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In Analysis
there are no theorems
only proofs
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These lecture notes take great inspiration from the lecture notes by Michael Struwe (Anal-
ysis 111, German), as well as by Piotr Hajlasz (Analysis I). We will also follow the presenta-
tions in Evans-Gariepy [Evans and Gariepy, 2015] (measure theory), Grafakos [Grafakos, 2014a]
(Fourier Analysis) and wikipedia. Sometimes we follow those sources verbatim.

Pictures that were not taken from above mentioned sources or wikipedia are usually made
with geogebra.
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Part 1. Analysis I: Measure Theory
1. MEASURES, 0-ALGEBRAS

A measure is a way to measure (hence the name!) volumes. So for some set X it should
be a map

w25 — [0, <]
that to a subset A C X assigns the volume p(A). Here 2% denotes the power set of X i.e.
the collection of subsets of X.

2 ={A: AcCX}.

What would we want from a volume in R"? Well it seems to be a reasonable assumption
to axiomatically assume the following

e For any A C R™ we have pu(A) € [0, oo]
e (Invariance under translation and rotation) For any set A C R™, any rotation
P € O(n) and any vector x € R"™ we have p(x + OA) = pu(A) where we denote

r+0A:={x+0acR": acA}
e For any A, B C R" disjoint we have u(AU B) = u(A) + u(B)

As reasonable as that sounds, there are two problems here:

e For n > 3 the only map u : 28" — [0, 00] that satisfies our axiom is constant
(Hausdorft, 1914)

e For n = 1,2 there are indeed nonconstant maps p : 28" — [0, 00| that satisfy
the above axioms, however even if we fix u([0,1]") := 1 there is more than one
possibility for such a p (Banach 1923).

e the whole business about disjoint sets is really tricky, as illustrated by the Banach-
Tarski-Paradozon (1924):

Let n > 3, A and B be bounded sets with int(A) and int(B) # (). Then there
exist finitely many (x;)¥, C R, (O;)Y, € O(n) and parwise disjoint sets (C;)¥,
so that (x; + OZ-CZ-)?LI are pairwise disjoint and

N N
i=1 i=1
That is we can deconstruct any set A in R"™ into disjoint sets, move them around
(without any scaling!) and obtain another completely different set B - see Fig-
ure 1.1.

This is crazy, so the axiomatic definition of a reasonable volume in R"™ has failed, and we
are back to square one.
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FiGURE 1.1. A ball can be decomposed into a finite number of disjoint sets
and then reassembled into two balls identical to the original

So instead of defining a volume in R™ axiomatically, let us generally define what a reason-
able notion of a volume should satisfy. Later we will then construct the Lebesgue measure
that has most of the desired properties on R™.

Clearly p(@) = 0 is a reasonable assumption. Ideally we would also like u(A U B) =
1(A) U u(B) — but this will be a surprisingly tricky, confusing, and paradox assumption,
so let us settle for the following notion

Definition 1.1. Let X be any set and 2% the potential set of X. A map pu : 2% — [0, o0]
is a measure on X if we have

gg Zggl)) §Ozz°:1 w(Ag) whenever A, A, C X, k€ Nand A C Upen Ak
Remark 1.2. Condition (1) and (2) implies monotonicity,
u(A) <u(B) YACB.
(simply set A; := B and Ay := () for k > 2).

In particular we could equivalently replace (2) above by o-subadditivity, namely
p(UJ A0 < 3 (Ao,
k=1 k=1

Remark 1.3. e A word of warning: we will use here the notion of an outer measure
that is defined on all of 2%, not only on its o-algebra of measurable sets.
e In particular we have pu(A U B) < u(A) + u(B) for any set A, B C X. However,
in general, we cannot hope for all disjoint sets A and B hope that u(A U B) =
p(A) + pu(B) (see above), this will lead to the notion of non-measurable sets.

Example 1.4 (Jordan content). e The outer Jordan content J.(F) of a set E C R"
is defined as follows.
For a product of bounded cubes C' = [a1,b1) X [ag,b2) X ... X [a,,b,) we set

vol(C) := (by —ay) - (by — az) - ... (b, — ay).

N N
J*(E) := inf {Z vol(C;) for some N € N, and cubes (C;);Y,; such that E C Ci}
i=1

=1
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Here we follow the convention that inf ) = +oo.

J(+) is not a measure: take any enumeratotion of Q N [0,1] = {q1,...,¢n,...}.
Set Ay, := {qu} and A := U2, Ap = [0, 1]NQ. If (C;)Y, is a finite cover of [0, 1]NQ
then U; C; D [0,1]}, so J*(A) = 1. However J*(4;) = 0 for each k, we have
JH(A) £ 352 T (Ap).

However J* satisfies finite additivity,

1(AUB) < p(A) + w(B),

i.e.
N
u(A) < ZM(Ak) whenever A, Ay C X, ke {l,...,N},; Ne N, and A C U Ay
k=1 keN

Such a map J¢ : 2% — [0, 00) is called a content.
e The countable version of the outer Jordan content, is called the Lebesque outer
measure

(1.2)  m*(E) :=inf {ZVOI(CZ') for some , and cubes (C;);2; such that £ C | C’i}
i=1 1=1

It is again clear that m*(0) = 0. Let now A C U}_; Ax. We may assume that
m*(Ag) < oo otherwise there is nothing to show. Fix e > 0. For each k we can pick
(Cr:i)2, such that U2, C; D Ay and
[e.9] . c
;VOI(Ckﬂ') <m (Ak) + ?
Now U ien Cr,i O A and thus
* - * - 8
k,i€N k=1 k=1

That is, we have shown that for any € > 0,
m*(A) <Y m*(Ax) +¢
k=1

Taking ¢ — 0 we conclude that m*(A) < Y32, m*(Ax) — that is m*(A) is indeed a
measure.
Later the Lebesgue measure £ will coincide with m*(A).
e The inner Jordan content,

N N
J«(E) := sup {Z vol(C;) for some N € N, and cubes (C;);Y; such that | J C; C E}
i=1

i=1

Here we follow the convention that sup () = 0.

Indeed, take r € [0,1] then there exists g converging to r, g belongs infinitely often to the same
interval, so r € C; for some 1
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Still J.(+) is not a measure. Take A; := [0,1]\Q and for i > 2 we set A; = {¢;}
for {ga,...,} = QnNJ0, 1] any enumeration of QN [0, 1]. Since A; has empty interior
we have J,(A;) = 0. Similarly, J.(A;) =0 for i > 2. However A := 2, A; = [0, 1]

satisfies J,([0,1]) = 1. So we have J,(A) £ > | J.(A;).
o If we simply make the innter Jordan content countable, i.e. if we set

J.(E) := sup{ vol(C;) for cubes (C;)X; such that | JC; C E
i=1

=1

we run into the same problem as for J,, namely J,([0,1]\Q) = 0. So J,(E) is still

not a measure.

Example 1.5 (Counting measure). Let X be any set. Then #2% — N U {0} defined by

#A := number of elements in A,

is a measure, called the counting measure.

Exercise 1.6. Let X be a metric space and p : 2% — [0,00] a measure. Let A C X then

the measure jiA: 2% — [0, 00] given by
(W A)(B) = (AN B)

1S a4 Measure.

1.1. Example: Hausdorff measure. Let (X, d) be a metric space.

Definition 1.7. The s-dimensional Hausdorff measure, s > 0 is defined as follows.

Let § € (0, 00|, then for any A C X we define

Hi(A) = afs) inf{i r: AC D B(zy, 1), 711 € (0,5)}.
k=1

k=1
Here B(zy, ) are open balls with radius r centered at zy, i.e.

Bz, ) :={y € X : d(zp,y) < ri}.

Moreover?

where I is the ['-function.

Now observe that § — Hj5(A) is monotonce decreasing. So we can write
H(A) == lim H;(A) =supHi(A) € [0, o0].
d—0+ 5>0

Often one writes HO(A) := #A, the counting measure.
Hs, is called the Hausdorff content.

2Warning: Some authors set a(s) := 1. The main reason to not do that is so that H" = £" in R”
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Remark 1.8. e Observe that while H3(A) < oo whenever s > 0, 6 > 0 and A is
any bounded set, as 6 — 0 H*(A) will be infinite whenever s is smaller than the
“dimension of A” (a notion we will define more carefully below).

Lemma 1.9. H® is a measure in R™.

Proof. One can show similar to the argument for m* that Hj(-) is a measure for each § > 0.

We clearly have H*(0)) = 0. Moreover, since Hj is a measure for any ¢ > 0, we have for
any A C Up2, Ax,
H5(A) <D H5(Ar) <D H (Aw).
k=1 k=1
Taking the supremum over ¢ in this inequality we have o-additivity for H°.

HA) < S H(A).

k=1

Exercise 1.10. Show that
HY(Q) =% oo
Lemma 1.11. H? is a metric outer measure that means that if A, B C (X,d) satisfy
d(A,B) := inf d(a,b) > 0.
a€AbeEB

then

H (AU B) = H*(A) + H*(B).
Proof. This is relatively easy to see. Take § < d(‘%’B), then since any covering B(x,r) with
r < 0 cannot contain points of both A or B at the same time, we have that H3 is a metric
outer measure. Taking 6 — 0" we obtain that H?® is a metric outer measure. U

Remark 1.12. One can, and we will in Corollary 1.78, show that the n-dimensional
Hausdorff measure in R™ coincides with the Lebesgue measure £", i.e.

L'(A) =H"(A).
Exercise 1.13. Let f : R" — R™ be (uniformly) Lipschitz continuous that is

[f(@) = f)l < Llz —y| Va,y € R
Then for any set €2 and any s > 0,
H(f(Q) < C(LH(Q)
where C(L) is a constant only depending on L.
Exercise 1.14. Show that

e H'=L'inR



ANALYSIS T & 11 VERSION: April 18, 2022 15

o HE(ANA) = NMHE(A) for all X > 0, where N\A={\x: x¢€ A}.
o H*(LA) = H*(A) whenever L : R — R" is an affine isometry, i.e. if Lx = Ax+b
for A€ O(n) and b € R™ constant.
Exercise 1.15. Let U C R" be any non-empty open set. Then H*(U) = oo for all s < n.

