@, §) ; = (2.45)

a~|t~n>

k
Z £) - 8(F),

where {f‘,-}i.‘=1 are the vertices of E.
The symmetric quadrature rule is based on the original
M g while the nonsymmetric one is based on the perturbed

ME:

(K~'q.8)0.c = I Sl oaia _ (2.46)
Trap(MEQ. 8) ; = 7+ >/ MEe(®)Q(F;) - 8(F;), nonsymmetric.
Mapping back to the physical element E, we have the
quadrature rule on E as
-1 FYi JEROK G q(ry) - s(ri), symmetric,
(K7'q,8)0.E = (2.47)

T .
%Zf‘:l Je(F) (]D)]FEI> (r,-)ID)IFE (f'c,é> KElq(r,-) - s(r;), nonsymmetric.
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We call the method symmetric or nonsymmetric MFMFE
method depending on the choice of quadrature rule. On
affine or h2-perturbed grids, both the symmetric and the
nonsymmetric MFMFE methods give first-order accurate
velocities and pressures, as well as second-order accurate
face fluxes and pressures at the cell centers [21, 44, 47]. On
general quadrilateral and hexahedral grids, the convergence
of the symmetric MFMFE method can deteriorate while
the nonsymmetric MFMFE method still gives first-order
accuracy [47]. This is due to the fact that the nonsym-
metric quadrature rule satisfies some critical properties on
the physical elements, see Lemma 3.3 and Lemma 3.4. On
affine grids, the two quadrature rules in (2.46) are the same
if the tensor K is constant in each element, since the Jaco-
bian is a constant matrix. The nonsymmetric quadrature rule
was originally proposed in [24] for quadrilateral grids.

The global quadrature rule on €2 is then given as

(K'q,80= ) K 'q.905.

E€T,

Note that

K 'gs)p= )Y K'gs)or=) siMq., (248
E€Ty, ceCy,

where Cj, denotes the set of corner or vertex points in 7,
qc == {(q-n)(ro)}),, re is the coordinate vector of point
¢, and n. is the number of faces (or edges in 2D) that share
the vertex point c.

Lemma 2.1 ([21, 44]) The symmetric bilinear form
(Kil-, Yo is coercive in Zy and induces a norm in Zj
equivalent to the L*-norm:

K 'q, @0 ~ llqlI>, VqeZ,. (2.49)

The analysis of the nonsymmetric MFMFE method
requires some additional assumptions.

Lemma 2.2 ([47]) Assume that M, is uniformly positive

definite for all ¢ € Cy:
h'gTE SETME,  VE e R™. (2.50)

Then the nonsymmetric bilinear form (K=, -) g Is coercive
in Zj, and satisfies (2.49). If in addition

ETMIME <h¥ETE, VEeR™, 2.51)
then the following Cauchy-Schwarz type inequality holds:
K 'q,90 S llallsll Va.s € Zy, (2.52)

2.3 Reduction to a cell-centered pressure system
in the flow problem

The choice of trapezoidal quadrature rule implies that on
each element, the velocity degrees of freedom associated
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with a vertex become decoupled from the rest of the degrees
of freedom. As a result, the assembled velocity mass matrix
in (2.19) has a block-diagonal structure with one block
per grid vertex. The dimension of each block equals the
number of velocity DOF associated with the vertex. For
example, this dimension is 12 for logically rectangular hex-
ahedral grids, see Fig. 1. Inverting each local block in the
mass matrix in (2.19) allows for expressing the velocity
DOF associated with a vertex in terms of the pressures at
the centers of the elements that share the vertex (there are
eight such elements in Fig. 1). Substituting these expres-
sions into the mass conservation equation (2.20) leads to
a cell-centered system for the pressures. The stencil is 9
or 27 points on logically rectangular quadrilateral or hex-
ahedral grids, respectively. The local linear systems and
the resulting global pressure system are positive definite
and therefore invertible for the symmetric MFMFE method
and, under a mild restriction on the shape regularity of the
grids and/or the anisotropy of the permeability, for the non-
symmetric MFMFE method; see (2.50) below. The reader
is referred to [21, 44, 46, 47] for further details on the
reduction to a cell-centered pressure system.

2.4 Some preliminaries

In the analysis we, will make use of the following finite
element interpolants or projections. Let P, be the elliptic
elasticity projection in Vy satisfying

a(Ppbu—u,v) =0, VveV, (2.53)

The finite element elliptic elasticity theory [12], also [4, 29],
gives
la — Ppully S hlluf,
= Ppwy iy S 2.

(2.54)
(2.55)

It has been shown in [5, 21, 43] that on general quadrilater-
als and h2-parallelepipeds,

lq — Tqll < Aliqll:-

However, on general hexahedra, it only holds that [16, 33,
40]

lq — qll = O(1).

On simplices, we have optimal interpolation error estimates

[9]:
lq — Tq| < A" Mlqllr,

Using a scaling argument and the Bramble-Hilbert lemma
[12], it can be shown that

lo — Qnell < hllellis
1@ — One)ill S hllgx

(2.56)

(2.57)

r=1,2.

