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1. Introduction

Partial differential equations modeling various physical phenomena that arise in many fields of science and engineering
often need to be coupled, since there are different processes taking place in different parts of the problem domain. Coupling
Stokes and Darcy equations is an interesting topic because of its broad scope of possible applications: surface and subsurface
water interaction, blood circulation, fuel cells, and filtration problems among others. Furthermore, the Stokes-Darcy flow can
be coupled with a transport equation [39], which can be used, for example, to estimate the risk of groundwater contamina-
tion from chemicals discharged in rivers or lakes. A variety of numerical methods exist for the coupled Stokes-Darcy prob-
lem [24,12,29,35,17]. In this work we propose an approach based on [24] for solving a coupled Stokes—Darcy flow system via
domain decomposition (DD). DD methods [25,33,38] naturally lead to designing parallel algorithms and allow different
numerical schemes within different subdomains to be employed, which makes them very attractive for multiphysics prob-
lems. Another advantage is the possibility to reuse existing computer code libraries for the subdomain problems. We follow
the approach from [21] to formulate a non-overlapping DD method that reduces the global problem to an interface problem,
which is solved iteratively. Each iteration requires solving in parallel local subdomain problems of lower complexity. The
types of the local problems depend on the boundary conditions of the differential problem and the equations used to match
the values of the unknowns on the interfaces between the subdomains. In this paper the possibility of using multiple sub-
domains is considered, which necessitates accounting for interfaces of the following types: Stokes-Darcy, Darcy-Darcy and
Stokes-Stokes. On the Stokes-Darcy interfaces the conditions are continuity of the normal velocity and normal stress, as well
as the Beavers-Joseph-Saffman [3,36] condition for the tangential Stokes velocity [24]. On the Stokes-Stokes interfaces the
velocity vector and the normal stress vector are continuous, while on the Darcy-Darcy interfaces the normal velocity and
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pressure are continuous. For simplicity of notation, we restrict the presentation to two connected regions, one Stokes and
one Darcy, each one subdivided into multiple subdomains. However, the formulation and the analysis naturally extend to
the case when the Stokes and Darcy regions consist of multiple disconnected components. To the best of our knowledge, this
is the first result in the literature that gives analysis of a domain decomposition algorithm for Stokes-Darcy problems with
many subdomains. We refer the reader to [13-15,23,18] for previous work on domain decomposition for Stokes-Darcy flows
in the two-subdomain case.

The discretization of the Stokes—Darcy flow problem is based on standard conforming Stokes finite elements in the Stokes
region and mixed finite elements in the Darcy region. We allow for the grids to be non-matching across the Stokes-Darcy
interfaces, but assume that the grids match on Stokes-Stokes and Darcy-Darcy interfaces. The discretization error in the case
of non-matching grids on all interfaces is studied in [20]. Our domain decomposition algorithm utilizes a Lagrange multiplier
2 on the interfaces to impose the continuity of flux conditions. In particular, on Stokes-Darcy or Darcy-Darcy interfaces 1 is
the normal stress or pressure, respectively — a scalar quantity, while on Stokes-Stokes interfaces it is the normal stress vec-
tor. An interface problem for / is obtained by eliminating the subdomain velocities and pressures. Computing the action of
the interface operator requires solving Stokes subdomain problems of Neumann or Neumann-Robin type and Darcy subdo-
main problems of Dirichlet type. As a result, the Stokes subdomain problems can be singular. We employ an approach based
the FETI methods [16,38], which involves an auxiliary coarse problem to ensure that the local Stokes problems are solvable.
We establish that the interface operator Sy, (h is the mesh size) is symmetric and positive definite and show that the different
interface types have different effect on its condition number. More precisely, cond(S,) = O(h™") if there are no Stokes-Stokes
interfaces present, and cond(S;) = O(h’z) otherwise. Furthermore, very small values of the Darcy permeability dominate the
discretization effect, in which case we have cond(S;) = O(k™") or cond(S;) = O(k™'h™") in the cases with or without Stokes—
Stokes interfaces, respectively, where k is the characteristic permeability value. We note that our formulation is suitable for
the application of optimal interface preconditioners, such as balancing [27,28,10,32,18], which should improve the depen-
dence on h in the condition number, see [18] for the two-subdomain case.

The outline of the paper is the following. In Section 2 we introduce the mathematical model and its variational formula-
tion. The finite element discretization is discussed in Section 3. A non-overlapping DD method is developed in Section 4 and
analyzed in Section 5. Results from computational tests are provided in Section 6.

2. The mathematical model and the associated variational problem

The model we consider consists of Stokes flow in the fluid region Qs ¢ R? and Darcy’s law in the porous medium region
Qp c RY, where d = 2, 3. These are separated by an interface I'sp. Both Qg and Qp are bounded domains with outward unit
normal vectors ns and np, respectively. Let I's := 9Qs \ I'sp and I'p := 9Qp \ I'sp. The interface I'sp and the boundaries I's and
I'p are assumed to be polygonal (d = 2) or polyhedral (d = 3). Let Q = Qs U Qp represent the whole domain. The velocity and
the pressure in Qgs, respectively Qp, are denoted by us and pg, respectively up and p,. The constant viscosity coefficients of the
flows in Qs and Qp, are denoted by ps and p,, respectively. Let T(us, ps) and D(us) denote the stress and the deformation rate
tensors characterizing the flow in Qs:

1
D(us) = 3 (Vus + Vug),  T(us, ps) = —psl + 245D(us).

Assuming Stokes flow and no slip boundary condition, (us, ps) satisfies in Qs

— V- T(us,ps) = -2V - D(us) + Vpg =5 in Qg, (2.1)
V-us=0 inQ, (2.2)
us=0 onTs. (2.3)

In the first equation fs represents a body force, which has the form fs = pb, where p is the fluid density and b is the force per
unit mass of fluid. Assuming Darcy’s law and no flow through I'p, (up,pp) satisfies in Qp

wK 'up + Vp, =fp in Qp, (2.4)
V.up=qp inQp, (2.5)
up-np=0 onIp. (2.6)

Here K is the symmetric and uniformly positive definite rock permeability tensor, fp represents the gravity force (fp = pg,
where g is the gravitational acceleration), and g is an external source or sink term. The source g, is assumed to satisfy the
solvability condition

. qpdx =0 (2.7
Qp

The mixed formulation (2.4)-(2.6) in the porous medium region naturally leads to direct approximation of the velocity. The
two subdomain models are coupled across I'sp through the interface conditions
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Us-ns+up-np=0 on Isp, (2.8)

— (T(us, ps)ns) - ns = ps — 2u5(D(us)ns) - ns = p, on Tgp, (2.9)
K K

- l\lé;; (T(us, ps)ns) - Tgp = —%Z(D(us)ns) Ty =us-th, l=1,d—1 on Ty, (2.10)

where {T’SD};:] is an orthogonal system of unit tangent vectors on I'sp. Conditions (2.8) and (2.9) incorporate continuity of
flux and normal stress, respectively. Condition (2.10) is known as the Beavers-Joseph-Saffman law [3,36], where /K;/o, is a
friction coefficient, K; = (Ktky) - T4, and o > 0 is an experimentally determined slip coefficient.

