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In Analysis
there are no theorems
only proofs
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These lecture notes are based to a substantial extent on the book [Hajtasz, 2020] and the
lecture notes [Hajtasz, 2008, Hajlasz, 2009] by Piotr Hajtasz. Several pictures are taken
from these notes. They can be accessed online

e http://www.pitt.edu/~hajlasz/Teaching/Math1530Fall2018 /selection.pdf
e http://www.pitt.edu/~hajlasz/Teaching/Math1530Fall2018 /Advanced CalculusI-Fall2008.pdf
e http://www.pitt.edu/ hajlasz/Teaching/Math1530Fall2018 /Advanced CalculusII-Spring2009.pdf

Other notes include Michael Struwe’s lecture notes Analysis I-II (in German), which can
be found

e https://people.math.ethz.ch/~struwe/Skripten/Analysis-I-11-final-6-9-2012.pdf

In particular the section about submanifolds takes content, inspiration, and images from
P. Hajtasz’ lecture notes on Differential Geometry.

e http://www.pitt.edu/~hajlasz/Notatki/Differential Geometry_1.pdf

Pictures that were not taken from above mentioned sources or wikipedia are usually made
with geogebra.

Requisite of this course is Math 420 and Math 413 (although we revisit some aspects but
with a stronger focus on doing our own proofs).

Thanks to Piotr Hajtasz and Josh Xie for corrections.
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Part 1. Advanced Calculus I
1. REVIEW: ELEMENTS OF SET THEORY AND LOGIC

Basic Logic. In order do rigorous proofs, we recall use the following notation: A (and),
V (or), = (not). Here is the truth table

A B ANB|AVB| —-A
and or not
True True | True | True | False
True False| False | True | False
False True | False | True | True
False False | False | False | True

(1.1)

Recall the De Morgan’s laws

Theorem 1.1. Let A, B be mathematical statements (i.e. A, B are each either true or
false). Then

ﬂ(A V B) = <—|A) A —|<B)
~(AAB) = (=A) vV ~(B)

Exercise 1.2. Prove Theorem 1.1 by using the truth-table (1.1).

Let’s practice a bit
Exercise 1.3. Use the equivalence
(1.2) pA(gVr) = (pAgV(pAT)
to prove
pVighr) = (Vg A(pVr).

To this end apply (1.2) to —p, —=q, —r in place of p, q, r, and negate the statement using
De Morgan’s Laws, Theorem 1.1.

A logical statement can imply another logical statement:

e A = B means: If A is true, then B is also true. (if A is false then B can be true
or false). We also say A implies B.

o We write A= Bift B= A

e We say A and B are equivalent in formulas A < B if A= B and B = A. We also
say “A if and only if B”.
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Exercise 1.4. Show that
(A= B) & (-B = —-A4)
using the truth tables.

In other words: If we want to show that A implies B, we can just proof that the negation
of B implies the negation of A.
Exercise 1.5. Is the following a true statement (every number in N)?

(1 =0) = (There are unicorns)

We will use the following notation frequently

o V: for every/all
e J: there exists
e =: is exactly the same as (usually used for functions, but also similar to <)

For example the following is a logical statement (and it happens to be TRUE)
VeeR: (s =1eze{-11})

In Analysis, we do not want to write every statement in the above form (its annoying and
unreadable). However, it is absolutely important to be able to translate statements from
symbols to words to precise mathematical formulation. For example for two sets A, B

ACB

A is a subset of B

every element of A is also an element of B
Vie A:xz e B

& Ve:(xreA =uxz€B).

t ¢

So while we may often write or say A C B or A is a subset of B, in our mind we have to
be able to write the precise logical definition!

We write A D B if B C A.
Exercise 1.6. Negate the statement*
Ve>0 30 >0 VzeR VyeR (Jz—y|<d = |sinz —siny| <e).

Exercise 1.7. Negate the statement: For all real numbers z, y satisfying z < y, there is a
rational number ¢ such that z < ¢ < y. Formulate the negation as a sentence and not as
a formula involving quantifiers.

Exercise 1.8. Use an argument by contradiction to prove that /3 is irrational.

IThis is a true statement known as uniform continuity of the function sin z. However, you are not asked
to prove the statement only to negate it.
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Sets. By () we denote the empty set consisting of no elements.

We write ¢ € A if z is an element of the set A.

How to define sets. Sets can be defined by listing all of their elements, e.g.
A={1,3,5} ={5,1,3}
or they can be defined by some property?
B={xe€A: P(zx)} allelementsin x € A that satisfy property P.

Sets we use a lot.
N=1{1,2,3,...} set of natural numbers or positive integers

No=1{0,1,2,3,...} = {0} UN set of natural numbers including zero or nonnegative integers
Z=A...,-2,-1,0,1,2,...} set of all integers

Q= {p) pel,qe N} set of all rational numbers
4q

R = {khm ar, (qr)ren C Q is Cauchy sequence3} set of all real numbers
— 00

R™ = {(v1,v2,...,v,), v; € R} set of n-vectors of real numbers
So for example we work with
{r € N: xisan even number} = {2,4,6,...}

or
{reR:2* <1} =[-1,1]
or
{x € R": |z|* =1} =: S"! the n — 1-dimensional unit sphere.
Definition 1.9. Two sets A, B are equal if they have the same elements, namely
reAsxeDb.

Exercise 1.10. A= B iff AC B and B C A.

Let us recall further set operations
AUuB={x: x€Aorxe B} unionofAand B
ANB={zx: x€Aandx € B} intersectionof Aand B

20ne has to be a bit careful here. The set
B={z:P(x)}

may not be well-defined (see Russel’s Paradoz, [Hajlasz, 2020]) It is important that x is specified as an
object some given set. Le. it is ok to define

B ={ze A: P(x)}.
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Lemma 1.11. Ifa € A then {a} C A, and {a} N A = {a}.
Although this seems like absolutely obvious, lets prove this!

Proof. Let a € A.

e We first show {a} C A.
For this we need to show for any = € {a} we have x € A.
So let x € {a}. Then z =a. Soz =a € A.
e We now show {a} N A = {a}. In view of Exercise 1.10 there are two things we need
to show.
—{a} N A C {a}. Let z € {a} N A. This means that € {a} and x € A. The
former implies that x = a (which is compatible with the latter, x = a € A).
So # = a € {a} and the first direction is proven.
— {a} N A D {a}. Let x € {a}. This means x = a. By assumptions = € A, and
thus z € {a} N A.

0

We want to use N and U on more than one element. Observe that for example
ANnBuUC
does not make any sense. It could mean (AN B) U C or it could mean AN (B U C)*
Lemma 1.12. Let A, B,C be three sets. Then
(1) (symmetry) (AUB)=(BUA), (ANB)=(BnNA)

(2) (associative) ( AUB)UC =AU (BUC), (ANB)NC=ANn(BNC)
(3) (distributive) AN (BUC) = (ANB)U(ANC)®

These claims may seem easy, but again, you should be able to prove this!

Exercise 1.13. Prove Lemma 1.12.

In particular we are going to write AN BN C and AU B U C (without parenthesis!).

Let us recall a third set operation
A\B:={x: x€ Ax¢gB} complementof B relative to A

4stuff like this is often the basis for these silly “nobody can solve this math puzzle” that you find on
your grandpa’s facebook feed
Sall of these rules look similar to the rules of addition + and multiplication x, if

U<+

and
N+ X
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If U corresponds to + and N corresponds to X then one might think that \ corresponds to
—. It is important to be a bit careful with this operation, as there are no “negative sets”.
For example

0-b+b=0

but

(0\ B)UB = B.

AvB A\B
Venn Diagram for set operations.

Exercise 1.14. Prove that A\(B\C) = (A\B)U (AN C).

Picture proof of Exercise 1.14. Careful, picture proofs can be deceiving. You are
allowed to use a picture prove for visualization and intuition. But you are not
allowed to actually prove something via a picture.®

6only I can do that
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Ul B

ANB

g

Rigorous proof of Exercise 1.14. We show that = € A\(B\C) is equivalent to z € (A\B)U
(AN CQC).

z € A\(B\C)

reA N —(xe B\C)

re€AN =(zreB AN xgC)

r€AN (zx¢g€ B V xze(l)

(xreANzxég€B) VzeAN z€C)

(x€e A\B) V(xe ANnC)

r € (A\B)U(ANC)

te e T

U

Index sets. Let I be any set. Then we can use [ as an indexr set and associate to each
i € I aset A;. The collection (family) of these sets is denoted by (A;);cr. We define

UAi={z: Fel: zeA}

i€l
(NAi={z: Viel: z€A}
i€l

Observe that we have no structure whatsoever assumed on I. It could be the interval [0, 1].
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If I ={1,2} then

A=A U4,
i€l
mAZZAlmAQ
el

Often we will a countable family, namely (4;);en. In this case we may think of

UAZ:AlLJAQUAgU
ieN
DAZ:AlmA2ﬂA3U
ieN

Exercise 1.15. Prove that for any set A and any family of sets {A;}icr

ANU A = (AN 4,

i€l i€l
A\ﬂAi:U(A\Az’)-
i€l i€l

Exercise 1.16. Prove that if f : X — Y is a function and Ay, As, As, ... are subsets of
X, then

r(Ua) =0,
and - -
(1.3) / (ﬁ Az-) c ﬁlf(A».
Provide an example to show that we cgo not neceissam'ly have equality in (1.3)

1.1. Ordered Pairs. Sets do not specify any sort of order of elements, e.g.,

{1,2} ={2,1}.

If we want to insist on the order of elements we use the notion of an ordered pair (a,b).
By definition

(a,b) =(c,d) = a=candb=d.
in particular (1,2) # (2,1).
If A, B are two sets, then the Cartesian product A x B is defined as

Ax B={(a,b), a€Abe B}.
For example

{1,2} x {1,2,3} = {(1,1),(1,2),(1,3),(2,1),(2,2),(2,3)}

"but what does . .. really mean here? not so clear. Better use the above definition!
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<1 2  3ng
AL () ) w3

1) .2 .3)

@) (2,2) (Zy

Cartesian product of A = {z,y,2} and B = {1, 2, 3}.

-AxB

Image: Quartl / CC BY-SA (https://creativecommons.org/licenses/by-sa/3.0)

ArB
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1.2. Functions. Let X and Y be two sets. A function f : X — Y is a rule that assigns
to each element x € X an element f(z) € Y. We call

e X the domain of f

e Y the target of f

e f(X):={yeY: :3xe X: f(x) =y} the range or the image or the codomain of f
e The graph of f is a subset of X x Y,

graph(f) :=={(z, f(x)) e X xY : z € X}.

the blue curve in R? is a graph (z, f(z)) of a function. The green circle and the
red curve are not graphs of functions over the x-azis. Of course, the red curve is a
graph of a function over the y-azis, (y, g(y)).

We often identify the function f : X — Y with its graph, graph(f) € X x Y, in the
following way.

Let R be a set R C X x Y with the property such that for every x € X there exists
exactly one y € Y such that (z,y) € R. If we define f(z) := y then we have recovered our
function.

A function f is called one-to-one or injective if
Vo, xg € X o (21 # 20 = f(21) # f(22))

(in words: two different points get mapped into two different points), or equivalently
(exercise!)

V$1,$2 e X: (f(il?l) = f(l'g) > T = 1'2) .

