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Abstract

This paper is concerned with the numerical solution of the flow problem in a fractured porous medium
where the fracture is treated as a lower dimensional object embedded in the rock matrix. We consider a
space-time mixed variational formulation of such a reduced fracture model with mixed finite element ap-
proximations in space and discontinuous Galerkin discretization in time. Different spatial and temporal grids
are used in the subdomains and in the fracture to adapt to the heterogeneity of the problem. Analysis of the
numerical scheme, including well-posedness of the discrete problem, stability and a priori error estimates,
is presented. Using substructuring techniques, the coupled subdomain and fracture system is reduced to a
space-time interface problem which is solved iteratively by GMRES. Each GMRES iteration involves solu-
tion of time-dependent problems in the subdomains using the method of lines with local spatial and temporal
discretizations. The convergence of GMRES is proved by using the field-of-values analysis and the prop-
erties of the discrete space-time interface operator. Numerical experiments are carried out to illustrate the
performance of the proposed iterative algorithm and the accuracy of the numerical solution.

1 Introduction

Dimensionally reduced fracture models have been widely used for the modeling and simulations of fluid flow
and transport in fractured porous media, where the fractures are represented as (d — 1)-dimensional interfaces
in a d-dimensional medium. These models are efficient as the width of the fractures is very small compared to
the size of the surrounding medium and local mesh refinement around such fractures would be computationally
expensive. In addition, the reduced models take into account the interactions between the flow in the fractures
and in the rock matrix to provide approximations as accurate as the full dimensional approach. Since the fractures
can have much higher or much lower permeability than the surrounding medium, they can act as a conduit (i.e.,
allowing fluid flow much faster) or a geological barrier (i.e., blocking fluid flows across it). Consequently,
the spatial and temporal scales may vary considerably across the domain of calculation, and it is desirable to
develop numerical algorithms that can enforce different mesh sizes and time step sizes in the fractures and in the
subdomains.

Mathematically, reduced fracture models consists of systems of full dimensional Partial Differential Equa-
tions (PDEs) in the subdomains coupled with tangential PDEs in the lower dimensional fractures. The coupled
problem can be solved directly as a monolithic system as in [4,5, 8, 13, 17-20, 28,32, 34] for single-phase Darcy
flow, [4,22,23] for the linear transport problem, [9,21] for two-phase flow, and [11,29] for multiphysics problems
in which different types of PDEs are considered in the fracture and in the subdomains. Solving a large coupled
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linear system as in the monolithic approach could be computationally costly, thus one can instead use nonoverlap-
ping Domain Decomposition (DD) to decouple the system into subproblems of smaller sizes in the subdomains
together with suitable transmission conditions on the fracture-interface as studied in [1-3,16,32]. We remark that
most existing work uses the same time step in the subdomains and in the fracture. Local time discretization can be
enforced by employing global-in-time DD methods as proposed in [24-26], where time-dependent problems are
solved in the subdomains at each iteration and information is exchanged over the space-time fracture-interface.
Though global-in-time DD allows local discretizations in both space and time, the aforementioned papers only
consider matching spatial grids in the subdomains and in the fracture. Recently, a space-time DD method with
nonmatching space-time grids has been analyzed in [27] for the case without fracture, in which mortar mixed
finite elements are used for spatial discretization and discontinuous Galerkin for temporal discretization. It is
well-known that the mortar spatial grid is required to be coarser than the grids in the subdomains to obtain sta-
bility [6,7]. However, for the reduced fracture model, it was shown in [19] that no mortars are needed and the
mesh in the fracture can be much finer or coarser than in the subdomains. Note that only steady-state problems
were considered in [19].

In this paper, we aim to develop and analyze space-time numerical approximations for the reduced fracture
flow model with nonmatching space-time grids, i.e., different spatial mesh sizes and time step sizes in the sub-
domains and in the fracture. The problem is discretized in space by the mixed finite element method and in time
by the discontinuous Galerkin method. As in the stationary case [19], there is no need to introduce a mortar
finite element variable due to the tangential PDEs in the fracture. We remark that, unlike the case with artificial
interfaces [27], the normal fluxes are not continuous across the fracture-interface. We carry out rigorous anal-
ysis for the well-posedness, stability and error estimates of the proposed numerical scheme for the monolithic
fully discrete problem. In addition, improved error analysis is done by bounding the velocity divergence under
the assumption of conforming time discretizations, which is similar to the case without fractures [27]. Based
on global-in-time DD with the time-dependent Robin-to-Neumann interface operator (instead of the Dirichlet-
to-Neumann operator for artificial interfaces [27]), we decouple the monolithic problem and reformulate it as
an interface problem on the space-time fracture-interface. The interface problem is solved iteratively by GM-
RES, each iteration involving the solution of time-dependent problems in the subdomains using the method of
lines with local spatial and temporal discretizations. The convergence of GMRES is proved by using the field-
of-values analysis and the properties of the associated interface operator. The presented error estimates and
convergence analysis of global-in-time DD for the reduced fracture model have not been done in the literature,
even for the case with matching spatial meshes. Numerical results where the fracture is either a “fast path” or
a geological barrier are presented to validate the theoretical error estimates as well as investigate the conver-
gence of GMRES and the efficiency of nonmatching space-time grids. It should be noted that in this work, we
have restricted our attention to the case with a single fracture and we require that the geometry of the fracture
is respected by the meshes. We refer to the review paper [17] (and the references therein) for more complex
configurations with networks of fractures and for the case where some elements of the spatial grid may be cut
by the fracture.

The rest of the paper is organized as follows: in the next section, we present the model problem and its weak
formulation. In Section 3, the proposed numerical scheme using mixed finite element discretization in space
and the discontinuous Galerkin method in time is introduced. The well-posedness and stability of the numerical
solution are studied in Section 4, and a priori error estimates are derived in Section 5. In Section 6, we prove
the boundedness of the velocity divergence and establish improved error estimates. In Section 7, global-in-time
domain decomposition is utilized to decouple the system and reduce it to an interface problem; analysis of the
interface operator is also presented. Finally, we discuss numerical results in Section 8.

2 Model problem

We consider a reduced fracture model in which the fracture is known a priori and is modeled as a hypersurface
embedded in the porous medium. Let @ C R? (d = 2,3) be a bounded domain with Lipschitz boundary 0.



Suppose that the fracture {2 is a subdomain of ) that separates (2 into two connected subdomains: Q\ﬁf =
Q1 U Q, and Q1 N Qs = (). We denote by ~y; the part of the boundary of 2; shared with the boundary of the
fracture Qs: v; = (0 NONy) NQ, for i = 1,2. Let n; be the unit, outward pointing, normal vector field on
0€);, i = 1,2. We assume that {2y can be expressed as

) )
Qf:{$691$=$7+0n, wherexvefyandae<— (";7), (27)>},

where + is the intersection of a line (d = 2) or a plane (d = 3) with Q, n = n; = —ng is the unit normal
vector to -y, and d(z) is the width of the fracture at £, € . For i = 1,2, f, and for any scalar, vector, or tensor
valued function ¢ defined on €2, we denote by ¢; the restriction of ¢ to €2;. The flow problem of a single phase,
compressible fluid in the fractured porous medium (2 is given by

s;O0p; +divu; = ¢ in Q; x (0,7), 1=1,2,f,
u; = —KZ-Vpi in Ql X (O,T), = 1,2,f,
Di = DPf on 7y; X (OvT)a i = 1727 (2 1)
u; -n; = Ur-n; on'in(O,T), i:1,2, )
i =0 on (09, NIN) x (0,7), i=1,2,f,
pi(+,0) = Do, in ;, i=1,2,f.

where for i = 1,2, f, p; is the pressure, u; the velocity, ¢; the source term, s; > 0 constant storage coefficients,
and K; a symmetric, time-independent, permeability tensor. We assume that initial condition py € H3 () is
given and define pg; = polq,, ¢ = 1,2, f. For simplicity, we have imposed homogeneous Dirichlet conditions
on the external boundary.

As in the steady-state flow case [3, 19, 32], we treat the fracture as a domain of co-dimension 1 and obtain
the reduced fracture model by averaging across the fracture the first three equations of (2.1) for the index f. We
use the notation V- and div for the tangential gradient and tangential divergence, respectively. Assume that K ;
is composed of a tangential part K ; - and a normal part K ¢ ,,. We denote by K, := 0K ¢, ky := 2K,/ and
sy 1= 05y. The reduced model is given as an interface problem as follows, where we still denote the subdomains
by Q;, i =1,2:

$;Op; +divu; = ¢ in Q; x (0,7),
u;, = —KiVPi in QZ‘ X (0, T),
5yOipy +diviu, = ¢, + Z?Zl (ui - ni)), iny x (0,7),
u, = —-K,V.p, iny x (0,7),
ry(pi —py) = &ui-mi—(1—8Qu;-mn;, inyx(0,7), 22
pi = 0 on (09; N9N) x (0,7),
py = 0 on 0y x (0,T),
pi(.0) = pos in
Py(0) = poy in,

fori =1,2,and j = (3 —1),& > % is a model parameter, and pg = po|-
Throughout the paper, we assume that there exist positive constants s_ and s, K and K ,K,_ and K,
k~— and k4 such that
(Al) s <s;<sp,i=12,
(A2) 5_ < sy < 54,
(A3) K_|s]? <<TKy(z)s < Ki|s|?, forae. z € Q;and Vs € R, i = 1,2,
(Ad) K,_|n]? <nTK. (z)n < K,|n|? forae. x € vand ¥y € R4,



(AS) ky— < Ky(x) < Kyy forae. x €.

We note that K; and K, as well as their inverses are symmetric positive definite; moreover, it is implied from
Assumptions (A3) and (A4) that the following inequalities hold:

KJ:1|§|2 <TK; Nz)s < KZY|?, forae .z € Q;and Vs € R, i =1,2,

T _ _ _ (2.3)
Kwﬂoﬂ2 <n"K ' (z)n < K,YE|77|2, fora.e. x € yand Vn € R1.