Exercise 1.16 (translation and rotation invariant). Let A C R™ and s € (0,00). Show
the following

(1) If p € R" then H*(p+ A) = H*(A).
(2) If O € O(n) (i.e. O € R™™ and O'O = 1) then H*(OA) = H*(A).
(3) If ACREX {0} forO <l <mnand w: (z1,...,2,) = (z1,...,2¢) is the projection
from R" =R x R to R, then H.(A) = Hi.(7(A)).
Lemma 1.17. Let 0 < s <t < o0.

(1) If H*(A) < oo then H'(A) =0
(2) If H'(A) > 0 then H(A) = oo.

Proof. Indeed, whenever r, < § and (B(xg,7)))ken cover A we have
H5(A) < alt) Y < alt)d > r.
k=1 k=1
Taking the infimum over any such covering B(zy, ) of A we find

HL(A) < Zggaf—mgm).

Taking lims_,o on both sides we obtain

t
w4 < 2o ).

a(s)
This implies that if H'(A) > 0 then necessarily H*(A) = oo, and if H5(A) < oo then
HI(A) = 0. O
Example 1.18. If k € N it is conceivable that H* measures something of “dimension k.
For example assume that C' = [0,1]* x {0} C R? is a 2D-square of sidelength 1. We need
~ 5 many balls to cover C. Then
1 S
ﬁé :
So if s > 2 we see that H*(C') < lims_,06°2 = 0. That is C has no s-volume for s > 2.

H5(C) < als)

For s = 2 one can argue that covering uniformly by balls of radius d is optimal and thus
we have

0 < H*(C) < .
In particular H*(C') = oo for any s < 2.

(this argument is easy to generalize to a f-dimensional manifold in R")
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Indeed, with the Hausdorff measure we can define a dimension

Definition 1.19. The Hausdorff dimension is defined as
dimy A:=inf{s>0: H'(A)=0}.
If H°(A) > 0 for all s > 0 then dimy(E) := oo.

Lemma 1.20. Let C be a set in a metric space and let s > 0

(1) If H*(C) = 0 then dimy(F) < s.

(2) If H*(C) > 0 then dimy(F) > s.

(3) If 0 < H*(C) < oo then dimy(F) = s.

(4) If H: (C) > 0 and H*(C) < oo then dimy(E) = s.

Proof. This follows from Lemma 1.17 and the definition of Hausdorff measure.

(1) follows from the definition of the Hausdorff measure as infimum. then dimy (E) < s.

(2) If H*(C) > 0 then by Lemma 1.17 HY(C') = oo for all t < s. Again from the
definition it is clear that dimy(E) > s.

(3) This is a consequence of the two above statements.

(4) Follows from the statement before since H3_(C) < H*(C)

g

Exercise 1.21 (Hausdorff dimension under Lipschitz and Holder maps). Let (X, d,) and
(Y,dy) be two metric spaces and let f : X — Y. Assume that A C X has Hausdorff-
dimension dimy(A) = s.

(1) If f is uniformly Lipschitz continuous, i.e. for some L > 0,

dy(f(z), f(y)) < Ld(z,y) Vr,yeX

then dimy(f(A)) < s.
(2) Give an example where dimy(A) < s
(8) Assume f is uniformly Hélder continuous, i.e. for some L >0 and o > 0

dy(f(z), f(y)) < Ld(z,y)" Vz,yeX
What can we say about the Hausdorff dimension of f(A) C Y ?

Cf Ezercise 1.13.

Example 1.22. The Cantorset is defined as follows.
C() = [0, 1]

Let Cp := [0,1]. In the k-th step we construct Cy by removing of each interval the open
middle interval of size 37". For exmaple

SITERY

01 = [0, 3 3
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See Figure 1.2.

FIGURE 1.2.

The cantor set

VERSION: April 18, 2022

Set C':= ;2 Ck. Observe that C' is closed and bounded, so compact.
Lemma 1.23. dimy(C) = 1282

~ log3-

17

Proof. For each k € N we have C' C C}. Observe that O} consists of 2¥ disjoint intervals
cach of diameter 37 (i.e. radius $37%). Thus for any § > 0 and for any k > 1 so that

%3_’“ < & we have

H3(C)<als) X537 =27

In particular we have

2k1

(=1

HH(C) =0 Vs>

log 2
log 3

So from the definition of the Hausdorff dimension we get

dimH C<

log 2

log 3’

278

Now we need to show the other direction. From now on set s :=
any covering of C'. We claim that

(1.3)

=1

ZriEQ

Once we have (1.3) we are done, because (1.3) implies

In particular (recall that s =

log 2
log 3

Heoo(C) >

1
254

log 2
log 3~

S =
S >
s >

log 2
log 3
log 2
log 3
log 2
log 3

Let (B(.I'“ TL));ZI be

) we have co > H*(C') > HZ (C) > 0.

Let us make some notation. Denote by A, the intervals of C}, i.e. Ay consists of pairwise
disjoint, closed intervals in R such that Cy = Useqa, 1. E.g.

Cl - [0,*

1
3]

Ul

2
1
3

J

Alz

{[07 g]’ [5’ 1]}
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a—(k-1)
Ak, 3

AK.

537"

FIGURE 1.3. If a ball intersects three intervals of Ag, its diameter is at
least 5 - 37K

Proof of (1.3) Since C' is compact, we may assume that there finitely many, w.l.o.g. the

first N balls (B(x;, 7)), already cover C. We may assume that each r; < 1, otherwise
(1.3) is obvious.

Fixie {1,...,N}.

Let K; € NU {0} so that
2r; € [375iT 37,
Now we consider the construction step Ck,. Each ball B(x;,r;) has nonempty intersection

with at most 2 intervals of Ck,. Indeed, otherwise its diameter would be at least 5 - 375,
see Figure 1.3.

But then B(x;,r;) has nonempty intersection with at most 2 - 27=%¢ intervals of C; for any

j > K;. Since s = {223 we have

2. K — gitlo=Ki — giH13=Kis < 9it1gs (9} = 27+2(2p,)*.

Set now K := maxy—; . n} K;.

Then for any ¢ € {1,..., N} each of the balls B(z;,7;) has nonempty intersection with at
most 25+2(2r;)* many intervals of Ag.

So if we set I'; to be the number of intervals in Ay that intersect B, (x;) we have I'; <
2K+2(27,)% and thus

N N
Zrz 8 Z 2K+2 2,,,,2)
(1.4) = =
N
=42°) (ry)°
=1

Now for each & € C' there is exactly one interval I in A such that z € I. Since (B, (z;))Y,
covers all of C' we have the following: for each interval I in Ag there exists some i €
{1,..., N} such that B, (z;) NI # (. That is,

N

Z ['; > number of intervals in Ax = 25,
i=1



ANALYSIS T & 11 VERSION: April 18, 2022 19

1 1
—— — —— —
—— — — —— —— —
I . - .. N . I .
EEEE EEEN EEEE EREE EEEE EREN EEEE EEEE
FIGURE 1.4. The fat cantor set for a = i, see Example 1.24
Thus,
N
(1.5) S T3 > K3 s = 1,
i=1
Together, (1.4) and (1.5) imply (1.3). O

Example 1.24. The Smith—Volterra-Cantor set, aka fat cantor set is defined as follows.

Let Cp := [0,1]. In the k-th step we construct Cy by removing of each interval the open
middle interval of size a. That is

1—a 1+a
Ci=10 U 1].
1 [7 2] [2 7]
1l—a a? l—a a®> 1—a l4a 14132 42 14 te 42
Cy=10,— — —|U — U 2 _JuU 2 —. 1]

Cf. Figure 1.4.

Set C' := N2 Ck. For a = % this is the typical Cantor set. For a = i this is the Fuat
Cantor set.

Exercise 1.25. The fat Cantor above set has positive H-measure.
1.2. Measurable sets. As we have discussed, our definition of measure does not include

the “natural” condition that u(B) = u(B N A) 4+ u(B\A) for all A, B C X — because this
“natural” condition leads to incompatibility such as the Banach-Tarski Paradoxon.

So we will denote the class of sets A C 2% where we have the above “natural” condition
as the o-algebra of measurable sets.

Definition 1.26 (Carathéodory). Let 1 be a measure on X.
A C X is called p-measurable if
u(B) = pu(ANB)+ u(B\A) forany B C X
Remark 1.27. By additivity of the measure, measurability is equivalent to
w(B) > u(ANB)+ u(B\A) for any BC X
Exercise 1.28. Let X # () be any set
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e and assume () =0 and p(A) =1 for any A # 0. Then A is u-measurable if and
only if A=0 or A=X.
o [f v = # the counting measure then any set A is v-measurable.

Clearly, whatever choice of measure we have, () and X are measurable sets. We also have

N
(1.6) (A;)L, are measurable = | J 4; is measurable
i=1

Proof of (1.6). We proof this by induction. Clearly this holds for N = 1. So to conclude
(1.6) we only need to show:
If Ay, Ay are py-measurable, then so is A; U As.
So assume A; and A, are p-measurable and B C X.
w(B) =p(B\ A1) + p(B N Ay)
= ((B\ A1) N Az) + p((B\ Ar) \ Az)
+u((BNA)NAs) +p (BN AN\ A)
21 (B\ (A1 U As)) + (BN (A1 U Az))
In the last step we have used that
p((B\ A1) N Az) + (BN A) N Az) +p (BN AN\ Az) 2 p(B\ (AU Ay)),
by sublinearity and the fact that
B\ (A1UA) =((B\A)NA)U((BNA)NA)U((BNA)\ Ar).

By Remark 1.27 we have that (A; U Ag) is also measurable. O

We have much more than that:
Lemma 1.29. Let X be a set and pu be a measure on X.

The collection A C 2% of p-measurable functions
A={ACX: A ispu-measurable}
is a o-algebra, that s
(1) X € A

(2) A € A implies that X\A € A
(3) If (A2, C A then U2, A; € A2

In particular

3This is the o in o-algebra, o means for countably many. If we only had for any N € N: (4;)N, c A
then Ufil A; € A, A would be merely an Algebra (no o!)
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ecA
o if (A))2, C Athen N2, A e A

Proof. (1) For any B C X: since BN X = B and B\X = () we have
u(B) = u(B) + p(0) = n(BNX) + p(B\ X).
(2) Assume that A € A. Set A := X\ A. For any B C X we have
ANB=(X\A)NB=B\A,
and .
B\ A=DB\ (X\A4) =BnA.
Since A is measurable we then have
(BN A) +u(B\ A) = p(B\ A) + u(BNA) = u(B).