(2.58)

(2.59)
(2.60)
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Fig. 1 Interactions of the
velocity degrees of freedom in
the MFMFE method
1 " f i
— 7 i
In the analysis, we will use the following well-known  The projection operator I1g satisfies
estimates [7]. There exists s' € P;(E) such that
7] 1E) IMkall S gl Va € Zs, (2.70)

Ip—s'lle S K Uploe, j=0,1, (261)  and
and (V-(Mrq—q), w) =0, Ywe WF, 2.71)
Ip—s'le S hllplh.e. (2.62)  Which implies

V.q=V-Ilgrq, VqeZ,. 2.72
We also have [12] 4 R4 4 h ( )
IK—Kele S rIKILE- (2.63)

3 Convergence results of the MFMFE method on pure
Lemma 2.3 ([47]) Forall q € (H'(E))?, flow problems
ITqlle S lqlle + hlql1Ee. (2.64) In this section, we state some known convergence results

In the analysis, we will require a similar projection oper-
ator onto the lowest order Raviart-Thomas velocity space
[34, 39]. The RTy spaces are defined on the unit cube as

o oy + fix o X

ZRE) = | a2+ 2P |, WR(E) = Py(E),  (2.65)
a3 + P32

and on the unit square as

ZR(E) = (“1 + ﬂ”f) . WRE) = Py(E).  (2.66)
o + oy

Here, o;and B; (i =1, 2, 3) are real constants. On simplicies,

ZR(E) = (P (E)?!, WR(E) = Py(E). (2.67)
In all cases, V - ZR(E) = WR(E) and ¥ - fi; € Py(é). The
degrees of freedom of VR(E) are chosen to be the constant
values of v - fi; on all faces (or edges) of E. The projection

operator ﬁR : (HI(E))d — ZR(E) satisfies

Yo € P()(E).
(2.68)

vé C OE,

The spaces Z}If and Wf on 7, and the projection operator
Mg : (HY(R))? — VK are defined similarly to the case of
V;, and Wj,. By definition, we have

R cz,,  wE=w, (2.69)

for the MFMFE method applied to the pure Darcy flow
problem

(K'z.q) ~ (Vo =0. vacz. @73

Vezp, w) = (g, w), Ywe W, (3.74)

3.1 Convergence of the symmetric MFMFE method

Let W%Oo consist of functions ¢ such that ¢|g € WK (E)
forall E € Ty.

Theorem 3.1 ([21, 44]) On simplicial grids, hz—parallelo—
grams, and h*-parallelepipeds, if K~! € W%OO, then, the
velocity zy, and the pressure py of the symmetric MFMFE
method (3.73)—(3.74) satisfy

Iz —znll S Rzl (3.75)
IV-@—zp)ll SRV -z, (3.76)
Ip = pall < hdlzlls + Pl (3.77)

3.2 Convergence of the nonsymmetric MEFMFE method

On simplicial grids, h2-parallelograms, and h>-parallelepi-
peds, the nonsymmetric MFMFE method has the same
order of accuracy as the symmetric method. In addition, the
nonsymmetric method has first-order convergence for the
velocity and pressure on general quadrilaterals and for the
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face flux and pressure on general hexahedra with nonplanar
faces.

Theorem 3.2 ([47]) LetK € W}‘” and K=! € WO (Q) .
If (2.50) and (2.51) hold, then the velocity 2, and the pres-
sure py, of the nonsymmetric MFMFE method (3.73)—(3.74)

satisfy

Mz — 24|l + 11Qnp — pull < h(2l1 + I Pl12). (3.78)

This result further implies convergence of the computed
normal velocity to the true normal velocity on the element
faces. First, define a norm for vectors in €2 based on the
normal components on the faces of 7j,:

> —||q n.II7,

E€T), e€dE

lal%, = (3.79)

where |E| is the volume of E and |e| is the area of e. This
norm gives an appropriate scaling of |$2|!/? for a unit vector.

Theorem 3.3 ([47]) LetK € W%;OO and K= ¢ wo®(Q).
If (2.50) and (2.51) hold, then the velocity zj, of the nonsym-
metric MFMFE method (3.73)—(3.74) satisfies

Iz —zull7, < Azl + (I pll2)- (3.80)

3.3 Auxiliary lemmas for the MFMFE method

We give several results from earlier papers on the MFMFE
method for Darcy that are utilized in our analysis.

Lemma 3.1 ([21, 44]) For the symmetric method on h?-

parallelograms and h*-parallelepipeds, if K™ e Wflr;Loo,
then for all q € Zy,
|(K™'Tz, q — TTr@) ol < Azl llqll. (3.81)

Lemma 3.2 ([21, 44]) For the symmetric method on h2-
parallelograms and h*-parallelepipeds, if K~! € W71’;.OO’
then for all q € Zj, and for all s € fo

lo(K'q,s)| := |(K 'q,s) — (K 'q,8)¢]

—1
S Y hIK o ellalElsle-
E€T,

(3.82)

Furthermore, the above bound holds on simplices for all
S e Zh.
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Lemma 3.3 ([47]) For the nonsymmetric method on gen-
eral quadrilateral or hexahedral elements, for any constant
vector so on E and for all q € Z;,(E),

(K*‘SO, q- an) =0 (3.83)

Lemma 3.4 ([47]) For the nonsymmetric method on gen-
eral quadrilateral or hexahedral elements, for any constant
vector so on E and q € Z,’f (E),

K~ 'so, ) —
( SoqQﬁE

Lemma 3.5 ([47]) On general quadrilateral or hexahedral
elements, for any constant vector sy on E,

(K;‘so, q)E (3.84)

Ve COE, Tlsgp-n,=sg-n,. (3.85)

4 Convergence of the semidiscrete poroelasticity scheme

We begin with a well-posedness result.