To write the weak formulation of (2.2), we use the convention that if V' is a space of functions, then V is a
space of vector functions having each component in V. For arbitrary domain O, we denote by (-, ). the inner
product in L2 ((’)) or L2 (O) and by [[l.0 the norm in L?(O) or L*(O). For OT = O x (0,T), we write

(,)or = fo )o. Denote by M; = L? (€;) and &; = H (div, ;) for i = 1,2 with norms

lillar, = luillrzo,y  and  Joillg, = llvillf o, + Idivoillg .-

Similarly, let M., = L? () and £, = H (div,,~) with norms

s llaz, = sz and - Jloslls, = llosll5, + ldiv-vs I3 .-

We next define the following Hilbert spaces:
M = N:(Mlau27N7)EM1XM2XM’y}>
Y =35v= (’01,’02,’07) €X x Yo x Xy 1w -my), € L?(%), i = 1,2},
which are equipped with the norms:
2
e = D0 lwilldes Tolg= D lwilld, + D llvi - nill3 ..
i=1,2,y i=1,2,y i=1

We define the bilinear forms a(-, ), b(-, ) and ¢5(+,-) on ¥ x ¥, ¥ x M, and M x M, respectively, and the linear
form L, on M by

2 2
a(u,v) = Zz; <K;1ui,vi>ﬂi + (K;lu,y,v,y% + ,z; (/-s;l (Gu;-n; + (1 — uy -n;) ,v; -ni)v,
2
b(u,p) = Z (div i, pri)g, + (divr uy, Uv% — ([u-n], /W)y
i=1
2 2
es( ) =Y (simiy i, + (89709 104) - La(p) = Y (aiy 1), + (s 119)r
i=1 i=1

where we have used the notation [['v n]] =v1-Ny |7 +v2 - n2l,. In addition, for any spatial bilinear form a(-, -)
or linear form I(-), we denote by ol fo )and I7(") fo

The weak form of (2.2) can be written as follows:
Findu € L%(0,7;%) and p € H'(0,T; M) such that

a (w,v) —b" (w,p) = 0 Yo € L?(0,T; ),
(0 b" = Li(p) YpelL?*0,T;M @9
Cs ( tDs :U’) + (’u‘nu) - q (M) [US (0’ ) )’
together with the initial conditions:
pi(', 0) = p(]’i, in Qi, 7= 1, 2, and pfy(-, 0) = pgﬁ, in Y- (25)



Under assumptions (A1)-(AS5), existence and uniqueness of a solution to the variational problem (2.4) can be
proved using the well-posedness theory for abstract evolution problems in mixed form (cf. [24, Theorem 1.2]).
The proof utilizes the coercivity of the bilinear form a(-, -):

2 2
—1 _ —
= UK Poilda, + KT PR, + €30 lny vl + 200 = €) (5701 ks o0, )
=1 =1

2 2 2
> STIK Poil3 g, + 1K Py 2+ min (1,26 - 1) Y3 (|85 Vg nll2 (2.6)

=1 =1

v

where we have used the inequality |ab| < ‘12—2 + %. Note that £ > 1/2.

Finally, we introduce the following notation which shall be used in the analysis later:

H = Hy x Hy x Hy:= H () x H'(Q) x H'(y) € M,
H=H xHyx H,:= (H'(0))" x (H'(Q)) x (H'(7))""' 5,

€

(
H°=H] xHjxH :=(H ( D)4 x (H (Q))% x (H (7))L, for any real number > 0,
M* ={veM;xM;xM,:=(L*)) x (L2(Q))? x (L* (7)) tv; -nyl, € L2(9)} D 2.

The space M* is equipped with the norm

2
loll3g- = > loilldg, + D llvi -millg .
i=1

1=1,2,y

Also, to simplify notation, we shall write forv € %, divy = (div v1,divos, div, '"v)'

3 Space-time mixed finite element method

For i = 1,2, let T, ; be a partition of €); into d-dimensional simplicial or rectangular elements, and let 7}, be a
partition of ~y into (d — 1)-dimensional simplicial or rectangular elements. There are no matching requirements
between any of these partitions. Let h; = maxge7;, , diam(E), i = 1,2,v and h = max;—1,2~ h;. In time,
fort = 1,2,7, let 7;& 0 = t? < t} < ... < tiv" = T be a partition of the time interval (0,7") in each
subdomain and the fracture. Let At; = maxj<i<n, (tiC — tf‘l), i = 1,2,7, and At = max;—1 2, At;. A
space-time partition of ; x (0,7") is given by TAt i= Thi x T2, fori = 1,2. Similarly for the space-time
fracture-interface v x (0, T'), its space-time partition is denoted by TAt Thy ’TVAt.

For spatial discretization, we consider for simplicity the Raviart- Thomas space on d or (d — 1) dimensional
simplices or rectangles [10]:

My, = Mh71 X Mh’g X Mh,’y C M, and Xy = Eh,l X Eh,g X Ehﬁ cX.

The results can be easily extended to other stable mixed finite element spaces, such as the BDM spaces [10].
For time discretization, we apply the discontinuous Galerkin (DG) method where discontinuous piecewise poly-
nomials are used to approximate the solution on the time grid 7;“. Denote by WZ-At, 1 = 1,2,, the time
discretization of the pressure and velocity in each subdomain and the fracture. The space-time discretizations
are then given by

Mt = Mt < Mh x M, and £ = B x B4 x B

where
M,ff = Mj,; x WAL, and Eﬁ; = % x WAL fori=1,2,7.



To write the weak formulation with DG time discretization, we introduce the following notation for functions
gO(iE, ) and ’QZJ((L‘, ) in LZ(Ov T)

T _ Ni o pn N;
Ve e, i=12oozen, / Onpp dt = Z/ O+ Y ety =127, ()
0 n=1 ti n=1

where [p], = ¢, — @, , with o)} =lim, , .+ @and @, =lim,_ n- .
The space-time mixed finite element method for (2.2) reads as:
Find u5) € 2% and pitt € MA? such that
o (upt,vpt) = b7 (v pRt) = 0 Vot € BAY,

- (3.2)
o (Ot i) + 07 (upt,pupt) = LE(uRY) it € MPY

Note that we will use the initial condition to determine (phAt)_ needed in the evaluation of ¢l <5tpﬁt, uhAt>.
Further details will be discussed in Subsection 4.3.

4 Well-posedness analysis

We study the existence and uniqueness of the solution to the fully discrete problem (3.2) with nonconforming
space-time grids. Throughout the paper, we use C' to denote a generic constant that is independent of the spatial
mesh sizes and time step sizes.

4.1 Space-time interpolants

Fori =1,2,~, let Py ; be the L?-orthogonal projection onto M, h,i and PZ-At be the L2-orthogonal projection onto
WZN. The L?-orthogonal projections in space and time are then defined on the subdomains as
PRt =PA 0Py, L2(0,T;M;) — MEY, i=1,2,
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and on the fracture as
Pit =P o Pyt L?(0,T; M) — M.

From that, we define the global space-time L2-orthogonal projection
phAt - L2 (0,7; M) — MAt, PhAt‘QiT = Pﬁf, fori =1,2, and PhAtHT = PhA;.
Fori =1,2,v,letll;; : H; NY; — Xj; be the Raviart-Thomas interpolant [10,35], and let
Ot = PR oIy, : L2(0,T;H; NE) —» B, i=1,2, .1
MY = P ol : L*(0,7;H; N3, ) » 7Y, 4.2)

The space-time interpolants HA;-, i = 1,2, satisfy the following properties [10,33], forallv € L? (O, T;H; N Ei):

(diV (7 v; — ”i)yﬂﬁﬁ) or =00 Vg € My, (4.3)
(s —v0) s w0 oms) =0, vl e SR, (4.4)
I3 il 2015, < C (||viHL2(o,T;H§) + ”diV'UiHLQ(O,T;Mi)> , (4.5)
MR 0v; - nill 20,y < i - mallz2oir,)- (4.6)



Similarly, l'IhAt7 satisfies, for all v, € L%(0,T; H:NXE,):

A A A
(div, (L, — v,), ”’“t”)w —0, VPl e MP, 4.7)
A At
((l'[h Loy —v,) nywih nv)dwT =0, Vwpl eZpt, (4.8)
HHhA,%vam(o,T;zW) <C (HUVHLZ(O,T;Hg) + HdiVT'vaLQ(QT;MW)) : 4.9

4.2 Discrete inf-sup condition

Lemma 4.1. (Discrete inf-sup condition) There exists a constant 3 > 0 independent of h and At such that

b (v, )
Vup' € Mi, sup  — > B s 2o ). (4.10)
0AvRtennt th [l 22 OTz)

Proof. Let uat = (,uhAﬁ, 15, 1, 7) € MP! be given. We shall construct an element v4! € £ such that

bl (v, ust) = Hﬂht”p o.7.ar) and vt z20,m5) < Clly 1l p2(0,7:0r) Where C'is independent of  and At.

For a.e. t € (0,T), consider the auxiliary problem, fori = 1, 2:

_AQOi('vt) = :uhA;('vt)v on {2,
@i(’a t) = 07 on aQZ \ 7> (411)
~Vei(t)-ni = ppt(-t) onn.