For a domain G in R%, the ?(G) inner product and norm for scalar and vector-valued functions are denoted (-,-). and || - ||,
respectively. The norm and seminorm of the Hilbert spaces H*(G) are denoted by || - lxc and | - | ¢, respectively. We omit G in
the subscript if G = Q. For a section of the domain or element boundary S c RY" we write (-,-)s and || - || for the L?(S) inner
product (or duality pairing) and norm, respectively.

We next recall the variational formulation of (2.1)-(2.10) derived in [24]. The velocity-pressure spaces in the fluid region
Qg are

XS = {vse (H'(Qs)",vs=00nTs} and W°=I%(Q).
In the porous medium region Qp we introduce the spaces

XP = {vp € H(div; Qp) : (vp - mp, Ploa, =0, Vo e H}lrm (Qp)}

and

WP =12(Qp),
where

H(div; Qp) = {vp € (IP(Q))" : V- vp € [*(Q)}
and

Hyr,, (Qp) = {@ € H'(Qp) : ¢ =0 on I'sp}.

. 172
The norm on X is ||vp||y» = (HVD”?zD + HV~VDH?2D) . We define X = X° x X® and
W= {w: (ws, wp) € W* x WP :/wdx:O}.
0

We also consider the space of continuous-normal-trace velocities
V={v=(vs,Vp) €X:bpp(v,1t) =0, VYueA"},
where
A — ! /Z(FSD)
and
bsp(V, 1) = (Vs Mg+ Vp - Mp, )+ V x AP LR
A function /. € A°® can be interpreted physically as the normal stress on the interface separating the two regions:

ps — 2ii5(D(us)ns) -ng = 2 =p, on I'sp.

Remark 2.1. Due to the choice of A’” the pairing bsp(-,-) is well-defined. If v, € H(div; Qp) and vp - np = 0 on 9Qp \ I'sp, then
Vp-Np € Hil/z(rsp), see [17]
The weak form of (2.1)-(2.10) is: find (u,p) € V x W satisfying

a(u,v) +b(v,p) = (f,v),, veV, (2.11)
bu,w) = —(qp,w)q,, weWw, (2.12)

where

a(u,v) = as(us, vs) 4+ ap(Up, vp) : X x X — R,

b(v,w) = bs(vs,ws) + bp(vp,wp) : X x W — R,
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d-1
o
as(u,¥s) = (2psD(ws) : D(ve))g + (P v 7y )
I=1 Tsp

bs(vs, ws) = —(Ws, V - ¥s)q,
ap(up, vp) = (/JDK’luD,vD)QN and
bp(vp,wp) = —(Wp, V - Vp)g, .

We note that the continuity of flux (2.8) is an essential condition for the velocity space, while (2.9) and (2.10) are natural
conditions. Existence and uniqueness of a solution to (2.11) and (2.12) is established in [24].

3. Finite element discretization

Let Qg, respectively Qp, be decomposed into Ns, respectively Np, non-overlapping Lipschitz polyhedral subdomains:
Qs =U Qi Qp=Uy ;1 N=Ns+Np.

For 1 <i < N, let n; be the outward unit normal vector to subdomain ;. The exterior boundary of Q;, possibly with zero mea-
sure, is denoted by T'jex:

Tiee =0n0Q, 1<i<N.
Let I'; be the interfaces between the subdomains, again possibly with zero measure:
I =0Q;in0Q;, 1<i<j<N.

We also introduce the following notations to represent the union of the interfaces between the subdomains of the same
type:
T'ss = Urcigjen, (0Q5 N 0Qy),

FDD = UN5+1<i<j<N (89, n 891)
The union of all the interfaces is denoted by I':
I = FSD U FDD @] ng.

Let A; = diam(€);). We assume that the subdomain partition is shape-regular, in the sense that there exists a constant ¢ > 0
independent of N such that
. . Ai Ai
VI<i<N, Vj:|I'j| >0, —<0, —<ao, (3.1
Pi Pij
where p;, receptively p;, is the diameter of the largest ball contained in €;, respectively I'y, and the second condition is re-
quired when Q ¢ R.

Let 74, be a shape regular finite element partition of Q;,i = 1, N, where h is the maximum element diameter. The shape
regularity of the grids is a standard finite element assumption needed in the error analysis. It is not needed in the analysis of
the convergence of the domain decomposition algorithm, other than for the Darcy elements along the interfaces. To simplify
the notation, we assume that the characteristic element size is the same in all subdomains. We assume that the traces of the
subdomain grids on the interfaces are quasi-uniform partitions:

v >0:Vee€ T, diam(e) > % (3.2)

We allow for the traces of the grids on I'sp to be non-matching and assume that no point of the interface boundary oI'sp

belongs to the interior of a face of an element of .7,;. We assume that the traces of the grids on I'ss and I'pp are matching.
Forall1 <i< NsletX? =X°|,, let W = W°|,,and let X ; x W;; € X; x W2, be any Stokes finite element spaces satisfying

the inf-sup condition

(Whyi, V- Vii)g,

inf sup
0=Whi €W} 02w xS, th.i”rﬂ(gi) ||Wh,iHL2(Q,)

> fs > 0. (3.3)

Examples of such spaces include the MINI elements [2], the Taylor-Hood elements [3d7], and the conforming Crouzeix-Rav-
iart elements [11]. For the analysis we will need a projection operator ITs; : (H' (;))” — X;; such that for all q; € (H' ()

(V- (@ — siq;), Whi)g =0, Ywhi € Wy, (34)

The existence of such operator is shown in [7].
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Similarly, for all Ns+1<i<N, let X} = X", let W) = W”|,, and let X?; x W, C X} x W} be any of the well-known
mixed finite element spaces on Q; (see [7] section III. 3) the RT spaces [34, 31] the BDM spaces [6], the BDFM spaces [5],
the BDDF spaces [4], or the CD spaces [8]. All of the above spaces satisfy V - X} hi = W}, and the inf-sup condition

(Whi, V- Vii)g

inf sup
04wy i€WR;  0zvy XD, th,i”H(div;gi)||Wh.,iHL2<Q,)

> fy > 0. (3.5)

Moreover, there exists a projection operator ITp; : (H'(Q;))" — Xp; such that for all q; € (H' @)

(V- (@ — Mo @), Whi)g, =0, Vwy € Wy (3.6)
and, for any element face e,

(@ — To@y) - M, fy)og, =0, YV pty € X35 My, 3.7)
We also note that, if q; € (H“(Q,-))d NXP,0 < ¢ < 1, then Ip,q; is well defined and [30,1]

IMpiqillo, < CUUIGille0, + IV - Gillg,)- (38)

The finite element spaces on Q are

— {vh € (H'(Qs))" : Vilg, € X5, 1 <i<Ns, vy =0 on I},
X, = {vi € H(div; Qp) : Vy|o, € X, Ns+1<i<N, vy,-mp =0 on Ip},
X = (Vi € (L2(Q)" : Vilg, € X5, Vila, € XP),
Wi = {wy € L(Qs) : Wilg, € Wy, 1 <i <N},
WP = {wy € L*(Qp) : Wilg, € Wy, Ns+1 <i<N},
Wi = {wy € L5(Q) : Walg, € Wi, Whlg, € Wy},

AiD = {V'l'ID :VEX,?} on FSD
and
Vi = {vi € Xn : bop(Vi, fty,) = 0 V i, € AP
In the above, L3(Q) denotes the space of L*(Q) functions with zero mean value.
Remark 3.1. Since the function g, € A3 can be discontinuous, A;” ¢ A*P. Therefore V;, ¢ V, resulting in a non-conforming

and exterior approximation.
The finite element discretization of 2.11,2.12 is the following: find (uy,p;,) € Vi, x W), satisfying

a(uy, Vi) + b(va, pp) = (£, Vh)g, V€V, (3.9)
b(uh,wh) = _(qDWh)QD’ wy € Wh. (310)

Existence and uniqueness for (3.9) and (3.10) are proved in [24], along with the optimal error estimate
Ju =l + 1P = Pally < C(HE +h " + ™), (3.11)

where h,, o = S, D, characterizes the mesh used in Q,, ks is the polynomial degree of the velocity space in the fluid region, kp
is the polynomial degree of the velocity space in the porous region, and I is the polynomial degree of the pressure space in
the porous region.