(3) Let (Ai)iGN C A Set A := Ufil A
Without loss of generality we have that A; N A; = ) for i # j. Indeed, otherwise
we set A, := A; and A, := A\ UL AL By the prev1ously proven properties and
(1.6) each A belongs to A and we have A= U, Ap — so we could work with Ay
instead of Aj.
We have by measurability of each A, and since Ay and Uy ;' A are disjoint,

u(BN LNJ Ay) =p(B N <(VJ Ak) mAN)+/~L(<Bm tVJ Ak) \ Ax)

k=1 k=1 k=1
N-1
—u(BNAy) +u(BN U A
k=1

Repeating this computation N — 1 times we obtain

(1.7) wBN U Ax) = (BN A).

k=1 k=1

By (1.6) and the monotonicity of u, Remark 1.2, we then have

u(B) = (B0 U A +u(B\ U A > Z (BN Ay + p B\UAk

k=1
This holds for any N, so we obtain

oo

Z (BN AL+ p B\UAk

k=1 k=1
By the o-subadditivity of i we then have

w(B) > u(B U A+ B\ U Ay

In view of Remark 1.27 this implies measurability of UpZ; Ax.



ANALYSIS T & 11 VERSION: April 18, 2022 22

Definition 1.30. Let C C 2% any nonempty family of subsets of X, then

a(C)
denotes the o-Algebra generated by C, namely the smallest o-algebra containing C.
Exercise 1.31. e {0, X} is a o-algebra of X

o 2% is a o-algebra of X
o Let (X, d) be a metric space. Denote O C 2% the family of all open sets.

Let F be the family of o-Algebras that contain all open sets. That is, A C 2%
belongs to F if and only if A is a o-Algebra, and any open set O € O belongs to
A, ie O e A

Define

B:=(\{A: AeTF}

Show that (a) F is nonempty, (b) B is a o-algebra and (c) B is the smallest o-
Algebra containing all open sets, i.e. show that B = o(O).
B is called the Borel o-Algebra and a set B € B is called a Borel set.

Definition 1.32. If y : 2¥ — [0,00] is a measure on X, and ¥ is the o-algebra of yu-
measurable sets, then once calls (X, X, 1) a measure space.
Some author choose to define measures only on their o-algebra > of measurable sets, and

call our definition of a measure an outer measure.

There is a reason for restricting p only to act on measurable sets — a measure p acts in a
very intuitive way on its measurable sets!

Theorem 1.33. Let (X, X, 1) be a measure space.

Let (Ap)gen C X (ie. each Ay is measurable). Then we have
(1) If Ay N Ay =0 for k # ¢ we have
(o-Additivity) (U Ar) = pu(Ar)
k=1 k=1
(2) If Ay CAy C...C Ap C ... then

p(U A = lim (A,

k=1

(3) If 1(Ay) < oo and Ay DAy D ... D A D ... then

u(() A) = lim p(AL)

k=1



ANALYSIS T & 11 VERSION: April 18, 2022 23

Proof. (1) Above in (1.7) we computed (take B = X) that for finitely many pairwise
disjoint sets

N N

p(U Ar) = > n(Ap).

k=1 k=

[y

By monotonicity

k=1 k=1
By o-subadditivity,
p(U Ap) =3 p(Ar) > p(U Ax).
k=1 k=1 k=1

The number on left- and right-hand side are the same so we have

S n(Aw) = (U Ap).
k=1 k=1

(2) Let A, = A, and A, := A\Ag_1. Then (/le)z‘;l is pairwise disjoint, and each Ay
is measurable. So

(3) Set Ay = Aj\Ayg, k € N. Then () = A, C Ay C ... Moreover we have

(A = p(Ag) + p(Ar), ke
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By the above argument (observe that p(Ag) < u(A;) < o0)
p(Ay) — klim p(Ay) = lim p(Ay)
—00 k—o0

:M(G Ak)

k=1

=pu(Ar\ Fﬁ Ag)

(A — () Ap).
k=1
Since p1(A;) < oo we can conclude.

U

Example 1.34. e There is no way we can assume (or should hope for) that for
uncountable unions we have (even sub-)additivity: For example R = J,cg{z}. The
Lebesgue measure would satisfy £'{z} = 0 for all z, so

LM(R) # lem LYz} =0.
e The assumption p(A;) < oo in Theorem 1.33(3) is necessary.
Let X = N and p the counting measure. Set for £ € N
Then Ay D Ajy1, but p(Ag) = oo for all k € N. However Nyeny Ax = 0, so

0= p(() Ap) # lim p(Ag) = oo.

keN
Lastly, from Advanced Calculus we are aware of sets of measure zero (there it was that
Riemann-integrable functions are continuous outside a set of Lebesgue-measure zero)

Definition 1.35 (Zero sets). A set N C X is called a set of p-measure zero if u(N) = 0.
We also say N is a p-zeroset.

A property P(x) holds pi-a.e. in X if P(x) holds in X\ /N where N is a u-zeroset.
Theorem 1.36. Let N C X be a pu-zero set. Then N is measurable.

Proof. Let B C X, by monotonicity we have u(B N N) < p(N) = 0. Moreover u(B\N) <
w(B). So we have

p(BNN)+ u(B\N) < p(N) + u(B) = p(B).
This implies measurability. U

Exercise 1.37. Let X be a set and p be a measure on X.

(1) Let (N;)ien be sets of p-measure zero. Show that U;eny N; is a set of p-measure zero.
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(2) Let N be a p-zeroset. Show that any A C N is a p-zeroset.
(8) Show that is a property P(x) holds for p-a.e. x and a property Q(y) holds for u-a.e.
y then Q(x) and P(x) hold (simultaneously) for a.e. x.

1.3. Construction of Measures: Carathéodory-Hahn Extension Theorem. While
we already have constructed in (1.2) the Lebesgue (outer) measure, we are still interested
in finding a more axiomatic approach to construct the Lebesgue measure.

The idea is to define a pre-measure on some sets (like cubes!) and build a measure out of
that.

Definition 1.38 (Algebra). Let X be a set and A C 2X. A is called an algebra if
(1) Xed

(2) A e Aimplies that X\A e A
(3) If Al,AQ € A then AU A, € A.

Definition 1.39 (Pre-measure). Let X be a set, A C 2% an algebra (not necessarily a
o-algebral). A map A: A — [0,00] is a pre-measure, if

(1) M@)=0
(2) MA) =372, AM(Ag) for any A € A such that A = |2, Ay for some parwise disjoint

A pre-measure is called o-finite, if X = Up2, Sk with Sx € A and A\(Sk) < oo for each k.

Exercise 1.40. Let A : A — [0,00] be a premeasure

(1) Assume A C B with A, B € A then AM(A) < A\(B).

Example 1.41. An interval is the set (a,b) or [a,b] or (a,b] or [a,b), where —co < a <
b < oo (we allow fo0 if the set is open).

A block Q) in R™ is the cartesian product of n intervals Q = I; X Iy X ... X I,,.

A figure is made out of finitely many blocks

N
A= {A CR": A= U Q; some N € N, @; blocks with pairwise disjoint interior} :

=1

Exercise: A is an Algebra

The volume of a block @) = I; x ... x I, is given by the n-dimensional volume, i.e.
vol(Q) = I, |14,
where as usual, |[a,b]| = |(a,b)| = |[a,b)| = |(a,b]| := |b — al.

Indeed, vol defines now a premeasure on A:
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Whenever A € A, i.e. A=Y, Q; for pairwise disjoint blocks Q; then
N
vol(A) ==Y vol(Q;).
i=1

One can check that this is independent of the specific choice of ;. L.e. if also A = Uj»v;l Q]‘
for another cobination of pairwise disjoint blocks Qj then

; vol(Q;) = Z:l Vol(Qj).

Indeed, now vol defines a pre-measure on A. vol is also o-finite, simply take Sy := [—k, k|™.

The important thing is that a premeasure extends (more or less uniquely) into a real
measure. This is called Carathéodory—Hahn extension.

Theorem 1.42 (Carathéodory-Hahn extension). Let X be a set, and A C 2% an algebra
with a premeasure X : A — [0, 00].

For A C X the Carathéodory-Hahn extension p : 2% — [0, 00] is defined as

1u(A) = inf {fj AAy): Ac G Ap, Ay € A}

k=1 k=1

Then

(1) p: 2% — [0, 00| is a measure on X,
(2) u(A) = A(A) for all A€ A,
(3) Any A € A is p-measurable.

Compare this to the definition of the Lebesgue measure, (1.2).

Proof of Theorem 1.42. (1) Clearly u : 2% — [0, 00] is well-defined (observe that X €
A, so that u(B) < u(X) for all B C X, and u(0) = 0.
Now let B C Up2, Bx. Take any € > 0. By definition of the infimum, for each
By, there exist some (Ay.)52, C A such that B, C U2, Ak, and

[e.9]

Z )\(Ak,g> S /,L(Bk> -+ 271{8.
(=1
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Clearly, A C Up = Ag;e so we have
1m(A) <3N MAxs0)
<M (,U(Bk) + 2_’“5)

This holds for any € > 0, so letting ¢ — 0 we find

(i>

Thus, p is o-subaddive, and thus p is a measure.
(2) For A € A we clearly have p(A) < A(A).

Now we show A\(A) < u(A). We may assume that u(A) < oo otherwise there is
nothing to show.

Take any (Agx)2, C A such that Up2; Ax D A. By the usual argument we
may assume (without loosing that A, € A) that A, N A; = 0 for all k& # j. Set
Ay == A, N A k € N. Then (4;,)32, € A are pairwise disjoint, so since \ is
premeasure

- i Ay < i AA).