Then, for a.e. t € (0,7, there exists a unique weak solution ;(t) € H'*¢(;) to (4.11), fori = 1, 2. Let
vi(t) := —V;(t), forae. t € (0,7), and 'vh =15t i, 1=1,2. 4.12)
As divyy, ; = My, ;, we deduce that
divogt = divIIgi; = Pitdive; = Piipyt = ppt. (4.13)

Similarly, we let ¢, € H 1+ () be the solution of the following problem

B ) _ At At .
Aripy (1) = pph (o 8) + vt -] (1), on, (4.14)
#r(51) =0, on o

where [vp! - n] = vl - il + vph - moly and vyt (i = 1,2) are given by (4.12). Note that because of the
nonmatching grids, [v!(¢) - n] # 0 even though [v(t) - n] = 0. Let

vy (t) := =V,p,(t), forae. t € (0,7), and vﬁ = It Uy (4.15)

As divYy, , = M, ,, we deduce that
div,oft, = div, I v, = Pt divye, = PRL (uf + [0 -n]) = it + PRLRY - n]. 4.16)

We have constructed v5 = ('vﬁtl,v,%, vy y) € 8 such that

2

T
b ('vﬁt,uh ) - /0 Z(/’Lﬁzu Hh, 'L)Q + (:U'h'y + hA,’ty[[’Uﬁt ' n]]nulﬁéy)"{ - ([['Uﬁt 'n]]u M?fy)’)’ dt
=1

= ||, tHLQ (0,T;M)>



where we have used the property of the L? projection Ph At from L2 (0,7; L?(v)) onto M. Iy At to obtain

(PRSIoR" ] — o -ml i) =0, for il € MY,

Next we show that thtHLz 0r::) < Ol l £2(0,1;01)- We have

T 2
A
||vht”L2 0,1) = /0 Z (”’%5”09 + ||d1V”hf||OQ ) + th,'y |07 + ||d1VT’Uh,7H07 + Z ”’U

=1

[\

A 2
= > (IR0 0,00,y + 32 0. ) + TR0 1220700,
=1

A A 2
+ ||Mh,ty + Ph,f/[[vh n]]HL2 1M, T Z |Hh Vi nz‘HLZ(o,T;MW)-
=1

We now control all terms on the right above. Using (4.5) we deduce, for ¢ = 1, 2, that

HH leLQ (0,T;M;) < C <”'U7«HL2 (0,T;H?) + HdlvaH%z 0T'M')>
= C (V122 0 ey + I3 07500 ) -

By the elliptic regularity for the auxiliary problem (4.11) for a.e. t € (0,T"), we have

196013 0:2:m2) < ClloillZaoziamseany < Cou (b0 ziany + bt Bagrar)

This and (4.18) imply that

IR0l 0. < C (8212 000 + IS a0 miary ) + 8= 1,2

Similarly, using (4.9), elliptic regularity for the auxiliary problem (4.14), (4.6) and (4.11), we obtain:

Hnﬁtw'va%?(o,T;Mﬁ <cC <”'UVH%2(07T;H§/) + HdiVT'vv”%%o,T;Mw))
= C (Ve a0 ropre) + M8 + TR 0120700,
< C (131220 moarnve iy + I + 08" 211220 701,
<C(Cy+ 1) |lppt + [wpt "]]”LQ(OTM7

2
<C |l ”LQ(OTM.Y)+ZHQ’1 "2HL2 (0.T;M.)
=1

A
< CHNh,th%Q(O,T;MW)'

As PhA’fy is an L? projection, and using the same argument as in (4.20), we have

||Mh,7 h,v[[vh "]]HL? O,T:M) = C'||Mh ||L2 (0,T;M,)

Finally for the last term in (4.17), using (4.6) and (4.11) we deduce, for ¢ = 1, 2, that

(e ni”%ﬁ(O,T;MW) < i ‘nz‘H%%o,T;]wV 17 e M)

L HO,'y

(4.17)

(4.18)

(4.19)

(4.20)

4.21)

(4.22)

It follows from (4.17) and (4.19)—(4.22) that |[v2| ooy < C [l 12(0,;0M)> Which completes the proof.

O



4.3 Discrete initial data
Recall that py € H&(Q) and po; = pole,» @ = 1,2, poy = poly. Define ug € M* such that
a (ug,v) —b" (v,po) =0, Ywve M", (4.23)

2
where b* (v, u) = — > (v, Vii)o, — (v, V- ity ). The problem has a unique solution due to the Lax-Milgram
i=1
Theorem, cf. (2.6). It clearly holds that
a(ug,v) —b(v,pp) =0, VYveX. (4.24)

Assume further that py is sufficiently smooth, so that uy € X. It is easy to see that the solution to the continuous
problem (2.4) satisfies u;(0) = uq; fori = 1,2, u(0) = ug .
We now define the discrete initial solution (uy, o, pro) € X5, X M), as the elliptic projection of (ug, po):

a (wh0,v1) — b (Vh, pro) = a(ug,v) —b(v,po) =0, Vo, € Xy,
(4.25)
b (un0, tn) = b (wo, un)  Vpn € M.

The well-posedness of (4.25) (with nonmatching meshes) is shown in [19], and the following estimates hold

m < Clluo|s, (4.26)
v < C (Jlug — Dpuo||m- + [[po — Prpollar) (4.27)

[wn,olls + [[pr,ol
lwo — unollare + llpo — prol

where ITyv = (I, 1v1, 11, 902, I, 4v) and Py = (Ph,1ji1, Phoaiiz, Phoyfiy)-

In the subsequent analysis, we set

P =pno,  (uR")” =upp. (4.28)

4.4 Existence, uniqueness, and stability with respect to data

Lemma 4.2. (Summation in time) The following holds for any o(z,-) in WiAt, i = 1,2, where x € € if
1=1,2;orx €yifi=r:

/T5 = 2 (on)? ‘)2)+]§Vf([] ? (4.29)
. t‘P‘P—z PN, Yo B Pln—1) - .

This lemma is proved by using the definition of 5,:@ (3.1). We refer to [27, Lemma 4.3] for more details of the
proof.

For convenience of the presentation, for u = (1, p2, p14) € M, we denote

N;
lelirpe = > luilin e where [luillds pe = 1)y I3 + > Miiln-1l3- (4.30)
i=1,2,7y n=1
Similarly, for v = (v1,v2,v,) € M*, let
2
[l pe = D illar,ne + Y i nilld - pe (4.31)
i=1,2,y i=1
where
Ni Ni
illaz, pe = 1) 5 e, + D Iidn-1llags i milld, pe = @i na)y 15, + D i - niln-1l3 -
n=1 n=1



Theorem 4.1. The space-time mixed finite element method for (2.2) has a unique solution and the following
estimate holds for some constant C > 0 independent of h and At:

Pl ,pG + [lup? 22 0,750+) + I z2(0,m500) < C (HQHL‘Z (0,1;M) T HUOHE) (4.32)
Proof. We choose vﬁ = uh in (3.2); and ,u = pft in in (3.2)9, then by adding the two resulting equations,
we obtain B
a” (upt upt) + T (Ot pit) = LT (pi). (4.33)
Using (2.6) we have

1 A 1
Tt u >Z||K Pubt 20ty + KT Ut 13000

+ min (1,2¢ — 1) ZH/@_I/ZUM 220101, (4.34)
=1

Next, using Lemma 4.2, (A1)-(A2), and the notation (4.30), we deduce that

IOt i) > = thtHM DG — (4.35)
where py, o is constructed in (4.25) and we have used (pﬁ’;)* = Pn0,» for ¢ = 1,2,v. For the term on the
right-hand side of (4.33), applying Young’s inequality for € > 0 yields

1
LQ(ph ) < EHPhth(OTM) %”qH%%O,T;M)' (4.36)
To bound ||pﬁt|]ig(0 .01y We use (3.2)1, (A5), and (2.3) to obtain
bT(’U%tvphAt) (uhAtvvh ) <C (K K 7 Key— 7§> ”uﬁt”LQ(OTM* th HL2 (0,T;M*)>
which, combined with Lemma 4.1, implies
1817200y < C (K: SN N ) i || 220,700+ (4.37)

Finally, (4.32) is obtained by combining (4.33)—(4.37), choosing € > 0 sufficiently small and using (4.26).
Existence and uniqueness of a solution follows from (4.32) by taking ¢ = 0 and pg = 0 and concluding that the
homogeneous system has only the zero solution. Ul

S A priori error analysis

We establish a priori error estimates for the solution of the discrete problem (3.2). We first recall some properties
of the space-time interpolants.
5.1 Interpolation estimates

In the following analysis, we use the same order of space-time approximation spaces for the subdomains and
for the fracture. In space, let p > 0 be the order of the Raviart-Thomas space M}, ; x Xy, ;, while in time, we
denote by k£ > 0 the order of the polynomials in VViAt, for ¢ = 1,2, ~. The space-time projection operators PhAf
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and l’[ﬁi, i = 1,2,7, defined in Subsection 4.1, have the following approximation properties: for 1 < r, <
p+ 1,1 < <k+1,

s — PhA,z‘tMiHB(o,T;Mi) < CHMiHHT'k(O,T;HTP(Qi))(hrp + At"), (5.1

ity = PR l0r) < Ol i oz ) (B + AE), 52)
s ~ TR0l 20 2208 < Cloill s (071700 (77 + AT, 53)

o~ T80 0ty < Cllos e oo o) (70 + AF), (5.4)

div (v; — T3 | 20 70y < Clldivei| gy, (03t () (H7° + AF), (5.5)
[div-(vy — HhA,tw'Uv)HL?(O,T;Mﬁ < Oldivrvy || gr, (O,T;H"P(»y))(hrp + At™), (5.6)
s~ TIe) il 2 oirian,y < Clloi il e oo o) (BT + AP, (57

From the stability of L? projection in L> [12], we also have the following properties:

i = Pictill oo o501y < Cllptall 29 (0,T5H" (2 ))(hrp + At™), (5-8)
iy = Pl Lo.mian,) < Cllty e (o870 () (BT + ALF). (5.9)

5.2 A priori error estimates

Theorem 5.1. Assume that h < Ch; and At < CAt;, fori = 1,2,~. For (u,p) the solution of problem (2.4)
and (uft, pﬁt) the solution of problem (3.2), if w and p are sufficiently smooth, then, for1 < r, < p+1,1 <

lp —PhtHMDG + [lu — uhtHLz(OTM* +lp - Ph g2 (0,T; M)
2
< C( (h"e + At™) (HUHHm o187y T 2 i Wi - nill e o170 (7)) + 1Py 1 0,750 (1)
_1
+ AL [pllwrieoziame) ) + B (Iluollars + X3y o - mall oy + Ipoll i ) )

where C' > 0 is a constant independent of h and At.