Lemma 4.1 The system (2.18)—(2.20) has a unique solu-
tion.

Proof For any fixed ¢ this is a square finite dimensional
system and existence is equivalent to uniqueness. Take all
problem data to be zero. Take v = 1wy, q = z;, and w = py,
to conclude that

19 10

Ea_a(uhvuh)‘i‘__(coph Ph)+( Zh,Zh>Q=0.
Integrating the above equation from 0 to ¢ implies, using
(2.17) and (2.49), that uy, (t) = z,(t) = pp(t) = 0. O

The convergence analysis applies to simplices, h%-
parallelograms, and h>-parallelepipeds in the case of the
symmetric MFMFE method and in addition to general
quadrilaterals and hexahedra in the case of the nonsymmet-
ric MFMFE method.

Subtracting (2.18)—(2.20) from (2.13)—(2.15) gives the
error equations

a(Pyu—up, v) —a(Qnp = pr, V-V) =T1(v), Vv eV, (41)
(K™ Mz —). ) | ~(Qnp — P V-O)=To(@). Vg € Zs, (42)

(co(Qnp — pn)r + aV-(Ppu—up);, w) + (V-(Tlz — z;), w)
= Tz(w), Yw € Wy, 4.3)
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where the right hand sides of (4.1)—(4.2) are

T1(v) := a(p — Oup, V-v), 4.4)
(q) = —(K 'z, q) + (K™ 'z, q)p, 4.5)
T3(w) := (@V-(Ppu—u):, w). 4.6)

Lemma 4.2 In the case of the symmetric quadrature rule,
forallq € Zy,

I T2(@)| < hlizlillgll-

In the case of the nonsymmetric quadrature rule, for all q €
Zh»

4.7)

IT2(@)] < h(lpll2 + [z1Dllqll- (4.8)

Proof We first present the argument in the case of the
symmetric quadrature rule on h’-parallelograms and h2-
parallelepipeds. In this case, the quadrature error can be
bounded when one of the arguments is in the RTy space
Z}If , thus we need to project the test function using ITr. We
rewrite T>(q) as

1@ = — (K'z.q - Mzq) - (K~ (2~ M2), Mkq)
— (K_ll'lz, l'IRq) + (K_ll'[z, l'IRq)Q

+(K—1nz,q—an)Q
=h+h+B+ i+ Js. 4.9)

Taking q — T1gq as a test function (2.14) and using the fact

that V-(q — [1gq) = 0, gives
J1 =0. (4.10)

The second term in (4.9) can be bounded as

2l = | (K™ — 12), T1rq)| < AIK o collzl gl
4.11)

by the interpolation bounds (2.56) and (2.70). The third and
fourth term in (4.9) are the quadrature error, which can be
bounded as

173+ Jal S hIK™ 1ozl gl (4.12)
using Lemma 3.2. For the fifth term in (4.9), we have
1751 < RIK ™ o,c0llzll 1 gl

which follows from Lemma 3.1. Combining (4.9)—(4.13)

implies

T2 S hIK 110 lzl1 gl

4.13)

(4.14)

In the case of the symmetric quadrature rule on simplices,
the quadrature error can be bounded when both arguments
are in Zjy, which simplifies the argument. We rewrite 7>(q)
as

(g = —(K '(z—z),q) — (K 'Mz q) + (K 'z, q)o
jz + f3 + f4-

Note that terms J; and J5 are not present. The term fz is
bounded the same way as the term J> in (4.11). The quadra-
ture error f3 + f4 is bounded as in (4.12), using Lemma 3.2.
This completes the proof on simplices.

In the case of the nonsymmetric quadrature rule, using
(2.14) and integration by parts, we rewrite 75(q) as

L@ = (Vp.@)+ Y (K'Mz+KeVs'). q)
O.E
E<T,
-y (K—‘HKEvs‘,q)
O.E
E€Ty,
=hLh+hL+1 (4.15)

where s! is defined in (2.61). By Lemmas 3.5, 3.3, and 3.4,
the term I3 can be written as

= (K*‘HKEVs‘,q)
0.E
= (K_IKEVSI, q)
O.E

= (K_IKEVSI, l_[Rq)
0,E

- (vSl, an) (4.16)

£

Then using the fact that (Vp,q — [Igq) = —(p, V-(q —
Igq)) = 0, we have

i+l =Y (V(p—s"). Mka)

E€Ty
< DIV —sHlElTgglle
E€Ty,
< hlpl2llall, 4.17)

where we have used (2.61) and (2.70). From (2.61) and
(2.63),

< IK=Kp)Vplle + IKeV(p —sHlke
< h(IVplE + Iplee) S hlIplla e
(4.18)

Iz +KeVs'llg
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Then I, can be bounded as

LIS YT (2+Kevs') lelale
E€Ty,

S Y (Iz+KeVs'lle +hlz+ KeVs'li k) lal s
E€T,

S hdlpllz + 1zl gl (4.19)

using (2.64) and (4.18). A combination of (4.17) and (4.19)
completes the proof. O

Remark 4.1 The analysis of Lemma 4.6 for the sym-
metric and nonsymmetric MFMFE methods is dif-
ferent due to the fact that accuracy of the inter-
polant IT deteriorates on general hexahedral grids, see
(2.57).

