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In this dissertationa high-fidelity atomisticto-continuum link for highly nonequilibrium

processes has been establishedriaking several modification® H a r dtlyedrg. Although
Hardyods thermomechanical guantities were deri
and energytheyhave not been rigorously tested and vatethnumerically in theast

Hence the first task was to investigatee teffectiveness of ensemble averaging
removing thermal fluctuationand comparevith conventional time averaginigr fcc crystab
simulated usingpoth equilibrium andhonequilibrium molecular dynamics (MD)isulations,
where the nowequilibrium process was introduced bgleock impactlt has been found thahe
ensemble averagindias better convergence than time averagirdue to the statistical
independence of thbermomechanical quantitieesmputed usingnsemble averauy.

The second task wast t est t he val i 8yichegkingifitisldldertal y 6 s t
conserve mass, momentum and energy numericallfewA highly non-equilibrium processes
weresimulatedusing MD, including Gaussian wave and shock impact propagatié® and3D
fcc crystabk. Based on the test results, a new normalization rule has been proposed so that the
computed thermomechanical quantities can conserve the fundamental properties more

accurately. To a | arge ext ent ,reghidiessdofhewsdtht heor y



of the localization functionthe interatomic potential and crystal structuanedwith andwithout
ensemble averaging.

To further test the wvalidity oequilibHenr dy 6 s
processeswhere plastic deformation is accongpled through dislocation glide and slip band
emissionacrack propagation problem in iron crystal wétpre-created center crack is simulated
using MD. The computed Hardyds thermomechani
momentum and energyExceptions have been found around the crack region, where the
computed quantities cannot oli@g balance of energy buatill conservanass and momentum.

The results from this dissertation will help ihgpirec onf i dence i n empl oy
theory with the proposed modificans to analyze MD simulation results, especially for-non
equilibrium  thermomechanical processes and 2) pave the way for concurrent

atomistic/continuum coupled simulations.
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1.0 INTRODUCTION

Non-equilibrium thermomechanical systenase systems that are not in thermomechanical
equilibrium, because they are changing or can be triggered to change over tianesarjected

to flux of matter and engy and to chemical reactiondlon-equilibrium thermomechanical
processes such as shockeduced molecular reactisnin energetic materials and crack
propagation problems are often of great interest since mass, momentum and energy transport,
even chemicateactions are involved. To enhance material performance by design, it is crucial

to understand the underlying mechanism of the phenomena nan-equilibrium

thermomechanical systems.

Molecular dynamics (MD) simulationil-3], which provides a classical solution of
equatiors of motions for interacting atoms, is a powerful waly studyng time-dependent
processes at the atomistic ley@t3]. On the other hand, continuum mechanics theoryaltss
been successfully used predict materials behavior at the macroscopic scale for decades. To
bridge the atomistic mechanics and continuum mechanics, it is important to understand how
macroscopic thermomechancial quantities such as stress, heatrfllixemperature can be
expresed in terms of atomic position, velocity and potential. Virial te@orirving and
Ki r kwo od 6 andH aorr dnyud sa arfe amonguHe afforts to derive continuum quantities
from interacting atomic systems.ar d y 6 s ehable us taorapsitelocal dress heat flux

and temperature conveniently from atomistic simulation resulischmakes thenmoresuitable



to investigate highly noequilbrium systems simulated by MO0 achieve the expectation
values of the computed thermomechanigahntities, time, spatial and ensemble averaging

methodsare often employed to remove the fluctuations caused by finite temperature.

The main objective of this dissertation is to establshigh-fidelity link between
atomistic to continuum scalder highly non-equilibrium sysems by applying an ensemble
averaging me ttheondmeochanicad quantitiesoandtestthe validity ofHar dy 0 s

theory by checking ithe computed quantities ob&pntinuum conservation equations.

1.1.1 Shockimpact on metals aml energetic materials

Shock impact on materials can trigger a variety of interestomgequilibrium phenomena such
as plastic deformationi4-9], phase transformatiofit0-13], and chemical reactiongl4-18]
depending on the shock loading conditions as well as the materied sidD simulation is
capable of simlating realtime evolutionat the atomistic scalewhich naturally meets the
requirement to capture the rapidity and locality of shockwave phenomena. Theofist
equilibrium molecular dynamics (NEMD) simulation of a shockwdike phenomenon was
carried out by George Vineyard and his group at Brookhfl@n Since then NEMD has been
widely used to study shocked induced plastic flow and phase transformation. A noteworthy
example demonstrated by B. Holian andwsarkers using NEMD simakions was shock waves
in threedimensional (3D) faceentered cubic (fcc) crystals containing-rbilion atorms with
crosssectional dimensions of 100 by 100 unit c¢8s They discovered that the system slips
along all of the available slip planes and the shock waves propagating throughténe sys

instantly create a large number of stacking faults.



Shockinitiated molecular reacti@anin energetic materials is another class of widely
investigated phenomena using NEMD. Many useful energetic materials (PETN, TATB, TNT,
RDX, HMX) are moleculacrystals which are bonded together through covalent bonding within
individual molecuésand norcovalent bonding between adjacent molec{#s23]. Stretching
the covalent bonds gives rise to excitations termed intramolecular vibrations or simply
vibrations, while stretching the intermolecular bonds gives rise to collective delocalized
excitations termed phononghe transfer of substantial amounts of mechanical energy from the
shock front to the internal vibrational states of the moled@4<9] is termeddmultiphonon up
pumpingd Recent developments inacative forcefield molecular dynamics (ReaxH¥D)
combined with advances in parallel computing have paved the way to accurately simulate
reaction pathwag/along with the structure of shock fronts. Besides, MD simulation can also be
used to characterize @érfollow details of important timelependent processes occurring within
the localized region of microscopic defects that might result in the generation of tsigpoh
have been believed tde closely related to the initiation of the energetic mater@hd its

sensitivity to impacf17, 30-33].

1.1.2 Crack propagation in iron-based alloys

Facture mechanism in irdmased alloys especially ferritic steelss recently sparked some
interest because of the broad application of -ipaeed alloys in various areas. A common
problem for materials witla body centered cubic (bcc) lattice structure is that they are prone to
low temperature brittleness. For ferrititartensitic steels thatea commonly used in modern
nuclear reactors, severe radiation can even shift the brittléoesbelow room temperatusdo

higher temperatures. Understanding the processes occurring at the tips of the brittle -or quasi

3



brittle cracks during the crack neeltion and propagation can help develop fracture resistant
steels and determine their safe application in particular environmentee8gck propagates,
bonds break between atoms, and this process is often accompanied with generation of slips bands
and twinning as well aghe emission of edge dislocations. The fundamental mechanism of
material fracture behaviors thus needs to be understood with the aid of atomistic scale
simulations, such as MD simulations. The emergence of large scale parallel conmasters
allowed MD simulations to model crack propagation in systdmt cansize up to 1 billion

atoms anchave atime scale up téhe nanosecond. Many computer simulations at the atomistic
scale have been performed to clarify the fracture mechanism umaetonic loading$34-40Q].

Cleri et al.studiedcracktip shielding by dislocation emitted from the drag at an atomistic

level using MD simulatior41]. Emission of dislocation loops from the crack tip and dislocation
intersections has been discovered using large scale MD simulations in a 3D model. In addition,
MD simulations have been used to study 3D kinetics of racaok propagation in ferriticon

and the accompanying lattice transformations at the crackitipas also beediscovered that

crack initiation on {001} planes in iron is preceded with the emission of compact slip bands from
the precrack tips[35]. The crack propagation behaviors on other slip planes {110}2ht}

have been reported by Gao et al.

1.2 LINK BETWEEN ATOMISTIC AN D CONTINUUM SCALES

While MD simulations have been successfully used to provide information at the atomic level,
the macroscopic behavior of materials has been modeled in terms of detemonsinuum
mechanics. Continuum theory of material deformation at the macroscopic scale involves
guantities such as stress, temperature and heat flux. Molecular dynamics theory, on the other

4



hand, involves quantities such as atomic velocity position Since the descriptions in these
two frameworks are quite different,is necessaryo understand the way in which the relatively
complicated microscopic masyody dynamics give rise to the relatively simple macroscopic
behavior described by fewer variabl in the continuum description. Bridging atomistic to
continuum scales is also motivated by the development of multiscale simsilatoich requires
communicatiorbetween atomic and continuum propertescurrently{42-53]. A key challenge

of linking the atomistic and continuum descriptions lies in determining the continuum
thermomechanical quantities from MD simulation with high spatial and time resolution, which is
especially useful for # analysis of highly nonequilibrium processes happening at
nandatomisticscale. Thus famuch efforthasbeen devoted to developing different definitions

of thermomechanical quantities from the atomic quantities in MD simulations.

/Microstates (Atomistics) Macrostates (Continuum)\

(6(x), q(x),T(x))

Figure 1.1 Schematic illustration dfridgingatomistic and continuum scale quantitieg &y and yare the
velocity, position and potential energy of atbhAnd G(x), g(x) andT(x) arethe stress, heat flux and temperature at
thespatial pointx, in the contina).



1.2.1 Virial t heorem

The earliest effort is the developmenttbé virial theorem (VT) by Clausius and Maxwé¢84-
56] to determine the stress field applied to the surface oded frolume containingyl interacting

particles. The virial stress developed based on the VT is shown below:

P 6 & ¢ a7l g7 (1.1)

al e
1
1

whergf takes values 1 thl neighbors of atoms, 6 0 0 andod is the position of atom

| ,a& and’l represent the mass and velocity of aldrd  is the force between atonisandb,

and m is the total volume of théN particle system. The above definition of viriglress
demonstrates fluctuations about the equilibrium average because of thermal fluctuations of the
atomic positions, velocities, and forces. Herbe virial stress calculated in MD simulatioiss
typically averaged over time in order to obtain a gdedcription of the system equilibrium
average. Thissoal | ed O0ti me averaging6é hadesdimany wi de
material science phenomena7-61]. Although the expression for VT is developed as a
macroscopidevel average stress, it is often inappropnratesed for calculating atomievel

local stress. As a result, erroneous estisatestress have been fouf@l-64]. There have been
several efforts to correct the misuse of the VT as local stress through new definitions for stress
and/or heat flux hat satisfy the conservation of mass/momentum/energy for a dynamic

continuum[62, 65-70] or by ushg a stress tensf83, 71-74].



122 Il rving andth&ryr k woodds

Irving and Kirkwood[75] alsopresented formulas in their classical paper on the equations of
hydrodynamics, thus making pioneering contribution to correct the misuse of the VT. They
proposed formulas for mass, momentum and energy densities that are defmapdtal point

at a time instant based on the statistical distribution of particles nearer to the point chosen and
used the conservation equais to deduce formulas for stress and heat. fllixe resulting
equations for stress and heat flux require irsBgn over phase space of quantities weighted by
the Dirac delta function and a probability distribution function of phase space. One of these
guantities is an infiniteseries expansion of differential operators, which makes it difficult to

implement wihin a standard MD simulation.

1.2.3 Ha r dthedry

Among the attempts to improve upon the approach originally conceived by Irving and Kirkwood,
Hardy andhis colleagues bypassed some of the mathematical complexities of Irving and
Kirkwoodds ap pfinite-ealudd ard yinitaasgednagalization function in gte of

the Dirac delta functiofi76, 77]. The resulting expression for stress/heat flux contains terms that
theoretically remain constarggardles®f different volume sizg& namely, the characteristic size

of the volume that contains atorosntributing to properties at the spatial point chosen. Hardy
andhis colleagues also derived an expression for temperature through the equipartition theorem
and the kinetic energy associated with the atomic velocities relative to the velocity of the

coninuum at a spatial poif7§g].



Har dyo6s st rhasbesen testan nuensrigallydoyp Zimmerman and coworkers for
systems subjected to deformation, finite temperature or both using MD simulations. And it has
been found that increasing characteristic volume of the localization function can lead to quicker
conve gence to the expected values. The behavi
surface was also examined and found to be consistent with the muadhdefinition ofstress.
Webblllet al . performed the eval uaotundahe corefofasat r es s
edge dislocation in cylindrical aluminum after energy minimizafic®}. Computed heat flux in
a staticnonrequilibrium ensemble has been evaluated against the theoretical predictions from
Fourier 6ds thicasest hé nr doul t s obtained frgood Har d)y

agreement with theoreticptedictions.

1.3 TIME, SPATIAL AND ENSEMB LE AVERAGING

Previous investigations have demonstrated that the stress/heat flux fluctuations at finite
temperature need toe eliminated through time averaging to reach the expected values beside
spatial averagingniher ent i n t he[80H &lucthatidns of fproperties laraund
expected values introduced by finite temperature are commonly removed tlarspghal and
temporal averaging methg@1]. For simulations involving inhomogeneous deformation or
rapidly time varyingthermomechanical fieldsconventional approachesf choosng large
volumétime window size to reduce fluctuations can eserooth interesting thermomechanical
properties. On the other hand, sharp features can be masked by the large fluctuasored!if
volume/time window sizeis chosen. Either large or small window size @dd can cause

deteriorated accuracy of the computed thermomechanical fields for hgimbequilibrium
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processedt is most desirable to have both high spatial/temporal resolution and high accuracy in
the computed thermomechanical quantities.

Forthspumr pose, -raaldimmatyi on approachd is propo:
average of continuum stress/heat flux/temperature for the first time in the present Stidy.
the manyrealization approach is just thdonte Carlomethod employed in engineeringutit is
different from the conventional atomistic scale Monte CE8® 83]. So that is whythe name
Omangal i zat i asnused m pavom ecanfusiorEnsemble averaging has a unique
advantage over spatial averaging and time averaging because it is not a function of time and
space. Therefe, the quality of ensemble averaged quantities does not deteriorate when the
thermomechanical process involved becomes farther awaytfreguilibrium. In addition, the
computed thermomechanical quantities from different realizations employed in tengaltiee
ensemble averaged values are not correlated, in contrast to the time and spatial averaged ones.
Anot her consideration of applying ensemble av
average of Hardyods expr es dangity enerdyaensityres svedl asd e n s |
the kinetic part of stress and heat flake equivalent to the corresponding formulas of Irving and
Kirkwood[78. The main difference between Hardyodos f
and Kirkwood is that Hardy replaced the Dirac delta functoth the general loalization
functi on. | f applying ensembl e averaging or
thermomechanical quantities with high resolution, the validity of the continuum conservation

equations should also be established.



1.4 RESEARCH OBJECTIVES

In this disertation, the following three objectives are to be achieved: (1) the convergence of the
ensembl e average and ti me average of t he H &
equilibrium systems at finite temperatures as well a®mequilibrium process dugo shock
impact. Different situations that time and ensemble averaging can be applwd be
discussed. (2) Continuum conservation equations including balanceotawass, momentum
and energy will bevalidated numericallfhrougha series ohonequilbrium processesising
MD simulatiors, where atomisti¢o-continuumthermomehanical fields are constructessing
Hardyos formulas and ensembl éefheagembleayeragad at f i
Ha r dgpantitiesis alsoappliedto a crack propgation problem in iron and tmonstructthe
stress field around the defective crack tip region as crack presagmter tensile and shearing
loading. In addition, the validityof ont i nuum conservation equatio
will be tested arod the crack tip where slip bands and other defects exist.

The accomplishment of the three objectives will contribute to higé-fidelity link

between atomistic and continuum regimes for higtdg-equilibriumsystems.
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2.0 THEORETICAL BACKGROUND

In this Chapter molecular dynamicg¢MD) technique is briefly discussed and thbe
concepts of statistical ensemble and ensembl e
is given which describes the time dependence of density function of the enserdbfegnan
which the continuum conservation equations can be represented in terms of atomistic quantities.
The derivation of stress and heat flux expressions by Irving and Kirkwood is demonstrated, as
wel | as the derivati on ®dat flikkeanddtgmpesature.xFmalle a s i o n
manyr eal i zati on approach is proposed, whi ch [

formulas without explicit knowledge of the density distribution function.

2.1 MOLECULAR DYNAMICS S IMULATION

Classical molecular dynaniqMD) simulations are widely used to study atomic and molecular

scale phenomena and to compute the equilibrium and transport properties of atomic and
molecular systemgl-3, 82]. Her e, 06classical 6 means that th
particles obeys the laws of classical mechaamdthatNe wt onds ¢l assi cal equ
(Eq. 2.1)areused to compute the trajectories of the atoige incomplete discussion in this

section only provides necessary information regarding the calculation of thermomechanical

11



quantities from MD shulation resultsThe equation of motion for atord in a system of

interacting atomss given as:

a+ Y PO (2.1)

whereU is interatomic potential energgt, ando are the mass arttie instantaneous position
of atomU = is the acceleration of atomandl] is theexternal force.