(in words: two points get mapped to the same value if and only if they are the same points
or in words: two different point

If a function f: X — Y is injective, then there exists an inverse function,
LX) = X
such that f~1(f(z)) =z for all z € X (and f(f'(y)) =y for all y € f(X)).
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A function is called onto or surjective if f(X) =Y, i.e.
YyeY dJrx e X f(x)=y.
A map which is injective and surjective is called bijective
If f: X - Y and A C Y then we define the preimage of A under f, f~'(A) C X as
fHA) ={r e X: f(x) € A}.
The function f: X — X defined by f(x) = x is called the identity. We sometimes denote
it by id x or Ix.

If the image of f consist of one point, i.e. f(X) = {a} then f is called a constant function.

If this happens, we like to write
f=a inX

If f:X —=Yandg:Y — Z are two functions, then the composition of g and f, go f, is
the function

gof: X —>Z7
defined by the formula
(g0 f)(x) = g(f(x)).
If f: X —Y and A C X then the restriction of f to A defined as

fl tA=Y, f| ()= f(zx) xz€A
A A

Iff:X—>Yandg:Z —Y and we have X C Z and f(x) = g(z) for all x € X then g is
called an extension of f to Z.

Exercise 1.17. Prove that if f : X — Y is one-to-one and Ay, As, As, ... are subsets of
X, then

(compare this to Exercise 1.16)

2. CARDINALITY

Cardinality is the question of sizes of sets. It is easy to say that the two sets
{1,2,3} and {% e &}
have the same cardinality (namely: 3).

But what about N and Z etc.?

Since N C Ny we could think that the cardinality of N is strictly less that the cardinality
of Ny. But on the other hand we have for each element in Ny exactly one element in N,
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namely the function x — = + 1 is a bijection from Ny to N, so they should have the “same
amount” of elements.

One could simply say: well cardinality of N is infinity, so is Ny so is Z. But R is much
larger than N, there is no bijective map f: N — R.

So we go with the following definition

Definition 2.1. Two sets X and Y have the same cardinality if there exists a bijective
map f: X =Y.

Clearly two finite sets have the same cardinality if and only if they have the same amount
of elements.

Proposition 2.2. The sets N and
2N :={2n, neN}

have the same cardinality.

Proof. Indeed, let p(n) := 2n then ¢ : N — 2N is clearly injective and surjective. 0

Proposition 2.3. The sets N and Z have the same cardinality.

Proof. We could construct a bijective map by hand in this case, but lets make it more
intuitive.

It suffices to show that we can arrange all elements of Z as a sequence
0,1,-1,2,-2,3,-3,4,—4, ...
Then the bijection can be defined via
N> 12 3 4 5 6 7 8 9
N N A
Z> 0 1 2 3 4

Proposition 2.4. Let 72 = Z x Z. Then Z? has the same cardinality as N.

Proof. We can interpret Z? as the set of all points in R? with both coordinates being
integers,
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."".OO‘
‘..'.‘dov
e ® ® = = e
D
...-"-
il
e = ®* =
DD

Again, we can arrange this as a sequence as follows

2 30 z1 228 2% vl ’
[’ ‘ . . . LR &
32 e DS QR P .lqs
23 u‘ WM -' 3.--—~-] 2 ! 1 %24 -ll‘ﬂ-
S‘i-I IS'OI 4 % .l !IS l.zs .IQG .
sr-] 14 s : 12& . 48
36 [1* ;‘8 it o - 44

Theorem 2.5. The set of rational numbers Q has the same cardinality as N.

20
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Proof. Each rational number ¢ € Q can be uniquely represented by a quotient - where
n € Z and m € N and the greatest common divisor of |n| and m is 1. The map ¢ : Q — Z?,
©(q) := (n,m) is injective.

Now a modification of the spiral argument of Proposition 2.4 constructs the bijection: we
simply skip the points of Z? that are not contained in ¢(Q). O
So we see that N, Z, Q, Z? have all the same cardinality. Lets give this a name.
Definition 2.6. A set which is finite or has the same cardinality as N is called countable.
A set which is not countable is called uncountable.

Not all sets are countable, indeed our base set in Analysis, R is uncountable (as we shall
see later, Theorem 4.29).

Exercise 2.7. Let it be given that any real number in x € [0,1) can be written as their

decimal expansion®

T = 0.21T22324T5%¢ . . .
(1) Show that
[0,1) has the same cardinality as [0,1) x [0,1)
by considering the map

f(,y) == 0.219102Y203Y2TaYs - - -
(2) Show that R and R* have the same cardinality.

3. INDUCTION
A very important method in proving things is the method of induction. It is based on the
following theorem (which we accept without proof, cf. Math 413).

Theorem 3.1 (Principle of Mathematical Induction). Let S be a subset of N that has two
properties

1.1 €8S,
2. For every natural number n, if n € S, thenn+1€ 5.

Then S = N.

A consequence (or version) of Theorem 3.1 is the following.

Theorem 3.2 (Principle of Mathematical Induction). Let for each n € N, P(n) be a
statement about a natural number n. Suppose also that

8where each z; € {0,1...,9} and there is no N such that 2; = 9 for all i > N.
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1. P(1) is true,
2. For every n € N, if P(n) is true, then P(n + 1) is true.

Then P(n) is true for all n € N.

Let’s put induction into practice.

Proposition 3.3 (Bernoulli’s inequality). For alln € N and a > —1 a real number we
have
(14+a)" > 1+ na.

Proof. So assume a > —1. Denote by P(n) the statement

P(n) :=((1+a)" > 1+ na is true)
The first thing to check is
P(1) is true: Indeed, P(1) corresponds to 1 4+ a > 1 4 a which is clearly true.

For any n € N: if P(n) is true, then P(n + 1) is true. So fix n € N and assume P(n) is
true (this is called the induction hypothesis). We need to show that then P(n + 1) is also
true.

P(n) being true means that for our fixed n,

(P(n)) (1+a)">1+na
Now we need to show P(n + 1), i.e. we need to show
(P(n+1)) (I+a)"™>1+(n+1)a
so we start.
(14+a)"™ =1 +a)(1+a)"
0

P(n)
> (14 a)(1+ na)
=1+ na+ a + na’
~—

>0

>1+ (n+1)a.
That is (under the assumption that P(n) holds) we have shown P(n+1).

By the method of induction P(n) is thus true for any n € N.

Exercise 3.4. Prove that 5*® — 1 is divisible by 8 for alln € N
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We got to be careful with induction though, a common mistake is the following.

Exercise 3.5. Where is the mistake in the following proof?

Let us agree that there are finitely many (or countably, if you want) people in the world.

Let us also agree that at least on person lives in Pittsburgh. We now prove the following
statement.

Claim: All people in the world live in Pittsburgh.
We will show this by proving the following statement:
Let P be the set of people in the world. We prove the following statement for all n € N

which readily implies the claim.

P(n): for any set A C P with at most n people: if there exists one person p € A such that
p lives in Pittsburgh, then all people q € A live in Pittsburgh

P(1) is true Indeed, if we have a set A consisting of one person, if that person lives in
Pittsburgh, all the persons in the A (exactly that one person) does live in Pittsburgh.

If P(n) is true, then P(n+1) is true

So assume that P(n) is true, and let us try to show P(n+1). So let A C P be a set of at
most n + 1 people, and assume we know that one person in A lives actually in Pittsburgh.

For illustration purposes assume the set A looks as follows (with the pink dot being the
person living in Pittsburgh).

We now construct two sets B and C' as follows
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Since A consists of at most n—+1 people, B and C' (which have one person removed) consist
of at most n people. Moreover the pink dot (the person in Pittsburgh) still belongs to B
and C. That is, B and C satisfy the assumptions of P(n), and thus all people in B and
all people in C' live in Pittsburgh. Since A = B UC, all people in A live in Pittsburgh.

By induction we include that all people in the world live in Pittsburgh. U
There are many modifications of the method of induction. There are obvious ones (we can

start from n = 3 or n = 0 rather than n = 1). One useful modification is the following
(proof: exercise. Hint: induction)

Theorem 3.6 (Principle of Mathematical Induction). Let for each n € N, P(n) be a
statement about a natural number n. Suppose also that

1. P(1) is true,
2. For every n € N: if P(k) is true for all k =1,...,n then also P(n+ 1) is true.

Then P(n) is true for all n € N.

Induction proofs can become quite involved, one classical example is
Theorem 3.7 (Arithmetic-Geometric Mean Inequality). If ai,as,...,a, > 0 then

a+...+a
\”/a1~...~an§¥
| — n

f S —
geometric mean 3 -
arithmetic mean

and the equality holds if and only if a1 = ay = ... = a,.

Proof. We will prove the inequality only, but the reader may conclude from the proof that

the equality holds if and only if a1 = as = ... = a,,. We leave this last conclusion as an
exercise.
First we will prove the inequality for n = 2%, k = 1,2,3,..., i.e., we will prove it for

n=242,16,...
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1. For n = 2! we have

GI;GQ > Vaa; & ay—2\/aa; tay & (Vag —az)* > 0.

Since the last condition is obviously true, the inequality, as equivalent to the last statement,
is also true.

2. Suppose that the inequality is true for n = 2*¥. We need to prove it for n = 2+, We
have

2k+1

al‘...‘GQk‘a2k+1‘...‘02k+1
k k
= \/2\/a1'...'a2k 2\/a2k+1'...'a2k+1
2k/a 2k
1'...'(12k+ Aokyq .« .. Aok+1
< v 2\/ +
a1+...+a2k + a2k+1+...a2k+1
k k
S 2 5 2

ay +ag + ...+ Qgk+1
9k+1 ’

The above estimates require some explanations. The first equality is obvious. The second
inequality is just a consequence of the arithmetic-geometric inequality for n = 1 which was
proved in 1. The third inequality follows from the inductive assumption that the inequality
is true for n = 2¥ and the last equality is obvious again.

We proved the inequality for n = 2,4,8,16,.... In order to prove that the inequality is
true for all integers it suffices to prove that if it is true for n, then it is also true for n — 1
(reverse induction).

Thus suppose that the inequality is true for n. We will prove it is true for n — 1. We have

n a1+...+an_1
ai ... Ap—1 - n—1

ay+...0,-1 + (7a1+...+an_1)

n—1

IN

n
)+ ...+ Qp_1

n—1
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The first inequality above follows from the assumption that the arithmetic-geometric in-
equality is true for n. Hence

oot an—1 <a1+...+an_1

)

o+
Jai ... Qp-1

n—1 = p—
SO
and finally
(Ch S an_l)ﬁ < ay +7;L”_—Ean_l
which is what we wanted to prove. )

3.1. Exercises on Induction.

Exercise 3.8. Prove that forn > 1
ORI S S I
n+l n+2 n+3 ~ 3n 3n+1

Exercise 3.9. Show that 4™ + 15n — 1 is divisible by 9 for alln > 1

> 1

Exercise 3.10. Show that 4™ + 15n — 1 is divisible by 9 for alln > 1
Exercise 3.11. Prove for alln > 0 that
L-(I)+2-2l4+...+n-(n!)=(n+1)!
Exercise 3.12. Prove that n? — 1 is divisible by 8 for all odd positive integers n.
Exercise 3.13. Show that n! > 2" for alln > 4
Exercise 3.14. Let a; be a recursive sequence given as
a, = 2

1 1
1 = 5(2+ a*)

Then a, € [3,2] for alln € N.

Exercise 3.15. Let f(x) := 2%e” show that f™(z) = (2% + 2nx + n(n — 1))e”.

