Eonsteon \f
PW\@%WW
Frgoun st

G omared
Coerid nig

N1 CONLyup OV

2. lbole orgument




 ——

!
% {

~

S
Emnstein, "On W Foundahons of the Gerteraliyed Thiry &)
Relihviky cnd 0L theorgof Grivbton,” plygiskalishd 2.

DOC. 25 FOUNDATIONS OF GENERAL THEORY 285

Big Gothic T ~

Gothic T ™ f,ow

8. “Very true,” thinks the reader, “but the fact that Messrs. Einstein and
Grossmann are not able to give the equations for the gravitational field in generally
covariant form is not a sufficient reason for me to agree to a specialization of the
reference system.” But there are two weighty arguments that justify this step, one
of them of logical, the other one of empirical provenance:

a) If the reference system is chosen totally arbitrarily, then the guv can by no
means be completely determined by the Tov. For imagine that the Tov and gov are
given everywhere, and that all the ¥ov vanish in one part ¢ of the four-dimensional
space. I can now introduce a new reference system that agrees completely with the
original one outside of ® but differs from it (without a violation of continuity) within
®. If one now refers everything to this new reference system, where the matter is
and the gravitational field by g,,’, then, even though we do

’

represented by ¥,
have

zov ! z(J\?

everywhere, the equations
8uv' = Buv

are certainly not all satisfied in the interior of ®.3 This proves the assertion.

Should one want to make it possible for the guv (gravitational field) to be
completely determined from the Lov(matter), then this could only be achieved by
restricting the choice of the reference system.

b) In the original theory of relativity, the momentum and energy conservation law
is expressed by an equation of the form

E azov

> ox,
The corresponding equation obtained with the help of the absolute differential
calculus is

= 0. 3)

_ 1y 9%, T

> ooy

.~ o,
Equation (4) no longer has the form of a pure conservation law. This is understand-
able from a physical standpoint insofar as the matter, considered by itself, cannot
satisfy the conservation laws in the presence of a gravitational field, because the
gravitational field transfers momentum and energy to the matter. This is expressed
on the right-hand side of equation (4). But if the conservation laws are to remain at

all valid, we must demand that there be conservation laws of the form of (3) for the

3The equations are to be understood in such a way that the same numerical values are
always assigned to the independent variables x’v on the left sides as to the variables xv on
the right sides.
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matter and the gravitational field taken together. Then there will have to be a system
l (A& of equations of the form

{14] Z M = () (5

v ox,

,f where the tov depend only on the guv and their derivatives. But there do not exist
' generally covariant systems of equations of the type of equations (5). Instead, closer
Jm examination shows that such systems are covariant only with respect to linear
transformations. By demanding that the field equations of gravitation be formulated
in such a manner that the validity of the conservation laws finds expression in this

Im% . formulation, we therefore restrict the choice of the reference system in such a way
mg ﬁh 4 that only linear transformations lead from one justified system to another one.

9. I have explained several times how the gravitational equations with respect to
OV‘QJ 7 s reference systems specialized in this way are to be found. One asks: What kinds of
differential expressions involving the guv are the Tov to be equated with in order for
equations (4) to go over into equations (5) if I replace the Tov on the right-hand
sides of (4) with their expressions in terms of the guv? This question leads to the
differential equations

| (16} 9 [ /2 —ay“" = +t 6
‘;‘ o, V=8Y e 8oy 3, Kk @ov + tov), (6)
where we have set
™ dg,, 9Y 1 dg,, 9Y
—xtay = - rp Ilep _ 1 5 0 TVrp |
o =g ,§, Yoy dx, Oxg Z,BX,:‘, ovTap dx, Oxg

Here dov = 1 or 0, depending on whether 6 = v or o # v. It is easy to show that
these equations are covariant with respect to linear transformations.