Remark 3.2. Although the convergence theory in [24] is stated under the assumption that the grids match on the interface
Tsp, it is easy to check that, with the above choice of A3P, the results in [24] hold for non-matching grids as well.

4. Non-overlapping domain decomposition

In this section we present a domain decomposition algorithm for the solution of the algebraic system arising from (3.9)
and (3.10). The goal is to design an algorithm that performs well on distributed parallel computers and can utilize existing
and optimized software for solving the Stokes and the Darcy equations.
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Using ideas from [21], we use Lagrange multiplier spaces AiD , respectively A',fD , to impose the continuity of the normal
velocity components on I'sp, respectively I'pp. The space AP is defined analogously to A;":
AP ={v-np:veX;} onIpp.
We also need the Lagrange multiplier space

SS S
Ah :Xhh-ss on rsg.

Since the velocity has to be continuous in Qs, on these interfaces we need to impose d conditions (constraints). Thus, the
functions 4, € A}Sf are d-dimensional vectors. For example, if d = 2, 4, = (4nn, An:), Where 4, and 4,. are approximations
to the normal and the tangential components, respectively, of the stress vector on I'ss. It is convenient to define the space

An=AP x AP x A}

To simplify the notations we will omit whenever it is possible the subscript h on the functions from the discrete spaces. We
introduce the bilinear forms

bop(V, fy) = D (Vi M+ V-, ),V EXn, f, € AR

IicIpp
and

d-1
bss(Vof) = Y (Vi M+ Vi i )+ D0 Y (Vi TV T My, YV EXn, V= (fy ) = (R B 1ET) € AT

TjcTss IcTgs =1

where {rf}f;ll is an orthogonal system of unit vectors tangential to 9Q;. We assume that {‘cf}f; are oriented in such a way
that 7} = —‘c]‘-; hence bss(-,-) represents the jumps of the normal and tangential velocity components with respect to the La-
grange multiplier space. Let us also introduce the global interface bilinear form

bi(V. 1) = bsp(V, sp) + boo (V. pp) + bss(V, fss), YV € Xn, Vit = (Hsp, Hpp, Hss) € A
Let b;(~7 -) be the contribution to b,(-,-) from Q;:

d-1
bi(v, ft) = (Vi Iy, o) 00 + lzl:(vi T M) ager, 1 <I<Ns,
(Vi 1, )0, 00 Ns+1<i<N.
For 1 <i < Ns, let a;(+,-) = as(-, )|Xs XS and b;(-,-) = bs(, )\Xs «ws - Similarly, for Ns+1 <i <N, let g;(-,-) = ap(- )\Xn XD

and b;(-,-) = bD( )\XD AW - The restrictions of the right-hand side fuinctions in (2.1), (2.4) and (2 5) on the subdomams are
denoted by

¢ fs|gi7 1 <i<Ns
e fD|Q[7 Ns+1<i<N

and

0, 1 Ns
B=) ol Ns+1<i<N'
Let v; and w; represent the restrictions of v € X;, and w € W/, respectively, on the subdomain €;,1 <i < N. Let X, be the
velocity with no continuity imposed on I'ss, I'pp, and I'sp:
- d .
Xh:{th(Lz(Q)) :vh|9ieXﬁ'i, 1<i<N, vp=0 onls, v,-np=0 on FD}

It is easy to see that (3.9) and (3.10) is equivalent to the following discrete formulation: find (uy, p,,, i) € Xp x Wy, x Ay
satisfying

N N N
Zai(uh_,-,v,») +Zb (Vi D) + (V. an) =Y (i Vi), WV EX,
i i i=1

N 4.1
Zb Wi, W) = =) (Wi, G)g,, YW EW, @1

i=1

bi(uy, jt) =0, Vit e Ay

In the above 4y = (Zpn, b ¢ -+, A1) on F,, C ['ss, where 1, approximates —(T(u, p)n;) - n; = —(T(u, p)m;) - m;, and 7}, , approx-
imates —(T(u, p)n;) -1'5 = f(T( ,p)nj) ‘L' On I cI'spUTIpp, Jn = Jnn, Where 7, approximates Dp-
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4.1. Coercivity and continuity of a;(-,-)

Here we study the coercivity and continuity of the subdomain bilinear forms a;(-, -). This is needed for the well-posedness
of the subdomain problems involved in the domain decomposition algorithm, as well as for the analysis of the condition
number of the interface operator.

To estimate the bilinear forms in the Darcy region we assume that there exist two constants K,,;; > 0 and K4 > 0 such
that

VXEQp, VEER! Knnlél® < FKX)E < Knal, (4.2)

where | - | denotes the Euclidean norm in R¢.
Recall that the kernel of the operator D consists of all rigid body motions

g | @+ bl —x]}, d=2,
{a+bx[x,x,x]"}, d=3,

where a,b € R?. The space spans two translations and one rotation in R?, and three translations and three rotations in R>. We
will utilize the well known Korn’s inequality [38]

d d,
(D(vi), D(Vi))g, > CuillVillig, Vi€ (Ho, (@) U(H' () /#B, (43)
where y c 9Q; with |y| > 0 and (Hé_},(Qi))d ={veH (Q,-))d :v=0onyvy} Let
kera; = {v e X} : a;(v,v) = 0}.

Due to (4.2), kera; = 0 in the Darcy region. The following lemma describes the kernels of the subdomain bilinear forms in the
Stokes region. We assume that the subdomain boundaries cannot intersect dQ only along an edge in R*> and at a point in R?.

Lemma 4.1. There are several possible cases for Stokes subdomains, 1 <i < Ns:

if 0Q; c T'ss, then kera; = #B,

if 0Q; N 0Q# &, then kera; = 0,

if 9Q; N 0Q = & and Q; contains exactly one segment of I'sp, then in R* kera; spans one translation and two rotations and in
R? it spans one translation and one rotation that are orthogonal to the tangent vectors on the T'sp segment,

if 0Q; N OQ = & and 0Q; contains exactly two (non-connected) parallel segments of I'sp, then Ker a; spans one translation that
is orthogonal to the tangent vectors on the segments,

if 0Q; N 0Q = & and 9 contains exactly two non-parallel segments of I'sp, then ker a; spans one rotation that is orthogonal to
the tangent vectors on the segments,

if 0Q; contains more that two segments of T'sp, then kera; = 0.

Proof. Recall that
d

-1
HsOo I ]

;- Tgp, Vi~ Tgp .