Exercise 3.16. If A is a set, then the power set 22 is the collection of all subsets, i.e.
24 ={B c A}

Show that if A contains n elements, then 24 contains 2" elements.
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Exercise 3.17. Let

A=

o O =
S = =
— O

Show that the n-th power of the matriz, i.e.
A" =A-A-A-. . A s

is
n(n—1)

1 n 3
A=10 1 n
0 0 1

Exercise 3.18. Let xq,x5...,x, > 0 such that
Ty Ty ... Tp_1- Ty = 1.
Without using the Arithmetic-Geometric Mean Inequality, Theorem 3.7, show that then

T1+To+ ...+ Tph1t+THh >N

1 1 1
Exercise 3.19. Prove that 1+ —=+ —+ -+ — > V/n.
NN
Exercise 3.20. Let ay,...,a,,by,...,b, be positive numbers. Prove that
H(ai + bi)l/n > Hall/n + Hbzl/n
i=1 i=1 i=1

Hint: Use the arithmetic-geometric mean inequality, Theorem 3.7.

4. REAL NUMBERS, METRIC SPACES, CONVERGING SEQUENCES

4.1. Fields, order, murder. The most natural set of numbers are the natural numbers
N={1,2,3,...}, Ng=1{0,1,2,3,...}.

The numbers in N can be added and multiplied. If we extend the natural numbers N to
integers 7,

Z={.,-1,01,..1}

we can also subtract.

Within the set of rational numbers Q,
_ )P )
(@—{q. p,qE L : q>0}

we can also divide (by any number but 0).

Q is what we call a field.
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Definition 4.1 (Field). A field is a set F with operations of addition ‘4’ and multiplication
‘" that satisfies the following 10 axioms:

(Al) 2 +y=y+u.
(A2) 2+ (y+2) = (z+y) + =
(A3) There is an element denoted by 0 such that for every x, z + 0 = x.
(A4) For every z there is an element denoted by —x such that z + (—z) = 0.
(A5) z-y=y-x
(A6) z-(y-z)=(z-y) 2
(A7) There is an element denoted by 1 such that z -1 = x.
(A8) For every x # 0 there is an element denoted by z~! such that z - (z7!) = 1.
(A9) z-(y+2)=z-y+x-=2
(A10) 1 #0.

Here we understand that conditions are satisfied for all x,y,z € F. We did not include
quantifiers in the conditions to make them more transparent.

Remark 4.2. In more linear algebraic terms, a field is a abelian group with respect to the
+ operation (A1)-(A4), an abelian group with respect to the --operation, (A5)-(A8). +
and --operation are compatible as in (A9). And (A10) is a nontriviality assumption.

Example 4.3. e N, Z are not fields, since they do not have inverse with respect to
multiplication (e.g. 27! & N).
e The smallest field is F = {0, 1} with the multiplication/addition table

-0 1 +10 1
0|0 0O and O01]0 1
110 1 111 0

o Z,={0,1,2,...,p—1} is a field with the operations
x-y:=x-y modp
r+y:=(r+y) modp

if and only if p is a prime number (otherwise we have no multiplicative inverse)

More is true of Q, its totally ordered (i.e. if x,y € Q we know that either z <y or y < x).

Definition 4.4. A field F (as in Definition 4.1) equipped with a relation < is called an
ordered field if

(Al11) z < =z.

(A12) z<yandy <z =z =y.
(A13) z<yandy<z=z <z
(A1) z<y=z+2<y+=z
(A15) 0<zand 0 <y = 0 < xy.
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We also write x > y if y < z.
The field is called totally ordered if

(A16) For every z, y either z <y or y < x.

Example 4.5. The notion of totally ordered is a nontrivial assumption.

e For example the subset-relation is a partial order, but not a total order, since there
are sets A, B with A Z B and B € A.
e Let p be a prime number, then Z, is a field. But it cannot be ordered.

At first (and thats what the ancient Greek’s thought until Hippasus®) it may seem that Q
contains all numbers, and any number may be represented by an element in Q. However
Hippasus proved!® that there is no number ¢ € Q such that ¢ - ¢ = 2. Observe this does
not contradict any of our field axioms. However this means that there is no solution (in
Q) to the question of the length of the diagonal of a square of sidelength 1. Now it feels
like Q is incomplete, and this is why we need the real numbers!

What does complete mean? It means that what should converge (Cauchy sequences) does
converge.

In Q it means: We can approximate the lenght of the diagonal of a square of sidelengths
1 by rational numbers. We want that approximate number “converge” to a real number
(pun intended).

4.2. The metric: absolute value; also: convergence. For x € R we define the absolute

value |x| as't
o] = x ite>0
|-z iz <0

The absolute value is incredibly important for the Analysis in R (later R™), because it
gives R a melric: we can use it to measure the (a reasonable) distance between to points
x,y € R. Indeed, d(z,y) := |z — y

Definition 4.6 (metric). Let X be any set. A map d : X x X — R is called a metric
for X if

o d(z,y) =d(y,x) for all z,y € X (symmetry)
o d(z,y) >0 for all x,y € X (positivity)

Yhistorians seem to believe that Egyptians and Babylonians had figured this out before

0and according to legend was murdered by Pythagoras for such heresy

Hghserve, this definition makes sense for any totally ordered field, in particular Q

120k, here is some technicality that we already should know what R is to define what a metric is, I will
brush over this because actually we have learned what R is in Math413. To be precise one should first
define the metric on Q to map into @Q, then by metric completion this extends to a R-metric etc.
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e d(z,y) =0 if and only if x = y (non-degeneracy)
o d(z,y) <d(z,z)+d(y, z) for all x,y,z € X (triangular inequality).

A set X with a metric d is called a metric space.

Almost everything we do with respect to convergence, continuity has a metric space gen-
eralization. The proofs are the same, the theorem changes. Differentiability, however,
becomes more tricky, then more structure on d and X is helpful (e.g. a “norm” structure).

Example 4.7. e d(z,y) = 2|x — y| is still a metric, nothing changes.
o d(z,y) = \/|r — y| is still a metric
e d(z,y) = |z — y|? is no metric (triangular inequality is false)

1 T
o« dzy) =4, xiz

is a metric in the above sense

Exercise 4.8. Prove that (R"™, g), where

|z —y|

o(x,y) = m

1S a metric space.
Exercise 4.9. Let (a,)nen be a sequence' in R.

Let p € (0,00). We say that a sequence belongs to (7, (ap)nen € P, ift

1

[ (@nmenler = (i \an\p)" o

n=1

For p = 0o we say that a sequence belongs to £°, (an)nen € £°°, if
| (@n)nen|lee := sup |a,| < oo.
neN

That is we set quite tautologically
7 = {(an)nen € }.
Define for two sequences (an)nen and (by)nen their (P-distance
dp ((an)nen, (bn)nen) = [[(an = bp)nenler-
Show that

(1) (0*,dy) is a metric space
(2) (£°,ds) is a metric space

(Actually, (07,d,) is a metric space for any p € [1,00] — but for triangular inequality we
need Minkowski inequality that we shall not prove here, see Exercise 15.19).

131f you forgot what a sequence is, see Section 4.3
141f you forgot what convergence of a series means, Definition 4.62
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a
4
a3
a
1
®
as

FIGURE 4.1. A convergent sequence

4.3. Sequences. A sequence, usually denoted by (a,)°; C X, is a map a : N — X.
But instead of writing a(n) we prefer to write a,,. Every sequence induces a set a(N) :=
{an,n € N} (but not the other way around, since we do not know which element of the set
to take first). Thus we can use set operations on sequences: e.g., if (a,)neny C R then

sup(an)neny = sup{ay, as, ...}

Definition 4.10 (Convergence of sequences). Let (X, d) be a metric space. We say that
a sequence (a,)nen of elements in X are convergent if there exists b € X such that (cf.
Figure 4.1)

Ve>0 dngeN: Vn>ng d(ayb)<e.
We write

lim a,, = b.
n—oo

Observe that two different metrics induce two different notion of convergence — and those
can be really different. So whenever we write lim,,_, a,, = b we assume that we already
agree on the underlying metric! Indeed Different metrics means different spaces!
Exercise 4.11. Consider R equipped with two metrics:

X =R,d.), Y =(R,dy)
where d, 1s the usual Euclidean metric

de('r7y) = |LU - y|

and dy is the following

1 z#y
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(1) Show that dy is indeed a metric.
(2) Give an example of a sequence (T,)nen in R such that

lim z, =0 w.rt d.
n—oo

but
lim z,#0 w.r.t. dy

n—oo
Exercise 4.12. Let (X,dx) be a metric space and f :'Y — X be an injection, i.e. an
injective map. Show that
(Y, dy)

is a metric space, where

dy(a,b) := dx(f(a), f(])).
Exercise 4.13. Consider X = (R,d.) and Y := (R, ds) be two metric spaces equipped with

de(,y) = |z —y|

and

dy(z,y) == |f(a) = f(b)],

respectively, where we set

1 =0
f(z) =10 r=1
T otherwise.

Set a,, 1= % Show that
lima,=0 in X
n—oo

but

lima,=1 inY
n—oo

Definition 4.14 (Bounded sequences). Let (X, d) be a metric space. A sequence (a,)neny C
X is bounded, if there exists g € X and M € R such that

d(zg,x,) <M Vn eN.

Lemma 4.15. Convergent sequences are bounded.

Proof. Assume that (a,)nen is convergent to some b € X. By definition this means (take
e :=1) that there exists n; € N such that

d(a,,b) <1 Vn > n.
So let
M :=max{d(ay,b),...,d(a,,b),1} + 1.
This max exists because these are finitely many values!

Then
d(a,,b) <M VneN.
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Bounded sequences may not be convergent (e.g. a, = (—1)" in R is bounded, but not
convergent).

A special type of property for sequences is if they are Cauchy sequences. This means that
the sequence elements want to converge, (but there might be a hole in our space, so they
actually dont).

Definition 4.16 (Cauchy sequence). Let (X, d) be a metric space. A sequence (ay,)nen 1S
called a Cauchy sequence if

Ve > 03dN = N(¢) € N:d(ap,a,) <e VYn,m> N

Lemma 4.17. Let (X,d) be any metric space. Every convergent sequence is a Cauchy
sequence.

Proof. Let (x,)nen € X be a convergent sequence to some z € X and let ¢ > 0. Then
there exist N € N such that

d(xp,x) < g Vn > N.
Now let n,m > N. Then by triangular inequality,
A, Tm) < d(Tp, z) + d(zm, ) < €.

That is (x,)nen is a Cauchy sequence. O

In a general space not every Cauchy sequence needs to be convergent.

Exercise 4.18. Let (z,)nen C Q be the n-th digital expansion of . Le.

T = 3, Tog = 31, T3 1= 3.14
Show that (z,,)nen is a Cauchy sequence in (Q,d.). Show that (x,)men does not converge
n Q.
Exercise 4.19. Let (X,d) be a metric space and (x,)nen, (Yn)nen two Cauchy sequences
n (X,d). Show that

(d(mna yn))nEN

is a Cauchy sequence in R (or Q)

Definition 4.20. A metric space (X,d) is called complete if all Cauchy sequences are
convergent.

Theorem 4.21. Let (X,d) be any metric space. Then there ezists a unique metric com-
pletion (X, d).

Namely there exists a set X D X and a metric d on X such that the following holds:

o (X,d) is complete
o (extension) d(x,y) = d(x,y) for allx,y € X
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e (density) For any y € X there exists a sequence (xg)ken C X that converges to y
(with respect to d).

Uniqueness means that for any two metric completions (Xl,cgl), (X, dy) of (X,d) there
exists an isometry ¢ : X1 — Xo namely a bijection such that di(p(z1), o(x2)) = do(x1, x2)
for all x1, x5 € X;.

If X is a totally ordered field and d corresponds to | - |x, then X inherits the metric field
structure of X, i.e. for any x,y,z € X and any sequence x,,Yn, 2z, in X converging to
x,y, z, respectively we have

(m+y)-z:7}gngo(xn+yn)-zn.
We will not prove Theorem 4.21 for completely but here is the idea.