In the analysis below, we utilize the following space-time
norms. For any functional space S in € with a norm | - || s,

let
T 172
lellr2is = (/0 ||§9(t)||%dt> ,

l@llLocsy = esssup,po, 7y lle@)lls.

Theorem 4.1 The solution (up, pp,zn) of (2.18)—(2.21)
with the symmetric quadrature rule satisfies

lw—wpll ooty + 1P = Pullpoo(r2y + 12 — Znll 22y
S h(llall oo g2y + M0l 22y + 1P Loy
el 2ty + Nzl 2 ) -

The solution in the case of the nonsymmetric quadrature
rule satisfies

lu— uh”LOC(Hl) +lp— Ph||L°°(L2) + ([Tz — Zh”LZ(LZ)
Sh (||“||L°0(H2) +lwli2g2) + 1P Lo cay
Hipellp2ary + Pl2a2) + ||Z||L2(Hl)) .

Proof Take v = (Ppu—up);, q = Iz — 25, and w =
Onp — ph in (4.1)—(4.3) and sum to obtain

1 1
Ea(Phu —uy,, Ppu—up), + E(CO(QhP —Pn), Onp — Pht
+(K YTz -z Mz —1z

( ( h) h)Q

=Ti(Ppu—up); + Tr(Mlz — z3) + T3(Qnp — pi)-
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Integrating in time from O to ¢ and using the initial
conditions (2.21) gives

1
3 (a(Ppu — 1wy, Ppa—wy) +(co(Qnp — pi)s Qnp — pi))
t
+/0 (K_l(l'[z—zh), I'Iz—zh>Q dt
t t
=/ Ti ((Ppbu —wuy)) dt -l—/ Tr(Tlz — zp,) dt
0 0

t
+/0 T3(Qnp — pn) dr. (4.20)

The first term on the right above can be bounded by
integrating by parts in time:

t
fo Ty ((Pyu — wy),) de

t
—Otfo ((p = Qnp)i, V-(Ppu—wy)) drt

+a(p— Onp, V-(Pyu—uy))(t)

a [! ) a [! )
<= lp—0Oup)ll“dt+ = | lIPru—uyllidr
2 Jo 2 Jo

o 2 2
+EII(P — Onp)II° + ag||(Pru—w) I,
4.21)

where we have used (2.21) and the Young’s inequality
2, Lo
ab < ea” + —b".
4e

For the second term on the right in (4.20), using (4.7) or
(4.8), we have
2

]’l t
< — ( z|)? 2) dt
S 48/0 lzlly +oliplz

t
+s/ Nz —z,|>dr,  (4.22)
0

t
'/ Tr(Ilz — z) dt
0

where 0 = 0 in the symmetric case and o = 1 in the
nonsymmetric case. The bound on the last term in (4.20) is

t o t
’fo T3(Qnp — pi)de| < 5/0 1(Pyu — w) |12 de

t
o
+3 / 10hp — pul*dr.  (4.23)
0
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Combining (4.20)—(4.23), taking ¢ small enough, and using
(2.6), (2.17), the Gronwall inequality, (2.55), (2.59), and
(2.60), we obtain

| Pra—wpll ooty + 1Qnp — phllpeocr2y + T2 — 24l 1212
Sh (||ut||L2(H2) +pllpeocay
+ Ipili2cay +olpll2 e
+ lzll2)) -

An application of the triangle inequality and (2.21),
(2.54), (2.99), and, in the case of the symmetric method,
(2.56) and (2.58), completes the proof of the theorem. [

In the nonsymmetric case, using the approach in [47], we
can also derive an estimate for the velocity error on element
edges (faces). Consider the space-time extension of the face
norm || - || 7, defined in (3.79):

T 1/2
lallz 27,y = (/o la®1%, dt) )

The proof of the result below follows from the argument of
Lemma 3.14 and Theorem 3.2 in [47].

Theorem 4.2 The velocity zj, of (2.18)—(2.21) with the non-
symmetric quadrature rule, on general quadrilaterals and
hexahedra, satisfies

lz—znll 125, Sh (||u||L0<>(H2)||ut||L2(H2) + ol pooay

+ ”pt”LZ([-[l) + ||P||L2(H2) + ||Z||L2(H1)) .

On general quadrilaterals with the nonsymmetric quadra-
ture rule, the following error estimate holds by the interpo-
lation estimate (2.56) and Theorem 4.1.