I=1 < vKi 0Q;NTsp

The first case is immediate, since if 9Q; c I'ss, then kera; = kerD = #B. The second case follows from the Korn’s inequality
(4.3). Using (4.3), the other cases can be verified by direct calculation by checking which elements of %B are orthogonal to 7,
when restricted to I'sp. Note that it is sufficient to consider the segments of I'sp to be the planes {x; = 0} (and {x; = 1} in the
case of two parallel segments). O

a;(u;, vi) = 2uD(w;) : D(vy)),, +

Lemma 4.2. There exist positive constants Cy,C,, C3, and C4, independent of h such that
for 1 <i< Ns,Ci[[Vill7q, < ai(Vi,Vi) < C|[Vill g, WV €X; /kera,, (4.4)

for Ns +1 < i< N,Gs|[vill3, < ai(vi,vi) < Cal[Vill3,, Vv € X, (4.5)

Proof. The upper bound of a;(-,-) in the Stokes region is straightforward. In particular, if Q; N I'sp# 5,

d-1
2 Hso 2
ai(vi, Vi) < 2p5|D(vi)lg, + > ZHVI' : IISDH(‘)le'SD
=1

V Kmin _
Crr‘i ,us %o

A% Kmin

2 2
< 2UgIvillt o, + [Villiq,
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where C,; arises from applying the trace theorem for H'(Q;) functions. Then the upper bound in (4.4) holds with
C; = pusmax {2, Cyitto/Kumin }. If 09 N T'sp = &, a;(-, -) is bounded above with C; = 2. If 9Q; C I'ss or 0Q; N 9Q# ¥, the low-
er bound in the Stokes region follows from Korn’s inequality (4.3) with C; = 2uCk;. For the other cases, using (4.3), one
needs to check coercivity for all elements of #B that are not in kera;. Let us consider the case Q c R*,8Q; N 9Q = ¢4, and
0% contains exactly one segment of I'sp, say yi,, which is in the plane {x; = 0}. Then the vectors in #B that are not in
kera; are i, = (1,0,0), 73, = (0,1,0)", and r = (x2, —x;,0)". We have a;(thy, ;) = (ts0to/ VKD |7ip| and || Thp|7 o, = €], SO
(4.4) holds with C; = (us0to/vKmax)|Vipl/ Q. For r = (x2, —x;,0)" we have

21'

/SD

(P Tgp, T Tip) + (T Tgp, T - Tgp), = ||

i i
Ysp 7sp

and
2 ' 4
IwiZ, = [ 08 +8) > ant
/g

where c; depends on ¢ from (3.1). On the other hand, (3.1) implies that
e, < oA
and

2 3 C3 2
[Tl o, = 2/ < C3A] < oA Il

Combining the above inequalities implies (4.4) for r with C; = ¢ (fs0%/vKmax)Ai/ (C1C2A7 + ¢3). The other cases from Lemma
4.1 can be treated similarly. This completes the proof of (4.4).
The assumption (4.2) directly implies (4.5) with C3 = up/Kmex and C4 = tp/Kipin. O

4.2. Reduction to an interface problem

In this section we show that the algebraic system (4.1) can be reduced to a symmetric and positive definite interface prob-
lem. To do that we introduce families of local problems on each subdomain Q;.

Consider the set of Darcy subdomain problems on Q;Ns+1 <i<N, with specified pressure i, on TIy: find
(W (), D; (Zn)) € Xo; x W} such that

hi
ai(W; (2n), Vi) + bi(Vi, P} (An)) = — (2, Vi - Mi)og00, Vi € Xiys (4.6)
bi(w; (Zn), w;) =0, w; € Wy, 4.7)
and the set of Stokes subdomain problems on Q;, 1 < i < Ns, with specified normal stress 4, on 9Q; \ 9Q and tangential stress
A= (2, 2% ) on T'ss, 4 = (2, 4;): find (u; (1), p;(4)) € X, /kera; x W5, such that

d-1
ai(u; (4), Vi) + bi(vi, p; (4)) = —{/n, Vi - Mi) o\ o — Z%Vf ‘ T£>BQ,-ml‘557 Vi€ Xivi/kerai, (4.8)

I=1
bi(uj (), w;) =0, w; € Wi, (4.9)
Consider also the set of complementary Darcy subdomain problems on Q;, Ns + 1 < i < N: find (u;,p;) € XEJ- X WE,:‘ such
that
ai(W;, vi) + bi(vi, i) = (Fi, Vi), Vi € Xpy, (4.10)
bi(Wi, wi) = —(q;, Wi)g,, Wi € WP,

and the set of complementary Stokes subdomain problems on Q;,;1 <i < Ns: find (w;,p;) € Xﬁvi/kerai X Wﬁ_i such that

ai(W;, vi) + bi(vi, i) = (£, vi)o,, Vi € X;,/kera,, (4.12)
bi(w,wy) =0, wieW,, (4.13)

It is straightforward to see that solving (4.1) is equivalent to solving the interface problem: find 1 = (Asp, ApD, Ass) € An
such that

sw(A, f) = —by(w' (2), jt) = by(w, 1), fre Ay (4.14)

and recovering global velocity and pressure: u, = u*(4) 4+ u,p, = p*(%) + p.
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Remark 4.1. The subdomain problems (4.6)-(4.9) and (4.10)-(4.13) are well posed due to the coercivity of g;(-,-) from
Lemma 4.2 and the local discrete inf-sup conditions (3.5) and (3.3). The boundary conditions on the interfaces in the Darcy
region are of Dirichlet type:

pi:;Ln7 N5+1<1<N OHFSDUFDD.
The boundary conditions on the interfaces for the local Stokes problems are of Neumann type:
—(Tny) -y =7, —(Mm)-ti=4, 1<I<d-1, 1<i<Ns onTs

and of Neumann-Robin type:

(T -y =, —(Tni).rﬁ—ﬂszou,w‘cﬁzo., 1<l<d-1, 1<i<Ns on Tgp.
1

Note that the matrices of the Stokes problems can be singular and their solutions are determined up to an element of kera;.
This can be resolved by introducing an auxiliary coarse problem, as discussed in Section 4.3.

Remark 4.2. Introducing the Steklov-Poincaré type operator Sy : Ay — Ap,
(Sn, i) = Sn(A, 1) Vi, jL € Ap,
the interface problem (4.14) can be written as: find i € A, such that
Snh = g, (4.15)

where g, : Ay — R, g,(ft) = by(@y, ),V [t € Ap.

The algebraic interpretation of the above method is as follows. Slightly abusing the notations, let u, p, and / represent the
degrees of freedom for velocity, pressure, and Lagrange multipliers, respectively. The discrete analogues of the right hand
side functions in the coupled system are denoted by f and q. The linear system arising in (4.1) is of the form

T T
u
A B L f I AVE: r
B 0 O PZQ@LO):O,
L 0 0/ \4 0 ’

where ¢ = (u,p)" is the vector of subdomain unknowns and r = (f, q)". The interface problem (4.15) corresponds to the Schur
complement system
IM7'LT ) = LM 'r. (4.16)
If an iterative method is employed for solving (4.16), each iteration will require evaluating the action of
M;!
M= .
My!

i.e., solving local subdomain problems.
4.3. Floating Stokes subdomains

We refer to Stokes subdomains with non-trivial kera; as floating. In this section we present an approach to handle such
floating subdomains based on the FETI methods introduced by Farhat and Roux [16]. The one-level FETI method can be
viewed as a preconditioned conjugate gradient (PCG) algorithm incorporating an auxiliary coarse problem; see [38] for
implementation details.