Sketch of the proof of Theorem 4.21. Consider Z the set of Cauchy sequences (x,)neny C
X. This is a way to big set, since many Cauchy sequences “converge” to the same number.
So we identify two Cauchy sequences in X if “they converge to the same limit”.

(Zn)nen ~ (Yn)nen & lim dx(zn,yn) = 0.
The set X is the collection of all such Cauchy sequences.
X-2/~,
and we equip it with the metric!®
dx ((%n)nen; (Yn)nen) = nhjglo dx (T, Yn)

Then (X' ,dg) is a metric space. And any element of X identified with the (convergent)
Cauchy sequence (z,z,z,x,z,z,x,...) is an element of X.

Now the point is that we can show that X is complete: If we have a Cauchy sequence
(Zk)ren C X, and each

T, = ((Tngk Jnen)wen C X
Then by the choice of metric JX we can build a Cauchy sequence in X via a diagonal
argument.

Fix some k € N. Since (2.1 )nen is a Cauchy sequence, there exists some Ny, such that

Vn,m > Ny.

=

(4.1) d(Tpets, Tomsie) <

W.l.o.g. we can assume

Niy1 2> Ny,
Beareful, a little bit cheating is going on here: for this we have to show that this limit (in R) makes
sense, i.e. we already need R to be complete. If we’d known this then we can show that (d(z,, yn))nen is
a Cauchy sequence in R, Exercise 4.19. So technically one first defines R and then metric completion!
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Set
T1 = T1.1.
and
Tp = TNpm-
We need to show that (Z,),en is a Cauchy sequence in X. So let € > 0. Since (Zy)gen iS
Cauchy there exists some K € N such that

d(iy, 7;) < Z Vk,j > K.
That is,
(4.2) lim sup d(@n i, Tnij) < Z Vk,j > K.

n—oo
If we take Ky > K such that K% < ¢ then we have for any k,7 > K, and any n >
max{ Ny, N}

d(y, jj) = d(INk;kv IN]-;J') Sd(xNMk’ In;k) + d(xn;ka xn;j) + d(xNj;jv xn;j)

(411 1

< - d Tpsky Ty + =

— k + ( ik 7.7) j
ku]ZK2€

1 + d(Tnsk, Tnsj).-
Again, this holds for any n > max{Ny, N,}, and the left-hand side is not dependent on n.
So we can take the the limsup, ., on both sides and in view of (4.2) we have
_ € i (42) ¢ ,
d(Zg, z;) < 1 + lim sup d(zp1, Tnj) < 5 for any k,j > K,

k—o0

That is we have shown: For any £ > 0 there exists a Ky = Ks(¢) such that
d(zy,z;) <e forany k,j > Ko
That is, the sequence (Z,),eny C X is a Cauchy sequence. The last part to prove is that the

“Cauchy sequence of Cauchy sequences” (#;)ren converges (in the sequence space X) to (% )nen,
i.e. we need to show

Ve >0 3K(e): d(Zy, (Tn)nen) <e Vk > K.
Equivalently, by the definition of d and Z,,, we need to show
(4.3) Ve>0 3K(e): VE>K: AU =T(e, k) d(@pk, tn,m) <€ Yn>T.

So fix € > 0. Take K; > 0 such that
d(iy, 7;) < Z Yk, j > K.
Since (T, )men is a Cauchy sequence, we also find some M such that

(4.4) (TN, m, TNyn) = AT, ) < Z VYm,n > M
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We have
A(Tnse, TNym) < AT Tnr) + ATN G TN,im)-
SO
Ad(Tppe, Ty ) < Z +d(zn k, TNym) YR > Ni, k> Ky

By (4.4) we conclude that

d(Zpge, TNyin) < Z + Z <e VYn>max{Ny, M}, k> max{K;, M}
—_—— —_———
=T'(¢,k) =K

This implies (4.3). O

Metric completion should be seen as “plugging all infinitesimal holds”, i.e. adding numbers
like v/2 to Q to make all Cauchy sequences converging.

4.4. Sequences in Euclidean space. Since often we work in Euclidean spaces with
d(x,y) = |z — y|, lets record that convergence (in Q", Z", R™) means

Ve>0 dngeN: Vn>ng: la, —b| <e,
i.e. the notion of convergence that we learned in Intro to Analysis!

Now let’s go back to Q and lets look at bounded, but monotonely increasing sequence
(an)neN C (Oa OO) N @

Definition 4.22. A sequence (a,)neny C Q is

e (monotone) increasing if a; < ag < ag < ... or more precisely, a; < ay for i < k
e (monotone) decreasing if a; > ags > a3 > ... or more precisely, a; > ay for i <k

e sirictly (monotone) increasing if a; < as < az < ... or more precisely, a; < a;, for
1< k

e sirictly (monotone) decreasing if a1 > ay > ag > ... or more precisely, a; > a;, for
1< k

If a sequence is either monote increasing or decreasing, we simply say “monotone”.

Exercise 4.23. Prove that the sequence
1 n+1
(1+3)
n

Definition 4.24. An totally ordered field F is called complete if every monotone and
bounded sequence is convergent (with respect to the metric induced by | - |).

is decreasing.

Monotone, bounded sequences in Q have a special property, they are Cauchy sequences,
Definition 4.16
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Lemma 4.25. Any monotone and bounded sequence (a,)nen in Q is a Cauchy sequence
(with respect to the metric induced by | - |)

Proof. W.l.o.g. let (a,)nen be increasing. Assume (a,)nen is not a Cauchy sequence. That
is,
- (Ve > 03dN = N(e) e N:d(an,am) <e Vn,m > N).

Let us carefully negate that statement, then we have

de>0 — (3N eN:d(ay,an) <e VYn,m>N)

de>0 VNeN =(dlan,an) <e VYn,m>N)

>0 VNeN = (Vn,m> N :d(a,,an,) <e)

>0 VNeN dInm>N: =(dlap,a,) <e)

>0 VNeN dnm>N: dan,am)>c¢
Now n = m will not happen (because then d(a,,a,) =0 < €), so we can rephrase this as

>0 YVNeN dInm>Nn>m: d(ay,ay) >¢c

Now lets get back to our situation, we are in an ordered field, a,, > a,, if n > m and thus
d(an, an) = lam — an| = a, — ay,. If moreover, m > N then we have a,, > ay. So the
above implies

de>0 YVNeN In>N: a,—ay>c.

Having this there exists a sequence n; —— oo such a,,,, > a,, + ¢ and we may choose

an, = ay. Then a,, > a; + ic (induction!) which means that (a,,); is an unbounded
sequence. So (a,) is an unbounded sequence, contradiction. H

Lemma 4.26. Let (X, d) be any metric space and X be its metric completion of Theo-
rem 4.21. If X is a totally ordered field and d corresponds to | - |x, then X inherits the
metric field structure of X, i.e. for any x,y,z € X and any sequence Tn,Yn, zn in X
converging to x,y, z, respectively we have

(x—iry)-z:nli_{go(xn—iryn)-zn.

Since we kind of used R to define metric completion, the following is a bit circiular (but
good enough for us)

Definition 4.27. R as the metric completion of (Q, |- |), which is the totally ordered field
we know and love.

Exercise 4.28 (decimal expansion). Let n; € {0,...,9}, i« > 1 and ng € Z. Then the
rational number
+n L +...+n L cQ
Tpi=n — 4+ ... —
¢ 0 70 ‘Tof
converges to a number in R as { — oo.

Conversely, any real number can be approzimated by a decimal expansion as xy.
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Proof. e (zy) is a Cauchy sequence.
e for any real number 7 > 0 let y, be y, = last digit of |r - 10°| where [-] denotes the
Gaussian bracket. Then x; := y,107* is the decimal expansion.

g

Observe that the decimal expansion above is not unique, as 1 = 0.9.

Theorem 4.29 (Cantor, 1874). R is uncountable.

We first observe
Exercise 4.30. Let X be a set, and let (Y;)52, be each a subset Y; C X such that
X=Uv.
i=1

Show the following: X is uncountable if and only if there exists an i € N such that Y; is
uncountable.

Exercise 4.31. Prove the following statement without using that R is uncountable:

R is countable if and only if (0,1) is countable. You can use Ezxercise 4.30.

Proof of Theorem 4.29. Suppose not, i.e. suppose that R is countable, then (almost obvi-
ous) (0,1) is countable.

Suppose (0, 1) is countable, so we can arrange all real numbers from (0, 1) into a sequence.
Suppose

L1, T2, T3, Tgy---

is such a sequence, i.e. assume

(45) 0.1) = U{z).

ieN
We write the decimal expansion of each x; as follows
T = 0.(111&12(113&14 R

T = 0.@21@22@23&24 Ce

T3 = 0.@31@32&33&34 .

Now we build a new number
Yy = O.blebg e
where we choose by € {1,...,8\a11, b2 € {1,...,8}\ag, and in general b; € {1,..., 8}\{a:}
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Yy = 0. b1 b2 b3 b4
1 = 0. an a2 a3 auy
g = 0. a2 a2 a3 axy
xz3 = 0. a3 az a3z azy

e = 0. an au2 Qg3 au

We get that y & U;en{xi} (here it helps that we ensured b; # 9, since 0.9 = 1, we can now
show that |y —z;| > 0 for all i € N). Alsoy # 0,y # 1,s0 y € (0,1)\ Ujen{z:}, which is a
contradiction to (4.5). O

4.5. suprema and infima.

Definition 4.32. Let X C R. A number M € R is called an upper bound of X if
< M VzelX.
If X has an upper bound, then X is called bounded from above.

A number s € R is called the least upper bound (or supremum) if

e s is an upper bound for X and
e any upper bound M for X satisfies M > s.

We then write sup X := s.
Similarly we define lower bounds:

A number M € R is called an lower bound of X if
x> M VzeX.

If X has a lower bound, then X is called bounded from below.

A number i € R is called the largest lower bound (or infimum) if

e ¢ is a lower bound for X and
e any lower bound M for X satisfies M < i.

We then write inf X := .
If a set is bounded from above and below, we simply say its bounded.

We also define sup ) = —oco and inf () = 4o0.

Assume we were working in Q, and consider the set
A={qeQ: ¢ <2}

Then the set A is bounded, but the supremum does not exists in Q. Here is where the
completeness of R shows its advantage: in R suprema and infima exist (or are £00)
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Theorem 4.33. If X # 0 is bounded from above then sup X € R exists (and is unique).
If X is bounded from below then inf X € R exists, and is unique.

Proof. We construct two sequences, (zx)ren and (yx)reny € R such that
o 1, € X for all £, and xj, is increasing.
e 1, is an upper bound of X for all k, and y;. is decreasing
e For k > 2,
1
(4.6) [z — Ykl < 5’%71 — Yr—1]-

Assume first we have such two sequence. Then in particular we have

R R I N i B I 1
Thus for any k < /¢
|T) — 20| = 20 — 28 < Y — T4 = |TR — Y.

and similarly for any k£ < ¢

e — Yol = Ye — Yo < Yo — T = |T — Yil-

From (4.6) we obtain (by induction)
o — yel < 27 |y — .
so that we have
o = el Jye — yel < 27D |ay .

This readily implies that (xp)reny and (yx)ren are both Cauchy sequences, so they are
convergent by completeness of R. From (4.6) we obtain that they converge to the same
point y € R. We claim that y = sup X. For this we have to show

e j is an upper bound: Fix any # € X. Then y, > = (since all y; are upper bounds).
Then

e <G4y —z 257

This holds for any x € X, so y is an upper bound.
e y is the lowest upper bound
Assume there is ¢ is another upper bound of X. Then

That is
§<G+E— 2 5

That is, y < g and thus y is the lowest upper bound.
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172

@

FiGURE 4.2. Construction in the proof of Theorem 4.33. The red line
represents X. We see that both x; and gy, move towards each other

We leave the uniqueness to the reader.