To start a MD simulation, initial positions and velocities need to be assignedatoredl
in the system. Thatompositions should be chosen corresponding to the material strucidee
consideration After eachatomis placedin its appropriatgosition, theirvelocity components
can be assignadgith values drawn from a MaxweiBoltzmann distribution. All velocities can be
shifted later on so that ¢htotal momentum of the atomgystemis zero. The most time
consuming part oD simulations is to calculateetforce acting on every atom

The force onthe | th atoml is obtained from a spatial derivative of the potential
energy’¥ I ne Y. Pair potentials (such as Lennaldnesand Morse potentials) are
probably the most prevalent types of potential energy and involve only the position of two atoms
when compuing a discrete contribution to the total energy. Pair potentials have been used to
model the physicsfonert gas solids. Many threebody potentials consideghe bond angle
formedby two bondswherea bond exists between the first and second atoms as well as the first
and third atoms. Therefore, three atoms are consiaéned compuing a discrete contribution
to the total energy. Such potentials have been used to model covalent semiconductor material
such as silicon (Si)Many-body potentialsalso exist,where the energy of a given atom is a
function of the total bonding environmesuirrounding it. The embedded atom method (EAM)

potentialis a multibody potential wheng of a system oN atoms is given b{84-87]:

12



% RO g W (2.2)

where’O ”  is the embedding energy of atdiio the background electron density; . The
electron density at the site of atdiiis approximated by the superposition of atomic densities,
"n B " w ,where”  isthe electron density contrited by atonb at a distance.
And ® @ is the corecore pair repulsion between the atodwndb separated by the distance
@ . The dependence df ; upon a summation ovehe surroundingatoms in the system
represents the masody nature oEAM.
After all forces between the atoms are cal
integrated using the smalled Verlet algorithm, which is not only one of the simplest butthlso

most commonly use[88]. The standard implementation scheme of this algorithm is:

1. Calculatel, 6 -Yo ", 0 -#FYo

2. Calculated, 6 Yo 0,0 7, o -Yo Yo

3. Derivef, 0 -Y0 from the interaction potential using 6 Yo .
4. Lo Yo L, o -¥o -k o YoVa

| and@ are the instantaneous velocity and position of afband= is the acceleration of atoid
computed from its mass, and forcel . The duration over which atomic displacements are computed
(i.e. the time stepY0) is typically around 1 fs and it is small enough to resolve atomic oscillations
at finite temperature. With successive iterations of force computation and integration process the
time/space trajectory for all atoms in the system can be established.

From the atomigositions, velocities and forces at every time step, macroscopic scale
thermodynamics quantities can be calculatiecbugh an appropriate atomist@continuum

13



relationship For example, the instantaneous stress of the atomic system ceomipeited
accordng tothe virial stresslefinition given inEq. 1.1. Note that finite temperature equilibrium
simulations demonstrate fluctuations in systems properties about the equilibrium average.
Therefore, the computed stress needs to be avemgedome window ofsimulation time to

obtainthe expectation value.

2.2 STATISTICAL ENSEMBLE

An ensemble is a collection of all the possible microscopic states that a system could be in,
consistent with its observed macroscopic properties. A microstate of a system of atoms is a
complete specification of all positions and momenta of the atomsexamnple, a state of a
system consisting dfl particles can be specified by thi 8anonical coordinated 8 ho  and

their conjugate moment§ B 1} . The 6N dimensional space spannedipyx is called the

i space, or phlysse mspaicepoimnft time s spacN repr e
particle system, and is referred to as the representative point. In contrast, for a macroscopic state,
only very few features such as temperature, denaitgl total energy are specified. Thas
ensemble could be a collection of all the ways a set of atoms could be arranged for a system as
long as the extensive quantities defined for the macroscopic state are satisfied. Using the
example ofagas system, it is apparent that a very large @h fafinite) number of microscopic

states of the gas can correspond to a given macroscopic condition of the gas. For example, the
velocities of atoms for two different microscopic states are different but the gas temperatures are
the same. Through macragic measurements we would not be able to distinguish between two

gases existing in different microstates (thus corresponding to two distinct representative points in

14



0 space)

but

satisfying

t

he same

macraksefcopi c

a gas system under certain macroscopic conditions, we are in fact referring not to a single state,

but to an infinite number of states. That is to say, we refer not to a single system, but to a

collection of systems, identical in composition and rscopic condition but existing in

different microscopic states. According to Gibbs, such a collection of systems is called an

ensemble, which is geometrically represented by a distribution of representative points in space,

usually a continuous distributio It may be conveniently described by a density function

Qnhafd |

where

Nty

is

an

abbreviation

for B M Mo ho

so that

ONdd Q ['Q  Gis the number of representative points contained in the infinitesimal volume

elementQ NQ wo f

v

space

cent efhe dt timet.oAntensemble is poi nt

completely specified byQnhafd . It is to be emphasized that members of an ensemble are

mental copies of a system and do not interact with one another.
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23 LI OUVI LTHEOREM

The time dependence of the density funct@nfcdfo i s descri bed by89Li ouvi |

Q 1 .
I, 62 1 Yoy 0 (23)

T o

where"Yis the potential energy of the entire systém, is the mass of atom. Vectors and
tensors are represented in bold font. Any dynamical variébfgo, which is generally a
function of the coordinates and conjugate momenta, haspattexion value given at tinteby

QA @b /o "QRfuid (24)
. Q NQ won

D

&) N@is used to denote the expectation value dbr a distribution functiodQ which is the
inner product o) and"Qaken over phase spacevldoes not depend on time explicitly, the rate
of change of the expectation valuelofs given by

T ) "0 | ) _ ) (25)
FOND BEO @0 0 W G YO, W

Using Greenods t heor @ mandaphp mamerdumispaceloflyieldss pace of

1 ] )
BN — 3, "W 06— GND (262)
WMy Y, @ &, YA GND (2.60)
Therefore, Eq. 3.becomes
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D vingy a6 n e s @7
T—(gUI’](D’ OG—:)lo 0 g YO, ONW

Thus giving the rate of change of the expectation valué afs the expection value of the

dynamical variabl®  —1, 0 ", YO O .

24 IRVING AND KI RKWOODG6 S THEOR

In the seminbwork by Irving and Kirkwood, Eq. 2.1 used to derive stress tensor and heat flux
vector expressions in terms of atomistic variables. In that work, the mass dertfity,
momentum density ofd and energy densit@ o6ho are given in terms of atomic positions and

momenta through theetta functiory and density distribution functiof(2

"ol B a 606 onm (2.8a)
d
1ol oo 681 6 6nD (280)
4 \
Q o qu!T < 10 én‘@% 1 o0 onNw (2.8)

wheree 0 s the potential energy of theth atom in an external field of force, aad is the
mutual potential between theth and| th atoms.The material velocity fieldl ofo is defined
such thatl  ""l.

The continuum conservation equations from genomenological point of view are

given by:

a0 (2.9)
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'I x5 " K
o Ny O "s Hh (2.%)

—a

TQ f o o .

T 160 J Q7 1 WOl TR (2.90)

"Hohd is the body force density, aidofd is the energy source per unit maBefinitions for

stress tensor and heat flux vectot are derived by takinthe derivative of mass, momentum
andenergy density given by Eq.8with respect to time, applyingpte Li ouvi | | esds t h
2.7), and comparing with theght hand sideRHS) of Eq. 29. Details of the derivation can be

found in[75]. The expressions (Eq.18) have been claimed to be not only the most apparent

choice of satisfying conservation equations both phenomenologically and at the atomistic scale,

but also the only choice that is physically reasonable.

s 1 -
oho GOG— | C,x— |+| (0] On@
. 2.108)
p NN, . P~ I R . . (
nho ‘Mh
- ac o P
| oho o—— 1 — 71706 oNW —-'loh
¢ a a C
. nn, . P, 2P . . .
C)wcoco~8 ,—(bu) w p En:)lo Ezl:_A nNg E oho
ghom (2.100)
- WOWE
i P P
,—d)oo W p En:)lc-, E‘s_A n e E 1 oo nho'Q)

where pair density” oMM B B & 0 07 6 0ad|@ and particle current

The resulting formulador stress and heat flux (Eq 2.@ontain terms that require

integration over phase space quantities weighted by the Dirac delta funcéind a density
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distribution function’Q One of these quantities is an infingeries expansion of differential
operators. Therefore, the expressions developed by Irving and Kirkax@odery hard to

implement for MD simulation result.

25 HARDYBXPRESSIONS FOR STRESS, HEAT FLUX AND TEMPERATURE

Hardy bypasses the numerical di fficulties in
mass, momentum and energy densiging localization function instead ofDirac delta

function] [76]:

" ohd ar o oh (2.11a)
| ofd &ir 6 oh (2.110)
Q o Ea O % [ 6 oh (2.11c)

Here %o represent the potential energy of attimThe localization function spreads out the
properties of the atorms  pltfB i) , and allows each atom to contribute to a continuum
property at the positior at timet as shown in Fig 2.2 The functiom has units of inverse
volume and[  Tmtonly in some characteristic volume surrounding the spatial poirtiardy

has established a few rules with regard to the behavipr. of

1. [ 0 O hasitsmaximumai O.

2. [0 0 O mas®® 0s° Hb

3. [ 6 0 issmooth and nenegative.

4. [ 0 0y p.Qyisavolume elementin the continuum space.
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Figure 2.2 Schematic illustration of the localization functidinking the atomistiandcontinuum scales by

assigningifferent weiglhs to the atoms that contribute to the quantities computed at spatiakpnitite continua

i

A bond functiond 6 between atom&andb is defined by the expressiod: 6 k

0 0 0Q_where 0 0 O. 0 represents a weighted fraction of the

bond length segment between atddendb that lies within the characteristic volume. In order

to derive an expression for a symmetric stress tensor, Hardy has made four key assumptions

about the forms of the energies and forces for the atoms in the system:

(i)

(ii)

(iii)

The total energy of the systelgr can be considered to be the summation of individual
potential energies of each atom within the system, B %o .

The force on any atom can be expressed by the summatiokk TUT 0
B ¢ . WhenB§ is the summation of pair potentialse -B % w where

W © §¢& obviously means the force exerted on atdfnom atomb. However,

for some multibody potentials the meaning is not so straightforward.

The atomic potential energies depend only on interatomic distances,
% %o 0 ho MBhy . So 3 B B T%fo o0 7o . This
expressia i ncl udes the possibility that U=0o.
radially symmetric potentials such as pair potentials and the embedded atom method
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(EAM), it is necessary to consider the invariance of the system potential energy to show

that italso holds for potentials that depend on bond orientations.

(iv)  Each atomic potential energy depends only on the distances between the atom under
consideration and all other atom&o % @ ho B ho . Thus, the force between
atomsU and b canbe expressed as T% M 0w T%MTw 0 Fo . Clearly,
while this assumption holds for pair potentials and EAM, it does not for some multibody
potentials such as the thrbedy potential of Stillinger Web¢80] used to model silicon.

Using the densityfunctions shown above (Eq. 2)1together with theconservations
equations (Eq. 2) and by considering the four assumptions listed, Hardy developed the

following expressions for stress and heat flux at a spatial point:

oFd g 6 §¢ & o &T8r 6 6 (2.12)
where’l k71 "l
. T% 0 § 0 L
1 oh 2 - 6 o 3l (2.13)
Tw W
- 0 %o | [ O o]

Hardy and colleagues also derived an expression for temperature by considering the
equipartitiontheorem and the kinetic energy associated with atomic velocities relative to the
velocity of the continuum at a spatial pojifi8]:

e pB a 0 [ 6 o (2.19)
Yoho = ; ;
° oQ B 1 0 0
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whereQi s Boltzmannés constant. This expression
of the same balance laws as was doneifandg. However, it offers an ability to calculateat

an arbitrary location in an atomistic simulation similar to what is doné émdg.

The ensemble average of the formulas given by Hardy for mass, momentum and energy
density are equivalent to the corresponding formglasn bylrving and Kirkwood. he main
difference is that Irving and Kirkwood used Dirac delta function instead of the general
localization functionIn stress and heat flux expressions, the infinite series are thus avoided and

it is easy to I mplementonddardyds formulas in M

2.6 MANY -REALIZATION METHOD

The manyrealization method is employed to compute the ensemble averaged thermomechanical
guantities without explicit knowledge of the density distribution funciiiifh. The microscopic

states (i.e. atomic velocities and positions) corresponding to the same initial macroscopic state of
the ensemble are sampled, and then the atoms in each realizatioft tvyeeV@Ive into new
microscopic states corresponding to the same macroscopic ensemble. The ensemble concept is
also valid fornonrequilibrium processe$89|, and hence the manyrealization method can be

applicable to analyze such processes (Fig. 2.3).
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1)

2)

3)

4)

5)

6)

Number of
atoms

Volume

Realization 1 Realization 2 Realization N

Temperature

Figure 2.3 Schematic illustration of themanyrealization metho92]

The procedure to implement the mameglization method is as follows:

Determine number of atoms, volume and energy of the NVE ensemble talieel stu

Set he number of atoms and the initial position of the atoms the same in eachNof the
realizations.

Initiate each of thé\ realizations of the ensemble (macroscopic state) by assigning each
atom with a velocity sampled from the MaxwBlbltzmann distribution at the prescribed
temperature.

Let each realization evolve and equilibrate in parallel after atomic velocity andpasiti
assigned.

Collect atomic velocities and positions from tNeealizations as the system evolves to
study systems under equilibrium state after equilibration is achieved.

Apply an external stress the material model to drive the systemnonequilibrium if
nonequilibrium process is to be investigated. Collect the atomic velocities and positions

from theN realizations over time as the system evolves.
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Thermomechanical quantities can be calculated at a selected time instant fér the
realizatonsusng Hardyo6s expressions and ensehMbl e a\
calculated values. For time averaging, data can be collected\otrere steg at a randomly
chosen realization and thus the thermomechanical quantities can be calculated and time

averaging can be performed for this chosen realization.
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3.0 COMPARISON BETWEEN ENSEMBLE AND TIME AVERAGING | N

EVALUATI NG HAHERMOMECHRNICAL QUANTITIES

In this Chapter ther @éamanyati on approachoé i s I mpl e me
average ofH a r dsgrés§heat flux/temperature. Even though time and spatial averaging are
conventional approaches to remove fluctuations of the computed thermomechanical qaantities

finite temperature, ensemble average has a unique advantage in that it does not deteriorate the
computed quantities when the thermomechanical process involved becomes farther away from
equilibrium. In addition, the computed thermomechanical quanfites different realizations

employed in evaluating the ensemble averaged values are not correlated, in contrast to the time
and spatial averaged oneslere correlation refers to the statistical relationship between two
random variables or two sets of dafhe superiority of ensemble averagmvertime averaging

will be demonstrated through computitite stress/heat flux/temperature for nickel (Ni) ¢ays

in equilibriumandunder shock impact. The convergencdh#fensemble average atite time
average of Hardyds expressions asmbeeavelagings di f

can be applicableill be discussed
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3.1 SIMULATIONS

A Ni crystal with dimensions ofL, =10[100], L,=10[010], andL,=20[001] in thex, y, andz

direction is chosen for studying equilibrium sysgefree boundary conditions are applied to all

the directions (Fig. 3.1a). The interaction of the Ni atoms is described Bnthedded atom
method (EAM)[86, 87, 93] interatomic potential. Ae manyrealizatiors of the Ni NVE
ensemble after initial energy minimization are simulated in lighrand 1000 realizations
(simulations) are conducted total Each realization is initiated by assigning the atoms with the
velocities sampled from the Maxwdoltzmann distribution defined by the temperature. The

total number of atoms and their posits are kept the same after energy minimization. With the
same initial kinetic energy (determined by temperature) and potential energy (determined by
atomic position) among the different simulations, these realizations (simulations) constitute the
same NVEensemble. The realizations are then left to evolve and equilibrate before atomic
velocities and positions are collected. Atomistic information at a chosen time instarthafter
system has achieved equilibrium is collected for the 1000 realizations eddauscalculating
ensembleaveraged thermomechanical quantities. For time averaging, atomistic information for
an arbitrarily chosen realization is collected for 1000 times with different time intervals, every
10, 100 and 100@me step withtime stepsiz e o f 0.4 fs. Hardyos ex
flux, and temperature are calculated and their convergence using ensemble and time averaging

arediscussed.
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Figure 3.1 Snapshots of (a) nickel (Ni) crystal after energy minimization and (b) Ni crystal plate subjected to shock
loading fromdroppingthe Ni hammer on tof92)

A Ni plate is created for the study tbfe nonrequilibrium system, with dimensions &
=16[100],Ly=25[011], and_,=2.8[0L1] in thex, y, andz direction. Periodic boundary conditions

are applied to thg andz directions while free surface conditions are employed iry tieection

(Fig. 3.1b). The interaction of the Ni atoms is also described by the EAM interatomic potential.
Applying the manyrealization method, 500 realizations with the same simulation setup
described above are carried out. Each realization is initialized with atomic velocities randomly
sampled at 300 KAfter global thermal equilibrium has been achieved for the systemakesm

Ni plate is assigned with an initial constant velocity of 1500 m/s inithelirection and
subsequently inducean impact loading on top of the larger Ni plate, which resolia shock

wave propagating in the plate. Atomistic information is cofldcit chosen time instants over

the 500 realizations to construct the continuum thermomechanical fields using ensemble
averaging. Time averaging is also used to construct the continuum thermomechanical fields
through averaging the thermomechanical quastitalculated at 50 and 500 consecutine

sters with the time instant interested at the center of the averaging time window.
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Figure 3.2 Stress profildor the Ni crystal (a) before energy minimization and (b) after energy minimiZ&hn

3.2 RESULTS AND DISCUSSIONS

To test the stress calculation using Hardyos
thez direction that passes through the 3D Ni crystal from the center of the surface in the negative
z axis to the center of the surface in the positeis. The stress profile before and after energy
minimization shows that before relaxation, the tensile stress near the surface is much lower than
that in the middle (Fig. 3.2a), but after relaxation, the crystal becomes under tension at the
surface and aopression in the central region (Fig. 3.2b). The shear stresses not shown here are
around zerpas expected. No ensemble or time averaging is employed in these calculations since
this static case involves no thermal fluctuations introduced by a finitestatope.