In the formulation of the FETI methods the Moore-Penrose pseudoinverses M; of the local Stokes matrices M;,
i=1,...,Ns, are used if the corresponding subdomain problems are singular. In our approach we avoid computing the
Moore-Penrose pseudoinverse by choosing the right hand side vector to be in the range of M; and setting
M = (M; + \/ED,»)fl, where € is the machine precision and D; is the velocity mass matrix. In problems (4.12) and (4.13)
we replace the functions f; with f; — f;,i=1,...,Ns, where f; is the orthogonal projection of f; onto kera;. The global
Stokes-Darcy problem can be written as

Mé+LTa=r, (4.17)
subject to the constraint
LE=0. (4.18)
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The solution to (4.17) and (4.18) is of the form

E=E¢+ (),
where ¢ solves the local problems with zero stress (or pressure) boundary conditions:
Mé=r-T (4.19)
and ¢*(4) satisfies the equations
Me () + 1T =T, (4.20)
LE(A) = —LE. (4.21)

For the solvability of the above we need
(F— L") € range(M),
which is equivalent to
R'(F-1"2) =0, (4.22)

where R is a matrix whose columns form a basis for ker(M). More precisely, R has k = >";k; columns, with k; columns for each
Stokes subdomain containing the basis for ker(M;). If (4.22) holds, we have

Q) =Mt F-L"2) +Ra, (4.23)
where o can be computed after / is found. Define
G=ILR.

Substituting (4.23) into (4.21), and using (4.19) and the solvability condition (4.22), problem (4.20) and (4.21) is transformed
into

LM (F - L"7) + Go = —L¢, (4.24)

G'.=RT. (4.25)
We can write

h=Jo+, (4.26)

where /o = G(G'G) 'R'F, and J; € ker(G"). Next, we introduce the operator P = I — G(G'G) ' G”, which is the orthogonal pro-
jector onto ker(G"). Applying P" on both sides of Eq. (4.24) and using the splitting (4.26) leads us to the interface problem
PTIM™LT 3y = P'L(M™(F — L™ %9) + 3). (4.27)

Note that for any p € ker(G"), PPLM*L" i = P"LM"L" Py, which is symmetric and positive semi-definite, hence the above prob-
lem can be solved with the conjugate gradient method. Evaluation of M*(F — L"J,) in the right hand side of (4.27) means
solving once

Méo =T~ L',
which in the Stokes region is a set of compatible Neumann problems since /, satisfies (4.25). Applying at each iterative step
the matrix P'LM*L" also involves solving compatible Stokes Neumann problems, because for any p € ker(G"),R"L" .t = 0,
implying that

L' L ker(M).
Note that the matrix G’ G is of size k x k. Computing (GTG)J requires solving a coarse problem, which reduces to solving local

k; x k; problems, due to the block-diagonal structure of G'G. The coarse problem resembles an element of the balancing
preconditioner introduced by Mandel [27]. Once 4 is computed, one can recover o using (4.24) and (4.19):

o= —(GT6) ' GTIM*(r — L7 %).

5. Analysis of the interface operator

Here we derive estimates for the condition number of the interface operator stating explicitly the dependence on the
mesh size h, the subdomain size A, and the permeability K. We will omit the subscript h in most places throughout this
section. Let

AP APUAP and AP = e AP [ —op
ng1\002
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Note that 4, approximates the pressure on I'sp U I'pp, which is determined up to a constant. The mean value constraint for
A;PPP is one possible way to fix the constant. Also, since the interface solve (4.27) is performed in the subspace
{u: L' L ker(M)}, it is enough to carry out the analysis of the interface operator in

AS ={ue AS:bi(r,u) =0 Vrekera;1<i<Ns}.
Let

Ay = AiD.DD % A,Sf
In the remainder of the paper we will be using the notation

[l = (,Lln,[l) € Ay, My € [\iD'DD7 ne Ais

Lemma 5.1. The bilinear form s(-,-) is symmetric and positive definite on A, x Ap.
Proof. The definition (4.14) of s(-,-) gives

N
5(17 :a) = Zsi(}H :a)v
i=1

where
d-1
. . —(ur(A) -, - wi(i)-thu). g ., 1<i<Ns,
5,0, 1) = —b(u: (4), f1) (u;(4) M) ooi00 ;( 1 (4) - Tj, ) ooy s (5.1)
— (Wi (Zn) - My, ) 503 0000 Ns+1<i<N.
Taking v; = u; (1) in (4.6) and (4.8) gives
si(ft, 2) = ai(u; (4), u; (1),
which implies the symmetry of s(-,-). Moreover,
N N
S(2,4) =) si(A,2) =y _ai(ui(4),ui(4)) > 0. (52)
i=1 i1

Let s(4,4) = 0. Then u; (%) € kera;, which implies that a;(u; (1), v;) = 0,Vv; € X, for 1 <i < N, using the characterization of
kera; from Lemma 4.1. Thus, (4.6) and (4.8) become:

=(V Vi, Di (Zn))g, + (7n, Vi Mi)yg 90 =0, Vi€ Xp Ns+1<i<N (5:3)
and
S s
—(V-v,-,pi*(/l))gi + {4ns Vi - Mi) g 00 + Z()vf,v,- . Tﬁ)mmrSS =0, vieX;;/kera;, 1<i<Ns, (5.4)
=1

respectively. Since also bj(r., A)=0and (V- ;i (4)g, =0 for r € kera;, then (5.4) holds for all v; € Xﬁj.
For i = Ns + 1, consider the auxiliary problem

vi=-Veo;, V-y;=0inQ;, (5.5)
Y M = 4,000\ 9Q, ;- m; =0 on 9Q; N Q. ’

This problem is well posed since

[wn-[ -0
00 09,\0Q

Taking v; = Ip;; in (5.3),
0=—(V- HD‘il//ivp;((;“n))ni + {4, Tp ;- ni>0Q,v\(')Q = <)~n>in>an,-\ag = ‘|/1n||(‘2)g1i\519>

which implies 4, =0 on 9Q; \ Q. Next, we order the remaining Darcy subdomains as follows: i = Ns+2,...,N so that
Vi = 0Qi N 0Q# for some j < i. Then, for i = Ns +-2,...,N we solve the problem

Yi=-Vo, V-y=0 inQ;,

5.6
Yi-mi = Jpony; =00\ (Y; U0Q), ¥;-m=0 onodxnoQ, ¢@;=0 ony, (5-6)



D. Vassilev et al./ Comput. Methods Appl. Mech. Engrg. 268 (2014) 264-283 275

which is well posed, since ;7. Taking v; = I1p; in (5.3) and using that 1, = 0 on 7;, we obtain
0= —(V - Thp 3, D (), + (s Do thy - M), = (i, )y, = Il

hence 4, = 0 on 7;. By induction, 4, = 0 on I'sp U I'pp. It remains to show that 2 = 0 on I'ss. We may assume the first Stokes
subdomain to have a Darcy neighbor: 0Q; N T'sp= . Let y, € (H())" and ¢, € L*(Q;) solve the problem
TWq,0,)=0inQy, V-y;=0in Q,
Y1 =0 o0n 0Q; NoQ,
Y =4 0on oQ; NI,
T(Yq,@,;)n =0 on 9 NTgp.

(5.7)

Note that there is no compatibility condition for 4 needed for the well posedness of (5.7), since a Neumann condition is im-
posed on a non-empty part of the boundary. Furthermore, the Dirichlet boundary data belongs to H?(Q; N (8Q U I[ss)),
since | 0= =0.