Here we also used Exercise 1.40 (monotonicity of \) and Ay, C A
Taking the infimum over all covers (Ay)ren as above we obtain that

AA) < p(A),

as claimed.
(3) Let Ae Aand B C X.
Fix ¢ > 0 arbitrary. By the definition of yu, there exist (B)32; C A such that
B C U2, By and

S u(Be) 2 u(B) 2 3 plBe) =

k=1

Since By € A we have p(By) = A(Bg). Since A, By € A and A is an algebra we
have BN Ay, and Bi\A € A. These are disjoint sets, and since A is a pre-measure
we have

So we have

B) > S ABAA) + 3 AB\) — <.

k=1 k=1
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Now observe that BNA C Upeny BkNA and B\A C U2, Bi\A (and both coverings
belong to A). By the definition of p we thus find

iA(BkﬂA) > u(B N A)

k=1

and
Y ABr\ A) > u(B\A)
k=1
Together we arrive at
p(B) = p(BNA) + p(B\A).
That is, A is p-measurable.
0
Definition 1.43 (Lebesgue measure). The Lebesgue measure £ in R™ is the Caratheodory-
Hahn extension of A in Example 1.41. Compare this with (1.2).
If the pre-measure is additionally o-finite, then the Carathéodory-Hahn extension g is
essentially unique (on the sets we care about: the measurable sets).

Theorem 1.44 (Uniqueness). Let A : A — [0,00] as in Theorem 1.42 be additionally
o-finite and denote by u the Carathéodory-Hahn-extension.

Whenever fi : 2% — [0, 00] is another measure such that
A(A) = AA) forall A€ A,

then indeed
f(A) = u(A)  for all p-measurable A

Proof. (1) We have fi(A) < p(A) for all A C X. Indeed, let A C Upey Ax for A, € A.
Then by o-subadditivity of fi,

A(A) < 30 () = 3 A(A)

Taking the infimum over all such covers (A;)72; C A of A we obtain
(1) A(A) < pu(4) VAC X

(2) Let ¥ be the o-algebra of p-measurable sets.
We now show:
f(A) = p(A) for all A C X such that there is S € A with A(S) < oo, and S D A.

So fix such A and S.
Then

(S\A) < i(S) "EA(S) < oo



(1.9)
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Consequently, since A € ¥ and S € A,

A) + A(S\A) £ p(A) + u(S\A) “Z (S) 1 (S) < (A) + S\ A).
So we have equality everywhere, which leads to

[i(A) + (S\A) = p(A) + p(S\A)
With (1) we conclude

i(A) + A(S\A) = u(A) + A(S\A)

and thus fi(A) > u(A) (here we use that i(S\A) < o). Again with (1) we have
shown that

u(A)=p(A) VAeX: st.3S5eA: ACS, AS) < .

f(A) = u(A) for all AC X

In comparison to (2) we need to remove the restriction A C S for some A(S) < oc.

We write X = U2, Sk with (Sk)ren pairwise disjoint, Sy € A, A(Sk) < oo for all
k e N.

Set Ay := AN Sy, which are pairwise disjoint sets that all belong to . From
(1.9) we have for any m € N

AU Ar) = n(UJ Ar).
k=1 k=1
Thus, by monotonicity of /i, and since each A € 3, we have

(4) > timsup () A) = limsup (| Ax) 5 3 (Ay).

From Theorem 1.33 (1) we obtain

Z 1(Ax) = pu( U Ap).
k=1 k=1
Thus we have shown for any A € X,
(A) = u(A),

and we have equality in view of (1.8).

g

Remark 1.45. Observe that in Theorem 1.44 it is not said that any p-measurable A was
also ji-measurable

Example 1.46. In general y and fi in Theorem 1.44 might be different for non-measurable

sets.

Let X

=[0,1], A= {0, X}, and set

AO) =0, M][0,1]) := 1.
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Then A : A — R is a pre-measure.

One can check that the Caratheodory-Hahn extension of A is given by

A =
HA) = {(1) A;«ég.

If on the other hand we consider fi the Lebesgue measure on [0, 1], i.e. the Caratheodory-
Hahn extension of A : A — [0, oo] where A are the figures from Example 1.41 and \ is the
volume as defined. Then i coincides with p on A but not in A, because, e.g.

1

5 = M0,1/2]) = (10, 1/2]) # p([0,1/2]) = 1.

1.4. Classes of Measures.

Definition 1.47. Let X be a metric space and p be a measure on X. p is called a metric
measure if

WEUF) = pu(E)+ p(F)
whenever dist (F, F) > 0

Exercise 1.48. The Hausdorff measure H* on a metric space X is metric measures for
any s > 0.

Exercise 1.49. The Lebesque measure on R™ is a metric measure.

Definition 1.50. Let X be a metric space and i be a measure on X.

e Let B C 2% be the smallest o-algebra that contains all open sets of R”, that is?
B:=) {A c 2% . Ais o-algebra, all open sets belong to A} .

(Cf. Exercise 1.31). Any set A € B is called a Borel set and B is called the Borel
o-algebra.

e A measure p on X for which (at least) all Borel-sets are u-measurable is called a
Borel measure.

Exercise 1.51. If f : X — Y is homeomorphism then f(A) is Borel if and only if A is
Borel

Theorem 1.52. If i is a metric measure on a metric space X then u is a Borel measure,
i.e. all open sets are p-measurable. In particular Lebesque and Hausdorff measure are
Borel measures.

4t is an easy exercise to show that this indeed defines a o-algebra. Observe in particular that 2% is a
o-algebra which contains all open sets so the right-hand side is not an intersection of empty sets.
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Proof. 1t suffice to show that all open sets in X are py-measurable, since then the set of
measurable sets (which is a o-algebra) must contain the Borel sets 5.

Let G C X be open and A C X arbitrary. We need to show
1(A) = (AN G) + p(A\G).
If 1(A) = oo this is obvious, so from now on assume p(A) < oo.
For k € N define )
Gy = {x e G: dist(z, X\G) > k}
Then dist (Gx, X\G) > 1+ > 0.
We have by monotonicity,
pANG) + u(A\G) < (AN Gy) + p(A\G) + p(AN (G\Gy)).

Since p is a metric measure and dist (A N Gy, A\G) > 0 we conclude

PANG) + p(A\G) < p(A) + (AN (G\Gr)).
So the statement is proven once we show
(1.10) ]}1_{20 (AN (G\Gg)) =0
To see (1.10) let

1 1
Dy, = Gpy1\Gi = {x € G: dist(z,X\G) € (ma k]}

We then have (here we use that G is open)

(1.11) G\Gy = UD so (AN (G\ Gp)) <> u(An D)
i=k
and whenever 7 4+ 2 < 7 we have
1
dist (D;, D;) > - —-=>0.
ist ( ;) T j>

Since p is a metric measure we can sum up even and odd D;’s i.e.

Y (AN Dyiy) = p(AN | Daioa) < p(A)

i=1 =1
and
k k
> AN Dy) = (AN Da) < u(A).
i=1 i=1
In particular we have

iu(A ND;) <2u(A) < co.

i=1
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From (1.11),
AN (G\Gy)) <D n(AND;)

i=k
and since the series on the right-hand side converges
(AN (G\Gp)) 222 0.
That is (1.10) is established and we can conclude. d

Theorem 1.53. Let X be a metric space and p any Borel measure. Suppose that X is a
union of countably many open sets of finite measure. Then for all Borel sets E C X

p(E)= _inf —puU)= sup  u(C).

UDE;U open CCE;C closed

The first part of Theorem 1.53 is a direct consequence of

Proposition 1.54. Let X be a metric space and p any Borel measure. Suppose that X is
a union of countably many open sets of finite measure. If we define fi : 2% — [0, 00] as

(1.12) a(E) = U:)El;gfopen pwlU) ECX

then [i s a metric measure and we have
a(E) = u(E) YBorel sets E C X.

The Hausdorff measure #* (which is metric and thus Borel) shows that we cannot skip the
assumption that X finite union of countably many open sets of finite measure.

Indeed if s < n for any nonempty open set H*(U) = oo, so (1.12) is certainly false.

Proof of Proposition 1.54. 1t is easy to see that [i is a measure (exercise).

We will show, it is a metric measure: let E, F' C X such that § := dist (E, F)) > 0. Set

1
VE = U B(.T, g
zeE

9),

and 1
Ve = J B, 55)

zeF
Vg and Vi are then disjoint and open. Fix ¢ > 0, let U D E U F' be open such that

uwU) <p(EUF)+e.

Since Vg NU and Vp N U are open they are p-measurable and since they are moreover
disjoint

w(VeNU)U (Ve U)) =p(VeENU) + pu(VrNU).
Since E=FENVgCcUNVgand F = FNVp CUNVg we have

(E) +i(F) < p(VeNU) +u(VeNU) = p(VENU) U (VENU)) < u(U) S (EUF) +e.
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Taking ¢ — 0 we obtain that f(F) + a(F) < a(F U F) which shows that i is metric.
Consequently, in view of Theorem 1.52, [i is Borel.

It remains to show ji(E) = u(E) for all Borel sets. Clearly,
A(E) > u(E) VE C X.

and
A(E)=pu(E) YE C X open.
By assumption we can write X = Up2; Xy with Xy open and pu(Xj) < co. We also may
assume that X C Xpyq.
Then we have for all set £ C X
and
WX N E) < (X,\E).
Now if E is Borel, we have
(1.13) p(Xn\E) = ((Xp\E) and  p(X, N E) = 4(Xn\E).
Indeed, if not, either u(X,\E) < i(X,\E) or u(X, N E) < f(X,\E), which leads to
p(Xn) = p(ENXn) + p(Xo\En) < A(E N Xy) + i(Xo\En) = (Xn) = 1(Xy)

the second to last equation is the ji-measurability of £ (since it is a Borel set and [ is a
Borel measure), the last equation uses that X,, is open. The above estimate is impossible
(since pu(X,), 1(X,) < 00), so (1.13) is established.

So in particular we have for any Borel set FE, u(X, N E) = (X, N E). In view of
Theorem 1.33 (recall: both p and fi are Borel!)
A(E) = lim [i(X, N E) = lim u(X,NE) = u(E).
That is, we have shown for any Borel set F,
(1.14) p(E)=p(E):= _inf  p(U).

N UDE;U open

U

Proof of Theorem 1.53 last part. Having from Proposition 1.54 (1.14), it remains to prove
that for Borel sets E

pw(E)= sup  u(C).