For a Ni crystal that equilibrates at 300 K and 1000 K, the point at the center of the
crystal is chosen to perform time and ensembl

intervals have been chosen to perform time averaging, whichsvtda is collected every 10,
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100 and 1000time steg for 1000 times, and the time averaging window size changes
correspondingly. From the statistical point of view, either time or ensemble averaging in our
study is to get estimated values of the expedtesrmomechanical quantities (stress/heat
flux/temperature) by averaging the values calculated from randomly chosen microstates, which
constitute a statistical sample. For ensemble averaging, the random variables (thermomechanical
guantities) are obtaingdom themanyrealizatiors that constitute the same NVE ensemble. For
time averaging, the random variables are obtained from the different time instants as the system
evolves. If the system is ergodic which is assumed here, the time and ensemble asboadihg

be equivalent on the condition that the time averaging is over the thermomechanical quantities
calculated at everyime stepfor infinite long time and ensemble averaging is over all the
possible microstates which is also an infinite number. Bptactice, the sample size should be
restricted.

According to the central limit theorem in statistics, if the random variables are
independent and identically distributed and the sample size is sufficiently large, the sample
average would converge almostraly to the expected value. To have a good estimate of the
expected value for the calculated thermomechanical quantities, it is therefore necessary to have a
large enough sample size and have the random variables involved to be identically distributed
andindependent as well. For ensemble averagingniaeyrealizatiors are conducted in parallel
and thus evolve independently from each other. Therefore, the atomic quantities froanthe
realizatiors should be independeaare the thermomechanicalantities calculated from them.

For time averaging, since the atomic information is collected from the same realization,
autocorrelation needs to be consider®darge enough time interval is necessary to reduce the

autocorrelation so that the thermomawital quantities constitute a valid sample for calculating
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expected values. With these basic conditions satisfied, the sample mean would reach the
expected value with large enough sample size, when the computed thermomechanical quantities
are consideredtbe accurate.

In our study, the expected values of the thermomechanical quantities are not always
known in theory. In these situations, the computed quantities are assumed to be accurate when
convergence of the quantities are achieved,the. averagedjuantities become stabilized with
increasing number of averagitighe stejg and realizations. In the study below, the influence of
different time intervals on convergence are investigated for time averaging. The sample size
effects (the number of calctilans for averaging) on convergence for both time and ensemble

averaging are also studied.
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Figure33Convergence of time averaging for Hardyobs stress
(a) every 10 time steps, (b) every 100 time steps, (c) every 1000 time steps with time step siz§32]0.4 fs
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Convergence plots are made by plotting the averageds/@akd lines)of a number of
calculations withtheir 95%confidence interval (given by dotted linesagainst the number of
averaged calculationsidures 3.33.5 show the convergence for stress, heat flux and temperature
at 300 K with different time intervals using time averaging. From Fig. 3.3, it can be clearly seen
that collecting data and calculating everytib@e stejg (4 fs) can lead to larg@uctuations in the
convergence curves for stress and heat flux. Obviouscoovergence can be observed for
temperature as the convergence curve does not exhibit the smoothness and flatness even as the
number of averagingme steg reaches 1000. Increagithe time intervals to 100me steps
significantly increases the convergence of time averaging for stress and heat flux. Compared
with a time interval of 10time steg, at the same number of averagitige steg, the
convergence curves of stress and flea become smoother at a time interval of 100. Increasing
the time intervals to 1000me step (0.4 pshas only anegligibleeffect onthe total features of
the convergence curve of stress and heat flux much. The difference of convergence with different
averaging time interval can be most clearly observed from the plots for temperatures. This is not
surprising in that temperature solelgp#nds on kinetic energy (decided by atomic velocities)
while the dominating terms in stress and heat flux are potential energy (decided by atomic force
and positions). The kinetic energy term has shown to more easily fluctuate at finite temperature
(the atio of fluctuation part is greater) compared witle potential energy termi69]. Large
fluctuations fora time interval equal to 4 fs (1iime steg), and smodier curve at time interval
equal to 40 fs (10@me steg) but with nonzero slope at the end and steady convergence can be
observed at the time interval of 0.4 psiough the temperature for the whole system is set to be
300 K initially, the temperature nadeviate from 300 K locally for a NVE ensemb&milar

tests are performed at 1000 K #Ni crystal and the convergence tests for stress, heat flux and
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temperature shows consistent results with that at 300 K. Increasing temperature from 300 K to

1000 Kdoes not affect the convergence significantly.
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Figure 3.6 Convergence of ensemble averagingHaa r dsyredssat temperatures around 300 K @efumn) and
1000 K (right column]92]
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Figure 3.8 Convergence of ensemble averagingHaa r dtegmpesature at temperatures around (a) 300 K and (b)
1000 K[9Z

34



Figures 3.6-3.8 demonstrate the convergence for the stress/heat flux/temperature at 300 K
and 1000 K using ensemble averaging. It can be easily observed that at either temperature, the
thermomechanical quantities achieve convergence with increasing averagingernomb
realizations. As mentionegreviously different realizations are simulated in parallel, and
therefore the computed thermomechanical quantities in different realizations are independent and
thus are not correlated. Compared with time averagemsemble averaging achieves
convergence similar to time averaging with 1@d0e steg interval. The confidence interval is
about the same between time and ensemble averaging for the same averaging number of
calculations.

As discussed above, it is dedite to have the thermomechanical quantities to be
independent and identically distributed so that a valid sample is obtained for calculating the
estimated values. To determine if the thermomechanical quantities are independent, it is
necessary to investige the correlation of the atomic velocities and positionaurgsg3.93.11
are the autocorrelation function (ACF) and power spectral density (PSD) of the velocity in three
directions for a randomly chosen atom recorded for a certain time duration. nibeatam is
chosen for comparison between time averaging at 300 K and 1000 K and also between time and
ensemble averaging. The ACF and PSD of the atomic posit®also studied and plotted
together with the velocity. For the thermomechanical quastit be as independent as possible,
the atomic velocities and positions collected should be least autocorrelated. It can be seen that
the ACF for atomic velocity is quite high within 4@@ne steg and oscillate less drastically
afterwards. If the timénterval chosen is less than this critical value (aroundt4@ ste), the
correlation between at least two successive points would be significant. If the sample size is not

large enough, the sample average will not give a good estimate. This exgiginsing a time
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interval of 10time steg, no good convergence can be reached with avertigiagsteg as large
as 1000In addition,the convergence can be improved gradually up to the time interval of 100
time steg because the autocorrelation Ihegnreducedsignificantly. One can clearly observe

the periodicity of the ACF and the critidaine steg for choosing time interval is approximately

consistent with this value.
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Figure 3.9 Autocorrelation function (ACF) of the velocity and position for a randomly chosen atom collected at
every time step for 10000 time steps in a realization at (a) 300 K and (b) 1000 K, respgfijvely

The PSD of the velocity, which is also the Fourier transform of the ACF, demonstrates
this critical frequency, at which the PSD has the highest value, is around 5~10 THz. In the time
domain, this corresponds to 0.1~0.2 ps, which is 250##@0steg withtime stepsize of 0.4 fs.

This critical atomic vibrational frequency can be estimated by using the Einstein model, which
states that the solid is composed of siffigdguency harmonic oscillators. Then the vibrational
frequency ®Z_ , where is the speed of sound inside the solid and is the minimum

wavelength sustainable by the atomic lattice (about twice the lattice cod¥tafihe sound
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speed® can be computed by _ ¢* F', where_and‘ are respectively the first and secl
Lame6s ¢ oi &material sensityn dtilizing the material properties for 8§3.52 A,
_=125 GPa‘ =76 GPa, and =8.91 gcm®), the calculated vibrational frequency is around ~8.0
THz, which is consistent with what we found for the caitirequency through the frequency

analysis of atomic velocity (i.e. 5~10 THz).
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Figure 3.10 Autocorrelation function (ACF) of the velocity and position a randomly chosen atom collectedrfr
the 1000 realizations at (a) 300 K and (b) 1000 K, respecti9g]y

Comparing the velocity and position PSD and ACF, one can easily observe that position
has stronger density at lower frequency content. However, its ACF also shows that the
autocorrelation drops ta relatively small value almost at the satirae steg as he velocity.
Although it drops more slowlyit does not reach far in the negative direction. Therefore, one
would expect the thermomechanical quantities that depend differently on atomic position and

velocity may converge differently at the same chosee titerval. If the time interval is chosen
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where the ACF for velocity is in the valley when that for position is a quite small value, the
convergence of the quantities that are more dependent on velocity should be worse because
position is less autocorreéal at this time interval. If the time interval chosen is smaller when the
velocity has reached a lower value than position, the convergence for the quantities that are more
dependent on position should be worse. The difference in convergence criterveho

should not be large as long as the time interval is chosen to be larger than the critical value where
the autocorrelations for both velocity and position lie in the flatter region. This chosen critical
value (time interval) can be the same for positdependent quantities and for velocity
dependent quantities as estimated by the Einstein model. The increased temperature does not
affect the convergence noticeably as the comparison of PSD for the atom in system at 300K and
1000K shownin Fig. 3.11 exhibits no significant shift in the critical fijgency resulted from the

temperature increase.

X direction y direction z direction
—Velocity
—Position 5
0 0
o
210 10 10
o
()01020304050 0 10 20 30 40 50 0 10 20 30 40 50
a
a 10° 10’ % 10" %M
(2]
; M
(b) 0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50

Frequency (THz)

Figure 3.11 Power spectral density (PSD) of thelocity and position for a randomly chosen atom collected at
every time step for 10000 time steps at (a) 300 K and (b) 1000 K, respefdigiely
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The ACF plot for velocities and positions of the same atom at 300 K and 1000 K in
ensemble averaging clearly shows no correlation among the different realizations. Therefore, if
the time interval chosen for time averaging is not large enough, it is eadpbeteensemble
averaging would lead to better convergence with the same sample size or that ensemble
averaging can reach convergence with smaller sample size. This can be observed from the
convergence plot. The convergence for ensemble averaging isthatiedrme averaging with a
time interval of 10 and 10@8me ste. While with a time interval of 1000me stej, time
averaging and ensemble averaging seems equivalent as the autocorrelations for time averaging
have been reduced a lot by then.

Equippedwith the knowledge of applying time and ensemble averaging to equilibrium
situations, we are going to analyze a highlgn-equilibrium problem in which significant
temporal gradient exists and time averaging most likely would fail. In the shock imphalempro
we chose to demonstrate the superior performance of ensemble averaging of the various
thermomechanical fields evaluated at different time instants. Spatial points calculated are along
the shock wave propagation direction at the center of the pldates xand z directions. The
stress/heat flux/temperature fields are constructed using ensemble averaging at different time
instants (see Fgy 3.123.14). From the convergence plot of equilibrium systems, it has be
observed that convergence (accuracy) loarachieved afteapproximately400 realizations for
ensemble averaging herefore 500 realizations are chosen to conduct ensemble averaging to
construct the thermomechanical fields in this shock impact profdleendashed lines are from a

randonty chosen realization before ensemble averaging is applied.
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Figure 3.12 Stress profile constructed by ensemble averaging of the shock impactedotdatdels the shock wave
propagates, and dash lines are chosen from a random realization without aV@2ging
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Figure 3.14 Temperature profile constructed by ensemble averaging of the shock impacted nickel plate as the shock
wave propagates, amthsh lines are chosen from a random realization without avergfihg

Before the shock wave arrives, the crystal has already equilibrated at 300 K, is in slight
compression at the center, and experiences no heat flux in any direction at the spatial points
chosen for analysis. It can be observed that the shock wave propagatiey direction leads
to strong compression, heat flux in theirection, and significant temperature rise at the shock
front. In thex andz directions which are perpendicular to the shock wave propagation direction,
the stresses also vary, buetheat fluxes remain close to zero. This fast propagating shock wave
and the corresponding rapidly varying thermomechanical fields present great difficulty for time
averaging to perform well. From the experience gained from analyzing the same material at
equilibrium, especially through studying the ACF, we have obtained a good estimate of the
thermomechanical quantities when the averaging numbgmef steg is at least 400 and the
time interval is 25Qime steg (0.1 ps).Therefore,a time window sizeof 40 ps is needed to

achieve convergence. With the wave propagating speed in the shock impact problem, the actual

41



thermomechanical fields have varied drastically within the time duration of 40 ps. Therefore, it is
impossible to build high fidelity thermagchanical fields using this window size for time
averaging, and thusnly reduced time interval and window size will be considered for this kind
of highly non-equilibriumproblem.

As a result, stress, heat flux and temperature are constructed witroten ¢ime instant
in the middle of the time window and a time interval of sirtgiee stepis applied (0.4 fs). The
total averagindime steg of 50 and 500 are employedspectivelyand the results are shown in
Fig. 3.15. For stress and heat flux, ordgults for, andrfy are shown here because the spatial
and temporal gradients are greatest in the wave propagating direction. It can be easily observed
that the thermomechanical profiles with averaginge steg of 50 resemble the noisy profiles
without averaging. This is especially obvious for the plot of heat flux where the gradient around
the shock front is almost unidentifiable from the thermal noise. However, when the larger time
averaging window size is applied (averaginge steg equal to500), the peaks at the shock
front are widened and even shiftealthough smoother curves can be obtained. Therefore,
ensemble averaging is more desirable in this case.

Computational expense is also a consideration becauseumimgi thermomechanical
fields using ensemble averaging requires hundreds of simulations. Therefore, if the
thermomechanical fields are slowly varying in time or in equilibrium, time averaging would still
be a first option because ensemble averaging requires much more compltatist on
simulations. However, foa highly non-equilibrium system where the thermomechanical fields
change very rapidly, ensemble averaging is certainly more suitable. In addition, the more
accurately computed thermomechanical fields using ensemblagarg can be employed to

investigate the validity of continuum thermomechanical equations, especiaty+gquilibrium
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situations. The problem related with computational cost can be alleviated by the rapid

development of parallel computing techniques.
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Figure 3.15 Comparison between ensemble (solid line) and time (dashed line) averaging with 50 (left column) and
500 (right column) averaging time steps=41.4 pg92)]

3.3 CONCLUSIONS

Inthis chapter, ensemble averaging is applied t
expressions for the first time through a maeglization approach. Comparison between the
convergence of time and ensemble averaging has been performed for gstdi that
equilibrates at 300 K and 1000 K, as well as that under shock impactstlilisthoroughly

investigates the two averaging methods in details and provides specific guidance on
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implementing the two methods. The thermomechafiielals have been constructed for a shock
impact problem by ensemble and time averaging respectively. The following conclusions can be
drawn:

1. Time interval and the number of averaging timesteps are important factors when time
averaging is employed to contpuwarious thermomechanical quantities. It is found that a
critical time interval exists for a given material such that the atomistic quantities sampled
and the associated thermomechanical quantities have little correlation among themselves.
This criticalt i me i nter val can be estimated by t h
sound velocity. For equilibrium system, time averaged thermomechanical quantities with a
sufficient large time interval are almost equivalent to the ensemble averaged ones.