Let (1//1, oM e Xh] X W ; be the finite element approximation to (y, ¢,). Taking v; = 1//'1’ in (5.4) and using the fact that
1//1 =i on 0Qq NI, we obtaln

(4, M) o, e = —@nv% M) pg,argy = 0,
since 4, = 0 on I'sp. Therefore 4 = 0 on 9Q N I'ss. Similarly to the Darcy subdomains, we order the remaining Stokes subdo-
mains €;, i =2,...,Ns, so that y; = 9Q; N 9Q# for some j < i. Then, we solve consecutively for i = 2,...,Ns the problem
TW;, ¢) =0inQ;, V-y; =0inQ;,
Y; =0 on 9Q; N O,
Yi=4ony; =00\ (y;U0Q),
T(y;, @i)m; = 0 on y; U (9€% N Tsp).

(5.8)

The above problem is well posed, due to the Neumann condition on y;.
If (1, Lol e Xy % W5 ; is the finite element approximation to (y;, ¢;), then taking v; = y/ in (5.4) gives

0= U’v l)yi + <]“7 lpi >ylj </W17 Wh n:)on iNCsp — <;'7 }“>yi7

since 2, = 0 on T'sp and 4 = 0 on 7. Therefore, 2 = 0 on y;, and by induction we conclude that A=0o0n I's. O
As a result of Lemma 5.1, the conjugate gradient (CG) method can be applied for solving the algebraic problem (4.15). We
now continue with estimating the condition number of S.

Lemma 5.2. There exist positive constants Cp and Cp such that for all 7, € A;"P

Konin S 1<max
Coage ™[l m Eporey < D SilAn, 2n) < Co2 =22 || ZnllF iy - (5.9)

i=Ng+1

Proof. The definition (5.1) of s;(-,-) in the Darcy region gives

, . “12 ,
Si(An, 2n) = =W (Zn) - Wi, Zn) sop 00 < (16 (Zn) - Mil 0,00l 2nllagp00 < C(V)R / 1495 (Zn) [l 14 | 50 020

where we have used a discrete trace inequality, see e.g. Lemma 4.1 in [1]. Note that the above constant depends on the quasi-
uniformity constant v from (3.2) as well as the shape regularity of the elements along the interface. The above inequality,
combined with (4.5) and (5.2), implies the upper bound in the lemma.

We prove the lower bound by induction. Consider again the auxiliary problem (5.5) with i = Ny + 1 and take v; = Ip;y; in
(4.6) to obtain

Hin”igi\on (An, i - Mi)ggi00 = (ns Tp itk - i) g 00 = —ai(W5 (Zn), IIp ;) + (V- Tp iy, i (4 )) = —a;(u; (4n), Ip ;)
< CK i 165 ()l 11111 2.0, < Cl i 10 i)l 1 o 0
using (3.7), (3.6), (3.8), and the elliptic regularity [22,26]

W1 2.0, < Clldallog 00- (5.10)
The above bound, in combination with (4.5) and (5.2), implies
Kfmn 1 :
CK (|20 H()Q\()Q<5(A,,,)vn), fori=Ns+1.
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Similarly to the procedure in the proof of Lemma 5.1, for i = N5 + 2,..., N, we solve the auxiliary problems (5.6) and take
v; = IIp;y; in (4.6). Then,

12all3, = Gy - M)y, = (o, Tt i), = —Gi(W; (), TIp ) = (s - M)y, < CR i 105 )l 2y, + (12l 105 - il

Vij
i1 172
< CKinKV2, s}”<xn,zn>||zn~,i+<z skun,an)) Wil 2,
k 1

=Ns-+

i1 172
CKmlan:r{azx< 1/2(} s n) + ( Z Sk()vm/ln)> )Xn}'i'

k=Ngs+1

In the second inequality above we used (4.5) and (5.2), the induction hypothesis, and the trace inequality

ll; - ner < ClIill; 2., Which follows by interpolating [|v; - il 15 g0, < Cllillaivay = Cll¥illg, and [1¥; - Millc po, < Cllill1 21e0,
for € > 0. In the last inequality we used the elliptic regularity (5.10). After applymg Young's mequallty we have

K2, : .
Co™ (a5 < > Skldny ), fori=Ns+2,...,N. (5.11)
Kmax . Kk
k=Ns+1
Summing over the subdomains gives the lower bound for ZLNSHS,(()L”., n). O
Next, we consider the contributions to the interface operator due to the Stokes subdomains.

Lemma 5.3. There exist positive constants Cs and Cs, such that for all i € Ay

2 Ns N

K ,
Coa g™ hlalFy <D silA )+ D7 Siin, ), (5.12)
max i=1 i=Ng-+1
S 2 2
> si(4,2) < Csa (IVallpy, + 111, )- (5.13)

Proof. We begin with establishing the upper bound. The definition (5.1) of s;(,-) in the Stokes subdomains gives

Si(4,4) = = (W (4) - M, Zn) gorg, — (W (4), Dpgrg < I (A) - Millgg,nrg 14nllanrg, + 145 (W) llao,nrg | 41lao,qrg
< Clluag (Al 0,1 2nllrg, + 14l rg)-

Since (4.4) and (5.2) imply

max

[} (2)]1.0, < Crax{1, K2 }s12 (4, 4), (5.14)

then

s/2(2,4) < Cmax{1,K}4 (||).nHr5D + ||}~||r55>7

max

which yields (5.13).
Next, we derive the lower bound. Consider again problem (5.7) in Q1, as well as in any €; such that 9Q; N I'sp# & and its
finite element approximation. By regularity of the Stokes solution [19],

W, < CllAll 200,00 < COV2 (Ao rg (5.15)

using also an inverse inequality [9], where v is the constant from (3.2).
Note that, since bj(r, 2) = 0 and by(r, p; (4) = O forr € kera;, then (4.8) holds for all v; € Xﬁ‘,». We now have, taking v; = M in
(4.8),

Ao rg = (U anorg = — (W (A), Y1) = (n, Y Mi)og ory, < Cmax{1, K2 HIws (A)yo, + nllagorg IV 10,

I<1/4 ] , I<1/2 N 172 12
< €| max{1,-ma b2 (4 2) 2 (3" (2, i) W 4l gy
Kmm Kmin k=Ng+1 1

using (5.14), (5.11), and (5.15) in the last inequality. The above inequality implies that
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KZ N )
Kmm hAl2ary < C(max{] Ky2ysi(aa)+ > sk(ﬂn,;vn))

k=Ns+1

In the following we will omit max{1, K;{é} since Ky, is typically small. We continue by induction. Let us order the remain-

ing Stokes subdomains €, so that y; = 9Q; N 0Q;# ¢ for some € from the set previously considered. Let (¥, @l be the finite
element approximation to the problem

TW;, @) =0inQ;, V-y;=0 inQ;,

W; =4 on o,
where
0 on 0Q; N OQ
=4 Adony =0\ (0QUYyy),
A+gn; on y;

and g € Hyy (7;).8 € X;; - m; is chosen so that

g§=- / A-mj,
i 29,\00Q

7ij

which guarantees that fmi 41 -n; = 0 and the well-posedness of the problem. It is easy to see that
18ll;, < Cll4lloona0- (5.16)

By Stokes regularity [19] and inverse inequality,

W, < ClHA 200, < COVET (/4]0 00- (5.17)