CCFE;C closed
We apply (1.14) to X,,\ £ and find an open set U,, such that

X, \E C U,

and
HUNKNE)) = p(Un) = (X \B) < o



ANALYSIS T & 11 VERSION: April 18, 2022 34

The set U := U2, U, is open and C' = X\U C FE is closed. Now it suffices to observe that

E\C=En | Un C L) G\UNE)

n=1 n=1
and hence pu(E\C) = uw(E) — pu(C) < e. Thus, u(C) < u(E) < u(C) +¢e. Takinge — 0
the proof is complete. O

Corollary 1.55. Let X be a metric space and u,v Borel measure. Suppose that X is a
union of countably many open sets of finite measure. If v and pu coincide for open sets,
namely if
v(U)=w(U) Vopen set U C X,
then
v(E) = pu(E) VBorel sets E.

Proof. Twice applying Theorem 1.52, we find that for any Borel set E
pw(E)= _inf wU)= _inf v{U)=v(E).

o UDE;U open UDE;U open

On R™ we can simplify Corollary 1.55

Theorem 1.56 (Borel measures on R™ that coincide on rectangles). Let u and v be two
finite Borel measures on R"™ such that

for all closed rectangles R of the form
R:{.Z'GRTL alﬁxlﬁbl, 2:1,,71,}
where —oo < a; <b; <o0,i1=1,...,n.

Then

for all Borel sets B C R"

For the proof of Theorem 1.56 we need a essentially combinatorial observation, called the
m-A Theorem. m and A-systems are families of sets which are invariant under less operations
than the o-Algebras.

Definition 1.57. (1) A nonempty family P C 2% is called a 7-system if it is closed
under (finitely many) intersections, i.e.

A BeP impliess ANBeP.

(2) A family of subsets £ C 2% is called a \-system if
e XLl
e A,B€ L and B C Aimplies A\ B € L
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o if Ay € Land A, C A,y for k=1,..., then
UAkE,C
k=1

Exercise 1.58. Show that if P is a A-system and a mw-system, then it is a o-Algebra.

Clearly any o-Algebra is also a m-system and a A-system.

Theorem 1.59 (7-A Theorem). If P is a w-system and L is a A-system with
PcCL

then®

o(P)C L

Proof. Define S to tbe the intersection of all A\-systems £’ containing P
S=) 2,
L'oP
We first claim that S is a m-system.
Indeed let A, B € S. We must show AN B € S. Define
A={CcX: AnCeS}.

Since § is a A-system, it follows that A is a A-system. Therefore S C A. But then since
B € S we see that AN B € S.

Next we claim that S is a o-algebra

Indeed, we only need to show that S is a A-system (cf. Exercise 1.58).
Since X € S, 0 = X\ X €S. Also A € § implies X \ A € S. So S is closed under

complements and under finite intersections, and thus under finite unions.

If Ay, Ay € S then B, :=Uj;_; Ar € S. Since S is a A-system we conclude that ;2 Ax =
1B, €S8. Thus S is a o-algebra.

Since § D P is a o-algebra it follows that
o(P)cScCL.

Proof of Theorem 1.56. Let

P:={ACR": forsomen €N, A= (] Ry, where (Ry)};_, are a rectangles},
k=1

Recall that o(P) is the o-Algebra generated by P
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which a m-system. We also set
L:={BCR": BBorel: u(B)=v(B)}.
While it is not so clear that £ is a o-Algebra, one can check it is a A-system. Also P C L

by assumption (observe that each Ry is 1 and o-measurable).

By Theorem 1.59 we have o(P) C L. Since o(P) contains the Borel sets (any open set
can be written as countable union of rectangles, see Lemma 1.75 below), any Borel set B
satisfies B € £ and thus u(B) = v(B), and we can conclude. d

Definition 1.60 (Borel Regular measure). A Borel measure p is Borel regular, if for any
A C R™ there exists some Borel set B D A such that u(A) = u(B).

Corollary 1.61. Let X be a metric space and jv any Borel measure. Suppose that X is a
union of countably many open sets of finite measure. If we define i : 2% — [0, 00] as

a(E):= inf wlU) ECX

UDE;U open

then fi s a metric, Borel-reqular measure that coincides with p on Borel sets.

Proof. In view of Proposition 1.54 we only need to show that fi is Borel-regular.
Indeed, let F C X with u(F) < oo (otherwise u(E) = u(X) = oo) be arbitary. Let (Ug)?2,
be open sets so that U, D F and

pUx) = = < i(E).

| =

Set U := N2, Ux. Then we have £ C U and thus fi(E) < a(U). On the other hand we
have

~ X - 1
aU) = A U) < pl(U) < (E) + 7
k=1
This holds for any k£ € N so letting £ — oo we find
A(U) < i(E).
So i(U) = i(E), and since as an intersection of countably many open sets U is a Borel-set,
we can conclude. O

Example 1.62. The Lebesgue measure £" (as defined in Definition 1.43) is Borel regular.

Proof. In view of Corollary 1.61 it suffices to show that
L'(A) =inf {L"(G): G CR"openand G D A}.

< is obvious by monotonicity. For > assume £"(A) < oo, let € > 0 and take blocks (Q;)2,
such that

ivol(@i) < L'A)+e.
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To each block @); we can choose an open block )¢ O @); such that
vol(Q?) < vol(Q;) + 27 "¢.
Set G :=U2,(Qi)° D A. Then

L'G) < Z 1(Q7) <Zvol Qi) +22 €
=1
<L"(A) + 2e.
That is we have shown
L"(A) +2e>inf {L"(G): G CR"openand G D A}.
which holds for any € > 0, letting € — 0 we conclude. O

Example 1.63. Let X be a metric space. For any s > 0, H*(X) is Borel-regular.

Proof. In this case we cannot use Corollary 1.61, since we cannot assume that we can cover
X with countably many finite measure sets.

If s = 0 the claim is easy. Take any E C X. If H(E) = oo, then H(F) = H*(X) = cc.
If H°(E) < co then F contains finitely many points, thus E is closed and thus a Borel set.

Now let s > 0 and F C X. If H*(E) = oo then again H*(E) = H*(X) = oo and we
conclude. So assume H*(FE) < oo. In particular Hj(F) < oo for all 6 > 0.

So for each ¢ there exists a covering of E by open balls (B(ry)) ., with radius 7, < §
such that
1 1
(1.15) UB Thit)) SHS%(E)—FZgHS(E)—'—Z.
k=1
In the last step we used again H*(A) = sups-o Hj(A).
Then G := N2, Upey B(rkye) is a Borel set, and we have
o0 (1.15)
H*(G) = lim 7-[8 (G) <limsupH3 (] Blrie)) < H(E)+
{=o0 l—o00 £z

Since on the other hand G D E we have

H(G) = H(E).
We can conclude. O

Definition 1.64. Let X be a metric space and yu : 2% — [0, 00] a Borel regular measure.
w is called a Radon measure if u(K) < oo for all compact sets.

Example 1.65. e L" is a Radon measure on R”
e 7? is not a Radon measure in R” whenever s < n.



ANALYSIS T & 11 VERSION: April 18, 2022 38

Example 1.66. Let X is a locally compact and separable metric space® and p is a Borel
measure such that p(K) < oo for all K compact.

Then X is the union of countably many open sets of finite measure and thus p coincides
with a Radon measure fi on all Borel sets; cf. Corollary 1.61.

Exercise 1.67. Let X be a metric space and p any Radon measure. Suppose that X is a
union of countably many open sets of finite u-measure. Let A C X be p-measurable. Show
that u_ A is a Radon measure.

Theorem 1.68. Let X be a metric space and p any Borel-reqular measure. Suppose that
X is a union of countably many open sets of finite p-measure.

(1) If v is Borel-regular, then for any A C X we have
p(A)= _inf puG)

ACG, G open

(2) If X = R" and p is a Radon measure, for any p-measurable A C X we have
pA)y=_ sup p(F).

A, F compact

Proof. (1) Let A C X. By monotonicity we always have
pu(A) < inf  u(G).

ACG, G open
For the other inequality, since p is by assumption Borel-regular we find a Borel set
E D A such that u(A) = u(E). By Theorem 1.53 we have
pA) =p(E)= _inf p(G)= inf pu(G)

ECG, G open ~ ACG, G open

(2) Follows from part (1), see Exercise 1.69.

Exercise 1.69. Show Theorem 1.68 (2).

Use the argument as in the proof of Theorem 1.53 last part and Theorem 1.68(1). Observe
we need measurability of A because we need to use that p(U\(X,\A)) = w(U) — u(X,\A),
which is the measurability of X, \ A.

Theorem 1.70. Let X be a metric space . a Radon measure on X, and assume that X is
a union of countably many open sets of finite pu-measure. Then the following are equivalent

for AcC X.

(1) A is p-measurable
(2) For every € > 0 there is an open set G C X such that A C G and u(G\A) < e

6Separable means, a countable set is dense. Locally compact means that ever point has a neighborhood
whose closure is compact. R™ is locally compact and separable, but also R™ \ 0 is locally compact and
separable
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(3) There is a Gs-set, namely a set H = ;2 G; for some open sets G; C R", such that
ACH and n(H\A) =0

(4) For every e > 0 there is a closed set F' such that F C A and u(A\F) < e

(5) There is a F,-set, namely a set M = \J2, F; for some closed set F; C R", such that
M C A and p(A\M) =0

(6) For every e > 0 there is an open set G and a closed set F' such that F C A C G
and p(G\F) < e.

(7) A= BUN where B is a Borel set and N is a ji-zero-set.

Proof. By assumption we have X = U2, Xy with X} open and p(Xj) < oo.

(1) = (2): Let € > 0. Set Ay := AN X then u(Ax) < oo and by Theorem 1.68 there
exists for each k£ an open set GG, O Aj, such that

3
wGr) < p(Ak) + 55
Since Aj, is measurable and G, D Aj, we have
€
(Ge\Ax) = (Gy) — pu(Ay) < o

Hence A C G := U;2; G, and we have
(o] o0 o0 6
G\ A) < ZMGk\A Z (Gr \ Ax) Ssz—
=1 = k=1

Letting ¢ — 0 we conclude. (2) (3). We set H := N2, U; where U; are open sets such
that A C U; and pu(U;\A) < 1. Then A C H and

1 1—00
p(H N\ A) < p(Ui \ A) < = == 0.
(3) = (1) Let A C H for some Gs-set H with u(H \ A) = 0. Then for any B C X we have

by monotonicity
W(BNA) < (BN H)
and since BNH C (BNA)U(H\A),
W(BOH) < (B0 A) + p(H\A) = u(B 1 A).
thus we actually have
w(BNH)=uBNA).
Similarly,
p(B\ H) < p(B\ A)
and since B\ AC (B\ H)U(H\ A),
p(B\A) <u(B\ H)+p(H\ A) = u(B\ H).
Thus
p(B\ H) = u(B\ A).
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Now since any Gs-set is a Borel set and p is in particular a Borel measure we have that H
is p-measurable. Consequently

w(B) = u(BOH) +p(B\ H) = p(BNA)+ pu(B\ A).
Thus A is p-measurable.