2. Stressconverges faster than heat flux and temperature with the same number of averaging
points. This is because stress primarily depends on atomic forces and velocities, in
comparison heat flux and temperature are more related to atomic velocities, and atomic
forces and positions fluctuate less than atomic velocities at finite temperatures. Increase in
temperature mainly leads to an increase in the variance of the computed quantities, but does
not affect their convergence rate.

3. For highly nonequilibrium systema which the thermomechanical fields drastically vary
with time, ergodic theorem is no longer applicable and enlarging time window size only
leads to less accurate estimation of the thermomechanical quantities. Ensemble averaging is
the only appropriate &y to obtain the expectation value in this case. The number of
realizations can be chosen based on analyzing the corresponding equilibrium ensemble.
Because the variance of atomistic quantities may increase in nonequilibrium conditions, it

is neccessary temploy larger number of realizations than that in equilibrium studies. The
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main disadvantage of ensemble averaging is its computational expense, but with ever

increasing computing power, this disadvantage will become less of an issue in the future.
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4.0 ONTHE VALIDITY AND APPLICA BILITY OF HARDYOG6S TGNODRY

EQUILIBRIUM PROCESSESMODELED AT ATOMIST IC SCALE

Even t ho u ghHermdihachahigab guantitidlsave been derivedanalytically to obey

continuum conservation lawshey have never beerproven numerically especially for non

equilibrium processes. Therefore, the main task of @hiapteris to investigatethe validity of

Har dy 6 s tding the cpntinbuyn conservations law® testt he comput ed Ha
themomechanical quantities for a few reguilibrium processes. Gaussian pulse and shock

wave propagating in one dimensional (1D) g@a) chain, 3D Au and Ni bar are simulated, for

which the interatomic interaction is described by harmonic, Morse and EAM patential
respectivelySince hese highly dynamic processes happen stesys with different dimensions

and modeled by various patéals they represend wide variety ofproblems for testinghe
applicability of Har dyos formul as and ensem
ensemble averaging is not required for the validity of conservation equations, in tctmtras

Irving andK i r k wo o dliéns [75f. Baremthe questionf whether the ensemble averaged

Hardyods continuum quantitiassbeanbwergd conservatio
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41 VALIDATION PROCEDURE

Har dy 06 s will de valwdteaby comparing two sides of the conservation equatimnsg
the computed quantities @te spatial points chosen along the 1D Au chain and the central line of
3D Au and Ni bar These points are located alotite Gaussian/shock wave propagation
direction and where the thermomechanical fields change most drastiailthis purpose, the
corservation equations will be discretized by the finite difference method.

The conservation equations of mass, linear momentum and energy for a continuum point

given inChapter2 (Eq. 29) are obeyed in thanalyticald e vel opment of Hardyos

conservation equations can be rewritten by using total time derivativestead of the partial

time derivative— in Eq. 29, and body force and energy source are notsiciered in the

equations below:

Balance of Mass A_ " S (4.1a)
Ad
Balanceof Momentum , Al (4.1b)
—_— 0]
A0
Balance of Ener AQ .
gy = ag 35 (4.1¢)
AO
where— — n " Jlis the material time derivative 6f 2 is the material time derivative of
", — is the material time derivative & 31 0y, "1 0y'H§ 'Hand 20 , ;'H

wherei=x,y,z. Equations2.9 and 4.1 can be derived from one anof®r 95]. Whereas Eq. 9.
is more commonly applied to fluid dynamics problems, Eq.ig.thainly employedfor solid

mechanics analysis.
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For 3D problemsdiscretizel version of the conservation equations by finite difference

method can be expressed as Eq. 4.2. Note here the balance of momentum is only written in the

wave propagation directioy directionin this Chaptey.

70 T a4 o Ta
Y v vV v v
1 q 1 a
(4.2a)
iy v Y b . U v v
T o T - aeo Ta
4 A A 4 g 4
] w g 1«
(4.2b)
Q Q Q Q Q Q Q Q.
10 T qa o - Ta -
ng‘) 0 V) V) V) V) (]
1] 1 @ g 1 C( 1
? ” ? L 0 0 0 0 0 N
” ” ” ddi < - 5 1
” ” ” ll (.| W C.I w (.I q |1|
Ly 0 0 0 0 0 il
u 1 g w 1 a U
n n n n n
T w ¢ e
(4.2c)
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Here A represats A  whohx M and similarly for” , O ,

| n and'Q , N afudi. For simplicity, sperscript are not explicitly written at

whd i . For examplef is written ask J O ® whl ©

wh & & G and] 0 O 0. | as chosen to be the simulatidtime stepsize 1 fs

andd @0. 5 | for 1D c a%s ésshosef o be tH: Bimytaitiné dtegsine 1,

fsand &) &0.2Aand &@0. 2 . The spat i atobedsmal emoeh soz at i o

thatthere is no obvious change in the two sides of the balance Taesconservation equations
for 3D problems are plotted against theoordinates of spatial pointshich is the direction
along whichwave propagate

In 1D cases, Egs. 4.2 can be simplified as below since only quantities aloxg the

direction are nonzero:

Balance of Mass " " " i . .0 v (4.3a)
70 o Jd ®
Balance of Momentum 0 0 0 v
" 0
10 d
(4.3b)
A i
¢
Balance of Energy Q Q Q 0 0
o) ®
d (4.3c)
0 0 n n
" ¢ ¢

Thermomechanical quantities are computed in terms of atomic variables ctoden
spatialpoi nts and time instants using Hardyés for

the balance laws are tested by plotting the left hand(kl8) and right hand sidéRHS) of the
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equations. In thi€haptey LHS of the conservation equations are @y represented ifue line

while RHSIn green line.

4.2  SIMULATION S

Wave propagation i 1D Au chain initiated by a Gaussian pulsenvestigated in our study.
The Gaussian pulse is initiated in the middle of the 1D Au chain that consists of 500 atoms, for
which the nearest neighboring atomic interaction is described by harmonic potential (Eq. 4.4)

and Morse potential (Eq. 4,5espectively

~.

Yi O i i (4.4)
Yi 0Op Q (4.5)
wherei is the distance between atomandj, i is the equilibrium bond distanc® is the

energy well depth relative to the dissociated atomg acahtrols the width of the potentidlhe
harmonic potential used hereastually thelinearized Morse potential for 1D gold chain. The
initial displacement introduced by the Gaussian pulse of ampliwdel width( is given by Eq.

4.6:
6afp m 075 5 N ¥® U (4.6)

wherethe pulse is truncated at= + Lcandd Q 7 . Wave propagating is simulated for
the 1D gold chain that is 8tK and that equilibrates at 300 K, respectively. The values used for

the parameters of the Gaussian pulseg, ar€l0.063 6 = wandd = 4.0, at0 Kand, = 10.0Q)
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0 =2.00and0 = 4.0, at 300 K. The displacement of the atoms in the 1D chain simulated
using harmonic potential & K at different snapshots shown in Fig. 4.1. Th@ropagating

wave initiated by the Gaussian pulsethey directionis also investigated in 3D Ni bar having
dimensionsLx =4[100], L,=50[010], andL,=4[001] in thex, y, andz directions. Free surface
boundary conditions are applied to all directions and EAM patiedéveloped by Foiles et al.

[86, 87] are employed to describe the atomic interaction of the Ni bar. The values used for the
parameters of the Gaussian pulse in 3D cases ar6.0i ,0 = 0.5i and0 = 2.0, . Similar

test is also conducted a3D Au bar of the same dimensiontag Ni bar, for which the atomic
interaction is described kilie Morse potential. The parameterstioé Morse potential fothe 1D

and 3D Auare listed in Tabld.1.

Table 4.1 Lattice parametea, and Morse potential paramet&g ; andr, for Au [96-98]

a(A) O (ev) (A NGy
1D 2.922 0.5600 1.6370 2.9220
3D 4.070 0.1071 1.9788 2.9372
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Figure 4.1 Displacement ofhe atoms in the harmonic chain durthe Gaussian pulse propagsgtinitially 0 K at
differenttime instant§98]

Highly non-equilibrium process of shock way@opagation in 1D and 3D casae then
investigated. For the 1D gold chathge shock wave is initiated by assigning velocities of 1000
m/s in the +x direction to five atoms at one end of the chain described by Morse ptheanil
at 0 Kandthat equilibrates a300 K, respectivelyForthe 3D case, shock impact is introduced
by assigning velocitiesf 1000 m/s in they direction (see Fig. 4.2}o the atoms within two
lattice distance in thgdirection at the end of the Ni bdescribed by EAM potentiahitally at O
K (Fig. 2). Shock wave propagation in 3D Ni bar is also investigated at 300 K, and the many
realization methodlescribed in Ch2.5is used to evaluate ensemble averaged values of the
thermomechanical quantities in order to remove thermal noise and preserve highaspuht
temporal gradients of the thermomechanical fields. Tqtall realizations are conducted in

parallel and ensemble averagmg t h e Har dsydfermeg avarrihe 500 reaizations.
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Figure 4.2 Displacement ofthe atoms in the 3D Ni crystal duritige shock wave propagatasinitially O K at(a) 1
ps(b) 3 ps(c) 5 psand (d)7 ps[99]

The characteristic volume used in our studytf@1D problensis a cylinder with cross
section area of 1 Aand lengthd of 4.81 unless otherwise stated. Fibre 3D problems the
volume is a sphere with radité of 1.5 times the lattice constant. The localization function

[ 1 used for 1D and 3D problems@haptes 4 and 5 are given as Eq. 4.7, respectively as:

| - . s s "
[ P C ) ) h Lt D 08 U (4.7a)
mh I OEAOXxEOA
X ! ! h s 'Y
M Poy ¢F Y ® (4.7b)
mh EONI 0VQI Q
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4.3 RESULTS AND DISCUSSIONS

Figure 4.3 shows the stress and heat flux poéileng the chain at different time instants as the
Gaussian wave propagateshowing nonzero values mainly at the wave forigure 4.4

compaes the two sides dhe balance of momentum with different characteristic volume chosen

for the localization faction and shows good agreemdtween the two sides in all cases.

There aresome noticeablspikesaroundtheme an val ues for bot fie,stress
RHS)and velocitybo@®e, LHShwhen cdleanradtevisic violune is small. éde

spikes ar@bserved to diminish inumber andnagnitude ashe characteristic volume increases

but the tradeoffis the oversmootling of the curvesas observedfrom the smaller peaksat

position 700 A and 750 A in Fig.4.A length of 4.8 is chosen for the characteristic volume

in all 1D casespecause this clwe seems tqresere the sharp features of conservation

equationsandredue the number and amplitude of spikes

54



Stress (GPa)

Figure 4.3 Stress and heat flux profiles the Gaussian wave propagin the harmonic chain at different time
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Figure 4.4 Comparison between two sidestafiance of momentums the Gaussian pulse proptegén the
harmonic chain at initil 0 K with different length of the characteristic volume (a) length+d.(B) length=2.4
(c) length=4.&,, and (d) length=9.6, at the time instartt1 ps[99]

The behavior of Hardyos expr esdgsidaoentgthewi t h ¢
differentnumberof atoms included in the characteristic volume. rEwéth uniform spacing of
atoms having zero velocity at the area away from wave framgferent number of atoms can
be included as the spatial point chanfyem point to point For example, when the spatial point
is located at the site of the atom)yoone atom is included the characteristic volume with a
length of 1.2 . If the spatial point is located in the middle between two attimesgtwo atoms
will be included. This effect can be magnified at wave frahich can affect density, velogit
and energy by thearyingnumber of atoms contributing to the calculation of the corresponding
properties. For stress and heat flux, this can also affect the number of individual interacting

atomic pairsin the potential term of the respective expressiohs characteristic volume
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increases, the number of atoms in the characteristic volume and pairs ofirath@$potential
termschange less significantly #éise spatial point changes. Thukis explains why thepikesin
the spatial derivative diminishvith increasing characteristic volunisee Fig. 4.4) Similarly,
small characteristic volume is more sensitive to atom reconfiguration with tienkxat spatial
point. Therefore, thespikes of time derivativeare also reduce as characteristic volume

increases.
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Figure 4.5 Stress and heat fluas the Gaussian pulse propagatethe harmonic chain at initigl 0 K with different
length of the characteristic voluni@) length=1.2, (b) length=2.4 (c) length=4.&,, and (d) length=9.6, at the
time instant=1 ps[9§]

The influence of characteristic volunsbangeon stress and heat flug shown in Fig.
45. Changing characteristic volume does not affect the stress profilaffects heat flux

significantly. In theory the mechanical energy introducdy the Gaussian pulse should
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propagate in the form a& mechanical wave without heat dissipation. Thus no heat flux is
supposed to be observed in the harmonic chaiheasave propagates. However, the calculatio

f r om Hlzeat dlyx éxpression generates values that are nonzero and varyditéerent
characteristic volume. Comparing expressions for stress and heat flux given by Had¥ Eq

and 2.B), the dominating term ithe stress expression is the potial term ando isin the heat

flux expressionThe steady profile of stress indicates the potential term of stress is insensitive to
changing characteristic volumes, which should be the same for the potential term inside the
bracket of heat flux due tthar resemblanceThe changing heat flux with length of the
characteristic volumé due tothe relative velocity’l , outside the bracket. Frothe physical

point of view "I should be zero as there is no thermal fluctuation for individual sitora

harmonic chain atan initial OKI(i s used to compute | ocal temper

However, it can be easi |y geeamzerot andthusndrearad y 0 s
temperatureat the wave frontand the value ofl can vary a lot with changing characteristic
volume.

As pointed out by Webb Il et al., one may obtaimoneous material velocityl, and
temperaturavhena p pl yi ng Har dihedsgsterasxthey apescencemaedswvith are quasi
static, where materiatelocity, *1, should be equal to zero. Problems avidenthe characteristic
volume is chosen to be too small for the atomic vaksitvithin the volume to be deorrelated,

B o

so’l ( L-r"é'f%)computed by Hardyods definition is
Blupa|[qo

to an erroneous value afelative atomic velocity’l , (=7| ") within the volume,as is the
temperature of the spatial point. In the work of Webb Il et al., this problem was tackled by
conducting time averaging oh which can lead td that isvery close tozero. However, he

wave propagatioproblemshown in Fig.4.5 isa dynamic processvhere’l is supposed to be
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zero. At the wave front where atomic velocities change drastically, only when the characteristic
volume is so small that it contains only one atdhe computed| can be zerolarger
characteristic volumghat contains more than one atom will lead to material velocity which is an
average of the velocities of atoms at the wave frohis givesnonzeroO for the atoms within
the volumeand thus nonzereemperature. The material velogit}, at the spatiapoint can
change with different characteristic volunas is | for the atom within the volume. This
explains why heat flux profile changes with varying characteristic volume.