Proof. By subtracting (3.2) from (2.4), we obtain the error equations:

o (w—upt o) =87 (o p—pit) = 0 vept e TR 510
of (0 — Bt 1) + 07 (w—upt uft) = 0 Vupte MPY '

Since div X, ; = M}, ; fori = 1,2, and div, X, , = M, ., the L?— projection PhAt satisfies:
(77,”,11,z Mi,divvﬁ';)m =0, Vv te Ehz, i =1,2,
A A A A
<79h7f/u7 — [y, div th’t7>vT =0, V'vhf7 € th7
Using these equations and the properties (4.3) and (4.7) of the interpolant T2t we rewrite (5.10) equivalently as

al (u —up, ﬁt) (vh , PAtp — ph ) + (ﬂ'tht ‘n],py — Pﬁﬁpv)ﬁ =0, WwiteXs

((%p atph i ) + b7 (HhAtu —uht,,u}?t> + ([[(I'Ihmu —u) ~n]],uﬁfy>w =0, Vurte MA
(5.11)
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Choosing vﬁt = HhAtu — uﬁt and ,uﬁt Ph D — ph ¢ and adding the resulting equations, we obtain:

T (HAtu upt MMy — uAt> +cr (Btp atp ,PRp — ph > al (HhAtu—u,HhAtu—uhAt)

_ ([[(HNU ult) -n], p, — Phﬁpv)yT — ([[(Hﬁtu —u) 'n]],PhA,ipW — pﬁt”)»ﬂ
(5.12)
To bound the second term on the right-hand side of (5.12), we follow the techniques in [27]. In particular, using
the notation (3.1), we have

f (0w - 3wt PRty — pt) = T (Bulp — pp"). PR — ) 513
:CST@t(p—ph ),p—ph)+ ST(@(p PR)s Pty — p) =1 + .
Using Lemma 4.2 and (4.30), we have
I > *Ilp " lv,p — —Ilpo (5.14)

The term I5 has contributions from €2;,7 = 1,2, and y: Iy = 121 + 122 —i—I;. For Ié', 1 = 1,2, using (3.1), we write

I = Z/ — pit)s Piotpi — pl> +Zsz( — Piin—1, (Piipi — pi)I_l)Q‘- (5.15)

k3

Due to the orthogonality property of Ph i

(atpm,%pz pz-)Q = (&PhMpi,P;ﬁfpi—pi)Q =0,

thus

/tt? S; (&s( phz) thpz pi)g - /tt? 5 (at( P}”pl) PhA’fpi _pi)ﬂ

n—1 i n—1 i
1 T

tn
S; g A
= —22/ 13t||73h,fpi —Pi”s?zi thzpl szQ
(A

t?
o (5.16)

We perform similar calculations for I ; and combine with (5.13)—(5.16) to deduce that

cl (@p—c‘?tp Pty — ) 2~ llp = i HMDG——Hpo—phollM
2 N;
- *Zzszupthz pZHQ -1 "‘Zzsz( phzn 1s (thpz pi)z—l)M_
i=1 n=1 i=1 n=1 ¢
N'Y

S A A
- 57 E ||Ph APy — p'y”M7 g1 + E Sy ( ph,if}n*b (Ph,fypw _p’}’):—l)’y' (5.17)
n=1 n=1

Using (5.17), (2.6), (4.4), Assumptions (A1)—(AS5), and the Cauchy-Schwarz and Young inequalities, we obtain
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from (5.12) that
A
T e — uhtHL?(OTM* + o = P 3s.pe
< C<Hl’.[ﬁtu - UHLQ(O,T;M*) HHhAtU - uﬁtHLQ(O,T;M*)

2
A A A
+ Z | (1L, ‘u; — uh,l;) 'ni||L2(0,T;M7) Py — ’Ph,»typ’yHLQ(O,T;MW)
i=1
2

A
ZH(th“z— i) anLQ (0,T; M) th,’yp’Y ph,fyHL%O,T;MW)
i=1

s Z(H Bl PR — 0, + 1P — pill

=12,y n=1

t )
t,}1> + [P0 — ph,OHM)

A A A
=€ (HH fu — uhtHLQ 01:M) T 1P APy — phﬁy”%?(O,T;Mw) +llp _pht”?\/I,DG>

N;
A
+c<||n w2 e + 19y = PR Baorary + S S (PR — p»:ln%m)
i=1,2,y n=1

< Z anthz piH%wi .

i Hlpo —ph,0||?\4>- (5.18)
1=1,2,y n=1 2

From the first equation in (5.11), we have:
b (v, Pitp — o) = o’ (u — upt,0y") + ([[v n]],py—PhA,ipw)vT

— — A A A
<C (K N o 1 ) (Hu - uhtHL?(O,T;M*) + llpy — ,Ph,'typ’yHLQ(O,T;MW)) thtHLQ(O,T;M*)-

By the inf-sup condition (4.10), we obtain

IPE%D — bl 2o ran < € (K4 KL k72,6 87Y) (Il = witlla mare) + oy = PRyl ) -

(5.19)
Combining (5.18) and (5.19) and choosing ¢ sufficiently small yields
I3 % — il 2 0.mm) + 1P — 2R laepe + 1PRP = pi 20700
_1
< C(IMR"% — ull 20,20 + PRSPy = Pyllr2.rn,) + A2 [PRp = pll oo o.700) + llpo — M)
(5.20)

where the factor At~ comes from the fact that N; < (CT)/At; and At < CAL,;.
The proof is completed by using the triangle inequality, (4.27), and the interpolation estimates in Subsec-
tion 5.1, where for the initial error we used the version of (5.1)—(5.7) for space only. O

6 Control of the velocity divergence and improved error estimates

. . . . . 1 .
We aim to improve the estimates in Theorem 5.1 by removing the factor At~ 2. We first control the velocity
divergence and then use a different time interpolant as done in [27] for the case without fractures. For the

analysis in this section, we assume that the time steps in the subdomains and in the fracture are the same, i.e.
TR =TA =TA:=TA 0= <t! <... <tV sothat

W = Wt = WA = W, (6.1)

where W27 consists of discontinuous piecewise polynomials of degree & on the time grid 747,
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6.1 Radau reconstruction operator

For each time interval I,, = [t"~! "], denote by L" the rth Legendre polynomial on I,,. Then
L") =1, Ly" ') = (-1), (6.2)
and {L'},> are L2—0rth0gonal on I,,. We utilize the Radau reconstruction operator Z [15,31] defined as

Z: WA — HY0,T)

)k (6.3)
A Tt = ), — SR L) e
Note that
L5, (tn) = gy T, (bnm) = - (6.4)
Lemma 6.1. For any ut, ™t € WA and forall 1 < n < N:
tn tn
8tI/,LAt¢At — / atuAt¢At + [NAt]n—l(gbAt):,l' (65)
tn—1 tn—1
tn tn
/ (8tI,UIAt ¢At 4 8tI¢At ,LLAt) — / at(IluAt Iqut) 4 [MAt]n—l[(z)At]n—l- (66)
tn—1 tn—1
T T _
/ atIMAtQSAt — / atMAt¢At. (67)
0 0

Proof. The properties (6.5) and (6.6) are deduced by using integration by parts, the orthogonality of the poly-
nomials L and L, , to all polynomials of degree strictly less than & on the time interval I,,, and (6.2). In
particular, to obtain (6.6), we have

tm " _1\k —1)k
/t I Io™ = / O (uAt —(21)<Lz— zm[u“Jn_l) (qﬁ“—( 21) (Lk = zm[qﬁ“Jn_l)

n—1 tn—1

r A (CDF A " Atirn  rn
= tnilatI,u o _T[¢ Jn—1 tn—lat,u (Lg — Liyq)

1\E Y i
+ e S [ e - rp) (- T

2 2 tn—1
tn 1 (Ln . )2 tm™ n 1
_ 8tIMAt¢At + = [/LAt]nfl {ﬁbAt]nfl Nk TR+l _ GtI,uAth)At - 7[MAt]n71 [QSAt]nfl-
tn—1 4 2 tn—1 tn—1 2
The identity (6.7) is a direct result of (6.5) and (3.1). O

6.2 Control of the velocity divergence

Under the assumption (6.1), we obtain the following stability bound for the velocity divergence div uﬁt =

sum AL Jio o At g 0 AL
(le’U,hyl,leUh,Z,leTUhﬂ).

