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Model. A theoretical model was developed to quantitatively assess ion diffusion in a solid-
supported liquid membrane by cyclic voltammetry. The model is analogous to that of a thin mercury
film electrode.’? The geometry of the liquid membrane sandwiched between an aqueous solution and a

solid electrode is defined in a linear coordinate, x, vertical to the interfaces. An ion with the charge z;, i*,
is initially present only in the aqueous solution. The simple transfer of the ion is defined by
i% (agueous phase) == i* (membrane phase) 1)

The current based on this ion transfer, i, was numerically calculated by solving the diffusion problem
and normalized against the peak current on the forward scan, i,. The simulated peak current agrees with
the value expected for the reversible voltammogram based on semi-infinite linear diffusion as given by’

i = 0.4463[5—;) 24D co\v )

where F is Faraday’s constant, A is the interfacial area, Dy, and ¢ are the diffusion coefficient and
concentration of the ion in the bulk aqueous phase, respectively, and v is the potential sweep rate. The

normalized current, i/ip,, Was plotted with respect to |zi|A¢ , Where A¢ is the overpotential at the liquid
membrane/sample solution interface defined as

Ap=AN,p-AL¢ ©)

where AT ¢ is the Galvani potential difference between the membrane and aqueous phases, and AT ¢’ is

the formal ion-transfer potential at the membrane/water interface.
Diffusion Problem. A diffusion problem was defined as follows. The diffusion of an analyte ion
in the aqueous phase is expressed as

oc,(xt) | d%,(xt)
N

where cw(x,t) is the local concentration of the transferring ion in the aqueous phase. The diffusion of
the ion in the membrane phase is expressed as

acma(tx,t) _ Dm{ﬁzf;n((zx’t)} (-1 <x <0) ®)

where ¢, (x,t) is the local concentration of the ion in the membrane phase.
The boundary condition at the membrane/water interface (x = 0) is given by

&,(x0] [&, (x,t)} _ _
Dm|: 03( :lx_o - Dw|: 03( - kf CW (Olt) kme (0' t) (6)
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where k¢ and k;, are the first-order heterogeneous rate constants for the forward and reverse transfers in
eq 1, respectively. The rate constants are given by Butler-Volmer-type relations as* °

ki =k’ exp[-az,F (A4 - AL¢") I RT] (1)
ky =k’ exp[(1-a)z,F(ALp—ALg’ ) /RT] (8)

where K° is the standard rate constant, « is the transfer coefficient. In cyclic voltammetry, the potential is
swept linearly at a constant rate, v, from the initial potential, A7 ¢ , and the sweep direction is reversed at

the switching potential, AJ,¢, , maintaining the potential sweep rate. This triangle potential wave is
expressed as

ATV¢ = A’;‘vﬂ + Z(Arcv¢x —ATV¢|) Sinl{sin{ vt j|} ©
VA
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Other boundary conditions are given by

D, [%Xt)} =0 (membrane/solid support interface) (10)
x=—1
limc, (x,0)=c, (simulation limit in the aqueous phase) (11)

X—00

Initial conditions are given by
¢, (x,0)=c¢, (12)
¢, (x,0)=0 (13)

The current response based on the ion transfer, i, is obtained from the flux of the transferring ion
at the membrane/sample solution interface as

i=2z,AFD,, [M} (14)
d( x=0

Simulation in the Dimensionless Form. The diffusion problem defined above was solved in a
dimensionless form by using COMSOL Multiphysics version 3.4 (COMSOL, Inc., Burlington, MA),
which applies the finite element method. The simulation accuracy of this software package for two-
phase diffusion processes was demonstrated previously.® ” Calculation of each CV took <10 s on a
workstation equipped with a Xeon 3.0 GHz processor unit and 5.0 GB RAM with Linux. The wave

shape on the reverse potential sweep strongly depends on the dimensionless parameter, o, given by
12 |z;|Fv
D, RT

where | is the membrane thickness, and Dy, is the diffusion coefficient of the ion in the membrane phase.
This dimensionless parameter is equivalent to the square of the ratio of the membrane thickness with

respect to (D, RT /|zi|Fv )¥2_ which represents the diffusion distance of the ion in the membrane during a
potential cycle. With ¢ > 100, i.e., | > 10( D,,RT /|zi|Fv )2, the diffusion distance is much smaller than



the membrane thickness so that the nernstian CV is controlled by the semi-infinite linear diffusion of the
ion in both phases. With a smaller o value of 10, the diffusion of the transferred ions in the membrane is
hindered by the solid support, thereby resulting in the larger cathodic peak current. The cathodic peak
current becomes even larger with o = 1, where the membrane serves as a thin layer cell. The cathodic
peak based on thin layer behavior is sharper and also shifts toward anodic potentials so that the
separation between the anodic and cathodic peak potentials becomes narrower. A further decrease of o
to 0.1 results in the anodic shift of a whole CV while its shape is identical in this regime of thin layer
behavior (o < 1). Overall, a ¢ value can be determined uniquely from the shape of a reverse wave in the
intermediate regime with 1 < ¢ < 100.

Other dimensionless parameters are defined by

Cu(X, 7) = cu(X, t)/co (16)
Cm(X, 7) = cm(x, t)/co a7
X=x/ (18)
7= Dpt/I? (19)
Diffusion processes (eqgs 4 and 5) are expressed in the respective dimensionless forms as
2
acwa(f,r) _ y{a ng(z(,r)} 20)
Cu(X,7) _ [azcmq , r)} 1)
ot oX
with
y = Dy/Dny (22)

The boundary condition at the liquid/liquid interface (eq 6) is expressed using the dimensionless
parameters as

‘:écmé(;(,r)}x—o B _H_Ka[mw (01 T) _Cm (O’ T)] (24)
with

K = Kl/Dy, (25)

9= eXp[ZiF(AT"g_I__ AWS )} (26)

K = 100 was used for the nernstian ion transfer. The triangle potential wave (eq 9) was given by

_ in~Lsi P _
0= eil (2/ 7)sin {sm[mr/2In(0,~/¢9,)]}01(2/7r)5|n {sin[zor 12In(6, / 6)1} (27)

with



Hi — eXp|: ZIF(ATV¢iI _ATV¢|O')i| (28)

RT
| ZF (A0, — AL
0, = exp{ T } (29)
_ZF (A4, - AL4) (30)
* RTo

where 6; is the initial and final potentials in the dimensionless form, 6, is the dimensionless switching
potential, and 7, is the dimensionless switching time. The other boundary conditions and the initial
conditions are also given using the dimensionless parameters (see the attached example). The current
was normalized with respect to the peak current on the forward scan, iy, thereby yielding

o i 2 196, (0.0)/1]

ip [ﬂCW (0’ t)/T[X]p
where [{C, (O, t)/ ﬂX]p is the interfacial gradient of the dimensionless concentration at the anodic peak
potential.

(31)
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