(1) & (4) < (5) this equivalence follows from the equivalence of the conditions (1), (2),
and (3) applied to X\ A.

(1) = (6) If Ais py-measurable, the existence of the sets F' and G follows from the conditions
(2) and (4).

(6) = (3) Take closed and open sets £}, G; such that F; C A C G;, u(G;\F;) < 1. Then
the set H := N2, G; is Gs and u(H\A) = 0.

(7) = (1) If A= BU N where B is a Borel set and N is a p-zero-set, then clearly A is it
is the union of two p-measurable sets.

(5) = (7) We have A = M U A\M, where M is a F,-set, in particular a Borel set. and
A\ M is a p-zero set. O

From Theorem 1.56 we obtain the following uniqueness result

Theorem 1.71 (Radon measures on R" that coincide on rectangles). Let p and v be two
Radon measures on R™ such that

for all closed rectangles R of the form
R={zeR": a<z;<b, i=1,...,n}
where —oo < a; < b; <o0,1=1,...,n.
Then
w(A)=v(A) VYACR"
Proof. By Theorem 1.56 we have
u(K) = v(K)

for all compact set K (observe that then the measure is w.l.o.g. finite). By Theorem 1.68(2)
we obtain that

u(4) = v(A)
for all Borel sets (which are both p- and v-measurable).

If A C R"is any set, then there exists two Borel sets B, D A and B, D A such that
1(A) = u(B,)

and
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Observe that we have
w(A) <u(B,NB,) =v(B,NB,) <v(B,) =v(A).
Similarly we find v(A) < u(A). That is u(A) = v(A) and we can conclude. O

Proposition 1.72. Let p be a Radon measure on R™. Then for each x € R"™ there are at
most countably many r > 0 such that

u(0B(z, 1)) > 0.
Exercise 1.73. Construct a Radon measure p on R™ such that for countably many r > 0,

w(0B(z, 7)) > 0.

Proof of Proposition 1.72. For simplicity let us assume that x = 0.

Now consider

f(r) = p(B(r)).
Clearly f : (0,00) — [0,00) is increasing, so f has at most countably many points of
discontinuity.

Moreover we observe that
pw(B(r)) = lim f(F).

T—=r—
Indeed, this follows since for any increasing sequence r; < r9 < ... < r with limr; = r, so
by Theorem 1.33(2)

w(B(r) = p(J BG)) = lim u(B(r) = lim £(r,).

1—00 1—00

Next we claim that whenever r is a point of continuity for f then p(9B(r)) = 0. Indeed,

since B(r) and 0B(r) are compact and B(r) open (thus all are measurable),
0 < W(@B(r) = u(BE) — p(B(r)) = F(r) — lim f(7).
So if r is a point of continuity, then lim; .- f(7) = f(r) and thus

u(@B(r) = 0.

Similarly we have

Exercise 1.74. Let u be a Radon measure on R™ and g € C°(R™,R) such that g = 0
outside a compact set K. Then there exist at most countable r € R such that

g™ (r)) > 0.
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FIGURE 1.5. An open set can be represented by a countable union of dyadic cubes.

1.5. More on the Lebesgue measure.

Lemma 1.75 (Dyadic decomposition of open sets). Any open set @ C R™ can be written
as

Q=
=1

where Q; are closed cubes with pairwise disjoint interior and each cube has sidelength 27
for some k € N.

Proof. See Figure 1.5 for a picture proof. We consider dyadic cubes of sidelength 27,
¢ € NU {0} which cover R™:

R"= (J a+[0,27"

ac2tzn
o

Q, = Q:a+[0,24]"2 aEZgZ"andQCQ\ U @
QEQe_1

Each Qy is a countable family of cubes, so Q := U2, Q, is a countable family of cubes.

By construction we have

Ueca.

QeQ
Observe also that by construction two cubes in Q intersect only along their boundary.

Now assume by contradiction that Ugeo @ # €2, i.e.
Q\ U Q2 {zo}.
QeQ
Observe that any point x € Ugeg @ belongs to at most 2" many cubes Q € Q.

We conclude that Jgeg @ is a closed set, even though it may be a countable union of closed
cubes. Indeed assume (x;);en C Ugeo @ converges to some . Then all but finitely many

z; belong to the same cube @ which is closed, so z € Q.
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By the argument from above, Q\ Ugeg @ is open thus there exists a small ball B(zg, p) C
Q\ Ugeo®@ D {wo}. Let ko such that 27" < £-. Then we can find a tiny cube
Q = a+[0,27%] C B(x, p) (each component of z, lies between some [2~%(F+1) 2=ko(]),

Contradiction because that cube would belong to Q. O
Exercise 1.76. Show that any open set U C R"™ can be written as a countable union of

open cubes.

The Lebesgue measure is essentially built from blocks, the dyadic decomposition shows that
the Lebesgue measure is then the only natural volume notion on R™: any other translation
invariant volume notion is the same.

Theorem 1.77 (Uniqueness of the Lebesgue measure). If u is a Borel-measure on R™
such that

e ula+E)
o 1([0,1]")

then u(E) = L"(E) for all Borel-sets E.

w(E) for all a € R™ and all Borel-sets E C R™ (translation invariance)
1

If p is moreover Borel-reqular (and thus a Radon measure) then u(E) = L"(E) for all
E CR".

Proof. Consider an open cube @ = (0,27%)" where k is a positive integer. There are 2"
pairwise disjoint cubes contained in the unit cube [0, 1]", each being a translation of Q.
Since the measure y is invariant under translation we have

1(Qr) <270

Now we can use a similar argument to cover 0@} by translations small cubes in such a
way that the sum of py-measures of the cubes covering 0Q) goes to zero as k — oo. Thus
1(0Q) = 0 for any cube Q.

Now [0, 1]™ can be covered by 2*" cubes which are translations of Q. So,
1= pu([0,1]") < 25" u(Qy)-

Thus, u#(Qr) > 275 and u(Qr) < 27, Since p(0Qk) = 0 we find that u(Qr) = u(Qr) =
27 for all k.

In conclusion: any cube @ of sidelength 27* satisfies

Q) = LM(Q)-

By dyadic decomposition, Lemma 1.75, any open set £ can be written as £ = |2, @); for
cubes which are translations of )y for some k, and with pairwise disjoint interior. Thus

W(E) = ul@) = Y £'(@Q) = £'(E).
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In view of Theorem 1.53 applied to p and the Lebesgue measure we conclude that u(E) =
L"(E) for all Borel sets E.

If 1 is Borel regular then the additional claim follows from Theorem 1.71. U
Since the n-Hausdorf measure H" a translation invariant, Exercise 1.16, Borel measure, we
obtain that it essentially coincides with the Lebesgue measure.

Corollary 1.78. Let n € N. Then n-th Hausdorff measure and Lebesque measure coincide
in R™ up to a multiplicative factor C,, for all Borel sets. That is

HY(E)=L"(E) VE CR"
Proof. From Example 1.63, Exercise 1.16, Theorem 1.77 we have H"(E) = CL"(E) for
some constant C'. The fact that C' =1 one can check in by testing for £ = B(0,1). O

Proposition 1.79. A set E C R" has Lebesqgue measure zero if and only if for everye > 0
there is a family of balls (B(x;, 1)), such that

E C U B(Zl}z, 7’1')
=3

and

x
Z r < €.
i—1

Proof. <. Assume

(1.16) E c | B(wi,m)
=1
and
(117) S e
=1

Obserserve that if Q(z;,2r;) denotes the cube with sidelength 2r; centered at x; then
B(zi,1;) C Q(x;,2r;) and thus by the definition of the Lebesgue measure, Definition 1.43,
L (B(wi, i) < vol(Q(w4,2r;)) = (41:)".

Consequently, by monotonicity
LME) <Y 4™ < 4%.
i=1
Thus if for every € > 0 there is a family of balls (B(z;,7;))$2, such that (1.16) and (1.16)
holds, we have
L'(E) = 0.
That is E is a L™-zero set.
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=: Assume L"(FE) = 0.

By definition of the Lebesgue measure, Definition 1.43, for any € > 0 there exist (Ax)3,
figures which each can decomposed into blocks of pairwise disjoint interior A = U?Q“l Qi
such that

FE C U = U
k=1 k=1
and
oo oo N
D vol(Ag) = D> vol(Quy) < ¢
k=1 k=1i=1

Denote by Ly, the sidelength of the cube Qg.,;, and by wzj,; the center of the cube Q..
Then Qk;i C B(.’L‘kﬂ', Lkﬂ) and
vol(Qr:i) = cn(Lii)"

for some dimensional constant c,. Thus,

oo Ng
E C U U B<xk‘;ia Lk,z)
k =1
and
oo 00 1 2 >
Z Lkl - ZZVOI le 7~
k=11i=1 Cn k=1i=1 Cn

Exercise 1.80. Use Proposition 1.79 to show that

(1) if f: R™ — R™ is uniformly continuous, then for any A C R™ with L*(A) = 0 we
also have L"(f(A)) = 0. This property of f is called the Lusin property.
(2) Whenever ¥ C R™ with L*(X) = 0 then R" \ X is dense in R", i.e. R*\ ¥ = R™.

So we know the Lebesgue measure is translation invariant (and that its pretty much the
only measure that does that). But we have not verified that this means that it is rotation
invariant. Namely what is the £ measure of a cube ) rotated? The following result shows
(in particular) that rotations do not change the measure.

Theorem 1.81. Let Lz := Ax+0b be an affine linear map R™ — R™ with a non-degenerate
matriz A € R™*", j.e. det(A) #0, and b € R". Then

(1) E C R™ is a Borel set if and only if L(E) C R™ is a Borel set.
(2) E is L"-measurable if and only if L(E) is L™-measurable
(3) We have L"(L(Y)) = | det(L)|(Q) for all Q C R™.