Next, we investigate the validita testsf Har d
Figure 4.6 showthe conservation equations as tGaussian pulspropagatesn the harmonic
chain at an initial 0 K. Two time instants are chosen and dwdaetween two sides of the
balance laws are observetihe positions of the wave frontan be clearly identifiedAt 300 K,
validityofHar dy 6 s isftestednmualsianigar fashion for the Gausgaisein the harmonic
chain attime instantt=3 ps. In Fig. 4.7(a) thermomechanical quantitiescamputedfrom a
randomly chosen realization and in Fig. 4.7(b) ensemble averaged values over the 500
realizations of the themomechanical quantitiesearap | oy e d . The validity
can be established in both cases. The profilehebalance laws &fr ensemble averaging at
300 K resemble those at 0 K. In comparison, the profiles of the balance laws before ensemble
averaging are affected by the fluctuating thermomechanical quantities and thus are much noisier

compared to those after averaging.
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Figure 4.6 Comparison between two sides of the continuum governing equatithnes @aussian pulse propagates
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Figure 4.8 Comparison between two sides of the continuum governing equatitms@aussian pulse propagat
in the Morse chain at initigl 0 K at 1 ps (left column) and 3 ps (right colum&d]

It should be mentioned that in the origirthkeory developedy Hardy, conservation
equations are obeyed without ensemble averaging, whashalso been demonstrated here
through numerical calculation. As shown @hapter3, expected values of thermomechanical
guantities often cannot be reached fmm-equilibrium systems without ensemble averaging.
Therefore, conservation equations are obeybdnamhe thermomechanical quantities are away
from their expected values in those cases. Hardy did not mention, howdngherthe time
averaging or ensemble averagimged which is necessarip achieve thexpectation values of
the thermomdranical quantities would affect the validity ofthe computed quantities
Apparently, the validity okensemble averaged quantitieannot be justified by the resdibm
individual realization because of the nonlinearity of the conservation equationsribalrests
shown in Fig. 4.7(b) demonstratee ensemble averaged thermomechanical quantities do obey

conservation equations. Similar analysis has Ipsgformedon the Gaussian pulspropagation
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in the Morse chain @ and 300 K (Figs. 4.8 and 4.9) anetshockvavepropagation in the 1D
Morse chain a0 and 300 K (Figs. 4.9 and 4.1@ur resultsalsoshow that the balance laws are
obeyed in all these casas well. The slight discrepanay the balance of energy after ensemble

averaging shown in Fig4.7(b), 4.9(b) and 4.11(b) ssill not clearly known.
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Figure 4.9 Comparison between two sides of the continuum governing equations before (left column) and after
(right column) ensemble averagingthe Gaussian pulse propagatn the Morse chain at is ataround300 K[98]
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During the process of testing the validi
of the conservation equations, it is discovetet thelocalization function should be normalized
depending on the spatial volunjé) and number of atom@) contained in thecharacteristic

volume The new normalization criterion is as follows:

o6 oYo p (4.8)

whereYo N/V, even thougthin theorythe normalization criteoin for the localization function

given by HardyisT 6 0 Ad p8The originalnormalization critedn (see Ch. 2.4 set to
consere the property for the entire system and the integration is over the entire system.
However, to conserve local propertiegn the atomistieto-continuum link in numerical
calculaton, B[ & 0Y® p needs to be satisfiedhstead Otherwise, significant
discrepancies between the two sides of the balance laws can appear for both 1D and 3D
problems Figure4.12 shovs the comparison betwedwo sides ofbalance of momentum and
energy by applying different normalization criteria for the Gaussian pulse prapagatine

Morse chain at 0 KThe left column ofFig. 4.12 shows the balance laws of momentum and
energy by usingl 6 6 Ad p. Clear discrepancy between th&lS and RHS of the
balance law of energy can be observEuge right column ofFig. 4.12 shows the corresponding
results by applyind I 6 6 Yo p, where the discrepancy in the balance law of energy
has been eliminated. It is still not clear why the balance of momentum is not affected by the
normalization rules adalance of energy. Though rigorodgrivation for the normalization
criteria camot be given heregne can view this normalization criteri as the discrete version of

the original normalization criterion [ & & Ad p. This newnormalization critedn has

been employeth all the validation tests.
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Figure 4.12 Demonstration of the different normalization rules on the conservation of momentum andastieegy
Gaussiarwave propagatsin the Morsechain at 1 ps ahitially 0 K. Left column is to use the original
normalization rule and right column is to use the new normalizatiorj98je

Finally, validty of Ha r d y 6 s as$the Gaunssiarapsilspropagatesn the 3D Au and
Ni crystak as well as shock impacesponséan the 3D Ni are demonstrated in Figs. 4-436.
The 3D tests are conducted for systems initiall) & as well as 300 K. Figures13 and4.14
show Gaussian pulses propagatiotha 3D Au and Ni crysta at an initial 0 K. Figure4.15
and 4.16 shows shock wave propagationtlive Ni crystal at an initial 0 K and 300 K. Good
agreement between the two siddéshe balance laws can be observed in all cases though they do
not fit aswell as thelD examples. This can be ascribed to the more complex calculations and
multiple terms involved in computing the differentiebnservationequations. It is worth
mentianing thatthere ardargediscrepancies between the two sides of balance of erfettyy

thermomechanical quantitigsave not beemot computedbased onthe new normalization

criterion
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4.4  CONCLUSIONS

In this Chapter Har dyds ther momechanical guantities a
continuum governing equations including balance laws of mass, momestdnenergy for a

series of norequilibrium processesThesenon-equilibrium processes involvé&aussian pulse

and shockvavepropagating in 1D chains and 3D crystals, for which the atomic interaetien

described by harmonic, Morse and EAM potential in different situations. The following

conclusions can be drawn:

1. The validity onsforRoaeqdilprasprocesges hasbean demonstrated
by the good agreement between two sides of the balance laws, regardressiné of
thecharacteristic volumehe interatomic potential and crystal structure

2. At afinite temperaturetheenseml@ aver aged Hardyoés ther momec
obey conservation equations, although slight discrepancibge balance of energy have
been observed.

3. A modification to the localization function normalization criterion has lpeposed and
discussed in order tbetterconserve mass, momentum and energy, which is especially

important for the validity of the balance law of energy.
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5.0 APPLICATION OF HARDYO®06 S F ORMNALWE CRACK

PROPAGATION IN AN IRON CRYSTAL

In Chapter4, a few highlynon-equilibrium processes have been simulated Bn@ir dy 6 s t heo
has been verified for such process#sough the conservation equatiortsowever, it is still
uncertain if Har dyos t h ebrealo doerovhem rmore @dmpleg uant i
deformation mehanisns existsuch as dislocatioglide, slip band,andtwinning. As such MD

simulation is conducted to investigate crack propagation in bcc iron (Fe) enyd&tensile and

shearing loading anstresdields are constructed around the defective crack tip region using the
manyr eal i zati on approach. To justi f ygompahsen appl i
between two side®f continuum conservation equationsingHar dy 6 s t her momec

guantitesareconductedaround the crack tipegionwhere slip bands and other defects exist.

5.1 SIMULATION S

An iron crystal with dimensiond, =40p p 1L,=40 1t T pandL,=6 ppm in thex, y, andz
directions is created, containing a center crack of five unit cells wide in the center (Fig. 5.1). The

crack is created by excluding interactions between atoms above theplanteof the Fe crystal

69



and atoms below the center plane. The crack plangéiesdlel to the (001plane(normal toy-
axis) and the crack propagation direction coingisdth the x-axis. Therefore, the crack
propagation system istt 1t pp p Tt Periodic boundary conditions are used in thend z
directions whilea free boundary conddn is used in they direction. Due to the periodic

boundary conditions ithe z direction, this corresponds to a quaso-dimensional prerack.

Figure 5.1 Configuration of the Fe crystal with poeeated center crack submittedeithertensileor shearing
straining

The iron crystal under tensile and shear loadéngt udi ed wusi nghnthtar dyods
tensile case,he atomswi t hi n two unit cells of the systeil
displaedto the positive and negative directions, respectivelyp creae a constant strain rate of
5E-3 ps’. Tensile stretching is applied toe system after energy minimizatiolm the case o&
finite temperature, 500 realizations are conducted by assigning different velocitiesatoms
and then the realizations are left to equilibrate at around 300 K before the tensile strain is

applied. Similarly,in the shearing case,shea strain rate of 58 ps’is created by displacing
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identicalgroups of atoms at the boundaries to positiverseghtivex directions. The interaction

amongFeatoms are described by embed@om method (EAM) potentials.

5.2 STRESSANALYSISUSINGHARDY 6 S EXPRESSI ONS

Hardyos stress expression has been utilized t
edge dislocation in an elastic medium simulated by an EAM mgt8! In that study, the
stressesrecomputed after conjugate gradient energy minimizafldre characteristic volunis

chosen tobe acylindrical analysis volume element and stress fields computed with various
cylinder radius were compared. Peculiar oscillatiapgearin the computed stress fields when

the radiuss chosen to be smaller or comparable to the lattice constant and the sldssegdiig

smoothly andare consistent with what is expected from the local elasticity theory when the
radius is around 1.7 times the ie¢t constant. Even thoughlarger volume element tends to

yield better convergence, the spatial volume radius is often chosen to be comparable to the cut
of f distance of the potential for the sake of
been employed to construct the stress fields of a cerdeked body after conjugate gradient
minimization. The spatial characteristic volumes consisting of rectangular parallelepipeds and
the localization functions are multiples of three linear shapetifons, one for each orthogonal
direction as in the finite element method. The constructed fields are consistent with expectations
from fracture mechanics: concentrations of tensile stress near the crack tips and zero stress in the
crack opening regiont Is notedthat these simulations are all conducted at temperatures close to

0 K.
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At finite temperatur e, Har dydos expression:
temperature, and velocity from the resuits MD simulations of shock waves in a two
dimensional model systef@7]. The width of the localization function is varied to optimize the
resoluton of the turbulence behirttde shock front. When choosing a value for the widthyas
found thata balance must benade between masking interesting phenomena by excessive

fluctuations with small width and ovwesmoothing the fields with large width.

In our study,stress is computed at the nodes of a 25x15x1 grid bound by the white
rectangle shown in Fig. 5.1 and the grid is used to construct the contour plot. The characteristic
volume is chosen to be a sphere centered at the spatial point of interest having di&ntiebes
thelattice constant athe Fe crystal. The localization function employed is the same as that used
for 3D problem in Chapter 4 (Eq. 4.7b). The new normalization Bil¢ ¢ o6 Yo p,is
applied in this Chapter as well (is the total numér of atoms withirthe characteristic volume
o, andYw is the volume per atomThe width of the localization function is chosen as 1.5 times
thelattice constant. Instead of removing ndiseenlarging wndow size in spatial averaginte
ensemble avage used here can preserve the spatial resolution as well as achieve satisfactory

accuracy.

5.3 VALIDATION PROCEDURE

Along the horizontal and diagonal lines drawn in Fig.(8dlored in red)the validityofHar dy 6 s
theory is tested by comparing two sides ofthe conservation equationausing the
ther momechani cal guantities computed wi t h H

comparisons between two sides of the balance lawsoaductedising thequantitiescomputed
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from a randomly chosen realization anftea ensemble averaging over 500 realizations. In
Chapterd, thediscrete version of the balance lafks). 4.2)is given but balance of momentum is
only given in they direction along which the Gasianwaveand shock wave propagaded the
thermomechanical quantities vary most drastically. In @rhaptey balance of momentum is not
only tested inthe y direction but alsan the x direction. The balance of momentum the x

direction(Eq. 5.1)is only slightly different from that ithey direction(seeEq. 4.2b)

L0 V]
10
.0 o . U o . U o -
,chu ’|o’oU T & V] (5.1)
A A A A A A
T ® T ® 1 d

Along the horizontal line, only balance of momentunthiex direction is tested. Central
finite difference is used fothe spatial derivative in this direction anthe forward finite
difference is used fothe spatial derivative inthe other directions asvell as forthe time
derivative. Along the diagonal linghe balance of momentum in bothe x andy directions are
tested but only that fahe x direction is demonstrate&orward finite difference is used ftie
spatial derivative in all directienand time derivative] as chosen to be the simulatidime
stepsize 1fs;] @0 . 3 @&0,. 3 7j a @A The spatial discretization is also chosen by
reducing it until there is no obvious change in the two sides of the balanceNmiesthat the
origin of the cordinate system is locatedthe center of the prereated crack. The conservation
equations along the horizontal direction are plotted against to®rdinates of spatial points,

and those along the diagonal direction are pdogigainst thg coordinates of spatial points.
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5.4 RESULTS AND DISCUSSIONS

Several snapshotturing the crack initiation and propagation under tensile straining at 0 K are
shown Fig. 5.2. Straining below a threshold strain value does not result in anfjcang
structural modifications or crack propagation at thequeek tips (Fig. 5.2a and 5.2b). Fbe

crack system 1t 1T pop p Twhich is employed in our investigation, the emission of slip bands
from the precrack tips can only be observed when strain is above a critical value, and its range is
reported to be usually around 6%bo [35] but this dependsn the precrack size, orientation,
simulation cell size andhape In aur investigation, the slip bandmission can be clearly
observed at a strain of 6% (Fig. 5.2d) though atomic reconfiguration around the crack tip can
already be seen at a strain of 4.5% (Fig. 5.2c). These slip bamitiagfrom the moving crack

tip progressively shift together with the tip without sfgrant change of the slip bartdickness.

Slip bandemission from either atomistically sharp or slightly blunt-grack tip has been
observed fora crack front oriented alonthe éo pGiirection fa an Fe crystal modeled with
different EAM potential§40, 99-103. In spite of the continuous slip band sliding together with
the crack tip during the crack propagation, the crack faces remain flat and quite smooth, so that
the appearance of the fracture surface resembles that expected idealbrittle cleavage,
exceptfor obvious blunt crack tips atlater stage of the cracking. The cracks should be able to
propagate from either (or both) end of the centralgpaek. The slip band behavior at opposite
crack tips is completely uncorrelated. At each crack tip twovetgnt slip systems are available

for the crack front orientation and hence either one or two slip bands per tip can form. The slip
band emission in singleand or forkshape geometry is partially determined by thequeek tip

shape ands partially amatter of chance. In our simulation setup, slip bands are prone to form in
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the upper half of the Fe crystal because of the slight asymmetry of the atomic configuration at

the two surfaces of the crack tip (Fig. 5.2d).

Figure 5.2 Snapshots of Fe crystal with a center criatisilestrained to (a) 1.5% (b) 3% (c) 4.5% and (d) 6% at
initially 0 K
Stress contour pl ot s ¢ on satdifferenttimeinstanssiasng Har
the crack propagatamder tensile loading at O K are shown in Figs. 5.3 and,5.4and,
presented here have been compared thighinear elastic solution of an infinite plate having a
center crack and applied wiflar field tensile stressThe stress fields in Figs. 5.3b and 5.4b
around the crack tips resemble the linear elastic solytipraditatively. To better understand the
mechanical response of the Fe crystal to tensile loading, maximum principabstiesgaximum
shear stress are plotted in Figs. 5.5 and 5.6. The material experiences different stages of
deformationunder tensile straining:
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Stage 1At the strain levebf 1.5% no crack opening can be observed #mal surface stress at

the two surfacesf the crack is still high (Figs. 5.5a and 5.6a). Tensile stress around the crack
tips starts to increasand extend towards théiagonal directions in front of crack tipn
between the high tensile stress regions, the amess/ fromthe crack surfacesre under

compression.

Stage II: As the strain level increases to 3the crack starts to opefhe surface tensile stress
on the crack surfaces has decreased due to crack openindenkile stress concentrationthe
crack tips becomes obvioushe high tensile stress regiohave extencd out furtherin the
diagonal directions ahead of the crack tifisear stress caentration cannot be observed at the
crack tips butan be seem front of tipsata certain angle from the crack surfadesfact, the
highest shear stress region seems to overlap with a part of the highest tensile streéSigegion
5.5b and 5.6b)Although $ip bandshave notemitted at this strain levethe higtestshear stress

regionmay prepardor the initiation of slp bands.