Theorem 4.3 The velocity z;, of (2.18)—(2.21) with the
nonsymmetric quadrature rule on general quadrilaterals
satisfies

1z = znll 222y S h (Il oo g2y + el 202 + 121 oo i)
+pell 2y + 1Pl 22y + N2l 2 ) -

5 Convergence of the fully discrete poroelasticity scheme

We employ the backward Euler method for time discretiza-
tion to obtain a fully discrete scheme. Let 0 = 79 < 11 <

- <ty = T be a partition of [0, T']. Let At,, = t,41 — t,
n=20,..., N—1. We will use the notation ¢" = ¢(t,). Let

n+1 _ (,0"

! 1 At
n

The fully discrete CG-MFMFE method for approximating
(2.13)~(2.16) is: find u} ™ € Vj,, Z 7! € Zy, and p} 1! €
Wy, n=0,..., N — 1, satisfying

a (uZ'H,V) —a (pZ'H, V-v)

=" v) + (ty. V)r,, YV E V), (5.1

(K'g" ) = (. V) = 0.¥g € 24 (52

(coat"“ph + ad" Vo, w)+ (V~ZZ+I, w)
= (" w),Yw e Wy, (5.3)

5.4

0 0
u, = Pyug, p;, = Onpo.

We will use the following discrete space-time norms. For
any functional space S in 2 with anorm || - || s, let

No1 12
(Z ||go”+1||§mn> :
n=0

n
max S-
omax, "

el s

lolloe(sy =

In the analysis below, we will use in several occasions
that

Aty

aln-i-] n+1 + 5

Y =¢

QDn(Hn), 0" € [tns tha1].

Theorem 5.1 The solution (uy, pp, z1) of (5.1)—~(5.4) with
the symmetric quadrature rule satisfies

la —wplleo gty + Ilp — Prllicocr2y + 112 — 2z ll 22y
S (h+ AD (Julljso 2
el g2y + Ml poo gy + Pl
+ el + a2 + 12l2m)
The solution in the case of the nonsymmetric quadrature
rule satisfies
lw—up ooty + 10— Prlljoocr2y + I1T12 — 24l 212
< (h+ A (1l g2
Hluell2 g2y + e ll poo gy + 1Pl a1y
Hlpellzgary + Pl o2y + 12122y
+ ||Z||12(H1)) .

Proof Subtracting (5.1)—(5.3) from (2.13)—(2.15) for each
n from 0 to N — 1, we obtain the error equations

a(Ppu—w) ' v) —a((Qup = p"*' V)

=ot((p—th)"+l,V-V), Vvev, (55)
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(K_I(I'Iz —

z n+l’) _
n) qQ

— _(KleVH“]’ q) + <K7

(Qup = p*'.v-q)

1 n+l

Iz , , Yq ez,

(2"*.q) . Ya e
(5.6)

(603{1+1(th — ) + ad" V(P — wy), w)
+(V-(Mz — )"+, w)
= (aBZ"HV-(Phu —u), w) + "L w), Yw € Wy,
(5.7)

where

Vn+1 = —¢g <p;’l+1 at}’l-‘rlp)_a ((V_u)ltl-l-l _ 8tn+1V'll> .

(5.8)

Denote the right hand sides of (5.5)-(5.7) by T1"+1(V),
7,7 (q), and T+ (). Taking v = 8" (Pyu — wy), q =
(Mz—2z,)"*!, and w = (Qp p— pr)* ' in (5.5)—~(5.7), sum-
ming, and using that for any £ and for any inner product

('s )*

1 1
(‘i:}’H*l7 §n+1 _ gn)* > §(§n+17 SI’H*I)* _ E(sﬂ7 é:n)*’

we obtain

o (1P — )™ 2 = 1 Pru — )12
n

o n+1
vl (CSTEAG B

+ (K—l(nz — )", (Mz — zh)"'H)Q

1sp = p)"I?)

+ 1yt ((th - ph)"“) ,
5.9

where |[v|2 = a(v, v). Multiplying by At, and summing
forn =0to N — 1 gives

1
S Pru —u) MG
N-—1
+ Y ALKz —2)" G
n=0
N-—1

= > (o P —w) Ay
n=>0

N—1

+3y 1! ((nz — zh)"+1) At
n=0
N—1

+ 31 (@np = p" ) A,

n=0

€0
+ S IQnp — M

(5.10)
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where we have used the initial conditions (5.4). The first
term on the right above can be bounded using discrete
integration by parts in time

N—-1 N—-1
Yoot gy = NN = @t =gy
n=0 n=0

We have, using (5.4),

—£0°.

N-1

ST (o7 (Phw — ) A
n=0
N—1
=a Y ((p = Qap Vo1 (Pu—wy) A,
n=0
=a((p = 0", V-(Pru—up)")
N-1
—a Y (0 (p = Qap), V-(Pru —w)") Aty
n=0
o
= 1@ = o I? +eeli(Pru—u) I}
N-—1
_l’_

N R

2
) s

(5.11)

(n(p Qnp)t!