Theorem 6.1. Suppose that (6.1) holds, then there exists a constant C' > 0 independent of h and At such that

10:Zpi | 20,700 + I1div R | 20 700 + i |age pe < C (HQ||L2(O,T;M) + ||U0||>3) : (6.8)

Proof. Using (6.7), the second equation of (3.2) can be rewritten as

o (BT, i) + 07 (uft i) = LF (uh), Vit € Mg, (6.9)
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Due to (6.1), the first equation of (3.2) implies that
a(upt vp) — by, pit) =0, Yo, € X
As the initial data also satisfy this equation (cf. (4.25)), we deduce that
(E)tIuAt ) bT ('vh O, Iph ) =0, Vot exd (6.10)
Choosing p2t = 9;Zp5 in (6.9) and v2 = u2 in (6.10), and adding the resulting equations, we obtain

T (atzpﬁt,atzpﬁt) (OtIuh ,uh) LT (O:Zp), 6.11)

which, using (4.31), leads to

2 2
rozpty =3 (siatzpﬁg,zpﬁg)m n (syatzpﬁg,zpﬁg)w +3 ( CLOTut upt )Q
@ i=1

=1 i
2
+ (K;latIu,?twuh 7) —i—Z </£;1 f@tIu +(1 —f)&Juﬁ? i), uﬁﬁ ni)vT
=1
S_ 1 -1 A —
> 10T P + 5 2 (1K ol — 1K @R I3 6.12)
i=1,2,y

w\m

2
1
2 5 (0 Aty — 2
52 (1 b il — Do g il
~3 At ~3. At ~3 At —3, At
+(1-¢) ((/i,y 20 Tupy -, Ky P upy ‘nl),yT + (ky 20 Tupy - no, Ky Pup ~n2)7T) .
Letting n = n; and using the properties (6.6) and (6.4) of the Radau operator, we have

1 1 1 1
—3 At —3, At —3 At —3, At
((m O Tup M, Ky PUps M)y + (Fy 20 Zup s - M2, Ky 2 g ~n2)7T>

v n=1

N n N 1 1

— Z/ O <I€7 2Tupt n, Ky 2Iuh2 n> ) [k 2upt nlnoy [k Puih ol
1 tn—1
o Aty— — 5 () At \— —5 () At\— —5 () At\—

= (“7 “(Uht)n M By T (Uno)y 1)y — (Ky 2 (UR1)g "My 2 (UR2)g 1)y

+Z”W uhl nfp— 1[“72"‘% “Nfp-1. (6.13)

Using this equation, we can bound the last two terms in (6.12) by
5 2 At
Z ‘K’Y Uy, ;

_1 1 _1 1
+(1-¢) ((Fc7 28tIuﬁtl ‘N, Ky QU,% ~n1)7T + (kv QGtIuﬁtQ ‘Mg, Ky uhAl na).r ) (6.14)

A
2 e — 5y 2ty niu%ﬁ)

1

> ,w,DG’ ZHE’YE uhz ni”%,w'

min{1, 2§ — 1}2:”/4;7 u;” n;ll;

N |
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Using this, the Young inequality as in (4.36), the uniform boundedness of K; and &, (cf. Assumptions (A3) —
(AYS)), the discrete initial data (4.28), and (4.26), we deduce from (6.12) that

10:ZpR | 20,700y + i laes pe < C (HQHL2 0,1;M) T HUOHE) (6.15)

To bound the divergence, we choose 2! = (divus h, ¢ divug t2, div,us ) in (6.9) to get

2

div e[| 20, 7:00) < C(H@IPQtHL?(o,T;M) + > lluit - nill 2o, + HQ||L2(0,T;M))- (6.16)
i=1
The proof is completed by combining (6.15), (4.32) and (6.16). O

6.3 Improved a priori error estimates

To avoid the factor At~ 2 appeared in (5.10), we follow the idea in [27] and apply a different time interpolant
PAL: HY(0,T) — WA such that, for p € H'(0,T):

tTL
PA Y — o)w =0, YweE Py,
/tnl( ° =9 U ovn—1, N 6.17)
(PA), = p(tm),

In addition, we set (PN )o = ©(0). Next we define the space-time interpolants:

73 S oi= ﬁAt o Ph,ia 7 = ]., 2, ﬁhA,'i = ﬁAt o Ph,’ya (618)
N N = A -
th = PO, i = 1,2, M, =PoP,,,. (6.19)

In addition, let PR : H(0,T; M) — M, such that PR or = PRL, for i = 1,2, and PRY,r = PR

~A ~ ~
with a similar definition for Hht : HY(0,T;%) — T2, We have the following properties of P2! and P!
(cf. [27, Lemma 6.2]):

by

T T~~
/ dppw™t = / AP ow™t, Yo e HY0,T), Yuw e WA, (6.20)
0
T
/ (Oupis, 20)0, = / BP0, V€ HYOT:My), VPl e WAL i=12,  (621)
0 0

T
/0 (Oupi 620 ), = /0 (BPPL . 620),, Yy € B0, T M), Vot € WA 622)

~ ~ At
Moreover, the space-time interpolants PhAt and IT,, satisfy, for 1 <7, <p+1,1<r, <k+1,

i — 7ShA,it/M”L2(0,T;Mi) < CH/MHHTI@(O,T;HTP(Qi))(th + At"), (6.23)

Ity = Pis il o zaty) < Clliosllgrre (0,500 () (07 + AE™), (6.24)

[vi — Hh zv’L||L2 ©01:00) < Cl0ill g 0, 1,1170 (2,)) (B + ATE), (6.25)

o, — 1, "ol 0.1:M5) < Cllyll o 0, 1.70 (1)) (7 4 ALE), (6.26)

Jdiv (0~ T 00) 0700 < CIGVOL e 7y (07 + A7), 627
[div-(vy — Hh,'yv’Y)||L2(O,T;M7) < Cldivrvy || gr, (O,T;H”P(ry))(hrp + At™), (6.28)
[ (vi — ﬁﬁﬁvi) il 20, rian,) < Cloi il g (o370 () (R + ATF). (6.29)
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Theorem 6.2. Suppose that (6.1) holds, then there exists a constant C' > 0 independent of h and At such that

(™) — @)yl + llu = uplz20.mm) + Ip(EY) = R xllar + 1P = 23 N p20,70m)
2

< C((hr” + At"F) (HUHH%(O,T;HTP) + |divul| e o,rsmrey + D i il e 0,757 ()
=1

2
. (6.30)
Hlpllrn o z:mme) ) + B (el o zommmey + 3 i - millen o 270 )
=1

2
oyl .71 (4)) + lollEre + > w0 - mill gro ) + \P0||HTP)>‘
=1

Proof. By subtracting (3.2) from (2.4), we obtain the error equations:
T(u ust o2 ) b (vh ,PALY — ph ) b ('vAt p— PA! ) = 0 Yoptexp,

(6.31)
(8tp 8tph 1y ) + b7 (l'[h u—upt, yf > + b7 <u—1'[h u,,uﬁt> = 0 Vupte MA.

We choose v2 h I'Ih u— u t and uh Ph p— ph ¢ and sum the resulting equations to get

~ At ~ =
a® (l'[h u fuﬁt,l'[h u— ufﬂ) +cf <3tp*3tp Ph D — Dy )

~A ~A ~
T <Hhtu—u,l'[h u— ufﬂ) T (Hhtu—uhAt,p—PhAtp> — T (u Hh u Ph p—py
(6.32)
Using (6.20), Lemma 4.2, (4.30), and (A1)-(A2), we deduce that

el (&:p — Oipfpt, PRlp — p;?t)
2
=) s (@(ﬁﬁfpi — o), Pitp; — pﬁﬁ) or 5 <5t(’i5h,7p'y — i), Pitpy — pﬁi)w (6.33)
i=1 i
> 1P = pir,p6 — 5 IPapo — pnollir
From this and (6.32), we obtain:
th u— up HL2 0,7;M*) T IPitp — PﬁtH?w,DG
< C(HHh u— UHL2(0,T;M*) th t“ - UﬁtHLQ(o,T;M*) + [|div (ﬁﬁt“ - uhAt)”LQ(O,T;M) lp — 75hAtPHL2(o,T;M)
+ Z H(ﬁhA,:Ui - Uﬁ) 'ni”LQ(O,T;Mﬂ Py — ﬁ;ﬁiPWHL?(o,T;MW)
i
+ ldiv (u — 5, W) 2000y 1P — 0l 20700

+ Z Il (wi — T i) - il 20.700,) 1Phspy — Pios 20,750, + | Prpo — Ph,OH%w)

Sf(HHh u— uhtHL2(OTM* + Hle(Hh u—up >HL2(0TM + (1P — PhtHL2(0TM)>

~ At ~ . ~ At
+ Ce <|Hh u— UH%Q(O,T;M*) +llp — PhAtPH%z(o,T;M) + [|div (u — II,, u)|%2(0,T;M)>

+ C||Prpo — proll3s (6.34)
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There remains to bound the terms H73h p— pht||L2 o,7;pr) and [|div (u — I'Ih u)|| £2(0,7;01) in (6.34). For the
pressure error, similarly to (5.19), from the first equation of (6 31) and the inf-sup condition (4.10), we deduce
that

IPE% = Pl a0 man < € (KZH KL k7t 6 571
~ (6.35)
(HHh u-— uhtHLQ((LT;M*) + [lu — Hh u||L2(O,T;M*) + [lp - PhAtpHLZ(O,T;M)),

where we have used the triangle inequality

A NAt A "'At
lu — w20 7m0y < MMM, w —ui || 20, maa) + 11— I0, | p2(0 70009

We proceed with bounding the divergence error. Recall the assumption (6.1), which implies that (6.10) holds.
Combining it with the time-differentiated first equation in (2.4), we obtain

aT (8t(u — Tudh), ﬁt) T (vh ,0(p — TpP )) —0, Wwitemat (6.36)
The first term can be rewritten as, using (6.20) and (6.7),
T (8t(u — Tubt)v ﬁt> =al ((%(u - Hhu),'vﬁt) +aT (8t(11hu — Tubt),vit
- ~A (6.37)
T (8t(u - Hhu),tht> +a’ (@(l’[h fu - unt), vt

Regarding the second term in (6.36), we have
b" (”h ,Or(p — Ip“)) = Z (diV vit, Or(pi — IphAﬁ)>QT + (din vil, 0y(py — Iph,'y))
~ (Rt -nl 00y ~Pipy) , — (IR ml. OPhpy —ToRY))
=7 (o 0 TP~ Trp)) — (IR - m]. Aulp, Ph,,ypv))yT . (6.38)

where we used (6.20)—(6.22) and (6.7) in the last equality. Substituting (6.37) and (6.38) into (6.36) and choosing
~A
=1I, fu - urt, we get

<8t(u IIu), l'Ih u — uj > +aT (&(l’[h u — uft), l'Ih u— uhAt>

~ (6.39)
-7 <1'Ih u— uh ,ék(IP p— Ipﬁ@) ([[(I'Ih u— uh B -n], 0u(py Phﬁpv)) =0.
,YT
Using (6.7) and (6.21)—(6.22), we rewrite the second equation of (6.31) as
~ ~A
r (at(IPhAtp — Ipit), uﬁt) + b7 <11h u —uht, b > + b7 <u ~ 10, ', Mﬁt) =0, (6.40)

for all u € MAt. Choose utt = 9(TPP'p — Ipt) in (6.40) and sum the resulting equation with (6.39) to
obtain