Stage llI: Slip bands start to emit from the crack tips as strain level increases to 4.5% and
crack opening can be more clearly seen. The tensile stress concentration at ihenoyws
releasedby the slip band emissiowhile both tensile and sheastresges have shifted and
concentraté at where the slip bands terminate. The stresssfiletomeobviously asymmetric
from this strain level as slip bands only emit in the upper half oFéheystal (Figs. 5.5¢ and

5.6¢)

Stage IV: Ata strain level of 6%, slip bands can be clearly observed, wiaste evolved and
now terminate out of the range of the contour plot. Tensile and shear stoes®mes
concentratedagain at the propagating crack tigdigh tensile and shear stress aésderds

towards the slip band directions. As mentioned above, the crack propagation is accompanied by
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the shiftedslip bands at the crack tips. The high tensile and stress probably is the driving force

for the movement of slips bands and crack tipgs. 5.5dand 5.6d)

o = N W »h O O

Figure 5.3 0y, of the centerccracked Fe crystaénsileshearstrained to (a) 1.5% (b) 3% (c) 4.5% and (d) 6% at
initially O K (stress has the unit of GPa)
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Figure 5.4 flyy of the centecracked Fe crystaénsilestrained to (a) 1.5% (b) 3% (c) 4.5% and (d) 6% iaglly O
K (stress has the unit of GPa)
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Figure 5.5 Maximum princifl stress of the cent@racked Fe crystal tensile strained to (a) 1.5% (b) 3%.5¢b4
and (d) 6%at initially O K (stress has the unit of GPa)
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Figure5.6 Maximum shear stress of the centeacked Fe crystal tensile strained to (a)
1.5% (b) 3% (c) % and (d) 6% at initially O Kstress has the unit of GPa)
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Figure 5.7 Snapshots of Fe crystal with a center crsio&arstrained to (a) 1.5% (b) 3% (c) 4.5% and (d) 6% at
initially 0 K
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Snapshotsf the Fe crystal undeshear straining are shown Fig75No crackopening or
propagation can be clearly observaader shear loadindJp to the strain level 0f4.5%, no
dislocation emission from the crack digan be observed and the crystal is in the elastic
deformation egime. The atoms move collectively to adjust to the applied shear Sthaan.
upper and lower half of the crystal shift towards opposite directiormidhr emission of
dislocations from the prerack tips ata later stage, which can be seenFig. 5.7d. Stress
contour plots for, and, are given in Figs. 5.8 and 5.9, and have been compared with linear
elastic solution of an infinite plate hang a center crack and applied with far field shear stress.
Around the crack tips, good qualitativegreement can be found between our results and the
predictions from linear elastic solutions. Maximum principal stress and shear stress of the center
crackedFe crystal under shear loadiage plotted in Figs. 5.10 and 5.11. Maximum principal
stress contour plots generally resemble the contour plpt ofFig. 5.8) and maximum shear
stress contour plot resembles the contour plgt of(Fig. 5.9), irdicating that the other stress
components are quite low. Combining the atomistic snapshots and maximum principal as well as
shear stress, the mechanical response of the Fe crystal under shear loading can be better

analyzed:

Stage |: Up to the strain levef 4.5%, the Fe crystal is still in the elastic deformation regime.
Atoms are moving collectively without obvious shift of two surfaces of the crHwok.crack
surface stress is obvious at the strain of 1a&6% islargely reduced aa strain of 3%. Stresat
the crack tips then starto increase until the strain reache8%. Areasabove and belowhe
crack surfaces have lower stress valhesithoseahead of the crack tips (Figs. 5.1®and Figs.

5.11ac).
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Stage IlI: Dislocations start to emit from the crack tipa strain level of 6% and the two crack
surfaces are shifted against each othedislocation glideThe dress concentratioat the crack

tipsis released and moves to areas where dislocadremscated (Figs. 5.10d and 5.11d)

Stage lll: At a later stage with large strain lev@tomistic snapshots and contour plots are not
shown here)part of the crystal surrounding the crack region has been observed to rotate through

dislocation glide fronthe crack tips. Stacking faults and slip bands also form in other places of

the crystal.
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Figure 5.8 Uy of the centercracked Fe crystahearstrained to (a) 1.5% (b) 3% (c) 4.5% and (d) 6% at initially O
K (stress has the unit of GPa)
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(c)

Figure 5.9 (, of the centercracked Fe crystahearstrained to (a) 1.5% (b) 3% (c) 4.5% and (d) 6% at initially 0 K
(stress has the unit of GPa)

Figure 5.10 Maximum principal stress of treentercracked Fe crystal shear strained to (a) 1.5% (b) 3%%éb 4
and (d) 6% at initially O Kstress has the unit of GPa)
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Figure 5.11 Maximum sheastress of the cent@racked Fe crystal shear strained to (a) 1.5% (b) 3%%&p 4nd
(d) 6% at initially O K(stress has the unit of GPa)

The centercrackedreplate under tensile and shear loading has also been simulated using
the XFEM (extendedfinite element methdd[104, 105, which allows for simulating arbitrary
crack growth without remeshin@o enable the comparison between the MD and Finite Element
Analysis (FEA) results, the moded set to beproportional to the atomistic model simulated
using MD, andconsist ofplane strain elements with free boundary conditionshéxtandy
directions. Displacement control is applied to the upper and lower boundaries of the crystal in the
y direction. Sincestatic analysis procedure igsedin the XFEM, two kinds of displacement
boundary controls arapplied to enable the strain levels of 3% and 6%, respectively. Isotropic

condition is used and the results would only be compared with the MD result qualitatively.
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Figure 5.12 Stress distribution of the centeracked Feplateunder tensile loadingimulated in FEA(a) G at the
strain 36 (b) 0y, at the strain 3%c) Cy at the strain 6%nd (d)d,, at the strair6% (stress has the unit of GPa)

The materials properties suchdo ungés modul us, Poisonbs r a
been obtained from MD simulations of Babar under tensile loading with its crystal orientation

the same as the cenmacked Fe crystal. Its dimensions has been setlaslOp p Tt

L,=50 it 1t p and L,=10 pprt under uniaxial tensile loading in the direction, and ad

=50p p tLy=10m 1t p and L,=10 pprt under uniaxial tensile loading in the direction,
respectively. The pressure of the whole simulation bdejd atzero in the transverslirections

and increased in the tensile loading direcBorthat a tensile loading is applied and riegerial

is gradually stretcheddnaver aged Youngo6s ismobthindd theouglo linearl 85 G
fitting of the true stresk true strain curves from the tensile loading in the two directions, and the

Poi sonds ratio is O0.3365. Maxi mum principle
estimated to béhe averaged maximurstress obtained from the uniaxial tensile loading in the

two directions.
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Figure 5.13 Stress distribution of the centeracked Fe plate under shear loading simulated in FEA;(a} the
strain 3% (b), at the strain 3% (dj at the strain 6% and (di, at the strain 6% (stress has the unit of GPa)

The stress distributiaTor the iron plate under tensile and shear loading th#strain
levels of 3% and 6% modeledre shown in Figs5.12 and5.13 A comparison between the
simulation results from MD and FELcomparing5.3hd with 5.12a,c; 5.4b,d with 5.12b,d;
5.8b,d with 5.13a,c; 5.9b,d with 5.13bghows that the stress distribution generally resembles
each other qudhtively, especially at the strain level of 3%he stress values are also within the
similar rangs. At the strain level of 6% at which plastic deformation occurs, FEA is unable to
simulate the dislocation emission at the crack tips. Therefore, unék®lihresults, the stress
fields from FEA still demonstrate perfect symmetrical features though the crack has started
propagating in the case of tensile loading. This can be seen from the shift of stress concentration

at the crack tips. No crack propagatman be observed for the shear loading case.

The comparison between two sides of the conservation equations along the horizontal and
diagonal directions for the Fe crystal under tensile loading at a strain of 3% and 6% is shown in

Figs. 5.8 and 515, and that under shearing loading at a strain of 3% and 6% are shown in Figs.
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5.16 and 5.7. The blue curves are computed from the LHS of the equations while the green
curves are from the RHS. Note that the origin of the coordinate syst@cideswith the center
of the precrack. The conservation equations along the horizontal direction are plotted against the

x coordinates of spatial points, and those along the diagonal direction are plotted against the

coordinates of spatial points.
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Figure 5.14 Comparison between two sides of ttmservation equations in the horizortaft column)and
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Figure 5.15 Comparison between two sides of tenservation equations in the horizor{teft column) and
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From the observation of thatomistic simulations in Fgy 5.2 and 5.7 no plastic
deformation occurs at a strain level of 3% while slip basrddislocations emiat the crack tip
at a strain level of 6%. In both cases, mass and momexigconserved as observed frire
good agreement between the two sidethefequatons, though there are some irregular bumps
from theRHS of balance of momentum. However, significant discrepancies appear for balance
of energy at the crack regidm coordinate ranges froml0.09 A to 10.09 A)which can be
observed from the balanoé energyalong both the horizontal and diagonal directions though the
discrepancy is more obvious in the diagonal direction. Sincienib&anceof energy around the
crack region occurfor Fe crystal under tensile loading when there is obvious cleavage and
undershear loading when crack opening cannot bebservedthe discrepancies between two
sides of the balance of energy should not be caused by the atomic configuration at the crack
opening.lt can also be observed that the balance of mass and momisrdtiinvalid while the
balance of energy fails at this region. The reason for this phenomenon is not totally clear at the

present stage and requires more detailed studies.

88



Balance of Mass Balance of Mass

e
w
(=9
“e D\/-\/\/\—/
2,
"&_5 . ; -3 - . v v
0 10 20 30 0 5 10 15 20
" 10—5 Balance of Momentum i 10-3 Balance of Momentum
0, 1
o
NE 0 0
<
51 A . . :
0 10 20 30 0 5 10 15 20
o 10" Balance of Energy « 107 Balance of Energy
m';‘ 2
o
E n-—/-\—’\\/\/\ 0
2
= -2
o 10 20 30 0 5 10 15 20
Position (A) Pasition (A)

Figure 5.17 Comparison between two sides of tteservation equations in the horizortaft column)and
diagonal(right column)directions forthe Fe crystakhearstrained to 6% dhitially 0 K

Figure 5.18 0y, for the centeccracked Fe crystaénsilestrained to 3% (a) before and (b) after ensemble averaging,
and to 6% (c) before and (d) after ensemble averaging at around (30@$§ has the unit of GPa)
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Figure 5.19 ﬁyyfor the centecracked Fe crystaénsilestrained to 3% (a) before and (b) after ensemble averaging,
and to 6% (c) before and (d) after ensemble averaging at around (30@$s has the unit of GPa)

Similar simulations and analysis are also conducted for the crack systems at 300 K.
Contour plots for the crystal under tensile loading before and after ensemble averaging are
shown in Figs. 88 and 5.8, and those under shear loading before and afteemble averaging
are shown in Figs. 80 and 521. Comparison between the contour plots before and after
ensemble averaging clearly demonstrates the effectiveness of ensemble avaragingving
thermal fluctuations caused g finite temperature Before ensemble averaging, the stress
gradients are totally covered by noisev en wi th some spati al aver a
expressionThis noiseis mostly removed after averagings shownin the clear contour plots
(Figs. 5.B-5.21), The averaged stress fields at 300 K resemble those &ait@hk same strain
level (Figs. 5.3, 5.4, B.and 59). It is noticeable that at the shear strain level of 6%, the crystal at
an initial 300 K doesiot generate dislocatis at the crack tips as it does at 0 K, which can also
be observed from the atomistic simulation snapshots. This might be caused by the higher

mobility of atoms at elevated temperature so the material can deform in the elastic regime under
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higher strainével. It is necessary to take special care if th@nyrealizatiors correspond to the

same macroscopic ensemble so that the basic assumption of ensemble averaging is not violated.
As mentioned before, the crack is able to propagate from either end eintin@l precrack.The

slip band behavior at opposite crack tips is completely uncorrelated. With two available
equivalent slip systems at each crack tip for the crack front orientation, either one or two slip
bands per tip can form. Whether the slgnt emission in singlband or forkshape geometry is

partially determined by the p@ack tip shape and partially a matter of chance.

(8]

o

I
)]

(6]

Figure 5.20 U, for the centercracked Fe crystahearstrained to 3% (a) before and (b) after ensemble averaging,
and to 6% (c) before and (d) after ensemble averaging at around (30@$§ has the unit of GPa)
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Figure 5.21 ﬁxy for the centecracked Fe crystalhearstrained to 3% (a) before and (b) after ensemble averaging,
and to 6% (c) before and (d) after ensemble averaging at around (38@$§ has the unit of GPa)

Figure 5.22 Comparison between two sides of tenservation equations befdfeft column)and afterright
column)ensemble averaging in the diagonal directiongteire crystatensilestrained to 6% airound300 K
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In our simulation setup andoundaryconditions, it is apparerthat the precrack tip
shape tersito generate single slipband at both crack tips asen from the contour plot after
ensemble averagin¢Fig. 5.2) For other simulation setups, ensemble averaging cannot be
guaranteed to be a proper approach to remove noise. For exaompbrealizations may have
fork-shape geometry atsingle cack tip somehavefork-shape geometrgt both crack tips, and
somehaveasingleband at both crack tips. Similar scenarios can happen to dislocation emission
or twin formation at crack tips, which ultimately affect the crack propagation process. In these
situations, ensemble averagimgay lead to erroneous ressilas those reaations do not
correspond to the same macroscopic ensemble. Fomprieesse that are dominated by
deterministicboundary conditiors rather than randonthermal fluctuationfactors, ensemble
averaging should be a good optisachasrapid tensile and shear loading e centeicracked

bodyin our studies
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Figure 5.23 Comparison between two sides of tanservation equations befdteft column)and after(right
column)ensemble averaging in the diagonal directiongHeie crystakhearstrained to 6% airound300 K
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Validation ofHar dy6s t heory at finite tetmepveratur e

sides ofconservation equationssing thermomechanical quantities computed feomandomly
chosen realization and ensemble averaged quantitigsres5.22 and 523 demonstratehie
conservation equatiorier the Fe crystat a strain b6% under tensile and shdaading. At this

strain level, slip bands and dislocations already generate around the crack tip region. For
individual realizatios, thefit between two sides of the laace laws is still pretty good, espt

for the balance of energy around the crack as in the 0 K case. Ensemble averaged quantities obey
well the balance ofhe mass equation. But tHeHS of balance of momentum has many bumps,
which showthat ensemble avaeged quantities are nas good as for individual realization. This

may be caused by numerical error since averaged quantities are a magnitudetisamdhese

before ensemble averaging. The less significant errors for individual realization may become
magnified after averaging, which cause the -spothness of th&®HS of the balance of
momentum.A balance of energy still shows more discrepancy betwkenwo sides of the

equation around the crack region, for bttteindividual realization and ensemble averaged case.

5.5 CONCLUSIONS

In this Chapter validity of Ha r d y 0 sis tastedefar crgicéd solids under tensile and shear
loading at an initial 0 K ath 300 K.The ensemble averaging approach is used to construct the

stress fields at 300 K to remove thermal noise. The following conclusions can be drawn:

1. Stress contour plotsonstructed around therack under tensile and shear loading at
around 0 K demastratethat stressinitially concentrags at the crack tips. The original
high stress level at the tips can be relieved through slip band and dislocation emission,
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accompanied by the shift of the stress concentration areas to where slip bands and
dislocatons locate.

Validity of the conservation equationss i ng Har d gah €e egtabbsied atthe e s
cracktip where slip bands and other defects exist, but discrepancy between two sides of
the balance of energy can be observed at the ceg@n Thereasonis not clear at the
present stage

Ensemble averaging can effectively remove the thermal fluctuation and obtain stress
fields with high spatial resolution. And the ensemble averaged quantities can still
generally obeythe conservation equations. Wéiensemble averaging is a good option

for deterministic processes at finite temperature, care needs to be taken when

probabilistic processes are investigated.
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6.0 CONCLUSIONS

The main objective of this dissertation iskioild a high fidelity atomisticto-continuum link for

highly non-equilibrium processesthat is to accurately computeontinuum thermomechanical

guantities such as stress, heat flux and temperature from atomic velocities, positions and forces.
To achieve this o0bj ecidalitheery haH@endrigodossly tested rbyno me ¢
numerical means and modifications have been proposed to improve the fidelity of theltheory.
Chapter 3, ensemble averagiagd time averaging have beeonmparedfor computing the
thermomechanical fields based ¢har dyds theory in terms of ac
efficiency. For this purpose, MD simulations have been performéctimetalsunder thermal

equilibrium andnon-equilibrium, where the latter was induced bsteck impacto the solid In
Chapter4the validity of Har-dgulibsumitprbcesseas,ywithfandrwithout g h | y
ensemble averaging, has been tested by comparing two sides of the conservation equations based
on the computed thermomechanical quantities. For this purywase, propag&bnsin fcc metals

at zero and finite temperaturdmve beensimulated A modification to the normalization
criterion of the localization function has b
theory.In Chapter5t he v al i di ty owith aHdwithbyt énsembleoavemagihgahss,

also been t&ed for an iron crystal with an embeddadck at zero and finite temperatsirén

addition, the constructed stress fields have bmmmoborated qualitatively with the expected
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mechanical response due the different observed deformation mechanisms. The main

contributions of these research works are summarized next.