(=]

=

=

I(Pyu —up)" ||} Aty
0

N R

n

For the second term on the right in (5.10), using Lemma 4.2,
we have

N—1

>t ((Mz— ) A

n=0
2

h 2
< o= (12l gy + o 1Pl )
N—1

+e Y I(Mz — z)" 2 Ay,
n=0

(5.12)

where o0 = 0 in the symmetric case and o = 1 in the non-
symmetric case. The last term on the right in (5.10) can be
bounded as

N—-1
> T — P AL < — Z 197+ V-(Pru — w)> Aty
n=0 n=0
N—-1 N-1
+ an"*'n Aty + @+ e Y 1(@rp — pi)" 1Aty
n=0 n=0

2
) an

Al 2
= lpullpeqzy + =~ ||V Wyl pos(z2 )> Aty

O(Nl

;Z(nvm
=0

1 1

4*2(

N—-1

e+ De Y 1@up — pi)" I Aty
n=0

(5.13)
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A combination of (5.10)—(5.13), taking ¢ small enough, and
using (2.6), (2.17), (5.4), the discrete Gronwall inequality,
and the approximation properties (2.55), (2.59), and (2.60),
gives

| Pru—wplljoo gy +1 Qnp — Pallico(r2y+I1T1Z — zp 1212
S (h+ A (a2 gy + 0l oo ey
Hl ooty + 11pellzcary + 1 Peell oo 2y

+(7||p||l2(H2) + ”ZHIZ(HI)) .
(5.14)

The statement of the theorem follows from the triangle
inequality and the application of (2.54), (2.59), (5.4), and,
in the case of the symmetric method, (2.56) and (2.58). [J

In the nonsymmetric case, similar to the semidiscrete
case, we can also derive an estimate for the velocity error
on element edges (faces). The proof of the result below fol-
lows from the argument of Lemma 3.14 and Theorem 3.2 in
[47].

Theorem 5.2 The velocity z, of (5.1)—(5.4) with the non-
symmetric quadrature rule satisfies

Iz —zul2x,) S (h+ AD (Il g2y + w22
gl oo g1y + 1Pl carty
Hpllny + 1Pl o2
+||P||12(H2) + ||Z||12(H1)) .

On general quadrilaterals with the nonsymmetric quadra-
ture rule, similarly to Theorem 4.3 in the semidiscrete case,
we have the following result.

Theorem 5.3 The velocity z, of (5.1)—(5.4) with the non-
symmetric quadrature rule on general quadrilaterals satis-

fies

1z = znlli22y S Cr 4 AD (0l ) + 0l
Hlusell ooy + Plloo gy
Hlpellzcary + 1peell poo 22y
+lplzmz + 1Zl2m) -

6 Computational experiments

In this section, we present several numerical experiments in
two dimensions designed to test the theoretical convergence
rates. We also illustrate the behavior of the method on a
problem with curved boundaries motivated by the cantilever
bracket problem.

6.1 Convergence tests

We first perform numerical convergence tests for the spa-
tial discretization of the problem (2.1)—(2.3) with given
analytical solutions

_(sin(@nx(1 —x)y(1 —y)
- (sin(rrt)x(l —x)y(1l — y)> and
tsin(2rx) sin(2mwy).

p

The parameters in the equations are chosen to be ¢ = 1,
v=0.2, E =1, co=0.1, and a full permeability tensor

- (31).

The boundary conditions are of Dirichlet type for both the
displacement and the pressure. The source terms in the
equations are specified accordingly. We consider a sequence
of smooth and randomly perturbed quadrilateral meshes, as
well as Kershaw meshes [45] and triangular meshes, see
Fig. 2.

The grid points in the quadrilateral meshes are defined
by mapping the grid points in a sequence of refined uniform
rectangular meshes. The smooth mapping is given by:

x = X +0.06sin(2 x) sin(27 ),
y = 3 —0.05sin(27 x) sin(27 y),

where (X, ) is a grid point in the uniform mesh and (x, y)
is the corresponding grid point in the quadrilateral mesh.
Similarly, the interior grid points in the randomly perturbed
quadrilateral meshes are given by the mapping

x=)€+l’”7x’ y=5’+h7]y,

where / is the discretization parameter of the current level
of refinement and 5, and 5, are random numbers between
—0.25 and 0.25. Figure 2 shows the smooth and randomly
perturbed quadrilateral meshes as well as the triangular
mesh on a level of 20 by 20, and Kershaw mesh on a level
of 16 by 16.

Both the symmetric and the nonsymmetric methods for
flow are tested. The time step size is Az = 1072 and the
final simulation time is 7 = 0.5.

Table 1 shows the convergence on the smooth quadrilat-
eral meshes. As the theory predicts both the symmetric and
the nonsymmetric MFMFE method for flow give first-order
convergence with respect to [u— || o1y, 12— 2Znll 22y
and |[p — Ph”LOO(LZ)-

Table 2 shows the convergence on the randomly per-
turbed quadrilateral meshes. Since these elements are not
h?-parallelograms, the convergence order of the symmetric
MFEMEFE method for the flow deteriorates and it affects the
convergence order for displacements. On the other hands, as
the theory predicts, the nonsymmetric MEMFE method has
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Fig. 2 Smooth quadrilateral mesh (top left), randomly perturbed quadrilateral mesh (fop right), Kershaw mesh (bottom left), and triangular mesh

(bottom right)

first-order convergence for the flow and displacement also
has first-order convergence.