Note also that, due to the Dirichlet boundary condition, the pressure is determined up to a constant and it can be fixed by
restricting it to Wﬁw, the space of functions with mean value zero. As a result, we only have that

(Vg wi)g =0 Ywie Wy,

However, we also have that

(V-w?,l)gi:/ l//?.ni:/mﬁ.n,-:o,

implying that (V -y, Wi)g =0 Vw; e W5 ..
We now have, taking v; = ‘Pa in (4.8) and using (5.14), (5.17), and (5.16),

143000 = (i), + (20— gmi),, = —ai(w; (2), ) = (hgmid, < C(I0G Do W0, + 121, 2]l )
K] 2 /i1 N 172
<C{ s/ (0 a) + e (Zsk + > siln, ;.n)) B2l gy 0
Kinin k=Ng+1
where we also used the induction hypothesis in the last inequality. The above inequality implies that
K2,

N
min hH}“Han hoe S Zsk (4,4) + Z Sk(4ns Zn) |-
Kinax

k=Ns+1

Summing over the subdomains implies (5.12). O

Theorem 5.1. If there are no Stokes-Stokes interfaces, then

K2 s(i,a Kinax L
Cpa Kﬂ < |(\1H2) 2max{ ha ,Cs: }, Vi € Ap. (5.18)
max T
In the presence of Stokes-Stokes interfaces, then
) o
Kmm min {CD 1, C51h} ;' l) < 2max CD.Z Kinax s CS,Z s VZ S Ah. (519)
2K max 1217 h
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Proof. If I'ss = &, from Lemmas 5.2 and 5.3 we conclude that

K2, - K s
Cor gt Py, < S(22) < Coa=p™ nllfgury, + Csallinlfy,. VA€ An,
which implies (5.18). If I'ss# @, Lemma 5.2 and Lemma 5.3 imply
K ) . K : _——
Zl(mm (CDJHA"H%SDUFDD + CS.,lh”;*H%"ss) < S(L l) < CD,Z Eax H/‘Ln”%SDUFDD + CS'Z(H/LHH%SD + H;'H%"ss)’ Vi€ A,
max

which implies (5.19). O

Corollary 5.1. The condition number for the algebraic system associated with the coupled Stokes-Darcy flow problem satisfies
cond(Sy) =0(h™"), if I's = &,

cond(Sy) = O(h™?), if T~
We also note that if the permeability in the porous medium has a characteristic length k that is smaller than h, then Cs,
dominates Cp; ¥z on the right hand sides of (5.18) and (5.19), implying that

cond(Sy) =0(k™"), if T'ss = &,
cond(Sy) = 0k 'h™"), if s~

6. Numerical experiments

We present several numerical experiments that illustrate the behavior of the method. In the first test we solve a coupled
problem with known analytical solution on different meshes and compute the associated error to verify the convergence of
the discretization scheme. In the other tests, which are aimed to examine the convergence of the iterative method, we vary
either the mesh size, the permeability, or the number of subdomains. The computational domain is Q = Qg U Qp, where the
Stokes domain Qs = [0,1] x [}, 1] and Darcy domain Qp = [0, 1] x [0,1]. For simplicity we set

T(us, ps) = —psl+ pvus
in the Stokes equation in Qs, and
K=KI

in the Darcy equation in Qp, where K is a positive constant. To discretize the system of equations we use the Taylor-Hood
[37] triangular finite elements in Qs and the lowest order Raviart-Thomas [34] rectangular finite elements in Qp. The grid for
the discretization in Qs is obtained by first partitioning the domain into rectangles and then dividing each rectangle along its
diagonal into two triangles. The grids in Qs and Qp match on the interface Isp.

In our implementation we utilize direct subdomain solvers. This is reasonable, since in practice sufficient number of pro-
cessors can assure that the subdomain problems are of small to moderate size. As a result the convergence of the interface CG
is not affected by inexact subdomain solves. Furthermore, the LU factorization is reused multiple times with different right
hand sides at each CG iteration.

For the first test we consider the following analytical solution satisfying the flow equations in Qs and Qp along with the
conditions on the interface I'sp:

. 2-x(15- -9

* T 22 (4 1.5) — 158y — 0.5+ sin(wx) |
=  COS(WX)y

P (v +0.5) +sin(wx) |’

g = SO L 105 - &)+ cos(my),

2K

X W+05)* sin(wx)y

Po="% "3 K
where

©=01, K=1, w=05 c=YHK _1=C6 017" 4 w_s0

% 20+0) 77 48
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Fig. 2. Computed velocity field in the first test: horizontal velocity (left); vertical velocity (right).
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Table 3
Convergence of interface CG: K = 1.0, 2 subdomains.
h eig.min. eig.max. cond(Sy) iter.num.
1/8 4.552 14.637 3.2 7
1/16 4.649 23.064 5.0 11
1/32 4.676 45.317 9.7 17
1/64 4.683 90.479 19.3 24
1/128 4.685 180.958 38.6 35
Table 4
Convergence of interface CG: K = 2.0, 2 subdomains.
h eig.min. eig.max. cond(Sy) iter.num.
1/8 8.073 23.930 3.0 8
1/16 8.216 45.477 5.5 12
1/32 8.254 90.490 11.0 17
1/64 8.263 180.918 219 25
1/128 8.266 361.902 43.8 36
Table 5
Convergence of interface CG: K=0.01, 2 subdomains.
h eig.min. eig.max. cond(Sy) iter.num.
1/8 0.302 8.688 28.8 8
1/16 0.263 8.719 33.1 9
1/32 0.270 8.734 323 8
1/64 0.278 8.746 315 10
1/128 0.280 8.758 313 13
Table 6
Convergence of interface CG: K = 1.0, 4 subdomains.
h eig.min. eig.max. cond(Sy) iter.num.
1/8 0.404 25.467 63.1 21
1/16 0.236 50.519 213.7 38
1/32 0.134 100.979 754.8 65
1/64 0.092 202.092 2191.0 95
1/128 0.065 404.432 6183.2 146
Table 7
Convergence of interface CG: K = 2.0, 4 subdomains.
h eig.min. eig.max. cond(Sy) iter.num.
1/8 0.404 50.413 124.8 22
1/16 0.249 100.762 404.8 39
1/32 0.149 201.802 1350.0 66
1/64 0.083 404.096 4874.3 117
1/128 0.084 808.813 9582.9 152
Table 8
Convergence of interface CG: K=0.01, 4 subdomains.
h eig.min. eig.max. cond(Sy) iter.num.
1/8 0.118 10.846 91.6 19
1/16 0.127 10.856 85.4 19
1/32 0.087 10.858 124.4 22
1/64 0.056 10.859 195.3 27
1/128 0.035 10.860 308.7 39
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Table 9
Convergence of interface CG: K= 1.0, 16 subdomains.
h eig.min. eig.max. cond(Sy) iter.num.
1/8 0.287 32.000 111.5 42
1/16 0.125 64.000 512.3 78
1/32 0.062 128.000 2060.6 131
1/64 0.032 256.000 7907.6 236
1/128 0.019 512.000 271151 410
Table 10
Convergence of interface CG: K = 1.0, 64 subdomains.
h eig.min. eig.max. cond(Sy) iter.num.
1/8 0.375 31.976 85.3 53
1/16 0.131 64.000 488.2 92
1/32 0.063 128.000 2038.6 152
1/64 0.032 256.000 8035.1 260
1/128 0.019 512.000 27073.1 454
Table 11
Convergence of interface CG: K = 1.0, 4 subdomains (Stokes only).
h eig.min. eig.max. cond(Sy) iter.num.
1/8 0.245 8.037 32.8 20
1/16 0.121 8.087 66.6 29
1/32 0.061 8.099 1334 36
1/64 0.030 8.102 266.6 47
1/128 0.015 8.103 532.1 58
Table 12
Convergence of interface CG: K = 1.0, 16 subdomains (Stokes only).
h eig.min. eig.max. cond(Sy) iter.num.
1/8 0.251 5.667 22.6 24
1/16 0.123 5.819 474 31
1/32 0.061 5.857 96.5 42
1/64 0.030 5.867 193.0 54
1/128 0.015 5.869 385.5 68
Table 13
Convergence of interface CG: K = 1.0, 64 subdomains (Stokes only).
h eig.min. eig.max. cond(S) iter.num.
1/8 0.222 2.719 123 22
1/16 0.124 3.043 24.5 28
1/32 0.061 3.127 51.0 37
1/64 0.030 3.148 103.7 49
1/128 0.015 3.153 207.4 63
Table 14
Convergence of interface CG: K = 1.0, 4 subdomains (Darcy only).
h eig.min. eig.max. cond(Sy) iter.num.
1/8 4.051 22.623 5.6 10
1/16 4.061 45.193 11.1 15
1/32 4.063 90.433 223 22
1/64 4,064 180.929 44.5 32
1/128 4.064 512.000 126.0 46
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The right hand sides fs, fp, and q;, for the Stokes-Darcy flow system are obtained by plugging the analytical solution into
(2.1),(2.4), and (2.5), respectively. The boundary conditions are as follows: for the Stokes region, the velocity us is specified
on the left boundary, and the normal and tangential stresses (Tns) - ns and (Tns) - Ts are specified on the top and right bound-
aries; for the Darcy region, the normal velocity up, - np is specified on the left boundary and the pressure p, is specified on the
bottom and right boundaries. In this example we use 4 x 4 = 16 subdomains, 8 in each region. Under these boundary con-
ditions, the six Stokes subdomains on the right are floating: each of the three on the top row has (u, ) = (1,0) and (0,1) as a
basis of ker(M;), while that basis for each of the three on the second row consists only of (0, 1). The computed solution on a
mesh with h = 1/64 is shown in Fig. 1. The contour plots in Fig. 2 represent the two components of the computed velocity
field. We see that the domain decomposition scheme correctly imposes continuity of the normal velocity on I'sp, but allows
for discontinuous tangential velocity across the interface. For our choice of finite element spaces, ks = 2 and kp = Ip = 0, so
the error bound (3.11) predicts second order convergence in the Stokes region and first order convergence in the Darcy re-
gion. The results reported in Table 1 and Table 2 confirm the expected rates. Note that we report the cell-centered L*>-errors
[I| - ]| in the Darcy region, which are superconvergent for both the pressure and the velocity. This is consistent with the
theory for mixed finite element methods for Darcy on rectangular grids.