ST(Bt(IﬁhAtp—Ipﬁt),&(Iﬁ,LAtp—Ipﬁt)) +al (8t(l'lh u —upt), l'Ih u— 'u,ft>
=—a” <8t(u—HhAtu),ﬁh u — uj > bT (u I'Ih u, O (TP p—IphAt)>

([[(nhu ul) -n], 3 (p, Ph,fypv))

’YT
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Similarly to (6.15), from this we obtain

~ At
10:(Z PR p — Ipiy )||%2(0,T;M) + |, w — ui 3 po
> G(th u - ui?tH%?(O,T;M*) + Hat(IPhAtp - Ipi?t)H%?(o,T;M))

) ~ At
+C (H@(u — 03 2 a1V (= T ) 0 (6.41)
+, H ) - mll +118:(py — Phyp)17 + C|TMpuo — unoll3s-

hii) | L2(0,T;M,) t\P hPy)IL2(0,T;M.,) hUo ROl M
where we used that (0) = ug. Combining (6.34), (6.35), and (6.41) and choosing e small enough, we obtain
th u—uf HL2 oM+ th p— phtH?\/l,DG + | Pip _phAtHLQ(O,T;M)
~ At
+ 0P = TR )72 0.0y + I w —uill3g (6.42)

< ef|div (I, u — ’u'ht)”%Q(O,T;M) + C(”Hh u— UH%Z’(O,T;E) + llp = Pa 1t10||%2(o,T;M)

+ 1180 (w = TTpu)[[72(0.7.a0+) + 10:(Dy = Prap )220 s,y + [Prpo = prollfs + | Thuo — Uh,OH%w)-
Finally, we choose 5\ = div (l'Ih u — u$) in (6.40) and obtain

. =AL ~
div (IL, w — ug®) || 20.701) < C’(H@t(ZPhAtp — Zpi )l 20,01
2 B ) (6.43)

~At A At
+ Z (| (T, ju; — ’“h,g) 1l p20.0r,) + lw =y, wll207s)
i—1

The proof is completed by using (6.42) and (6.43), the triangle inequality, the second equation in (6.17), the
~ ~ A
approximation properties (6.23)—(6.29) of the space-time interpolants th and Hht, the bounds for discrete

initial data (4.27), and the spatial-only version of (5.1)—(5.7). O
7 Global-in-time domain decomposition

As in the steady-state flow case [32], when £ = 1, we can use DD to solve the coupled problem (2.2) efficiently.
Moreover, here we consider the global-in-time DD approach where the monolithic system (2.2) is reformulated
through the use of interface operators as a problem on the space-time fracture-interface.

7.1 Reduction to an interface problem

For ¢ = 1, the fifth equation of (2.2) takes a simpler form as follows:
— Ui - M + KyDi = KyDy, onyx (0,7), i=1,2. (7.1

We impose this equation as Robin boundary conditions for the subdomain problems:

$;O0p; +divu; = ¢ in Q; x (0,7,
u;, = —KinZ- in QZ X (0, T),
—U; N+ KD = KDy iny x (0,7), (7.2)
pi = 0 on (0; NON) x (0,7),
pi(,0) = po, in
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for i = 1,2. We denote by (uZ (Pv, @i, p0,i), Pi(Prys U poﬂ-)) the solution to (7.2) and define the time-dependent
Robin-to-Neumann operator as follows:

SR L2(0,T; My) x L2(0,T; M) x HA(S:) —  L*(0,T; M)
SE™(pys @ispoi) = —wi(Py, GisPos) - Ml

Problem (2.2) is reduced to an interface problem with unknowns p., and u.:

5,0y +divou, =gy — >0 SRN(py, i, po;) iny x (0,T),

u, =-K,V,p, iny > (0,7), (7.3)
Dy =0 on 57>< (O7T)a ‘
Py(50) = poy in .
or equivalently
S’)/atp'y + diVTu“/ + 212:1 SthN(p’W Ov 0) = - 212:1 SZRtN(O’ qi7p0’i) in X (O’ T>’
Uy, = —KFYVTP»Y iny x (07 T)a (7.4)
py =0 on dvy x (0,7), '
p+(0) =poy n Y.
Define
S:L*0,T;M,) — L*0,T;M,) (7.5)

py = Spy =30 857Ny, 0,0).

The weak form of the interface problem (7.4) is given by
(S'yatpw /’L’Y),YT + (dinuw,U«'y),yT + (Spva M’Y),YT = (an M’Y),YT + (X; M’Y),YT ) \V/liv € LQ(O,T; M7)7
(K;luv,vv)w — (div: v3,py) 1+ =0, Y., € L2(0,T;3,),

(7.6)
where x € L?(0,T; M, ) is defined as

2
X = ZSZRtN(O7 qivpo,i)-
i=1

Let ay(-,-), by(-,-) and c5 (-, -) be bilinear forms on ¥, x ¥, ¥, x M, and M, x M., respectively:
Ay (U, 0y) = (K;lu,y,m)’y, by (v+, py) = (divr ”“/apv)w Csy(Dys Hy) = (Svpvvﬂ’v)y' (7.7)

Problem (7.6) can be rewritten as: find (u., p,) € L?(0,T;X,) x L*(0,T; M.,) such that

al (uy,vy) = b (vy,py) =0, ., € L*(0,T;%,),

(7.8)
CZ}y(&thﬂv) + (Sp"{a /M)WT + bz(uwﬂw) = 4> /'L’Y>7T + (X7 /M)WT , Vi € L2(07T§ Mv)-

7.2 Discrete interface problem and GMRES convergence

Under the discretization by mixed finite elements in space and discontinuous Galerkin in time as presented in
Section 3, the discrete counterpart of the Robin-to-Neumann operator S defined in (7.5) is given by

SR MR — M, SRRk i), = 30 (—uiteRy) me i) (19)
7

I
,YT
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where (uﬁﬁ (Pt )s ik (pﬁg)) € Tt x M is the solution to

T () At , At T (At At At o At At A
a; (uh,i’vh,i> — b (”h,ivph,i) = - (ph;y’vh,i '"i>7T Vi € X (7.10)
T (3,.At At T (, At At) _ At At ’
Csi (atph,ivﬂh,i> +b; (uh,wﬂh,i) =0 Vi € My,
with a zero initial condition, i.e.,
Aty—
(Phi)o =0, (7.11)

where a;(-,-), b;(-,-) and ¢ ;(+, -) are bilinear forms on X; x ¥;, ¥; x M;, and M; x M;, respectively, and are
given by

a; (ui,v;) = (Kflui,vi)ﬂ + (Fé;lui M, Vi m) v b (wiy ) = (divwg, pi)g,,  csi = (8imi, i), -
i Y

Similarly, x5 € M hAfY is defined as

At Aty ZAt At
(X My )yt = E (uh,i 'nZ/’Lh,’y>’yT7

%

where (ﬂﬁﬁ,ﬁﬁ‘;) € Eﬁ’;ﬁ x M hAZt is the solution to

T (At o At T (At =AY At A
a; (uh,i’vh,i) —b (vh,i’ph,z’ =0 YRt € Xy, 7.12)
T (54t At T (At At)  _ At At At ’
Csi <3tph,ivﬂh,i) +b; (uh,i’ruh,i = (%Nh,i)gf vﬂh,i S Mh,i’
with the initial condition (p5'})y = Pn.o.i-
The interface problem (7.6) after discretization becomes:
: At At At At At At At At
Find (up,”,py7) € B x M such that for all vy, € X7 and pj € M,
T (At o Al T(nAt ALY _
@y (U, V) — by (030, phs) = 0, (7.13)
T (9., At At At At At T (0 A At _ At At At .
Csny (OrDhs ipy) + (Sh Phy Mh;y>7T + b (uh, i) = (fhv Nh,y)WT + (Xh ’Hh,’y)yT ’

subject to the initial condition (pffy)_ = Dh~,0-

To examine the properties of this problem, we rewrite the second equation in (7.13) as
N"/ t:’;‘ N’y
At At At At At At At At At
/ Sy < Z /tnl 8tph,’y Mh,'y + Z[phq]n—l(ﬂhq)z——l + (ph,'y)a_(uh,'y)a_> + (Sh phﬁ’ :U'h,w)
7 n=1""y n=2

T A A At \—(, A A At A
by (uhiy ) = /Sv(Ph,tv)o ()0 + (qw Nh,tv)vT + (Xh g ﬂh,tv)wT
Y

’YT
At At
» VHhy € My,

and define the interface operator B! : Bt x MY, — Bt x MM as follows:
At At DALY (AL AL\ T At At T (AL AL At At At T(yd A
<Bh (R Piys ) (vhﬁ’“hw)> = ay (g7, v)5) — by (U, Phy) + (3h ph,w/‘hn%T + by (U By )+
Ny N,
At At At At \+ At (At \+
/ Sy ( Z /tn_l atph,'y Hp~ + Z[ph,’y]n—l(uhq)nfl + (ph,w)[) (:U’h,'y)O ) )
Rl n=1""y n=2

At At At At
for (v, th») € Bis, X M.

(7.14)
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Then the fully discrete interface problem (7.13) can be rewritten in the compact form:

At A A A A At\—(, A A A A
(B it pit), ORL, i) = / R RS+ (arois) o+ (mie) Lo
Y .

At At At At
v(vhw’”hw) = Eh,v X Mh,v'

This space-time interface problem is solved iteratively using GMRES, each iteration involves solution of time-
dependent problems in the subdomains using the method of lines with local mesh sizes and time step sizes.
To analyze the convergence of GMRES, we use the framework in [30, Chapter 3] based on the field-of-values
analysis [14].