On the Kershaw meshes in Table 3, both the sym-
metric and the nonsymmetric MFMFE methods exhibit
first-order convergence for the flow and the displacement.

Even though the coarse grid is very rough, the sequence of
meshes is obtained via a uniform refinement. This results
in h2-perturbed grids, which explains the convergence of
both methods. Nevertheless, this example indicates that the
methods can handle well irregularly shaped elements.

Table 1 Convergence on
smooth quadrilaterals h

@ Springer

lw — wp |00 g1y Rate lp — prlljeo(r2) Rate Iz —zpllj212) Rate
Symmetric MFMFE method for flow
1/10 4.23e-02 - 6.76e-02 - 4.62e-01 -
1/20 1.53e-02 1.47 3.38e-02 1.00 2.00e-01 1.21
1/40 6.44e-03 1.25 1.69e-02 1.00 9.53e-02 1.07
1/80 3.04e-03 1.08 8.44e-03 1.00 4.70e-02 1.02
1/160 1.50e-03 1.02 4.22e-03 1.00 2.34e-02 1.01
Nonsymmetric MFMFE method for flow
1/10 4.16e-02 - 6.73e-02 - 4.65e-01 -
1/20 1.50e-02 1.47 3.37e-02 1.00 2.02e-01 1.20
1/40 6.40e-03 1.23 1.69e-02 1.00 9.65e-02 1.07
1/80 3.04e-03 1.07 8.44e-03 1.00 4.77e-02 1.02
1/160 1.50e-03 1.02 4.22e-03 1.00 2.38e-02 1.00
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Table 2 Convergence on

randomly perturbed h lu — wplljoo g1y Rate 2 = pPrlli=r2) Rate Iz — znll;2(r2) Rate
quadrilaterals
Symmetric MEMFE method for flow
1/10 4.28e-02 - 6.76e-02 - 4.84e-01 -
1/20 1.68e-02 1.35 3.40e-02 0.99 2.33e-01 1.05
1/40 7.90e-03 1.09 1.71e-02 0.99 1.51e-01 0.63
1/80 4.31e-03 0.87 8.80e-03 0.96 1.25e-01 0.27
1/160 3.00e-03 0.52 4.99¢-03 0.82 1.23e-01 0.02
Nonsymmetric MFMFE method for flow
1/10 4.14e-02 - 6.73e-02 - 4.80e-01 -
1/20 1.57e-02 1.40 3.37e-02 1.00 2.09e-01 1.20
1/40 7.03e-03 1.16 1.68e-02 1.00 1.00e-01 1.06
1/80 3.41e-03 1.04 8.40e-03 1.00 4.96e-02 1.01
1/160 1.71e-03 1.00 4.21e-03 1.00 2.48e-02 1.00
Table 3 Convergence on
Kershaw mesh h lu —wplljoo g1y Rate P = Prlli=2) Rate lz — znll;2(r2) Rate
Symmetric MFMFE method for flow
1/8 1.65e-01 - 1.69e-01 - 2.03e+00 -
1/16 8.44e-02 0.97 8.53e-02 0.99 1.05e+00 0.95
1/32 4.16e-02 1.02 4.02e-02 1.09 4.49¢e-01 1.23
1/64 1.92e-02 1.12 1.91e-02 1.07 1.71e-01 1.39
Nonsymmetric MFMFE method for flow
1/8 1.49e-01 - 1.52e-01 - 1.45e+00 -
1/16 8.10e-02 0.88 8.20e-02 0.89 7.78e-01 0.90
1/32 4.07e-02 0.99 3.94e-02 1.06 3.24e-01 1.26
1/64 1.91e-02 1.09 1.90e-02 1.05 1.37e-01 1.24
Table 4 Convergence on
triangles h lw —wplljoo g1y Rate lp = prllioocr2y Rate Iz — znll2(12) Rate
1/10 3.58e-02 - 5.08e-02 - 3.40e-01 -
1720 1.50e-02 1.25 2.49e-02 1.03 1.35e-01 1.33
1/40 7.08e-03 1.08 1.24e-02 1.01 6.23e-02 1.12
1/80 3.45e-03 1.04 6.16e-03 1.01 3.03e-02 1.04
1/160 1.72e-03 1.00 3.07e-03 1.00 1.51e-02 1.00
Table 5 Convergence in time
on a 160 x 160 triangular mesh At lw —wplljoo g1y Rate lp = pallior2) Rate Iz — znll2(12) Rate
178 6.51e-05 - 1.42e-05 - 7.58e-05 -
1716 2.84e-05 1.20 6.32e-06 1.17 2.59e-05 1.55
1/32 1.30e-05 1.13 2.92e-06 1.11 9.82e-06 1.40
1/64 6.17e-06 1.08 1.40e-06 1.06 4.15e-06 1.24
1/128 3.02e-06 1.03 6.83e-07 1.04 1.89¢-06 1.13