In the next test, for different permeabilities we vary either the mesh size or the number of subdomains to examine the
convergence of the iterative method. In Table 3 and Table 4 we see that on two subdomains, when h < K, the minimal eigen-
value of the interface operator does not change much as we refine the mesh, while the maximal eigenvalue changes as
O(h™), according to (5.18), which results in condition number of order O(h™'). In this case we also see that changing the
permeability for a fixed h has no effect on the condition number, which can be explained by the fact that the permeability
constants K,,;; and K,,.x appearing in the estimates of the Rayleigh quotient (5.18) cancel one another when we divide the
upper bound by the lower bound. Table 5 shows the behavior of the method when K < h, in which case both the minimal and
the maximal eigenvalues of the interface operator are dominated by constants independent of h, and consequently the
condition number does not change significantly as the mesh is refined. This is consistent with (5.18).

In the presence of Stokes-Stokes interfaces, if h < K, the bounds in (5.19) imply that the maximal eigenvalue of the inter-
face operator is O(h™') while the minimal is O(h), which means that the condition number is O(h™?). This estimate is
supported by the results reported in Tables 6 and 7. We also see that the largest eigenvalue is doubled when K is doubled,
which is consistent with the upper bound in (5.19). For K < h, Table 8 shows that the maximal eigenvalue does not change
when the mesh is refined, confirming the upper bound in (5.19).

Finally we test the effect of the subdomain size on the condition number, running the above tests with K = 1.0 on
4 x4 =16 and 8 x 8 = 64 subdomains. Comparing Table 6 on 4 subdomains and Table 9 on 16 subdomains, we see that
the minimal eigenvalue is approximately proportional to the subdomain size. This is expected for domain decomposition
methods without a coarse solve [38]. However, when comparing Tables 9 and 10, we notice that the minimal eigenvalue
does not change. The reason is that the minimal eigenvalue is controlled by the Stokes region, where it is independent of
the subdomain size due the coarse solve we have implemented to handle the local Stokes Neumann problems. This can
be observed in Tables 11-16, where the results for Stokes only and Darcy only problems are reported. In particular, the
minimal eigenvalue is smaller for Stokes compared to Darcy on the same mesh and number of subdomains, while the
maximal eigenvalue is larger for Darcy. Furthermore, for Stokes the minimal eigenvalue is O(h) and independent of subdo-
main size, while the maximal eigenvalue is O(1). For Darcy, the minimal eigenvalue is proportional to the subdomain size
and the maximal eigenvalue is O(h™).

Table 15
Convergence of interface CG: K = 1.0, 16 subdomains (Darcy only).
h eig.min. eig.max. cond(Sy) iter.num.
1/8 2.166 23.601 10.9 16
1/16 2172 45.239 20.8 22
1/32 2.174 90.477 41.6 31
1/64 2.174 256.000 117.7 45
1/128 2.174 512.000 235.5 63
Table 16
Convergence of interface CG: K = 1.0, 64 subdomains (Darcy only).
h eig.min. eig.max. cond(Sy) iter.num.
1/8 1.065 31.361 294 26
1/16 1.069 47.773 44.7 31
1/32 1.070 128.000 119.6 44
1/64 1.070 256.000 239.2 61

1/128 1.070 512.000 478.4 87
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7. Conclusions

We have developed an iterative substructuring domain decomposition method for coupled Stokes-Darcy flows with
multiple subdomains. The discretization uses conforming Stokes finite elements and mixed finite elements in the Darcy
region. The coupled system is reduced to an interface problem for a Lagrange multiplier that models the normal stress or
pressure on Stokes-Darcy or Darcy-Darcy interfaces and the normal stress vector on Stokes-Stokes interfaces. Computing
the action of the interface operator requires solving Stokes subdomain problems with Neumann or Neumann-Robin bound-
ary conditions and Darcy subdomain problems of Dirichlet type. Since the Stokes problems can be singular, a FETI type coarse
solve is utilized. No coarse solve is needed to solve the Darcy subdomain problems. The analysis of the condition number for
the unpreconditioned algorithm shows possible O(h‘z) dependence due to the different type of Stokes and Darcy boundary
value subdomain problems. We further observe dependence on small permeability values and dependence on the subdo-
main size in the Darcy region. The algorithm lends itself to the application of optimal interface preconditioners, such as
balancing [27,28,10,32,18], which should improve the dependence on h, k, and subdomain size in the condition number.
Such preconditioners will be investigated in future work.
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