Proof. (1) L is a homeomorphism, so £ C R™ is a Borel set if and only if L(F) C R"
is a Borel set, see Exercise 1.51.
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(2) In view of Theorem 1.70(7), a set A is L"-measurable if and only if A = BUN
where B is a Borel set and N is a zero set. Since L and L~! are both Lipschitz
maps they map zero sets into zero sets, Exercise 1.13 and Corollary 1.78. Since L
and L1 also preserve the Borel property of set we get the claim.

(3) By Theorem 1.68 applied to the Lebesgue measure L£" it suffices to show

L(L(Q)) = det(L)(2) for all open 2 C R”

Let

u(A) = L"(L(A)) AeR"
Then p is a Borel measure, and it is still translation invariant. So we apply Theo-
rem 1.77 to fi := 1y where a := p([0,1]") and have that

LM(L(Q)) = L"(L(]0,1]™)) L™(2) for all open sets €.
So it remains to show that
L'(A([0,1]")) = | det(A)] VA € GL(n).

So consider f : GL(n) — (0,00), f(A) := L"(A([0,1]™)). We observe two proper-
ties: first,

(1.18) f(AB) = f(A)f(B) VA,B € GL(n).
Indeed, we have
f(AB) = L"(AB([0,1]")) = f(A)L*(B([0,1]")) = f(A)f(B)L"(([0,1]")).
Secondly, for the identity matrix I € R™*"
(1.19) FAI) = A" ¥YA>0.

This is immediate from the definition of the pre-measure of the Lebesgue measure.
We conclude with the following Lemma, Lemma 1.82

g

Lemma 1.82. Let f: GL(n) — (0,00) satisfy (1.18) and (1.19). Then
f(A) = | det(A)].

Proof. Let A;(s) be the diagonal matrix with —s on the ith place and s on all other places
on the diagonal. Since A;(s)? = s*I we have f(A4;(s))* = f(Ai(s)?) = s*® and hence
f(Ai(s)) = |s"| = |det Ai(s)|. For k # £ let By(s) = (ai;)i; be the matrix such that
ape = 8, az = 1,1 = 1,2,...,n and all other entries equal zero. Multiplication by the
matrix By, (s) from the right (left) is equivalent to adding kth column (¢th row) multiplied
by s to ¢th column (kth row).

It is well known from linear algebra (and easy to prove) that applying such operations
to any nonsingular matrix A it can be transformed to a matrix of the form tI or A,(t).
Since multiplication by By(s) does not change determinant, t = | det A|*/™. It remains to
prove that f(Bkl(S)) = 1. Since Bkl<—8> = Ak(l) Bkl(8> Ak(l) we have that f(Bkl<—S>> =
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———————————

FIGURE 1.6. Let a;; = 3, a;p = 1, ag; = 1 and agy = 2 then [0, 1] (blue)
is transformed into A[0, 1]* (purple). The purple area is det(A) = 5.

f(Bi(s)). On the other hand By (s)Bie(—s) = I and hence f(By(s))? =1, so f(B(s)) =
1. The proof of Lemma 1.82 and hence the proof of Theorem 1.81 is complete. Il

Example 1.83. Let A € R"*" and let I = [0, 1]". Set
Al .= {Azx,x € I}.
Then the volume (in the elementary geometrical sense) of Al is

|AI| = |det(A)||I].

Exercise 1.84. Let Lz := Ax + b be an affine linear map R* — R™ for any matrix
A e R™™ and any b € R™. Show the following:

(1) If E is L™-measurable then L(E) is L™-measurable
(2) We have L"(L(2)) = | det(L)|(£2) for all Q@ C R™.

Hint: If det(A) # 0 this follows from Theorem 1.81. If det(A) = 0, what is L(E) or L(2)?
(compare to the Hausdorff measure H* for s = rank A)

Corollary 1.85. The Lebesque measure L™ is translation and rotationally invariant on
R™. Namely if A C R™ then L"(A) = L"(P(A)) where for some o € R" and R € O(n) we
have

O (z) :=x¢ + Rz
then L"(P(A)) = L™(A).

1.6. Nonmeasurable sets. Corollary 1.85 combined with the Banach-Tarski paradoxon,
(1.1) and Figure 1.1, implies the existence of nonmeasurable sets (w.r.t. £") in R": Any

set A and B such that for some pairwise disjoint and measurable C; they are represented
by

N N

i=1 =1
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(where O; € O(n) is a rotation and xz; a point, and (z; + O;C;)Y., are pairwise disjoint)
would satisfy

N N
LMA) =) LYC;) =) Lz + 0,C;) = L™(B),
i=1 i=1

so if A =1[0,1]" and B = [0,2]" this would mean the impossible £L"(A) = L"(B) — so one
of the C; must be nonmeasurable.

We will not prove the Banach-Tarski-paradox, but instead show the R!-version.Observe
below that the existence of nonmeasurable sets requires the the axiom of choice (and
suitable invariances of the underlying measure).

Theorem 1.86 (Vitali). Let p: 28 — R be translation invariant’, i.e.
p(r+A)=u(A) vexeR ACR.
If moreover u([0,1]) € (0,00) then there exists a Vitali-set A C [0,1] that is not p-
measurable.
Proof. Construction (Vitali) Fix £ € R\Q, and set
Ge:={k+/0 klelZ}

We use G¢ to define an equivalence relation ~ on R.

r~y e r—yeE Ge.
For = € R denote by [z] the set
] =24+ Ge={yeR: y=x+k+ klcZ}.

Let A C R be a set such that for each class [z] there exists exactly one element y € AN|[z].
The set A exists by the aziom of choice: if we set

X :={[z]cR: zeR}

then the axiom of choice says there exists a choice function f : X — R such that f([z]) € [z]
for all [z] € X. Then A := f(X).

Without loss of generality, A C [0,1]. Indeed if we can adapt the choice function f above

such that 3
f([z]) == f([z]) — &,
where k € Z is chosen such that f([z]) € [k, k + 1).

The Vitali-set A is not p-measurable

Since £ ¢ Q the set G¢ N[—1, 1] contains infinitely many points. Indeed: if k+0£ = k' + ¢

then k = k' and ¢ = ¢’ (otherwise £ = ’z,__kl; € Q). Thus we can find infinitely many different

k+ (¢ € [—1,1] (choosing k = —[¢¢] or similar)

7yes, if © is moreover Borel then it is pretty much the Lebesgue measure, Theorem 1.77, but the main
point of this theorem is: invariances mean non-measurable sets
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Also, G¢ is clearly countable we can write Ge N [—1, 1] = U2, gr where (gi)72, are pairwise
different points. Set Ay =g + A C [-1,2], k € N.

We claim
(1.20) AcNAr=0 k#L.
Indeed, assume that x € A, N Ay then

T — gr,x— gy € A.

Observe that @ — g, ~ « — gy, that is [x] = [z — gx] = [x — g¢]. But by definition of A there
is exactly one element of [z — gx] = [x — g¢] in A, which implies that = — g, = z — gy, that
is gr. = go, that is k = £. This establishes (1.20).

Next we claim that

(1.21) 0.1 | Ar.
k=1

Indeed, let y € [0,1]. By the construction of A there must be exactly one z € AN [y]. In
particular y — z € G¢. Since z,y € [0, 1] we have y —z € [—1,1] N G, and thus there must
be some g = y — x. Consequently

y=x+ g C A+ gr = As.
This establishes (1.21).
Now assume A is u-measurable, i.e.
uw(B)=pu(ANB)+u(B\A) VBCR.
Then by translation invariance, so is Ay, indeed for any B C R,
u(B) =p(B = gr) = p(AN (B = gr)) + p((B — gr) \ A)
=gk + AN (B = gi)) + plgr + (B = gr) \ A)

=u((A+ gi) N B) + u(B\ (A+ g))
=u(Ar N B) + u(B\ Ap).

Then we have by (1.20) and o-additivity of disjoint measurable sets, Theorem 1.33,
> m(Ar) = p(J Ap)-
k=1 k=1
Since [0, 1] C UA; C [—1,2] we have again by translation invariance
Z (A) < ([0, 3]) < ([0, 1]) + p([1,21) + (2, 3]) = 3p([0, 1]).

On the other hand, again by translation invariance

p(Ax) = u(A).
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That is if A was measurable we’d have

u((0,1)) < 3 u(A) < 3u([0, 1)).

k=

[y

This is only possible if 1([0,1]) = oo or ([0, 1]) = 0, both are ruled out by assumption. [

So in general even for very ‘reasonable’ measures p (in the sense that they measure indeed
something like area, volume, length etc.) we cannot really hope to avoid the existence of
non-measurable sets. The way to deal with that fact is to shun non-measurable sets, and
only work with measurable sets.

This strategy will propagate throughout this course: we only care about functions that
stay (in a reasonable way) within the category of measurable sets.

2. MEASURABLE FUNCTIONS

Our goal is integration, and for this purpose it is convenient with functions that can be
infinite (think of 7). We will use the notation

R:=RU {400} U{—00}.

Definition 2.1. Let (X, 3, 1) be a measure space. We say that f : X — R is a measurable
function, if f~' maps open sets of R into pu-measurable sets (where we consider {+oc},
{—o0} as open sets). That is

f1(U) €Y Vopensets U CR and U = {+o0o} and U = {—oc}.
More generally if € is p-measurable then f: Q — Y is a measurable function if f~1(U) is
p-measurable for any open set U C Y (and U = {400} and U = {—o0})
For consistency we observe

Lemma 2.2. Let (X, %, 1) be a measure space Q C X p-measurable and f : Q — R.
Recall the notation of the measure pu €2,

pL2(A) == u(Q N A).
Denote the p2-measurable sets by Yq. Then
Yo ={ACQ: A pu-measurable} = {QNB: B p-measurable}

And in particular the following are equivalent

(1) [ is p-measurable with respect to (X, 3, u)
(2) [ is uQ-measurable with respect to (0,3, u Q).
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Exercise 2.3. Let X be some set, ;i a measure on X. Assume f: X — R.

Show that
G := {B CR:fY(B): s ,u-measumble} c 2®

is a o-Algebra in R.
Lemma 2.4. Let (X,%, 1) be a measure space ) C X p-measurable and f: Q — R.