@ Springer



72

Comput Geosci (2014) 18:57-75

AV, v
[ r O AAAAVAVAY.S AV v
! 1 B NNV AYAV,SraVav yasl
rararar i YA VAV, y AV YA Vaw Lo TAVaVaVavavar
09 09 RS
ol =l OO A NN ANAVAV XK KK]
PO RN RSN
PR AN RN NN NN NN NN RO A OONAX K]
SOOI OO SRS
°er 08F Y TN N A s
%
07F 0.7t
0.6 0.6
05F 05t
04r 04f
s
0.3 03l -
X
0.2 0.2r i ava)
NN A ATAYAYAY o AvAVAY,
NAANDO TAVAYAV A AYAVAY, Y ANAVAY,
0-1r 01t wm'Eg‘%,i%%e;m%&%ﬂg%vﬁmgm“ﬁ
. ’ i A TAvA VA Ve AYav A VAV y A AVAAYY)
R RO
ke AV, aYAV,v SAAYv,|
o or X TavisYavay pravavav
L . . RRRATAYAV.Y A%

0 0.2 0.4 0.6 0.8 1

Fig. 3 Quadrilateral (left) and triangular mesh (right) for the cantilever bracket problem

On triangular meshes in Table 4, both the symmetric
and nonsymmetric methods are the same since the Jaco-
bian matrix is constant. As the theory indicates, we observe
first-order convergence for the displacements, velocity, and
pressure.

7x10"

0

In the next example, we perform convergence study with
respect to the discretization in time by fixing the spatial
mesh. The exact solutions are chosen as

t2x(1 —x)y(1 —y)
t2x(1 —x)y(1 —y)

and p= tlzx(l —x)y(1 —y).

x 10

-

x10"

-5

Fig. 4 Displacements in x direction (/eft) and y direction (middle), and pressure (right) on quadrilateral (fop row) and triangular meshes (bottom

row) for the cantilever bracket problem at time t = 10
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Fig. 5 Transients of displacement in x direction (top row) and y direction (middle row), and pressure (bottom row) att = 2, 6, 50 for the cantilever

bracket problem on the quadrilateral mesh
20
15
5 100
|
5
0
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Fig. 6 The effect of the displacement to the flow: pressure atz = 1 foro = 1,0.7,0.3,0
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The parameters in this example are « = 10, v = 0.2,
E =1, ¢co = 100, and the permeability tensor is as in the
previous example. The boundary conditions are of Dirichlet
type for both the displacement and the pressure. The final
time is 7 = 0.5. We run a sequence of simulations with
refined time steps on a fixed 160 x 160 triangular spatial
mesh. Table 5 indicates first-order convergence in time as
the theory predicts.

6.2 An example with irregular geometry

Here, we illustrate the behavior of the method (2.18)-(2.21)
for the poroelasticity system on a domain with curved
boundaries using both quadrilateral and triangular meshes
as shown in Fig. 3. The elasticity boundary conditions are
motivated by the cantilever bracket problem. This problem
was studied in [27, 35] for a fluid saturated bracket using the
system of poroelasticity (2.1)—(2.3). The elasticity boundary
conditions are

u=20 only,
on =10 on I UTs,
on = (0, -7 on Iy,

where I'y and I'p are the left and right boundaries of €,
and I';3 and I'4 are the bottom and top boundaries of €2,
respectively. The flow boundary condition is of Dirichlet

type:

p =20 on 0f2.

The physical properties in (2.1)—(2.4) are given as v = 0.4,
E=10*f=0,co = 1075, and K = 10~7. The source
terms are f = 0, s = 0, and the coupling parameter is & = 1.
The time step size is Az = 1 in all subsequent numerical
examples. The symmetric MFMFE method is applied for
the flow discretization.

Figure 4 shows the displacement and pressure on quadri-
lateral and triangular meshes at time ¢ = 10. The numerical
solutions on the two different meshes agree well. The x
displacement increases along the x direction and the y dis-
placement decreases along the y direction due to the traction
boundary condition at the top boundary and zero displace-
ment at the left boundary. Although the pressure is constant
on the boundary and the permeability is homogeneous, the
interior pressure is much lower than the boundary pressure
due to the coupling effect.

Figure 5 shows the transients of the displacements and
the pressure on the quadrilateral mesh. When the solution
reaches steady state at ¢ = 50, the x displacement has maxi-
mum at the upper right corner while the y displacement has
minimum at the lower right corner. The pressure initially
exhibits a sharp boundary layer, which is smoothed out over
time with the pressure gradually increasing in the interior.

@ Springer

Still, at steady state, the pressure is lower in the interior than
on the boundary.

To study the poroelasticity coupling effect on the pres-
sure, we take cp = 0 and gradually vary « = 1 to o = 0.
Figure 6 shows pressure profiles on the quadrilateral mesh
at t = 1 with different «. As o decreases, the interior pres-
sure becomes closer to the boundary pressure. When o = 0,
the elasticity and flow are decoupled and the pressure is
constant on the whole domain due to the homogeneous
permeability field.

7 Conclusions

The poroelasticity problem is discretized by the multipoint
flux mixed finite element for flow and the continuous piece-
wise linear Galerkin finite element method for elasticity.
A priori error analysis is carried out for the displacement,
pressure, and velocity. A series of numerical experiments on
quadrilateral and simplicial meshes are conducted to verify
the theoretical convergence rates. The transient and cou-
pling effects are studied on a curved domain for a problem
motivated by the cantilever bracket problem.
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