Lemma 7.1. [30, Corollary 3.3.1] Let O be a finite dimensional Hilbert space equipped with an inner product
(-,-)andanorm || - || and A : O — O an invertible linear operator. Consider solving the linear system Az = b
by GMRES, where 0 #+ b € H. The m-th residual r,, :== b — Azx,,, of GMRES is bounded by

m/2
7| 6>
<|1-= .
ol S\' Te2) 710
where A A
g < (@A Aoyl (7.17)
[v]|2 [[v]l

We shall apply Lemma 7.1 for the interface problem (7.15) with the linear operator A := BhAt and the Hilbert

space O := Effy x M hA,ty equipped with the norm
At AL \(12 At (12 At (12 At 2 At At At At
H(uh,'yaph,'y)H(’) = Huh,'yHL2(0,T;M.Y) + th,'yHL2(0,T;M.Y) + H(ph;y)(—)‘rHMvv for (“h,a,,ph,y) € Eh;y X M(l;,yl'g)
We begin with the properties of the discrete Robin-to-Neumann operator S hAt.
Lemma 7.2. The discrete operator ShAt is non-negative and continuous.
Proof. Choosing 'vﬁt = uﬁi(uﬁg) and uﬁ’;ﬁ = phAﬁ(uﬁ’;) in (7.10), for ,uﬁtw eM hAi’ we obtain
At A At A At(,,A At (A A A
a; (uh;(ph;y)?uh;'(:uh':)) - b (Uh,ﬁ(ﬂhfy)aphé(phfy)> = - (ph;,uhyi(ﬂhfy) 'ni)v’ 10)
30Nt ALY At A At( Aty At(, A '
oL, (Ompiont) pRi(upt) ) + 67 (upl(opl) pRi(upt)) = 0,
Adding the two equations where the roles of p,%fy and ,uﬁ'; have been interchanged in the first equation, we obtain
T (3. At A At A T [, Aty A TN At A A
cli (Rt ) pRIGRS) ) + af (il i) unk(uf)) = = (uRiRS) e, )

From this equation, (7.9) and (7.7), we have
2
(St mft) =Sk (~uptoRy) i)
) ~
= S0l (DRt ), ) ) + ol (upt(ot) uii(uit)) 20
_ V2 At (A At A -1, At A At(,, A '
=2ic1 (Siatph,ﬁ(m,i),ph,ﬁ(ﬂhﬁ))m + (Kz Uhé(ph;),uhé(/thfy))gr

+ (w7 R meuRl ) m)

’YT

By using Lemma 4.2 and (7.11), we obtain

At At At 2 -1, At(, At At At —1,, At/ At At At
<8h ph,'y’phﬁ),yT Z Z’L:l (KZ uh,’b(ph,’y)’uh,’b(phﬂ/))QT + <H'Y 'uh’z(phﬂ/) . ni7uh’i(ph7fy) . nz>ﬁ{T Z 07
(7.21)
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hence ShAt is non-negative.
We next show that S hAt is continuous. First, using its definition (7.9) and the discrete trace (inverse) inequality
[27], we obtain

(Sh Pt DR 7> < 7 et ot mall sz, 1R 2200t

(7.22)
<Ch 3y, it (PR 20,mnm) IPRE L2 0,750, ) -
On the other hand, we deduce from (7.21) that
At, A A
(et oit) , > Z (KRl i), 2 12 lumt PR 20y (7:23)
which, combined with (7.22), implies
At At 3,1 At 2
<5h Ph s Ph, 7) <CKih™2 (Sh Py wphﬂ) ”ph,*y”L (0,T; M)+
or
A —
(&Atpﬁprh @)7 < CKyh alhAfyH%%O,T;MW)' (7.24)
Now, (7.21) implies that
At, A
Z '%+H’Uh i ph,w) nzHLz 0,T;M,) = (Sh tph twph 7)
Thus
(ShAtPhAtw Hp 7) = ZZ 1 Huhz(ph77) niHLZ(O,T;MW) ”/‘hA,tVHLQ(O,T;MW)
1 1
< k2, (s,?tpﬁg,pm) 168 N 220,750 (7.25)
< CR2,K2h PR I z2omian) s 220,73t
where we have used (7.24) in the last inequality. OJ

We next establish the bounds of the interface operator Bft needed to apply Lemma 7.1.

Lemma 7.3. There exist a positive constant Cy and C independent of the mesh size h and time step size At
such that

<Bh (uﬁ,fy?ph 'y) (uﬁfyaph 'y)> = CO”(uh 'yaph;y)H(% v(uﬁprﬁfy) 2 hAf/a (726)

(B2t ), ) < max{h-%At—l}h—l||<u$;,ph,w>||ou<vhW,uh7>|ro. (27)

Proof. We start with the proof of (7.26). Recalling the definition of B,ft (7.14), we note that, similarly to (4.29),

N,

A A
/ Sy Z/ atph'yph'y + Z pha, n—1(pf 'y)n 1T (ph,fy)g(ph,fy)a_

1
=3 HS”/(ph,'y J\QHM7 + Z [[s41( Ph,y n— IH?\@ + [[sy(Ph W)JFHM7 2 0.
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Then, using (7.14) and (7.21), we have

A A A
<Bh (“htyaph 7) (uh,§7ph,fy)> > K +Huh,7HL2(o,T;MW) + S—H(Ph,y)Jr”M7 (7.28)
In addition, the following discrete inf-sup condition holds for the interface problem (7.13) [10]:

T (Ot
v by (w v"uhﬁ) At
Hih € Mit, sup > Byllehy |l 20,10, - (7.29)
OFvpt €Sft HUMHL (0,T;2)

Using this and the first equation of (7.13), we obtain

ﬁ’y”phA,?yHLQ(O,T;Mﬂ,) < K. ”uh7HL2(OTM7) (7.30)

Combining (7.28) and (7.30), we arrive at (7.26).
We continue with the upper bound (7.27). From the definition of Bﬁt (7.14), using the Cauchy-Schwarz
inequality, bound (7.25), property (6.5), and the discrete Cauchy-Schwarz inequality, we obtain:

2
(BRi(upt ppt ), (o i) )

< C (HU HL2 OTM + ”leTU H%Q(O,T;Mv) + h_1||p;%t ||%2 OT'MA, + ||8thﬁfy||%2(o T'M’Y)

20,00, 1 (ke «,>+HMW>
(7.31)
where the constant C' depends on K1, K~+, K4 and s;.. Bound (7.27) follows from the the inverse inequalities

FIEROS 130, ) (0820 riay + 16008 200 g + i 2

A 1A A A
divrup, llr20.7500,) < Ch™ i Ml 20,750 ) uhtv S

A 1A A
||atIph,E,||L2(o,T;MW) < CAt 1||ph,t7”L2(0,T;M7)a th € My,

We are now ready to establish the convergence rate of GMRES for (7.15).

Theorem 7.1. (Convergence rate of GMRES) Assume that the meshes Ty, ;, i = 1,2, are quasi-uniform, the
m-th residual of GMRES for solving the interface problem (77.15) is bounded by

02 m/2
[rmllo < (1 — @2> Irollos (7.32)

where § = Cy and © = Cy max{h~t, At~ h=1 are given in Lemma 7.3.

Proof. The proof is completed by applying Lemma 7.1 for the operator Bft with the lower bound (7.26) and the
upper bound (7.27). O

Remark 7.1. From Theorem 7.1, the convergence of GMRES depends on the mesh size and time step size. For a

normal matrix, the number of GMRES iterations behaves like \/g, ie. max{hfé , Af% }If%. We shall verify
in the next section this dependence when either h and At is fixed.
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8 Numerical results

For the numerical experiments reported in this section, the domain € is a rectangle of dimension 2 x 1 and
is divided into two equally sized subdomains by a fracture of width § = 0.001 parallel to the y axis. The
permeability tensors in the subdomains and in the fracture are constant and isotropic: K = I, ¢ = 1,2, and
K ; = K/I, where I is the identity matrix and K is a scalar to be specified later. On the external boundaries
of the subdomains, a Dirichlet condition is imposed: on the right (p = 1) and on the left (p = 0), and no flow
boundary condition is imposed on the top and bottom. There are no source terms in the subdomains and in the
fracture, and zero initial conditions are imposed on the whole domain. We use the lowest Raviart-Thomas mixed
finite element space for spatial discretization and the backward Euler method for time stepping.

We consider two test cases where the fracture’s permeability is either much higher or much lower than the
surrounding medium. We will investigate the convergence of the decoupled algorithm with global-in-time DD
and verify convergence rates in space and in time with nonmatching space-time grids. The discrete space-time
interface problem is solved by GMRES with a zero initial guess; the iteration is stopped when the relative residual
is smaller than 1077,

8.1 Test case 1: a highly permeable fracture

For this test case, the fracture has much higher permeability than the subdomains. In particular, Ky = 2000,
thus K, = 6Ky, = 2 and r, = 2Ky, /§ = 410°. A pressure drop of 1 from the top to the bottom of the
fracture is imposed. The final time is fixed to be T" = 0.5. Figure 1 depicts the evolution of the pressure over the
whole time interval [0, 7'] with nonmatching space-time grids, and Figure 2 shows the snapshots of the pressure
and velocity fields at the last time step.

0.9 0.9

0.8 0.8
-0.7 -0.7

0.6 0.6

303 los E ! 05

Eoz 0.4 " 04

01 0.3 0.3

0.2 0.2
[

0 0.1 0.1

XAxds e Y Axis ’ Y Axis T XAxis '
a) In 21 and . b) In 25 and ~.
Figure 1: [Test case 1] Evolution of the pressure over the time interval [0, 7] = [0, 0.5] with nonmatching space-

time grids: hy = Aty = 1/20, ho = Aty = 1/32 and h, = At, = 1/100.