It is beyond doubt that there exists a number, even if only a small number, of
generally covariant equations that correspond to the above equations, but their
derivation is of no special interest either from a physical or from a logical point of
view, as the arguments presented in point 8 clearly show. However, the realization
that generally covariant equations corresponding to equations (6) must exist is
important to us in principle. Because only in that case was it justified to demand the
covariance of the rest of the equations of the theory with respect to arbitrary
substitutions. On the other hand, the question arises whether those other equations
might not undergo specialization owing to the specialization of the reference system.
In general, this does not seem to be the case.

10. One can see from the foregoing description of the foundations of the theory
that no special assumptions need to be used to establish it. The reason why this is
otherwise according to the account presented recently by Mie in this journal is
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covariant differential equations for the gravitational field.

A aaner Stattwed by Eitecn o hll ountal

We consider a finite region of the continuum X, in which no material
process takes place. Physical happenings in X are then fully determined,
if the quantities g,, are given as functions of the x, in relation to the
coordinate system K used for description. The totality of these func-
tions will be symbolically denoted by G(x).

Let a new coordinate system K’ be introduced, which coincides with
K outside Z, but deviates from it inside Z in such a way that the g’,,
related to the K’ are continuous everywhere like the gy, (together with
their derivatives). We denote the totality of the g'y, symbolically with
G'(x"). G'(x') and G(x) describe the same gravitational field. In the
functions g',, we replace the coordinates x’, with the coordinates x,, i.e.,
we form G'(x). Then, likewise, G'(x) describes a gravitational field
with respect to K, which however does not correspond with the real (or
originally given) gravitational field.

We now assume that the differential equations of the gravitational
field are generally covariant. Then they are satisfied by G'(x') (relative
to K') if they are satisfied by G(x) relative to K. Then they are also
satisfied by G'(x) relative to K. Then relative to K there exist the solu-
tions G(x) and G’'(x), which are different from one another, in spite of
the fact that both solutions coincide in the boundary region, i.e., happen-
ings in the gravitational field cannot be uniquely determined by generally
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In §12 of my work of last year, everything is correct (in the first three paragraphs) up
to the italics at the end of the third paragraph. One can deduce no contradiction at all
with the uniqueness of occurrences from the fact that both systems G(x) and G'(x),
related to the same reference system, satisfy the conditions of the grav. field. The
apparent force of this consideration is lost immediately if one considers that
(1) the reference system signifies nothing real
(2) that the (simultaneous) realization of the two different g-systems (better said, two
different gravitational fields) in the same region of the continuum is impossible
according to the nature of the theory.

In the place of §12 steps the following consideration. The physical reality of
world occurrences (in opposition to that dependent on the choice of reference system)

consists in spacetime coincidences...

(teter ko Pald Ehcendest, Dac. 26, 1917 )
Everything was correct in the hole argument up to the last conclusion. There is no
physical content in two different solutions G(x) and G'(x) existing with respect to the
same coordinate system K. To imagine two solutions simultaneously in the same
manifold has ne meaning and the system K has no physical reality. In place of the

hole argument we have the following. Reality is nothing but the totality of space-time

peint coincidences... [ P10 )

(Leves ponidd sl 82110, dan 2,1716)
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Everything was correct in the hole consideration up to the last conclu-
sion. There is no physical content in two different solutions G(x) and ¢
G'(x) ‘existing with respect to the same coordinate system K. To in_'xa-
gine two solutions simultaneously in the same manifold has no meaning
and the system K has no physical reality. In the place of the holq con-
sideration we have the following. Reality is nothing but the totallty of
space-time point coincidences. If, for example, physical happenings

could be built up out of the motion of material points alone, then the
meetings. of the points, i.e., the points of intersection of their world
lines, would be the only reality, i.e., in principle observable. Naturally
these points of intersection remain unchanged in all transformations
(and no new ones are added) only if certain uniqueness conditions are
preserved. Therefore it is most natural to require of laws that they
determine no more than the totality of timespace coincidences. Follow-
ing what has been said before, this is already achieved with generally
covariant equations.
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