It remains to prove that the sequence (zy)ren and (yx)ren as above exists. Cf. Figure 4.2

We define these sequences inductively. Since X # () there exists z; € X. Since X is
bounded, there exist y; € R such that y; > x for all x € X, i.e. we have found z; and y;
satisfying the assumptions of our series.

Now assume that for some k£ € N the points x;_1, yx_1 are already known — with z,_; € X
and y,_, and upper bound of X.

Set
_ Yk—1 — Tk—1

AN B

Clearly
Tp—1 < 2 < Yp—1-
There are two possibilities

e If 2 is an upper bound of X we set xp := x,_; and y; := 2. This satisfies the
assumptions of our sequence, in particular we have

1
|$k: - ?Jk:| = |$k;_1 - Z| = §|xk—1 - yk—1|-

o If 2 is not an upper bound of X then there must be some element x € X such that
x>z > xp_1. Weset 2, ;= x and vy, := yp_1. Since y,_1 was an upper bound of
X, we still have y, = yr_1 > x. Then

1
lzn — yk|<|z — yi| = |2 — yp—1| = §|=’Ek—1 — Yk—1]-

This defines the sequences (zx)ren and (yx)ren and we can conclude.

Exercise 4.34. Find sup A and inf A where

A—{ L :x>0}.
z+1

Proof. We first observe that 25 <1 for all z > 0, so 1 is an upper bound. Assume there
is a smaller upper bound y < 1, i.e. there is y < 1 such that

< Ve > 0.
:c—i—l_y o
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Equivalence transformation says that since 0 < y < 1 this is equivalent to

1
r< —— Va>0.
L—y
But this is a contradiction, since we could choose x := ﬁ + 1 which is larger than ﬁ
Soy >1,ie 1=supA.

Similarly one shows inf A = 0. U

Recall a characterization

Theorem 4.35. Let M be an upper bound of X C R. Then M = sup X if and only if for
any € > 0 there exists v € X such that M —e <z < M.

A similar statement holds for inf.

Exercise 4.36. Prove Theorem /.35 (using the definition of sup and inf from Defini-
tion 4.32)

Exercise 4.37. Find sup A and inf A, where

2 _
A:{n—|—2n3: n:1,2,3,...}.
n+1

4.6. Power function.

Example 4.38. Prove that there exists a € R, a > 0, such that a? = 2. We denote this
number by /2 := a.

Proof. Consider

A={reR:2* <2}
This set is bounded, and thus a := sup A exists by Theorem 4.33. Clearly a > 1 > 0 (since
a must be an upper bound and 1 € A).

We need to show that a® = 2. Let ¢ € (0, 1) then by Theorem 4.35 there exists x € A such
that

a—e<uw.
Both sides are positive, so we square
(a—e)? < a? x%A 2.
Thus
(4.7) (a—e)*<2 Ve>0
That is

(4.7)
a? <a®+¢e®*—2ea+2a=(a—e)*+2a < 2+2a Ve >0.
—_———

=(a—e)?<2
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This inequality we can reformulate
a? <2+2a Ve>0
2
-2
(goa
2a

Assume now that a? > 2. Then the last statement is clearly false for ¢ = % > (. So we
must have a? < 2.

<e Ve>0

On the other hand assume that a><2. Then there must be £ > 0 such that
(a+e)? = a* +e*+ 2ae < 2.
~ Y=
<2 <1

But then a + ¢ € A which is a contradiction to a being an upper bound of A. Thus we
must have a? > 2

Consequently, a®> = 2 which is what we wanted to show. Il

Similarly one can show

Theorem 4.39. For every real x > 0 and every integer n > 0 there is exactly one positive
number y € R such that y" = x.

We denote y := {/z = xn.

With this at hand we can define 2 := (aﬁ)m and 7% = zi%

That is, we can define x? for any x > 0 and ¢ € Q.

For » € R and = > 0 we can define " := lim,,_,,, % for an arbitary sequence of rational
numbers ¢, convergent to x and ¢, monotone (if we ensure that ¢, always has the same
sign, then the sequence 2% is monotone, and since it is also bounded, it has a limit in R)

So we can define powers z” for two real numbers (if z is positive):

Definition 4.40. For z,r € R we define " in the following way:

o Ifx>0,r>0 we set

x" = lim z%,
qn—T

where ¢, € Q is a nonnegative monotone increasing sequence of rational numbers
that converges to r (and thus z?% is a bounded and monotone sequence)
e If z >0 and r <0 we set

e If x> 0andr =0 we set
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elfz=0andr >0
0" =0.
e 0V is not defined.
e 1" is not defined for z < 0.

Exercise 4.41. Show the following:

o Assumer > 1 and x <y show that r* < r¥.
o Assumer <1 and x <y show that r* > rY.
e Show that 1" =

In your proof be careful: limits can mess with strict inequalities! You get —1000 points if
you make this mistake!

4.7. More on Sequences in R. We recall (and defined above for metric spaces) the
definition of the limit of a sequence (in R for simplicity).

A sequence (z,)nen C R converges to x € R if

Ve>0 IN=N()eN: |z,—z[<e Vn>N.
In this case we write lim,,_, z,, = T.
Exercise 4.42. Use the definition of the limit to prove that

lim =1.

Solution. We need to prove that
We>0 3N=N(e)eN: '”—1‘<g Vn > N.
n+1

So fix e > 0. How do we find N7 Well, we compute a bit around,
n
‘n +1
n—n-—1
‘ n+1

—1’<5
<

1
>— < &
n+1

<:>1 —1<n
€
So if we choose N := % — 1+ 1000, then surely, for n > N we have
n
‘n +1

—1’<5.

Theorem 4.43. Iflim, ., a, =a € R and lim,, .. b, = b € R then
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o lim, ,(a,+0b,) =a+b
o lim, ,(a,b,) = ab
o lim,, . Z—Z = ¢ provided that b # 0.

Exercise 4.44. Prove Theorem /.43 using the e-definition of the limit.
Example 4.45. Find the limit of
3n?+5
im ————.
n—=o002n2 +n+7
Solution. In Calculus we argued as follows,

3n*+5 3+ 5
2 4+n+7 2+1i4 7%

Since %, % and nlz all tend to zero as n — oo, the limit is

3n® +5 34 340 3
im ——— = lim —"%— =

m — = —.
W02 4040 2

That is kind of ok, but you must know how to write the formal proof (using several instances
of Theorem 4.43)! O

Theorem 4.46 (Squeeze theorem). Let a, < b, < ¢, for alln € N and assume that
lim a, = lim b, =g € R.
n—oo n—oo

Then lim, ., b, = g.

Proof. This is a proof we have seen before, but again, we have to know how to prove it.

Let € > 0 be arbitrary. Since lim,, o, a,, = lim,,_,o b, = g there must be N; and Ny € N
such that

la, —g| <e, VYn> DN
b, —g| <&, VYn> N,
Let N := max{Ny, No}. Then we have for all n > N
g—e<a,<b,<c,<g+e,

and thus
|b, —g| <e Vn>N.

Since € was arbitrary this implies that lim,, ,, b, = g. [l

Example 4.47. For a > 0 we have lim,,_,, {/a = 1.
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Proof. For a = 1 the statement is trivial.

If a € (0,1] then for b := % € [1, 00) we have lim,,_,, V/b = 1, and thus if we know the case
a > 1 by the limit laws Theorem 4.43,
1 . 1
Va=— "5 =1,

7 1

So, w.l.o.g. assume that a > 1.

One way to prove this is brute force: Assume the statement is false. Note n — /a is
monotone decreasing. Moreover {/a > 1. Thus, since by assumption lim, ,, /a = 1 is
false, there must be an € > 0

Va>1+¢e forallneN

but then
a>(1+¢e)" == 00

But this contradicts that a is finite, so we have lim,, .., ¥/a = 1.

We can also be more elegant: By Bernoulli’s inequality, Proposition 3.3,

a=(1+ %—1)n21+n(%—1).

Thus
a>1 -1
0 Ya—1< 272
N
n%ooo

n—00

By the squeeze theorem, Theorem 4.46, {/a — 1 —— 0 which is what we wanted to show
(whenever a > 1).

O
Example 4.48. Find the limit lim,,_,,, /3™ + 57

3\" 3\"
Vs = ifsn+ (3) :5v"”<5> |

Now by Example 4.47,
1&{L/I§,"/1+(§> < {250

So again by the squeeze theorem Theorem 4.46,

lim /1< {/1+ <3> 1
n—oo 5

Proof. Observe that
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and thus
lim {/57(1 + <3> _5

n—o0

Example 4.49. If p > 0 then lim,, ., — = 0.

Solution. Given € > 0 let N € N with N > (%)
Example 4.50. Show that lim,_,., ¢/n = 1. (No L’Hopital!)

Solution. If we do Bernoulli again, we don’t get far:
n=(1+n-1)" 21+n(n-1)

merely implies /n is bounded.

We instead apply the binomial formula!®

(a+b)" zn:( ) a'b" "

=0
In particular, if @ and b are nonnegative,

—1
(CL + b)n Z bn + (Z’) an—2b2 — bn + n(n2 )an—2b2'

Notice how similar this looks to the Bernoulli, but the asymptotics in n are different.

Then (observe /n —1>0))

n:(1+(c/ﬁ—1))”21+71

which implies

oo 2(n —1) . 5
0 (n_l)n>(\/ﬁ—1).

)2 n—o0

By the squeeze theorem we conclude ({/n—

Lastly, we like to say what is meant by
im0 = +00
Definition 4.51. We say that the sequence (z,)nen diverges to +oo if
VMAN =N(M): x,>M Vn> N.
We write

lim a, = 4+o0.
n—oo

16if vou forgot it, prove it by induction!

—— 0 which readily implies the claim.

47

O
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Similarly we define divergence to —oo and

lim b, = —o0.
n—oo

For simplicity we will write R := R U {—o00, +00}.

Observe that e.g. oscilating sequences z,, may not have limits in R.
Exercise 4.52. Let (x,)nen be a sequence in R

Is the following statement true'”?

If lim x,, = oo is not true, then lim x, < oo
n—00 n—00

4.8. Cesaro Mean. Recall that R := R U {—o0, +00}.

Proposition 4.53 (Cesaro Mean (1)). If lim, o a, = g € R then

Proposition 4.54 (Cesaro Mean (2)). If lim, o a, = g € R, g > 0, then

lim a,-...a, =g.

n—o0

Exercise 4.55. Prove Proposition 4.54. Hint: Proof of Proposition /.53 below.

Proof of Proposition /.53. The idea of Proposition 4.53 is relatively easy. “Eventually”
a, ~ g (say for all n > N) meaning that for n > N),

1 1Y 1
“Naxm=-Ya+-(n-N-1
n;a n;a —i—n(n )g

n—oo

Since YN, a; is finite, £ 32V, a; == 0. On the other hand L(n — N —1)g === g.

For practice let us make this proof precise. For simplicity let us assume that ¢ € R
(g € {£o00} follows the same idea).

Since lim,,_, a, = g we have that M := sup{|a,|,n € N} < co (Lemma 4.15).