6.1 MAIN CONTRIBUTIONS

Themaincontributions of this dissertation include the following:

u Comparison between convergence of ensemble averagmiy conventional time
averaging on a Ni crystal at equilibrium has shown tina¢ averaging requires selection
of a time interval larger than the critical time interval to obtain convergender
equilibrium conditionswhere the critical time interaan be estimated using the elastic
properties of the material. The reason for this is because of the significant correlations
among the computed thermomechanical quantities at different time instants employed in
computing their time average. On the othend, the computed thermomechanical
guantities from different realizations in ensemble averaging are statistically independent,
and thus convergence is always guaranteed. The computed stress, heat flux, and
temperature show noticeable difference in rtheonvergence behavior while their
confidence intervals increase with temperature.

a Contrary to equilibrium settings, time averaging is not equivalent to ensemble averaging
in the case of shock wave propagation. Time averaging was shown to have poor
performance in computing various thermomechanical fields by either oversmoothing the
fields or failing to remove noises.

u Thermomechanical fields constructed for a shock impact and crack propagation problem

by ensemble averaging has shows superior performancen high accuracy and
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resolution for highly nonrequilibrium processes, which is ucldevable through
conventional time averaging approach. To implement ensemble averaging, it iS necessary
to have all the realizations correspond to the same macroscopic process.

Har dyos t her mo raearpatad frona the atpmistio quantitiese been

shown to obey continuuroonservation equationthrougha series ofnonequilibrium
simulatiors including Gaussian pulse and shock impact propagation in 1D Au chains, 3D
Au and 3D Ni crystals. The validity dhese quantitiebave beenestablished¢hrough

these examples regardless of characteristic vokingeatomic potential form and crystal
structure

The normalization rule fothe localization function has beenodifiedto makeHar dy 6 s
guantities obey balanckws, and for the balance of energyn particular This new
normalization rule can be viewed as the discrete version of the original normalization rule
given by Hardy and has been used throughout our calculations.

At finite temperature, conservation equati@ms obeyed byH a r dtlyedm®mechanical
guantities even when thegeviate from the expectation values without ensemble
averaging. Ensemble averaged quantities can also conserve mass, momentum and energy
well.

In crack propagation systems, where slip bands and other permarhemhat®n is
involved, Har dy6s f or mul aalanc of emexgybut siilboenservenass

and momentumThe reason is not clear at the present stage.
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6.2 FUTURE WORK

6.2.1 Establishtheoretical explanationfor the new normalization rule

In Chapter4, a newnormalization ruleB [ 6 6 OFworB [ 6 o0Yw p, (Nis

the number of atoms within the characteristic volumés the characteristic volum&a is the
volume per atom in the characteristic volyme proposed and justified through numerical
testing. This new rule can be viewed as thscrete version of theriginal normalization
criterionof [ 0 0 Ad p, which is forconservegroperties such as mass, momentum and
energyat the continuum as well as atomistic scales for the entire sy$Régorous derivations

for the new normalizatiomule will need tobe investigatedin future work. Also it has been
found thatthe new normalization ruteonly make obviousthe influence onthe energy
conservationaw but little on the momentumconservationaw. It may be possible that there
exiss some internal cancellations in the evaluation of the mass and momentum conservation
equations To answer this question, the effects of the normalization on each term in the

conservation lawwill needto be examined

6.2.2 Study the invalidity of balance of energy at the crack region

In Chapter5 , the validity of Har dy 0 s-craekxupdergensile on s
loading and shearing loading. Balance of mass and momentum has been observed to be valid but
large discrepancies between two sides of the balance of esgpggredroundthe crack region

under both tensile and shelaading conditions. Since shear loading does not lead to crack

propagation such behavior should not be ascribed to the atom configuration around the crack
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cleavagelt is also interesting that the balancemdmentum is valid while balance of energy

fails in this region, whicls worth further investigation.

6.2.3 StudyHar dyos heat flux amd temperature defini

In Chapter4, various sizeof the characteristic volume can result in significant changseat

flux profile (Fig.4.5) while the stress profile remains unchangddo Hards 6 s ex pr essi on
lead to nomero heat flux when energy is not supposed to transport in the form ofTheat.
reason shoulde ascribe to the changing material velocjtyl, computed witha different
characteristic volumewvhen a significant velocity gradient exists. Increasing characteristic
volume results in an ov@veraged material velocity at the spatial pomther thanthe true
material velocity, which should be cpuoied only from the adjacent atorn#s.similar problem

also exissf or Har dyo6s t empeeusa materiad velockip plagssassignificant
role in the computed heat flux and temperature but not in stress and eAepggsible way to
alleviate this problem is to chooaesmall characteristic volume that only contains atoms very
close to the spatial poimtf interest. But this still cannot completely correct the erroneous heat
flux and temperaturd herefore, moreesarchneeds to beonductedo tackle this issue.

Hardyodos temperature definition is given by
kinetic energy associated with atomic velocities relative to the velocity of the continuum at a
spatial point, instehof rigorously derivedike thestress and heat fluXhis definition enables us
to compute temperature at a spatial point conveniehtbwever it is doubtful that this
temperature definition is physically meaningfal highly non-equilibrium systems \were the

definition of temperature is controversifl06-120. A study of t h e Har dyods t emp
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definition will need tobe carried out by consideringxising definitions on temperature for

highly non-equilibriumsystems.

6.2.4 Developconsti tutive | aws in Hardyos framewor Kk

Hardyos stress anhhve beerdeveloped oy>defieng pont@wsim quanites
(mass, momentum and eneydyom atomc quantities though the localization functioriThe
essences to give different weigts to atoms that contribute tlve quantities computed at the
spatial pointof interest. Similarly, strain can also be defined by atomic displacement and
localization functbn. Constiutive laws that describe stressain relationshipat the atomistic
scalecan be studied through numerical simulasidrom deformationin the elastic regime to
more complex plastic deformatien differentstrain rates

A constitutive equation for heat conduction at the atomistic seailde studied provided
that the correct definition for heat flux and temperature can be established first. The Fourier law
of heat conductionwhich has been widely and successfully usedconventional problems
cannot be used to predict heat conduction in feomisticscale and ultrafast proces4a21-
125. The Cattaneo equatiofil26, 127 was proposed to extend the validity of the Fourier law
but its physical ground is still questionable. Significant endeavors have been fonussding
a nanoscale heat coundtion equation from Boltzmanrmrainsport equation (BTE[)128133.
Since the BTE is difficult to solvieoretically{134-13€], the heat conduction equation can only
be derivedhrough certain approximationi heat flux and temperature can be computed directly
from atomistic modeling of heat transport process, the existing theories in this area can be better

evaluated and new theories can possiblgdreceived
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6.25 ExtendHar dy6s t heor y-botlypaentals | ude many

At the present Iisrestrigiedto sydtamsangd@led by gaiepotenyials and EAM
potentials due to the limitations on the atomic force and potential e(e¥gyChapter 2.4)t is

not possible to compute validated thermomechariiekls with high fidelity from mambody
potentials such as Tersoff, AblersoffBrenner or Stillingeieber potentials For example, if
one wantsto model heat transport processn semiconduct® such as silicon which is
commonly described bythe Stillinger-Weber potentialand compute the heat flux and
temperaturesaccurately it is necessary to extenfiar dy 6 s to tintiugle® manypody
potentials. This topic has been pantgrtially investigatedy Y. Chen[67] but still requires

more investigations.

102



BIBLIO GRAPHY

[1] D. Frenkel, B. Smit, Understanding Molecular Simulation, in: Computational Science Series,
Academic, New York, 2001.

[2] .M. Haile, Molecular Dynamics Simulation Elementary Methods, Wiley, New York, 1992.

[3] D.C. Rapaport, The Art of Molecular Dynamics Simulation, Cambridge University Press,
London, 2004.

[4] E.B. Zaretsky, Xray diffraction evidence for the role of stacking faults in plastic deformation
of solids under shock loadin§hock Wave® (1992) 113116.

[5] J. Weertman, Plastic deformation behind strong shock waxeshanics of Material®
(1986) 1328.

[6] B.L. Holian, P.S. Lomdahl, Plasticity Induced by Shock Waves in Nonequilibrium
MolecularDynamics SimulationsScience280 (1998) 208%2088.

[7] D.L. Tonks, R.S. Hixson, J.N. Johnson, G.T. Gray, lll, Dislocaticag contribution to high
rate plastic deformation in shotkaded tantalum, in: HigRressure Science and
Technology- 1993. Joint International Association for Research and Advamteaie
High Pressure Science and Technology and American Physical Society Topical Group on
Shock Compression of Condensed Matter Conferer@®4, pp. 9971000.

[8] C. Honggiang, J.W. Kysar, Y.L. Yao, Characterization of plastiordeation induced by
microscale laser shock peeningransactions of the ASME. Journal of Applied
Mechanics71 (2004) 713723.

[9] X. Xinmei, L. Yulong, S. Tao, H. Bing, Shock Enhancement of Aluminum Foam under
Impact Loading Using FEM Simulationddvancel Materials Research60-162 (2011)
10771082.

[10] H. Hongliang, T. Sekine, T. Kobayashi, K. Kimoto, Phase transformation of germanium
nitride (Ge3N4) under shock wave compressitmyrnal of Applied Physic80 (2001)
44034406.

[11] M.R. Manaa, Sheanduced metallization of triamintrinitrobenzene crystalsipplied
Physics Letter83 (2003) 1352354,

103



[12] E. Cerreta, G.T. Gray, A.C. Lawson, T.A. Mason, C.E. Morris, The influence of oxygen
content on the to phase transformation and shock hardeningaoiuth, Journal of
Applied Physic4.00 (2006) 13530

[13] L. Jun, Z. Xianming, Z. Wenjun, L. Jiabo, J. Fugian, A shiockiced phase transformation
in a LiTaO3 crystalJournal of Applied Physick02 (2007) 083503

[14] J. Sharma, R.W. Armstng, W.L. Elban, C.S. Coffey, H.W. Sandusky, Nanofractography
of shocked RDX explosive crystals with atomic force microscojplied Physics
Letters78 (2001) 457459.

[15] A. Strachan, A.C.T. van Duin, D. Chakraborty, S. Dasgupta, W.A. Goddard, Ill, Shock
Waves in HighEnergy Materials: The Initial Chemical Events in Nitramine RDX,
Physical Review Letterd1 (2003) 098301.

[16] S.V. Zybin, P. Xu, Q. An, W.A. Goddard, ReaxFF reactive molecular dynamics: Coupling
mechanical impact to chemical initiation imeggetic materials, in: 2010 DoD High
Performance Computing Modernization Program Users Group Confef&ritaymburg,

IL, 2010, pp. 273278.

[17] A. Tokmakoff, M.D. Fayg D.D. Dlott, Chemical reaction initiation and ke&giot formation
in shocked energetic molecular materidleg Journal of Physical Chemistey (1993)
19011913.

[18] K.-i. Nomura, R.K. Kalia, A. Nakano, P. Vashishta, A.C.T. van Duin, W.A. Goddard, I,
Dynamic Transition in the Structure of an Energetic Crystal during Chemical Reactions
at Shock Front Prior to DetonatidPhysical Review Letter39 (2007) 148303.

[19] J.B. Gibson, A.N. Goland, M. Milgram, G.H. Vineyard, Dynamics of Radiation Damage,
Physical Reviewl20 (1960) 1229253.

[20] A.l. Kitaigorodskii, Molecular Crystals and Molecules, Academic Press, New York, 1973.

[21] S. Califano, V. Schettino, N. Neto, Lattice Dynamics of Molecular Crystals, Springer
Verlag, Berlin, 1981.

[22] AJ. Persin, A.l. Kitaigorodsky, The Atorf\tom Potential Method: Applications to
Organic Molecular Solids Spring&ferlag, Berlin, 1987.

[23] J. Kohler, R. Meyer, Explosives, 4th Edition ed., VCH Publishers, New York, 1993.

[24] C.S. Coffey, E.T. Toton, A microsp theory of compressive waweduced reactions in
solid explosivesThe Journal of Chemical Physi¢é (1982) 94954.

[25] S.F. Trevino, D.H. Tsai, Molecular dynamical studies of the dissociation of a diatomic

molecular crystal. Il. Equilibrium kineticdhe Journal of Chemical Physiéd (1984)
248-256.

104



[26] D.D. Dlott, M.D. Fayer, Shocked molecular solids: Vibrational up pumping, defect hot spot
formation, and the onset of chemistihe Journal of Chemical Physi8g (1990) 3798
3812.

[27] F.J. Zerill, E.T. Toton, Shocknduced molecular excitation in solid3hysical Review B9
(1984) 58915902.

[28] F.E. Walker, Physical kinetic3purnal of Applied Physic&3 (1988) 554&554.

[29] W. TarGuang, R.E. Wyatt, Semiclassical dynamics of shock waveagaiion in
molecular crystals: application to the Morse lattitmjrnal of Physics: Condensed Matter
2 (1990) 9787.

[30] R. Menikoff, Hot spot formation from shock reflectio®ock Wave21 (2011) 144148.

[31] F.P. Bowden, A.D. Yoffe, Initiation and r@wvth of Explosion in Liquids and Solids,
Cambridge University Press, Cambridge, 1952.

[32] C.M. Tarver, S.K. Chidester, A.L. Nichols, Critical Conditions for Impastd Shock
|l nduced Hot Spot sThe Jourrfaloot RhysicaEChemMistigd il908)s A ,
57945799.

[33] A. Qi, S.V. Zybin, W.A. Goddard, Ill, A. JaramiliBotero, M. Blanco, L. Shenljian,
Elucidation of the dynamics for hepot initiation at nonuniform interfaces of highly
shocked materials?hysical Review B (Condensed Matter and dfials PhysicsB4
(2011) 220101 (220105 pp.).

[34] G. Yuan, L. Cheng, T. Anh Kiet, Z. Hongtao, Molecular dynamics simulation of crack
propagation on different slip planes of BCC iron, in: 2008 International Conference on
Nanoscience and NanotechnolodyEE, Piscataway, NJ, 2008, pp. 2289.

[35] V.A. Borodin, P.V. Vladimirov, Molecular dynamics simulations of qtagitle crack
development in ironjJournal of Nuclear Materialsl5 (2011) 32€B828.

[36] G. Yuan, L. Cheng, G. Michal, T. Anh Kiet, A study of crack propagation in BCC iron by
molecular dynamics metholgey Engineering Material385-387 (2008) 453156.

[37] N. Yanagida, O. Watanabe, Molecular dynamics simulation of effects of latticgabioa
on crack propagation in alpfien when the primary slip direction is in the plane of
tensile stress,JSME International Journal, Series A (Mechanics and Material
Engineering)39 (1996) 324329.

[38] S. Nishijima, A. Nakahira, T. Okada, K. Niihafa, Namba, Molecular dynamics simulation

of crack propagation in dron at cryogenic temperatures, in: Advances in Cryogenic
Engineering. Materials Pleunum Press, New York, NY, 1997, pp5305

105



[39] A. Latapie, D. Farkas, Molecular dynamics simulatiook stressnduced phase
transformations and grain nucleation at crack tips inNkaglelling and Simulation in
Materials Science and Engineerihy (2003) 745753.

[40] H.X. Xie, C.Y. Wang, T. Yu, Molecular Dynamics Simulation of Brittle Fracture in Bcc
Iron Defect and Diffusion Forurd72 (2008) 4150.

[41] F. Cleri, S. Yip, D. Wolf, S.R. Phillpot, AtomiScale Mechanism of Cra€kip Plasticity:
Dislocation Nucleation and Cradkp Shielding, Physical Review Letter§9 (1997)
13091312.

[42] H.B. Dhia, G. Rteau, The Arlequin method as a flexible engineering design tool,
International Journal for Numerical Methods in Enginee@8d2005) 14421462.

[43] S. Prudhomme, H. Ben Dhia, P.T. Bauman, N. Elkhodja, J.T. Oden, Computational analysis
of modeling errorfor the coupling of particle and continuum models by the Arlequin
method,Computer Methods in Applied Mechanics and Engineetfifig (2008) 3399
3409.

[44] S.P. Xiao, T. Belytschko, A bridging domain method for coupling continua with molecular
dynamics,Computer Methods in Applied Mechanics and Engineedifg (2004) 1645
1669.

[45] J. Fish, W. Chen, Discrete-continuum bridging based on multigrid principl€gymputer
Methods in Applied Mechanics and Engineerir@ (2004) 1693 711.

[46] C. Farhat, I. Harari, U. Hetmaniuk, The discontinuous enrichment method for multiscale
analysis,Computer Methods in Applied Mechanics and Engineeti@g (2003) 3195
32009.