We first verify the convergence rates in space and time of the monolithic solver and the decoupled algorithm.
We use nonmatching spatial meshes in the subdomains and in the fracture with h; = 1/N,; for i = 1,2,~,
where N1 < Np and N, = 5N;. In time, we consider both conforming (fine) time steps, At; = T/N,,
and nonconforming ones, At; = T/N;, for i = 1,2,~. For the latter, we only report the results with the
decoupled algorithm as it would require the (full) space-time discretization with the monolithic approach. To
calculate the errors of the approximate solution, we compute the reference solution on a conforming mesh of
size hger = 1/800 with a fine time step Atf = 7'/2000. Tables 1 and 2 show the L? errors of the pressure and
velocity, respectively, at the final time 7" = 0.5 by the monolithic and DD solver, with the mesh sizes and time
step sizes decreased by half at each refinement. First order convergence rates in space and time of the pressure
and velocity are observed for all the cases. The solution computed by the decoupled scheme is almost the same
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Figure 2: [Test case 1] Snapshots of the pressure (left) and velocity (right) at the final time 7' = 0.5 with
nonmatching space-time grids: h1 = Aty = 1/20, hg = Aty = 1/32 and hy = At, = 1/100.

as the one given by the monolithic scheme when a uniform time step is used across the domain. In addition,
using nonconforming time grids give similar errors as using conforming fine time steps.

Next we investigate the convergence of GMRES to solve the space-time interface problem iteratively, i.e., the
decoupled scheme. In Table 3, we report the numbers of iterations required to reach the relative residual 10~7
and the corresponding computer running times (in seconds). We observe that GMRES converges at a similar
speed when using either conforming or nonconforming time grids; importantly, using different time steps is
more efficient as it significantly reduces the running times (approximately by a factor of 2.13) compared to using
uniformly fine time steps on the whole domain. We also notice the increase of the number of iterations as the
time step sizes and mesh sizes decrease as predicted in Theorem 7.1. To further investigate such dependence, we
show in Table 4 the number of GMRES iterations when only A or At is refined; here uniform grids are used for
simplicity, the results with nonmatching grids are similar. We see that the iterations grow like O(h ™) (with fixed
At) or O(At_% (with fixed h), which is consistent with our theoretical rates in Remark 7.1. Note that with the
use of suitable preconditioners as proposed in [25], the convergence of GMRES is significantly accelerated and
almost independent of the discretization parameters. Such preconditioners will be studied in our future work.

N1 | N2 | Ny Confor.mi?lg in time: At; = T/N, Nonconforming in time: A¢; = T'/N;
Monolithic DD

5 8 25 4.97e-02 4.97e-02 5.25e-02

10 | 16 | 50 2.50e-02 [0.99] 2.50e-02 [0.99] 2.62e-02 [1.00]

20 | 32 | 100 1.25e-02 [1.00] 1.25e-02 [1.00] 1.31e-02 [1.00]

40 | 64 | 200 6.24e-03 [1.00] 6.25e-03 [1.00] 6.52e-03 [1.00]

Table 1: [Test case 1] L? errors of the pressure at T = 0.5. Corresponding convergence rates are shown in square
brackets.

N1 | N2 | N, Confor.mi'ng in time: At; = T/N, Nonconforming in time: At; = T'/N;
Monolithic DD

5 8 25 3.98e-02 3.98e-02 4.56e-02

10 | 16 | 50 2.00e-02 [0.99] 2.00e-02 [0.99] 2.25e-02 [1.02]

20 | 32 | 100 9.98e-03 [1.00] 9.98e-03 [1.00] 1.11e-02 [1.02]

40 | 64 | 200 4.98e-03 [1.00] 5.00e-03 [1.00] 5.57e-03 [1.00]

Table 2: [Test case 1] L? errors of the velocity at T' = 0.5. Corresponding convergence rates are shown in square
brackets.

26



M| N | N, # GMRES Running times
Conforming in time | Nonconforming in time | Conforming in time | Nonconforming in time
5 8 25 285 292 2s 1s
10 | 16 | 50 490 494 17s 8s
20 | 32 | 100 927 928 189s 85s
40 | 64 | 200 2198 2177 3640s 1681s

Table 3: [Test case 1] Number of GMRES iterations with conforming and nonconforming time steps for a
tolerance of 10~7 and corresponding running times (in seconds).

h 1/8 | 1/16 | 1/32 | 1/64 At T/A | T/8 | T/16 | T/32
#GMRES | 154 | 210 | 334 | 578 #GMRES | 147 | 175 | 196 | 204
a) With At = T/100. b) With b = 1/20.

Table 4: [Test case 1] Number of GMRES iterations for a tolerance of 10~7 when either At is fixed (left) or h is
fixed (right).

8.2 Test case 2: a geological barrier

We consider a similar setting as proposed in [19] for the steady-state flow, where the central part of the fracture is
a barrier with much lower permeability Ky = 0.002, thus K., = 6K ¢, = 21075 and ., = 4. In the upper and
lower quarters of the fracture, the permeability K ; is the same as in the surrounding subdomains, i.e. , K = 1.
Unlike Test case 1, here homogeneous Neumann conditions are impose on the fracture boundaries. The final
time is fixed to be 7' = 2. The pressure field over the whole time interval [0, 7] with nonmatching space-time
grids is shown in Figure 3, and the snapshots of the pressure and velocity fields at the final time is depicted in
Figure 4.
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Figure 3: [Test case 2] Evolution of the pressure over the time interval [0, 7] = [0, 2] with nonmatching space-

time grids: hy = Aty = 1/40, hg = Aty = 1/80 and h, = At, = 1/16.

We remark that the convergence of GMRES depends on the bounds K j and K ,Yil (cf. the constant C' in
(7.31) and Cj in Lemma 7.3), which are considerably large in this test case: K; _— K;_l = 2105. Con-
sequently, if we directly apply GMRES to solve the interface problem (7.13), the algorithm is very slow to
converge. Instead, we scale the first equation of (7.13) by K, = 2 1079 before applying GMRES (equivalently,
we precondition GMRES with a diagonal matrix whose diagonal entries are either 1 or K,).

To verify the convergence rates, we consider nonmatching spatial meshes with h; = 1/N; fori = 1,2, v with
N, < Ny < Ns. Note that a coarse fracture mesh is considered in this case as there is almost no fluid flowing in
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Figure 4: [Test case 2] Snapshots of the pressure (left) and velocity (right) at the final time 7' = 2 with non-
matching space-time grids: b1 = Aty = 1/40, ho = Aty = 1/80 and h, = At, = 1/16. The velocity in the
fracture is very small and can hardly be seen.

this barrier; moreover, using a finer mesh in the fracture could result in oscillations in the pressure as observed
in [19]. In time, we investigate both conforming (fine) time steps, At; = T'/Na, and nonconforming ones,
At; = T/N;, fori = 1,2, . A reference solution is computed on a conforming mesh of size hf = 1/800 with
a fine time step Ates = 7/2000. Tables 5 and 6 show the L? errors of the pressure and velocity, respectively, as
the spatial and temporal mesh sizes are refined. The sublinear convergence behavior of the velocity is expected
due to the lack of regularity of the solution in the fracture - similar results were observed for the steady-state
case in [19].

Table 7 reports the numbers of GMRES iterations required to reach the tolerance 10~7 with conforming and
nonconforming time grids, and the corresponding running times. Unlike Test case 1, here GMRES converges
much faster with nonconforming time steps; in particular, compared to using uniform time steps across the
domain, the number of GMRES iterations is reduced approximately by a factor of 2.47 and the running time by
a factor of 2.66. We also observe linear growth of the iterations as the mesh size and time step size are refined.

N1 | N2 | Ny Confor.mi.ng in time: At; = T/No Nonconforming in time: At; = T/N;
Monolithic DD

20 | 40 3 9.95e-03 9.95e-03 2.34e-02

40 | 80 | 16 4.95e-03 [1.00] 4.95e-03 [1.01] 1.15e-02 [1.03]

80 | 160 | 32 2.44e-03 [1.02] 2.44e-03 [1.02] 5.60e-03 [1.04]

160 | 320 | 64 1.21e-03 [1.01] 1.21e-03 [1.01] 2.72e-03 [1.04]

Table 5: [Test case 2] L? errors of the pressure at 7' = 0.5. Corresponding convergence rates are shown in square
brackets.

N, Ny N, Conforming in time: At; = T/ N> Nonconforming in time: At; = T/Ni
Monolithic DD

20 40 8 3.90e-02 3.90e-02 4.92e-02

40 80 16 2.65e-02 [0.56] 2.65e-02 [0.56] 3.05e-02 [0.69]

80 160 | 32 1.71e-02 [0.63] 1.71e-02 [0.63] 1.87e-02 [0.71]

160 | 320 | 64 1.01e-02 [0.76] 1.01e-02 [0.76] 1.08e-02 [0.79]

Table 6: [Test case 2] L? errors of the velocity at 7' = 0.5. Corresponding convergence rates are shown in square
brackets.
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NN | N, # GMRES Running times
Conforming in time | Nonconforming in time | Conforming in time | Nonconforming in time
20 40 8 67 25 3s Is
40 80 16 127 54 49s 20s
80 | 160 | 32 248 110 840s 351s
160 | 320 | 64 454 175 13193s 4737s

Table 7: [Test case 2] Number of GMRES iterations with conforming and nonconforming time steps for a
tolerance of 10~7 and corresponding running times (in seconds).

Conclusions

We developed and analyzed a space-time mixed finite element method for the reduced fracture flow model
in which local spatial and temporal discretizations can be used in the subdomains and on the fracture. Well-
posedness and a priori error estimates of the numerical solution were demonstrated. Due to the tangential PDEs
imposed on the fracture-interface, we can use either a coarser or very finer mesh on the fracture without affecting
optimal order convergence, as opposed to the mortar methods for non-fractured domains [27]. To efficiently solve
the coupled algebraic system, a domain decomposition algorithm was constructed by decoupling the subdomain
problems and formulating a space-time interface problem on the fracture. Convergence of GMRES for solving
the interface problem was established via field-of-values analysis. Numerical experiments were carried out to
illustrate theoretical results on test cases where the fracture represents either a fast path or a geological barrier.
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