T5een on the prelim
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Let € > 0 then there exists N; such that |a; — g| < %5 for all ¢« > N;. We then have for any
n 2 N17

KN
|
e

S|—= 3|
= 1= I
- —~
8
|
Q
_

1 n
n Z (ai—g)
i=N1
Ny — 1 1-N
n 2 n
Ny —1 1 1-N
:€+< L oM+ e 1)
2 n 2 n

Now we can choose Ny € N (depending on M and ¢) such that
<N1 -1 11-M

_|_

IN
SERS

(a;i —g)

<.
I

—_ =

<

2M + —¢

€
- > N,.
n 2 n ><2 vn = N,

So if we set NV := max{Ny, No} we find

iizn;ai—g <e VYn>N.
O
Example 4.56. lim,,_, Wn! = 0o since
Vn!=+v1-2-...-n,

and lim,,_,.c N = 0.

Exercise 4.57. Show that lim,, ., "2+ §/3+.._+% =1.

Theorem 4.58. If a,, > 0 and all n and lim,,_,, api1/a, = a € R, then lim,,_,o /a, = a.

Proof. Since a,+1/a, — a we see that also the the following sequence converges to a

a a4

5 3 PRI

1 :
ay as Ap—1

.. —a.

Therefore

A/ Qb o as a
-~ — n ]_ o — e — . n — Q.
ayp a2 Qap-—1

v

Since /a; — 1, we conclude that {/a, — a from Proposition 4.54. O
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4.9. e and the exponential function.

Definition 4.59. The FEuler number e is defined as
1 n
_ hn1<1+-> .
n—oo n

To make sense of this definition we first need to prove

Lemma 4.60. The sequence a, = (1 + %)n is strictly increasing, b, = (1 +

strictly decreasing. Both converge to the same limit.

Proof. Since 1 + % > 1 we have
a, <b, VneN.

We first show that a,, is strictly increasing by showing that % > 1. Indeed

n+1 n+1
_1 nt2
An41 (1 + n+1) . (n+1)

CE ) )

n+2 "n42
n—+1

_ ( n
_ <7z+%z> n+ 2
(

2492041 n+1
>” n -+ 2
n2—|—2n+1 n+1

1—

v

2
(1 - " > nt (Bernoulli)
n?+2n+1/ n+1

n3+3n2+3n+2
= > 1.
nd+3n2+3n+1

50

n+1l |
%) 18

Similarly we can show that the sequence b, is decreasing (we leave it as an exercise). Since

a, < b, for every n we have

2= < <az<...<a, <...<b,<b,_1<...<b =4.

Hence a, is increasing and bounded from above, so convergent (Lemma 4.25 and com-
pleteness of R). Also b, is decreasing and bounded from above, so convergent. Clearly

lim,, o a, € (2,4), so lim,_, a, # 0 and hence

limn—wo bn n

o = lim —=1lml+—-—=1 lim bn— lim Qp,.
Y

hmn ap, n—oo q, n—00 n n—00 n—00
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One more proof that a,, is increasing. A clever application of the Arithmetic-Geometric
mean inequality, Theorem 3.7, gives

(R AR (CHRCHE

1+ +. +(1+1)+1 1
< =1+
n+1 n+1
Hence
1\" 1 n+1 1\" 1 n+1
(1+> 1§(1+ > , (1—1—) S(l—i— )
n n+1 n n+1

n n+1
Remark 4.61. Since (1 + %) is increasing and (1 + %) is decreasing and e is their

common limit, we have that
1\" 1 n+1
<1+> <e<<1+>
n n

for every n. Taking n large we obtain lower and upper estimate for e. One can prove that'®
e =2.718281828 ...

Definition 4.62 (Series). Let (a,)nen be a sequence. We say that for g € R
9= an
n=1

if the partial sum sp = S2¢_, a, satisfies limy_,o 5o = qg.

n=1
> 1

Theorem 4.63. ¢ = —.
n=0 n'

Proof. Let

<1+1)n ety 4
Ty = |, Yn= —+ =+, +—.
n Y T oy

18Aga funny side-note, during the space race the Sowjet space program worked with e with precision up
to 9 digits, which their engineers rememberd as 2.7 and twice Tolstoi (who was born in 1828). Side-note
of a side-note, NASA supposedly only uses 15 digits of 7 for interplanetary travel (nowadays), https:
//www.jpl.nasa.gov/edu/news/2016/3/16/how-many-decimals-of-pi-do-we-really-need
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Thus (yn)nen is the sequence of the partial sums of the above series. The binomial formula
yields

n 1 n 1 n 1 n 1
n o= 1" 12— 4. 1! 1°—
o + <1> n + (2) n? e (n — 1) nn-1 + <n> nn

B nn—1) 1 nnh-1)(n-2)1
= 11— 5+ i -

nn—1H)(n—-2)---(n—k+1) 1 nn—H(n—-2)---1 1
(0= 1)1 =2)- R CED L [

1 /n—1 1 /m—1\ /n—-2 1 /m—1\ /n—2 1
R R ) AP ) ()

2! n 3! n n n! n n n
Therefore x,, < y,. On the other hand the coefficients at 1/k! converge to 1 as n — oo
so we should expect that the limit of x,, will be as large as that of y, which together with

the inequality x, < y, should give equality of the limits. To turn this observation into a
rigorous argument, fix k. Then for n > k we have

1 /n—1 1 /n—1 n—2 n—=k+1
Ty, 2 xk=1+1+< )+...+( )( ) AL
2! n k! n n n

With that fixed k, letting n — oo on both sides of the above inequality yields

: 11 1
e=lm z, =141+ 54044 =

This and the inequality x,, < ¥, gives e <z, < ¥y, < e and hence

Zi‘: lim y, = e.

n—00
n=0

Theorem 4.64. e is irrational.

Proof. Let

_ 1 1 1
Ty = +ﬂ+i+...+m.
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In particular observe that z,n! € N. Then

1 1 1
T T D T Ty
1 1 1 1
- (n+1)! <1+n+2+(n+2)(n+3)+(n+2)(n+3)(n+4)+'”>

1 1 1 1
S )
(n—i—l)!( el T T

geometric series
1 1 1

(n—i—l)!l—#l:n!n'

Hence )
O<e—x, < —.
nln

Suppose that e is a rational number i.e., e = p/q for some p,q € N. Then

0<€_xq<'7
q:-q

)

1
0< eq! — zyq! <—.
integer integer

Since there are no integers between 0 and 1/q we arrived a contradiction. This proves that
e cannot be a rational number. Il

For any = € R the value e” is well-defined, and we have e* > 0, cf. Exercise 4.41.

Definition 4.65. It is relatively easy'® to show that for any r € (0, 00) there exists exactly
one x € R such that e* =r.

The natural logarithm is defined by
Inr =logr =log,r=x ife’ =r.
Observe that differently than in high school, log z is with base e instead of 10.
We will assume all the logarithm rules from calculus (that we can derive from power laws).
It is not clear at this point why the base e is more important than any other base. It

will be transparent later when we will study derivatives, but even now the following result
shows a nice and important inequality that is true for the natural logarithm.

Lemma 4.66.

1 1 1
<ln(1+> < —form=1,2,3,....
1 n

n n

this is an easy consequence of the intermediate value theorem, Theorem 8.12 , so we don’t do this
here
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1\" 1 n+1
(1+) <e<(1+)
n n

1 1
nln<1+)<1<(n+1)ln(1+).
n n

Proof. The inequality

implies

The left inequality gives

and the right inequality gives

1 1
<1n(1+>.
n—+1 n

Theorem 4.67. The sequence

TREEEE P
ap = —+ -4+ ...+ —Inn
2 3 n

is convergent to a finite limit

n—00 3

li (1—|—1—|—1+ +1 | )
= lim —4+ -4+ ...+ ——Inn| .
i 2 n

Remark 4.68. The limit v = 0.5772156649. .. is called the FEuler constant.

known if v is rational or not.

54

It is not

Proof. We will prove that the sequence is decreasing. To this end it suffices to show that

Gpi1 — Gy < 0. We have

1 1
il —0an = (14+=4+...4+—
Apt1 — @ <+2+ +n+n+1

1
= 1 —In(n+1)+1nn

1 n+1
- ()
n+1 n

1
_ —1n(1+1><0,
n+1 n

1 1
)—ln(n—l—l)—(1+2+...+n)+lnn

where the last inequality follows from Lemma 4.66. Therefore the sequence (a,) is decreas-

ing. Applying the lemma one more time we have

1 1 1 1
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and hence

1 1
a, = 1l+—-+...+——1Inn
2 n

1 1
> 1n(1+1)+1n<1+2>+...—|—1n<1+)—lnn
n

1
= 1n2+ln§+...+lnn+ —Ilnn
2 n
2 3 4 n

= In(n+1)—Inn > 0.

Thus the sequence is decreasing and bounded from below by 0. Hence it is convergent, as
it is a Cauchy sequence in a complete metric space Lemma 4.25. U

As a corollary we obtain another proof that
> 1
Z — = +00.
n=1 n
Indeed, since the sequence of partial sums
LIS
Sp = — 4+ -4+ =
2 3 n

is increasing it suffices to show that it is not convergent. Suppose it is convergent. Since
the sequence in Theorem 4.67 is also convergent, the difference of two sequences i.e., the
sequence s,, — a, = Inn is also convergent, but it is not, since lim,,_,,, Inn = +o0c.

Exercise 4.69. Find the limit lim %
n—00 pldg4-to

4.10. Examples.

Example 4.70. Prove that the sequence /n is decreasing starting from n = 3.

Solution. We have

" 1\"
nt/" > (n+ DY) o gt s (n 1) o n>(nn+n>: <1+n> .

The last inequality is true for n > 3, because n > 3 > e > (1 4+ 1/n)" and hence the first
inequality is true for n > 3 as equivalent. U

Example 4.71. Find the following limits

(1) Timoo (25) ",
(2) Timpoo (-225)"
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|
Solution. (1) Let a, = " Then

nrte"m
Uns1 (n+1)! n"e " nl(n +1) n'e "
a,  (n+1D)ntle=0)  pnl  (n41)(n+ 1Dreme=t  nl
n"e e

ERCESI (L

and hence Theorem 4.58 gives

13
(2) Let a, = (nf) Then

n3ne—n
3
(n+1 ((” + 1)!> n3re=" B (n!)3(n +1)3 n3ne—n
fin ((n+1)m1) e (D (n 13+ 1)remet (nh)?
n3ne e e _2
= = - —=e

e ey

and hence Theorem 4.58 gives

4.11. subsequences in R"” — Bolzano Weierstrass. Let (X, d) be a metric space.

If (z,)nen is a sequence and
ny<ng <ng<...

are positive integers then the sequence

(yk>k€Nu Yk ‘= Tn,

is called a subsequence.

It is easy to prove

56

Lemma 4.72. Let (X,d) be any metric space. For any (zy)ren C X sequence and any

x € X the following are equivalent

o lim, ., ox,=2
o limy oy, = x for all subsequences (zk,)ien Of (Tk)ken-



ADVANCED CALCULUS I & 11 VERSION: September 19, 2024 57

o Let ((nie)een);e; € N be a collection of strictly increasing sequence in N which cover
all but finitely many elements of N. Le. assume that for any i € I, (nie)een s a
strictly increasing sequence in N and that

U nie | \Nis a finite set.
i€l beN

and (o, )een s convergent to x for each i € I.

It is a special property of R (more generally finite dimensional spaces) that bounded
sequences have convergent subsequences (we will later say that bounded sets in R, R"
etc. are precompact). This is called the Bolzano-Weierstrass theorem

Theorem 4.73 (Bolzano-Weierstrass). Fvery bounded sequence (x,)neny C R™ has a con-
vergent subsequence.

It is worth recalling the proof.

Proof. Since (x,,)nen is bounded, there exists M > 0 such that (z,)neny C [—-M, M]" =: C}.