[47] S. Zhang, R. Khare, Q. Lu, T. Belytschko, A bridging domain and strampaiation
method for coupled atomisticontinuum modelling of soliddnternational Journal for
Numerical Methods in Engineeririd (2007) 913833.

[48] P.A. Guidault, T. Belytschko, On the L2 and the H1 couplings for an overlapping domain
decomposition nmbod using Lagrange multipliersnternational Journal for Numerical
Methods in Engineering0 (2007) 322350.

[49] M. Xu, T. Belytschko, Conservation properties of the bridging domain method for coupled
molecular/continuum dynamicsinternational Journalfor Numerical Methods in
Engineering/6 (2008) 27894.

[50] P.A. Guidault, T. Belytschko, Bridging domain methods for coupled atoirgstitinuum

models with L2 or H1 couplingsinternational Journal for Numerical Methods in
Engineering/7 (2009) 1566.5%2.

106



[51] D.E. Farrell, H.S. Park, W.K. Liu, Implementation aspects of the bridging scale method and
application to intersonic crack propagatiémternational Journal for Numerical Methods
in Engineering/1 (2007) 583%05.

[52] P. Aubertin, J. Réthoré, Redorst, Energy conservation of atomistic/continuum coupling,
International Journal for Numerical Methods in Engineeri@d2009) 1365.386.

[53] G.J. Wagner, W.K. Liu, Coupling of atomistic and continuum simulations using a bridging
scale decompositiodpurnal of Computational Physit80 (2003) 24274.

[54] R.J.E. Clausius, On a mechanical theorem applicable to Pleidsophical Magazind0
(1870) 122127.

[55] J.C. Maxwell, On reciprocal figures, frames and diagrams of fn@@ssactions / the Rolya
Society of EdinburgtXXVI (1870) 1-43.

[56] J.C. Maxwell, Van der Waals on the continuity of the gaseous and liquid stattese
(1874) 477480.

[57] R.W. Smith, D.J. Srolovitz, Void formation during film growth: A molecular dynamics
simulation studyJournal of Applied Physicg9 (1996) 1448 457.

[58] S.Y. Hu, Y.L. Li, K. Watanabe, Calculation of internal stresses around Cu precipitates in the
bcc Fe matrix by atomic simulatioModelling and Simulation in Materials Science and
Engineering7 (1999) 64.

[59] M.F. Horstemeyer, M.l. Baskes, Atomistic Finite Deformation Simulations: A Discussion
on Length Scale Effects in Relation to Mechanical Streskmsnal of Engineering
Materials and Technologh21 (1999) 114119.

[60] G. Marc, W.G. McMillan, The wial theorem,Advances in Chemical Physi&8 (1985)
209-361.

[61] A.K. Subramaniyan, C.T. Sun, Continuum interpretation of virial stress in molecular
simulations International Journal of Solids and Structu4852008) 43421346.

[62] J.A. Zimmerman, B. Webblll, J.J. Hoyt, R.E. Jones, P.A. Klein, D.J. Bammann,
Calculation of stress in atomistic simulatiododelling and Simulation in Materials
Science and Engineerirg@ (2004) S319.

[63] K.S. Cheung, S. Yip, Atomilevel stress in an inhomogeneous systéournal of Applied
Physics70 (1991) 568&690.

[64] D.H. Tsai, The virial theorem and stress calculation in molecular dynanfies]ournal of
Chemical Physicg0 (1979) 1378.382.

107



[65] M. Zhou, A new look at the atomic level virial stress: on contirmmtecular system
equivalence,Proceedings of the Royal Society of London. Series A: Mathematical,
Physical and Engineering Scienéés® (2003) 2342392.

[66] M. Zhou, Thermomechaniteontinuum representation of atomistic deformation at arbitrary
size scalesRroceedings of the Royal Society A: Mathematical, Physical and Engineering
Science461 (2005) 343B472.

[67] Y. Chen, Local stress and heat flux in atomistic systems involving-tioeye forces,The
Journal of Chemical Physid24 (2006) 054113

[68] A. Murdoch, A Critique of Atomistic Definitions of the Stress Tendoyrnal of Elasticity
88 (2007)113140.

[69] E.B. Webb, J.A. Zimmerman, S.C. Seel, Reconsideration of Continuum Thermomechanical
Quantities in Atomic Scale Simulatioridathematics and Mechanics of Soliti3 (2008)
221-266.

[70] M. Zhou, D.L. McDowell, Equivalent continuum for dynamigabeforming atomistic
particle systemd$hilosophical Magazine 82 (2002) 254722574.

[71] J.F. Lutsko, Stress and elastic constants in anisotropic solids: Molecular dynamics
techniquesJournal of Applied Physids4 (1988) 1152154.

[72] M. Anna, Stres calculations on the atomistic leviglpdelling and Simulation in Materials
Science and Engineerirgg(2001) 327.

[73] J. Cormier, J.M. Rickman, T.J. Delph, Stress calculation in atomistic simulations of perfect
and imperfect solidslournal of Applied Rysics89 (2001) 99104.

[74] Z.H. Sun, X.X. Wang, A.K. Soh, H.A. Wu, On stress calculations in atomistic simulations,
Modelling and Simulation in Materials Science and Engineerih(2006) 423.

[75] J.H. Irving, J.G. Kirkwood, The Statistical Mechanidaleory of Transport Processes. IV.
The Equations of HydrodynamicBhe Journal of Chemical Physit8 (1950) 817829.

[76] R.J. Hardy, Formulas for determining local properties in moleclylaamics simulations:
Shock wavesThe Journal of Chemical Physi¢§ (1982) 622628.

[77] R.J. Hardy, S. Root, D.R. Swanson, Continuum properties from molecular simulations, in:
Shock Compression of Condensed Matte2001: 12th APS Topical Conference
American Institute of Physics, Atlanta, Georgia, 2002, ppi 368.

[78] S. Root, R.J. Hardy, D.R. Swanson, Continuum predictions from molecular dynamics
simulations: Shock wave$he Journal of Chemical Physit$8 (2003) 316B165.

108



[79] E.B.W. lll, J.A. Zimmerman, S.C. Seel, Reconsideration of Continuum Thermomechanical
Quantities in Atomic Scale Simulatioridathematics and Mechanics of Soliti3 (2008)
221-266.

[80] J.A. Zimmerman, R.E. Jones, J.A. Templeton, A material frame approach for evaluating
continuum variables in atomistic simulationkyurnal of ComputationaPhysics229
(2010) 23642389.

[81] A.C. To, Y. Fu, W. Kam Liu, Denoising methods for thermomechanical decomposition for
guastequilibrium molecular dynamics simulation§omputer Methods in Applied
Mechanics and Engineerir2®0 (2011) 19794992.

[82] M.P.Allen, D.J. Tildesley, Computer Simulation of Liquids, Clarendon, Oxford, 1987.

[83] K. Binder, D.W. Heermann, Monte Carlo Simulation in Statistical Physics. An Introduction
(4th edition), Springer, 2002.

[84] M.S. Daw, M.l. Baskes, Semiempirical, QuantiMechanical Calculation of Hydrogen
Embrittlement in MetalsPhysical Review Letters0 (1983) 1285.288.

[85] M.S. Daw, M.l. Baskes, Embeddatbom method: Derivation and application to impurities,
surfaces, and other defects in metBlsysical Review B9 (1984) 6443%453.

[86] S.M. Foiles, Calculation of the surface segregation eCilialloys with the use of the
embeddeeéaitom methodPhysical Review B2 (1985) 7685693.

[87] S.M. Foiles, M.I. Baskes, M.S. Daw, Embed@gdmmethod functions for th&ec metals
Cu, Ag, Au, Ni, Pd, Pt, and their alloyBhysical Review B3 (1986) 7983 991.

[88] W.C. Swope, H.C. Andersen, P.H. Berens, K.R. Wilson, A computer simulation method for
the calculation of equilibrium constants for the formation of physicaktefs of
molecules: Application to small water clusteid)e Journal of Chemical Physid$
(1982) 637649.

[89] K. Huang, Statistical Mechanics, John Wiley & Sons, New York, 1987.

[90] F.H. Stillinger, T.A. Weber, Computer simulation of local order indemsed phases of
silicon, Physical Review B1 (1985) 5265271.

[91] Y. Fu, M. Kirca, A.C. To, On determining the thermal state of individual atoms in
molecular dynamics simulations of nonequilibrium processes in s@idsmnical Physics
Letters506 (2011) 29297.

[92] Y. Fu, A.C. To, On the evaluation of Hardy's thermomechanical quantities using ensemble
and time averagingylodelling and Simulation in Materials Science and Enginee2ihg
(2013) 055015 @ IOP Publishing. Reproduced with permissfoOP Publishing. All
rights reserved.

109



[93] M.S. Daw, S.M. Foiles, M.I. Baskes, The embeddtn method: a review of theory and
applicationsMaterials Science Repor®s(1993) 251310.

[94] L.E. Malvern, Introduction to the Mechanics of a ContinuowesiMm, PrenticéHall, Inc.,
Englewood Cliffs, New Jersey, 1969.

[95] M.E. Gurtin, An Introduction to Continuum Mechanics, Academic Press, Inc., San Diego,
California, 1981.

[96] R.C. Lincoln, K.M. Koliwad, P.B. Ghate, Morg#otential evaluation of secondnd third
order elastic constants of some cubic meftg Physical Review57 (1967) 463166.

[97] E.V. Kozlov, L.E. Popov, M.D. Starostenkov, Calculation of the morse potential for solid
gold, Soviet Physics Journab (1972) 395396.

[98] Reprinted with permission fromY. Fu, A.C. To, A modification to Hardy's
thermomechanical theory that conserves fundamental properties more acciloateis|
of Applied Physic4.13 (2013) 23350%Copyright 2013, AIP publishing LLC.

[99] A. Machova,G.J. Ackland, Dynamic overshoot in alpinan by atomistic simulations,
Modelling and Simulation in Materials Science and Enginedi(ip98) 521.

[100] J. Cerv, M. Landa, A. Machov§, Transonic twinning from the crack tip, Scripta Materialia
43 (2000) 43-428.

[101] A. Machova, G.E. Beltz, Ductilerittle behavior of (001)[110] naroracks in bcc iron,
Materials Science and Engineering387 389 (2004) 41418.

[102] Y.-F. Guo, D-L. Zhao, Atomistic simulation of structure evolution at a crack tip in bcc
iron, Materials Science and Engineering4A8 (2007) 282286.

[103] A. Spielmannova, A. Machova, P. Hora, Transonic twins in 3D bcc iron crystal,
Computational Materials Sciend8 (2010) 296302.

[104] T. Belytschko, T. Black, Elastic crack growth inife elements with minimal remeshing,
International Journal for Numerical Methods in Engineed&d1999) 601620.

[105] S. Jay, L. Jim, W. Haim, L. Phillip, B. Ted, N. Sukumar, L. Y4FEM Toolkit for
Automated Crack Onset and Growth Prediction, inth49AA/ASME/ASCE/AHS/ASC
Structures, Structural Dynamics, and Materials Conference, American Institute of
Aeronautics and Astronautics, 2008.

[106] A. Baranyai, Temperature of nonequilibrium steathte system$hysical Review 62
(2000) 5989%6997.

[107] A. Barletta, E. Zanchini, Nonequilibrium temperature and hyperbolic heat conduction,
Physical Review 57 (1998) 14228 4234.

110



[108] J. Casa¥azquez, D. Jou, Nonequilibrium temperature versus AHegallibrium
temperaturePhysical Review B9 (1994) 1@0-1048.

[109] J. Fort, D. Jou, J.E. Llebot, Temperature and measurement: comparison between two
models of nonequilibrium radiatioRhysica A269 (1999) 439154.

[110] T. Hatano, D. Jou, Measuring nonequilibrium temperature of forced oscillBtoysical
Review E67 (2003) 26121.

[111] W.G. Hoover, C.G. Hoover, Nonequilibrium temperature and thermometry in heat
conducting 4 modelfhysical Review E7 (2008) 041104.

[112] H.L. Hortensius, A. Ozturk, P. Zeng, E.F.C. Driessen, T.M. Klapwijk, Microvilagraced
nonequilibrium temperature in a suspended carbon nanofymied Physics Letters
100 (2012) 223112.

[113] D. Jou, J. Casasazquez, Carnot cycles and a pequilibrium absolute temperature,
Journal of Physics A: Mathematical and Gen&€a(1987) 531.

[114] D. Jou, J. Casasazquez, Nonequilibrium absolute temperature, thermal waves and
phonon hydrodynamic&hysica A: Statistical Mechanics and its Applicati@68 (1990)
47-58.

[115] D. Jou, C. PereGarcia, J. Casagazquez, On a neaquilibrium patition function for
heat conductionJournal of Physics A: Mathematical and Gen&ia{1984) 2799.

[116] J. Keizer, Fluctuations, stability, and generalized state functions at nonequilibrium steady
states;The Journal of Chemical Physi6S (1976) 4434444.

[117] J. Keizer, Thermodynamics at nonequilibrium steady stdtes, Journal of Chemical
Physics69 (1978) 2602620.

[118] J. Keizer, Heat, work, and the thermodynamic temperature at nonequilibrium steady states,
The Journal of Chemical Physi88 (1985) 27512771.

[119] D.P. Sheehan, J.T. Garamella, D.J. Mallin, W.F. Sheehan, Sitddynonequilibrium
temperature gradients in hydrogen -gastal systems: Challenging the second law of
thermodynamicsPhysica Scriptd 151 (2012) 014030.

[120] D. Jou, M. Criadésancho, J. Casadgzquez, Nonequilibrium temperature and fluctuation
dissipation temperature in flowing gasBsysica A358 (2005) 4%7.

[121] D.D. Joseph, L. Preziosi, Heat wav@syiews of Modern Physidl (1989) 4173.

[122] D.Y. Tzou, Macre to Microscale Heat Transfer: The Lagging Behavior, Taylor and
Francis, London, 1997.

111



[123] G. Chen, BallistiDiffusive HeatConduction EquationsPhysical Review Letter86
(2001) 22972300.

[124] G. Chen, BallistiDiffusive Equations dr Transient Heat Conduction From Nano to
MacroscalesJournal of Heat Transfd24 (2002) 32€B28.

[125] D.G. Cabhill, W.K. Ford, K.E. Goodson, G.D. Mahan, A. Majumdar, H.J. Maris, R. Merlin,
S.R. Phillpot, Nanoscale thermal transpddurnal of Applied Rysics93 (2003) 793
818.

[126] T. Bright, Z. Zhang, Common Misperceptions of the Hyperbolic Heat Equatamal of
Thermophysics and Heat Trans&3 (2009) 601607.

[127] D.D. Joseph, L. Preziosi, Addendum to the paper "Heat waves" [Rev. Mod. Ph¥4. 61
(1989)],Reviews of Modern Physi&2 (1990) 375391.

[128] G.D. Mahan, F. Claro, Nonlocal theory of thermal conductiyysical Review B38
(1988) 19631969.

[129] A.A. Joshi, A. Majumdar, Transient ballistic and diffusive phonon heat transptirinin
films, Journal of Applied Physicg4 (1993) 3139.

[130] J. Callaway, Model for Lattice Thermal Conductivity at Low TemperatuPbaysical
Review113 (1959) 1044.051.

[131] J. OrdoneMiranda, R. Yang, J.J. Alvaradsil, A constitutive equation fonanoto-
macraescale heat conduction based on the Boltzmann transport equabmal of
Applied Physicg.09 (2011) 084319.

[132] X. Mingtian, L. Xuefang, The modeling of nanoscale heat conduction by Boltzmann
transport equatiorinternational Journal dfleat and Mass Transféb (2012) 19058.910.

[133] S.V.J. Narumanchi, J.Y. Murthy, C.H. Amon, Boltzmann transport equbéised thermal
modeling approaches for hotspots in microelectromiest and Mass Transfd@ (2006)
478491.

[134] M.M. Dignam, A.A.Grinberg, Solution of the Boltzmann transport equation in an arbitrary
onedimensionalpotential profile Physical Review B0 (1994) 43451354,

[135] H.C. Law, K.C. Kao, New Approach to the Solution of the Fbependent Boltzmann
Transport EquatiorPhyscal Review Letter29 (1972) 625528.

[136] J.M. Blatt, A.H. Opie, Nonequilibrium statistical mechanics |I. The Boltzmann transport
equationJournal of Physics A: Mathematical and Gen8rél975) 142.

112