For simplicity assume that M = 1. We can divide the cube C; into 2" cubes of sidelength
1. Each of these cubes can be subdivided into 2" cubes of sidelenght 27!, and so on?’. This
division into small cubes is called dyadic decomposition.

Since z,, is an infinte sequence, for each subsequence and each x € N, infinitely elements
of that subsequence must belong to one of the cubes of sidelength 227%,

We can construct a subsequence now as follows:

Let ny := 1 and C; = [—1,1]™. In the i + 1st step, fix any dyadic cube C;,; of sidelength
2'=% which is contained in C; such that there are infinitely many sequence elements n > n;
in Ciyq. Take n;pq > n; so that z,,,, € Cig1.

We thus obtain a subsequence (x,,);en such that
Tn, CC; Vk >
In particular, because of the sidelenght of C; being 2277,
|Tny, — T, | < V/P227" VR >0
In particular z,, is a Cauchy sequence, and since R" is complete z,, converges. Il

Exercise 4.74. Let (x,,)°, be a sequence of points in R? such that |1, 1—x,| < 1/(n*+n),
n > 1. Show that (z,), converges.

20Here the dimension comes into play: we can split the interval [a,b] into two intervals of half the
diameter. In R? we can split the square [a, b]? into four intervals of half the diameter. In infinite dimensions
we would have to split a bounded set into infinitely many sets of smaller diameter — so this argument would
fail there
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Exercise 4.75. Give an example of a sequence (x,)neny C R such that
Ve>0 IN=N(): |r,—xp1|<e
but (x,)nen s not convergent.

Exercise 4.76. Assume we have a sequence (x,)nen C (X, d) where (X, d) is a metric
space. Assume for some X € (0,1) we have

d(xm xn—&-l) S Ad(xn—laxn—Z) vn 2 3.

Show that (x,)nen ts a Cauchy sequence.

Hint: You can freely use the formula (for A # 1)

1 — \ntl

1—X
Exercise 4.77. Let f : R — R be continuous®* and assume that for some A € (0,1) we
have

LA+ X4 A" =

[f(2) = f)l < Mz —y[ forallz,y € R
Show that there exists T such that f(x) = &.

Hint: Take any x € R. Set x,, :== f(x,). Then use Exercise 4.76. Then think about what
happens to
xn, = f(x,) asn — oo.

Do not use a Fixed point theorem. Prove the Fixed Point theorem!

4.12. The upper and the lower limits. Sequences can be subdivided into subsequences.
The limit superior, limsup is the largest possible limit (or +00) of any subsequence, the
limit inferior, liminf is the smallest possible limit of any subsequence. More precisely,

Definition 4.78. Let (z,)nen C R be a sequence.

o If (z,,)nen is bounded from above we set

lim sup x,, := inf sup x.
n—00 nelN g>n
(observe that this number exists since (z,,)nen is bounded from above)
e If (x,)nen is not bounded from above we set lim sup,, , . =, := +00
o If (x,)nen is bounded from below we set
h?gbgggf e iLelg Iilzlfz Tk
(observe that this number exists since (z,,)nen is bounded from below)
o If (2,)nen is not bounded from below we set liminf,, . z,, = —00

2 ets all agree that we already know what this means: if lim,,_, . 2, = x for some sequence (Z,)neN
then lim, o f(z,) = f(z)
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limsup =z,
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i
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FIGURE 4.3. An illustration of limit superior and limit inferior. The se-
quence x,, is shown in blue. The two red curves approach the limit superior
and limit inferior of x,,, shown as dashed black lines. In this case, the se-
quence accumulates around the two limits. The superior limit is the larger
of the two, and the inferior limit is the smaller of the two. The inferior and
superior limits agree if and only if the sequence is convergent (i.e., when
there is a single limit). (text and image: Eigenjohnson, Wikipedia)

Cf. Figure 4.3.

Example 4.79. Let

% n even
Ty =
-n n odd
then
limsupz, =0
n—oo
and

liminf z, = —o0.
n—oo

To coincide limsup and liminf with our intuition observe
Lemma 4.80. Let (z,)nen C R be a sequence.

(1) Set ay, := supys,, ¥k, then, if the right-hand side exists,

limsupz = lim a,
n—00 n—00
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(2) Set by, = infy>, xi, then, if the right-hand side exists,
i tof o = 2 b
(3) Let (x,,)ien be any convergent subsequence. Then

liminf z,, < lim z,,, < limsup z,.

n—0o0 1—00 n—00

(4) If limsup,,_,. x, € (—00,00) then there ezists a convergent subsequence (Zy,)ien
with
lim z,,, = limsup z,,.
=00 n—oo
(5) If liminf, oz, € (—00,00) then there exists a convergent subsequence (Zy,)ien
with

lim z,, = liminf z,.
1—00 n— o0

(6) If limsup,,_, . x, = oo then there exists a subsequence (Ty,)ien with lim; o0 T, =
oo. If limsup,,_,. T, = —00 then all subsequences (x,,)ien Satisfy lim; oo Tp, =
—00.

(7) If liminf, . x, = —oco then there exists a subsequence (x,,)ien with im; . ,, =
—oo. If liminf, oz, = +oo then all subsequences (xy,)ien satisfy lim; oo xp, =
+00.

Proof. (1) If (an)nen is not bounded from above, (z,)nen is not bounded from above,
and so lim,,_,, a, = limsup,,_, . x, = 00.
If a,, is bounded from above then it is a monotonce decreasing, bounded, sequence.
Thus we have convergence, by Definition 4.16 and the completeness of R, we find
that a,, is convergent and

lim a, = infsupx;, = limsup z,,.

(2) exercise! (almost the same argument as as above)
(3) We only show

(4.8) leglo Tp, < hfln_)sogp L.

The other inequality follows the same way.

If lim sup,, x,, = oo then (4.8) is trivially satisfied. So let us assume lim sup,, z,, <
0o. Then

Tp, < SUp 2 =t @; Vi€ N
k>n;

We observe that (a;);en is @ monotone increasing sequence. Since lim sup,, z,, < 0o
we have that a; is bounded from above. So by Definition 4.16 and completeness of
R, a; is convergent and

lim a; = inf sup x; < infsupx; = limsup z,,.
1—00 1 k>n,; n k>n n—oo
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By monotonicity of the limit,

lim z,, < lim a; = limsup z,,.
i—00 i—00 n—oo

(4) Set

Qp = Sup Tg.
k>n

Since lim sup,,_, . ©, < 00, by the definition of supremum as lowest upper bound,
for any n € N there must be a number K = K(n) > n such that

an_*SIKSGn‘
n

Now we build our subsequence as follows. n; := K(1), ny := K(ny + 1), n; :=
K(n;_1 +1). This is an strictly increasing sequence, and we have n; > ¢, so that
(together with the monotonicity we can ensure that

An;_1+1 — g < Tn; < An;_1+1-

Observe that (a,, ,+1); is a subsequence of the convergent sequence a,,, and as such
convergent itself. By the squeeze theorem, Theorem 4.46, we have that
lim z,, = lim a,, ,4; = limsup x,,.
i—00 i—00 n—00
(5) same as above
(6) If limsup,, ,., ¥, = oo then inf,cy a, = oo where a,, = supy,, zx. That means that
for any M € N and for any n € N there exists kK = k(n) > n with xy > M. From

this we can build a subsequence. Take x,, = Zpu), Tn, = Trw)+1) etc. This
subsequence goes to infinity.
Assume now that limsup,,_, .z, = —oo and take (z,,);en any subsequence.
Then inf,cya, = —oo where a, = supys,, vr. That is, for any M > 0 there

must be some N € N such that ay < —M. But since ay = supy~y Tk, this implies
x, < —M for all k > N. That is, for all M > 0 we have that z,, < —M for all but
finitely many n € N. In particular, for all A/ > 0 we have that z,, < —M for all
but finitely many ¢ € N. This means that lim; ,, z,, = —o0.

(7) analogue argument to above.

Lemma 4.81. Let (z,)nen be a sequence in R
(1) liminf, . =, < limsup,_ .. T,
(2) For any subsequence (z,,),

liminf z, <liminfz,, <limsupz,, <limsupz,
n—00 i—00 i—00 n—00

(8) If lim,,_, x, = x then liminf, .. z, = limsup,_, . =, = .
(4) liminf, . z, = limsup,,_,. x, then lim, ,. x, = liminf, ,, x, = limsup,,_, . Z.
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Proof. (1) obvious from the definition
(2) Obvious from the definition of lim sup, and monotonicity of the supremum/infimum.
(3) From Lemma 4.80 we have that there exists a subsequence (x,,);en such that

lim z,,, = limsup z,,.
i—00 n—00

On the other hand, since x,, converges, so does any of its subsequences, so

lim z,, = lim z,.
1—>00 n—00

Together we find

limsupz, = lim z,.
n—00 n—00

The same argument works for the lim inf.
(4) Let a, := infy>, 7} and b, := supy,, 7. Then
an < x, <b, VYneN.
Since by assumption and Lemma 4.80,

hm 1nf T, = hm ay, = hm b, = limsup x,,
n—oo

We conclude by the squeeze theorem, Theorem 4.46 that

lim z,, = liminfz, = hm a, = hm b, = limsup z,,
n—oo n—oo n—oo

5. SERIES

Recall from Definition 4.16 the notion of Cauchy sequence. Also recall that R is defined
as the metric completion of (Q,| - |) (Definition 4.20), and thus Cauchy-sequence and
converging sequence are the same (in R, not in Q).

Recall

Definition 5.1. We say that for a sequence (a;)ieny and g € R the series is conver-
gent/divergent to g,

Y. ai=g€R,
i=1
iff the sequence (partial sum)

Z iy TL‘)OO
(2

We say that the series Y 72, a; is an ab{solutely convergent series if 370, |a;| < oo, i.e. the
sequence

=3 Ja] T § < oo
=1
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Equivalently (since (¢,) is monotone increasing sequence in R) one could require that ¢, is
a bounded sequence, sup,, t, < 00).

Since (Sp)nen is a Cauchy sequence in R if and only if it is convergent, one obtains the
Cauchy criterion for sequences

Theorem 5.2. The series Y_;°, a; is convergent if and only if

n+m

Ve>0 IN=N(E)eN Vn>N:VmeN |> q<e.

Corollary 5.3. If** 2, a; € R then lim,, .o, a; = 0.

Proof. Tt follows directly from Theorem 5.2, but one can also argue directly. For s, =
>, a; we have
Ap = Sp — Spi1-
Since by assumption
R 2 ai=lim sn = lim sup
we get from the limit rules, Theorem 4.43, that lim,, . a, = 0. Ul

Theorem 5.4 (Comparison test). (1) Suppose there is N € N such that |a,| < b, for
alln > N and Y77, b, converges, then > 7, a, converges absolutely.
(2) Suppose there is N € N such that a,, > b, > 0 for alln > N and Y%, b, diverges
(i.e. goes to +00), then > 00 a, diverges (to +00).

Proof. (1) We establish the Cauchy Criterion in Theorem 5.2 for >°°, a,. Let ¢ > 0
then since > 77, b, is convergent in view of Theorem 5.2 there must be N; € N
(w.l.o.g. Ny > N where N is from the assumption) such that

Ni+m
Vm e N: Z bi| <e
n=N1
Observe that by assumption
Ni+m Ni+m Ni+m
Z a;| < Z bi:| Z bila
n=N1 n=N1 n=N1

so we get the Cauchy criterion for }° a;.
(2) obvious.

Corollary 5.5. If >°>° | a,, is absolutely convergent, then > 7° | a, is convergent.

22e. 3°°° a; is convergent to a number in R
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Proof. Use b, := |a,| in Theorem 5.4(1). O

Theorem 5.6 (Alternating sequences). Suppose that (a,)nen S a sequence with the fol-
lowing properties

(1) Jar] > |a] > Jas] > ..
(2) a1 >0, as <0, a3 > 0, etc. (alternating)

Then Y07, ay s convergent.?

Proof. Let

14
Sy 1= Z Q.
n=1

Since a,, alternate and their absolute value decrease s, we observe the following (prove by
induction!)

S2 <84 < 8g... <87 < 85 <83 < 81
So (Sok)ken and (Sgx—1)ken are montone, bounded sequences, and thus convergent. More-

over,

|32k+1 - 82k;| = |a2k+1| IH—OO> 0,

we find that sox11 and so must converge to the same limit ¢ € R. But then by Lemma 4.72
Sk converges. U

Theorem 5.7. If |q| <1 then

Zq”zl—l—q—l—(f—l—...:i.
n=0 1_q

If lq| > 1

o0
Z q" does not converge.

n=0

Proof. 1f |q| > 1 then ¢ does not converge to zero as n — o0, so the series cannot converge
by Corollary 5.3.

So let |¢| < 1. By induction one proves

i . 1 — qZ—I—l
"=
n=0 1- q
Now observe that

1— qZ—l—l {—o0 1

7

1—gq C1-q

Zhut maybe not absolutely convergent. The sequence Zle(—l)”% is thus convergent, but it is cer-

tainly not absolutely convergent.
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O
Theorem 5.8 (Cauchy Condensation test). Suppose a; > ay > ag > ... > 0. Then
Yonlq @y converges if and only if Y 02 2"agn converges.
Proof. This is a consequence of the comparison test and a little bit of combinatorics.

If >°0° 5 2"agn converges then Y >° | a, converges:

Let

and
k
tk = Z 2£a5.
(=0
For n < 2% we have because of the nonegativity and monotonicy of the sequence (a,,),

Sp <ay + (ag +a3) + (ag + as +ag +a7)+(ag+ ... +ays5) +...+ (agr + ... + agrs1_q)

<2a2 <4ay <8asg <2ka,,

<ty

So if t; is bounded then s, is bounded, and since all sequence elements are nonnegative

this is equivalent to saying that if >>°°  2"agn then > 07, a, converges.

If >°7°, @, converges then Y~  2"asn converges:

We argue with a similar idea. For n > 2* we have
Sp >0y + ag + (az +aq) +(as+ ...+ asg)+ ...+ (agr-147 + ... + agr)

>2a4 >4ag 22k71a2k

>
=5tk

We argue as above: if >°° | a,, converges, then (s,)nen is bounded, so the inequality implies
that (tx)r is bounded. Since all sequence elements are nonnegative this is equivalent to
saying Y., 2"agn converges. O

Theorem 5.8 allows to prove elegantly the following theorem (which, of course, we could
also prove by an integral comparison test).

Theorem 5.9. >, ni converges for p > and diverges for p < 1.

P

Proof. If p <1 then
<1 <1

> —> — =400

p =
n=1 n n=1 n

so we have divergence for p < 1, Theorem 5.4.
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Assume now p > 1 and set a,, := % Then 2"agn = 2" (23L)p = (2!77)". Observe that then
D 2%agn =Y 2"ag = Y_(27F)"
n=0 n=0 n=0
This is the geometric series with ¢ = 2177 € (0, 1), so it is convergent. By Theorem 5.8 we
obtain that >°07 nip < 00. g

Theorem 5.10. Z

(og )7 converges for p > 1 and diverges for 0 < p < 1.
= n(logn

Proof. Let a,, = 1/(n(logn)?). Then

— 1 (1 Y1
= 2n(log2n)p  \log2 ) n»’

Hence the previous result yields that

00 1 P 1
Magn = | —— —
E v~ () S

converges if and only if p > 1 and the theorem follows from the Cauchy condensation
test. U

Ap+1

Theorem 5.11 (Ratio Test (d’Alambert Test)).  (a) If lim

< 1, then the series
n—oo

> ool Gy converges absolutely.
(b) If lim |2t

n—oo

> 1, then >0° , a, diverges.

n

Theorem 5.12 (Root Test (Cauchy Test)).  (a) If lim, o0 {/|an| < 1, then the series

> ool an converges absolutely.

(b) Iflim, o0 {/|an| > 1, then Y-°°, a,, diverges.

Remark 5.13. If
an+1

aTL
then we cannot conclude convergence or divergence of the series. For example, if a,, = 1/n,
then the above limits are equal 1 and the series >-°° | a,, diverges. If a,, = 1/n?, then still
the above limits are equal 1, but this time the series Y >° | a,, converges.

lim
n—oo

— : n _
=1 or lim la,| =1,

Exercise 5.14. Provide an example of a convergent series ay+as+as+. .., where a, > 0,
n=1,2,3,... such that the limit lim,,_,oc “*** does not exist.

Exercise 5.15. Let ay,as,as,... > 0. Prove that if

limn( n —1)>1,
n—00 an+1

then the series a; + as + az + ... converges.
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Exercise 5.16. Prove that there is a sequence of positive integers ny < no < ng < ... such
that the sequence ap = sinny converges.

We will prove the d’Alambert test only; the proof for the Cauchy test is similar and left as
an exercise.

Proof of Theorem 5.11. 1f lim,, o0 |aps1/an| < 1, then there is 0 < ¢ < 1 and ng such that

Ap+1

< q forn > ny.

n

For n > ng we have
an+1] < qlan| < q2|an—1| <...< qn+1_no|ano| )

ans1] < (47™lano|) ¢
Replacing n + 1 by n in this formula we have

n+1

la,| < (q_"0|an0|) q" for n > ny.

Since the series
oo o0
Z (q—no |an0 ‘) qn — (q—no ’a'no |) Z qn
n=1 n=1
converges, the series > 7 ; a,, converges absolutely by the comparison test.

If lim,, o0 |@nt1/an| > 1, there are ng and ¢ > 1 such that |a,41/a,| > ¢ for n > ng and
it easily follows that a,, does not converge to zero. Hence the series >_°° | a,, diverges (see
Theorem 5.4). O

Example 5.17. For every x € R the series Yo% ;™ /n! converges absolutely. It is obvious
if x = 0, so we can assume that  # 0. If a,, = 2"/n!, then |a,41/a,| = |z|/(n+ 1) — 0,
so the absolute convergence follows from the d’Alambert test.

0 (n+1)n
Example 5.18. Investigate convergence of the series Z ( Z 1) .
n

n=1

n (n+1)n
Solution. Let a,, = ( ) . Then

n+1
( n >“+1 1 1 1 . 1 1
7 an — — — o —
N o A ) AL
and hence the series converges. O

Theorem 5.19. Assume that a,, > 0, b, > 0 and

Ant1 < brg1

for all n > ny.

an n

If the series > 02 | b, converges the series > >, a, converges, too.
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Remark 5.20. If lim,, ;oo by11/bn, < 1, then convergence of the series >0 | a,, follows from
the d’Alambert test. However, if

. Anp41 . bn+1
lim = lim
n—o©  q, n—00 bn

=1

and we know that the series > 77 ; b, converges, we still can conclude convergence of >°7° | a,,
even if d’Alambert’s test does not apply. We will see examples after we prove the theorem.

Proof of Theorem 5.19. Let ¢, = a,/b,. Then

Ap+1 Gp,
cnﬂzb—gb—:cn for n > ny,
n+1 n

so ¢, is decreasing starting from n = ng. Hence ¢, is bounded, say ¢, < M for all n.
Therefore

Qp = Cnbn < Mbn

and convergence of the series > >° ; Mb, = M >°>° , b, implies convergence of > >°, a,. U

Now we will show two applications of the above result.

00 n—2
Example 5.21. Investigate convergence of the series '
o enn
nn72
Solution. Let a,, = —— . Then
emn!
a1 (n4+1)"1 el (n4+1)"2(n+ 1)e™n!
a,  en+ D2 eer(n+ 1)nlnn2
n—2 n
1+4 1+ 1\ 2
e e n
———
<1
1
JEn
n+1 =~
Hence
1
a?’l n
+1 < ( 411)2 .
Ay, )
Since the series 3°°° | 1/n? converges, the series 3-°° a,, converges, too. 0
o0 nn
Example 5.22. Investigate convergence of the series Z P
e"n!

n=1
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n

Solution. Let a,, = 2 Then
emn!
1 (n+D™ e'nl (n+1)"(n+1)e™n!
a,  e(n+1)! nn  erenl(n+ 1)n»
1+1)"  (1+2) 1
- e >(1+1)n+1:1+7ll
1
= T nat
n+1 %
Hence )
ntl an+t1
1 g st
n n
Suppose that the series > °°, a, converges. The the theorem would give convergence of
the series >°° | 1/n which is a contradiction. Therefore Y7° ; a, diverges. U

5.1. Multiplication of Series. Formally we would like to multiply two series as follows
(a1 +as+as—+ .. )(bl + bz + b3 + .. ) = CL1b1 + (albz + agbl) + ((Zlbg + a2b2 + agbl) + ...

In the first group a1b; we collect all terms with indices that add up to 2. In the second group
a1by + asby we collect terms with indices that add up to 3. Then terms with indices that
add up to 4 and so on. Since we deal with infinite sums we have to rigorously investigate
when the above formula is correct. We have

Theorem 5.23 (Cauchy Multiplication Formula). If the series Y.°° a, converges abso-
lutely and the series Y >, b, converges, then

(o) (50) =5

where
Ccl = a1b1
Co = ale + szl
Cp = albn + agbn,1 + ...+ anbl
Proof. See [Hajlasz, 2020]. O

Exercise 5.24. Use the Cauchy multiplication formula to find the sum of the series

[ee]
> ona™ |z < 1
n=1
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Solution. The series Y7, 2" converges absolutely for [z| < 1. Hence

<1i$)2:<§;$n><2$> (L+z+a®+. )1+a+22+...)

I+ z+2-D+0-2*+z-o+2> D)+ Q-2 +o-22 +2° 2 +2°- 1)+ ...

+ (12" a2 g a1
= 14204322 +42° +... +(n+Da" + ...
= Zn+1 Zn:v
n=0
Thus

g

5.2. Changing the order in a series. Let > 7, a, be a series and let ¢ : N — N be
a bijection. Then a series >-)° | a,(n) is obtained from >27°, a, by rearrangement of the
elements: we add exactly the same numbers, but in a different order.

Theorem 5.25. If >, a, converges absolutely and ¢ : N — N is a bijection, then
D ome1 Gyp(n) cOnvVErges and

Zl Uyp(n) = Zl .

Proof. Suppose that > 7 ; a,, converges absolutely and let ¢ : N — N be a bijection. Then
from the Cauchy condition for series we have

(5.1) Ve >0 3ng Vm  |an,| + |angt1| + - -« F |@ngem| < €.

Denote partial sums of 3>°7° | a, and >2)2 | a,(n) by s, and ¢, respectively. Choose p so large
that

If n > p, then the numbers aq, as, ..., a,,—1 will cancel out in the difference of partial sums
Sp—tn = (@14a2+. . . Fang—1F0ny+. . . F0pn) = (Ap)Fap@)+- . FApp)Fappi1)T- - Fapm))-

The remaining terms will be a;’s with ¢ > ny and signs + or —. The + sign will be
associated with terms in the partial sum s, and the — sign will be associated with the
terms in the partial sum ¢,,. No index ¢ will be repeated twice as elements with the same
index will show once with sign 4+ and once with sign — so they will cancel out. Therefore