The following are equivalent

) is p-measurable for any open set U C R
) is pu-measurable for any Borel set B C R

Proof. (1) = (2) Observe that
g := {B CR:f'(B): is ,u—rneasurable}

is a o-Algebra (Exercise 2.3) which in view of (1) contains the open sets. So G contains
the Borel sets.

(2) = (1) and (2) = (3) are obvious since any open set and any interval is a Borel set.

(3) & (2) follows the same way as above, since the Borel o-algebra are generated by the
infinite intervals. 0

We can (usually we don’t want to) extend a bit the notion of measurability to a topological
space as target.

Definition 2.5 (Topological space). A topological space is a set X and a collection 7 C 2%
of “open sets” which satisfies the following axioms

eerTand X € 7.
e Let I be a (finite or infinite) index set and let A; € 7 for alli € I. Then U;c; 4; € 7.
e Let NeNand A, e 7forie {1,...,N} then

N
ﬂ AZ €T
i=1

T is called a topology.

For two topological spaces (X, 7x) and (Y, 7y) amap f: X — Y is continuous if f~1 maps
open sets to open sets, i.e. f~(U) € 7x for any U € 7y.

If (X,d) is a metric space then the collection of open sets (w.r.t. the metric) form a
topology.
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Continuity between two metric spaces (w.r.t. topology) is the same as continuity w.r.t
metric structure.

Remark 2.6. When talking about measurability of a map f : 2 — R we actually consider
R as a topological space, where the open sets A C R are

e the open sets in R
e the “open neighborhoods” of +o00 and —oo, i.e. [—00,a) and (a, oc] for a € R

and unions thereof.

Then f : Q — R is g-measurable if and only if f~!(U) is y-measurable whenever U C R is
open.

In particular we have that f : Q — R is measurable if and only if f~'([—o0,a)) and
f~Y(a,40o0]) are measurable for all a € R.

This leads to the following definition:

Definition 2.7. Let (X,%, ) be a measure space, @ C X measurable, and (Y,7) a
topological space. A map f : Q — Y is called measurable if f~!(U) is measurable for
any open set U C Y (i.e. for any set U € 7).

Example 2.8. Let (X, d) be a metric space and p be a Borel-measure. Then any contin-
uous function f : X — R is y-measurable.

Proof. f~'(+00) = f7'(—o0) = 0 which is clearly pu-measurable. Moreover since f is
continuous f~'(U) is open whenever U is open, so f~'(U) is pu-measurable since pu is
Borel. U

Exercise 2.9. Let (X,%,u) be a measure space, Y and Z topological spaces. Assume
f: X =Y is a measurable function and g :' Y — Z is continuous. Then go f : X — Z is
measurable.

Example 2.10. Let (X,X, ) be a measure space and Y a topological space. If the
functions uq, us, ..., u, : X — R are measurable and ® : R” — Y is continuous, then the
function

h(z) = ®(uy(x), uz(x), ..., us(x)) : X =Y

is pu-measurable.

Proof. We only discuss the case n = 2, and write u; = v and uy = v.

Set f(x) := (u(x),v(z)). In view of Exercise 2.9 it suffices to prove that f is measurable.
We observe that if R = (a,b) x (¢,d) is an open rectangle, then

fHR) =u((a,b)) Nu"((c,d))is measurable.
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Since any open set U C R? can be written as a countable union of open rectangles (Exer-
cise 1.76))

v—=JR
we have :1
) = Ulf_l(Ri)?
so fY(U) is p-measurable. : O

Exercise 2.11. (1) If f = (fY % ..., f") : X = R™ where f',...,f": X — R are
p-measurable, then f is p-measurable (take ®(f*, ..., f*) = (f* ..., f)).
(2) If f : X — R"™ is u-measurable, then its components f': X — R are u-measurable,

i=1,...,n. (take ®;(f) := f*).
Also |f| is p-measurable (take ®(f) :=|f]).
(3) If f,g : X — R are u-measurable then so are f +g, f —g, —f, and fg: X - R ®

Example 2.12. (1) A set £ C X is p-measurable if and only if its characteristic
function xg

1 fzekl
Xe(T) =

0 otherwise

is pu-measurable. Indeed

0 if0Z U and 1 ¢ U
E if0gU and 1 €U
X\E if0eUand 1 €U
X if0eUand 1 €U

(xe)'(U) =

(2) There are non-L!'-measurable functions f : R — R. Indeed take the Vitali-Set V'
from Theorem 1.86. Then f := xy is not measurable.

Theorem 2.13. Let f, : @ — R p-measurable, k € N. Then
Fi(e) = inf fu(0)

Fy(z) = Sup fr(x)

F3(x) := liminf f(x)

k—o0

Fy(x) := limsup fr(x)

k—o0

are all p-measurable.

8observe that product is pointwise defined since f (z), g(x) # £o0, so we have no problem with 0 - co
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Proof. Observe that
(inf fi) ™' ([~00,a)) = U fi'([~00,)),

keN

(06,50 ((0,00]) = [ " (o, 00]).

so F) is measurable. Since
sup fi(w) = —mf(=fi)(z)

we see that F3 is measurable. For F3 and Fy observe

liminf fx(z) = lim (inf fk($)> = sup (inf fk(@) ;

k—o00 l—o0 \k>/ teN \k>{
and similarly

limsup f, = }2}% (ili% fk> .

k—o0

U

The following theorem says that any p-measurable function can be approximated by simple
functions. Simple functions (sometimes called step functions) are functions

f(.??) = zn: AiXAz‘
=1

where \; # A; for ¢ # j and A; are disjoint measurable sets.

Theorem 2.14. Let f : (X,d) — [0,00] be a p-measurable function. Then there are
p-measurable sets A, C X, for all k € N such that’
=1
f@) =Y pxale) VeeX.
k=1

Proof. Let
Ar={zeX: flx)>1}=f([1,00]).
Since f is p-measurable, A; is p-measurable. Now define inductively the p-measurable sets
1 ki e\
Ay = {x eX: f(z)> & + Z jXAj(f)} = (f - Z jXAj) ([%,oo]), k=23....
j=1 j=1
Now let x € X. We first show

(2.1) flz) > i_o: x4, (z) VrelX.

| =

9Yobserve that the sum of the right hand side either converges absolutely or is infinite
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If #{k e N: z € Ay} = oo then f(z) > Z§:1 %XAj (x) for infinitely many &, and thus

> 1
= Z 7XAk<x>
k=1 k

If1<#{keN: z¢€ A} <oo then set ky := max{k € N: z € Ay} € N. Since
x € Ay, and x € Ay, for k > ko we have

1 ko—1 1 1 ko— 1
f(x) > . + Z —X4,(T) = k*XA,C0 r) + Z XA ) + Z - X4, ( Z =X 4, (
0 j=1 J OT j= ko T

If{keN: =z A} =0 then

§ X
(2.1) is now established.
We can conclude once we show that also

(2.2) flz) < i_o: liXAk(JU) Vo e X.

Let z € X. If f(z) = oo then x € A, for all £, so

o0 oo 1

=25 = Ll

k=1 k=1 TR

If f(x) =0 (2.2) is obvious since the right-hand side is nonnegative.

If 0 < f(x) < oo, then we may assume that x ¢ Ay for infinitely many & € N. Indeed,
otherwise there exists some kg such that z € A, for all £ > kg and thus

> ]
Z —xa,(x kaAk _Z%:oozf(x),
kko kkO

and (2.2) is established.

So the only remaining case is that f(x) € (0,00) and x ¢ Ay for infinitely many k£ € N.
Now take an increasing sequence k; — oo with = € Ay, for each 7. With the definition of
A, we then have

That is,
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(2.2) is now established.

Another way to approximate by simple functions is
Exercise 2.15. Let f: X — [0,00) be u-measurable and bounded

sup f(z) < o0
reX

Set
() = {n if f(x) > n

o if g < fla) < B <.

Show that s,, converges uniformly to f.

56

So we can approximate nonnegative measurable function f : X — [0, 00] by step functions,

Fla) = Jim 3 5, ()

L—o0

e Observe that this approximation is monotone increasing.

e Splitting a p-measurable function f : X — R into f = f, — f_ and we can

approximate any measurable function by step-functions.

Exercise 2.16. Let X be a metric space. A function f: X — R is upper semicontinuous

limsup f(z) < f(zo) Yforallzg e X

T—rx0

A function is lower semicontinuous if

liminf f(z) > f(xo) for all zo € X.

(1) Show that upper semicontinuity is equivalent to saying
f([a, 0])is closed Va € R.
and this in turn is equivalent to

f 1 ([~o0,a))is open Va € R.

(2) Show that any step function f(z) = S5, X4, 1S upper semicontinuous if Ay are

closed

(3) Show that any step function f(x) = S i, xa, is lower semicontinuous if A, are

open

(4) Show that if u is Borel measure then any upper or lower semicontinuous function

s p-measurable.
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3. INTEGRATION

In integration theory we will follow the notation that 0 - oo = 0.

Definition 3.1. Let X be a metric space and g a measure.

e Let f: X — [0,00) be a (nonnegative!) simple function of the form

=) aixa,(z)
=1

where o; # o for ¢ # j and A; are pairwise disjoint py-measurable sets.
For any p-measurable set 2 C X we define

/Qfd,u =Y apu(4;NQ).
i=1

(Recall that if u(A) = oo we still, by assumption, set 0 - u(A) = 0. And if @ = oo
but p(A; N Q) =0 then still ap(A4; NQ) :=0.)

e [t is easy to see that if f is a simple function represented by two different sums

Z aixa,( Z Bixs,(x

then . .
i=1 j=1
so the integral notion is well-defined.
e Clearly if f(z) < g(x) for all z and both f and g are simple functions, then

[ fan < | gap.

e Thus, if f: X — [0,00) is a (nonnegative!) simple function as above then

/fdu—sup/sdu

where the supremum is taken over all simple functions s such that 0 < s < f.

e So we can extend the above notion to all nonnegative measurable functions. If
g : X — [0,00] is a p-measurable function and €2 C X is p-measurable we define
the Lebesgue integral of g over €2 by

/gdu = sup/ sdp
Q s JQ

where the supremum is taken over all simple functions s such that 0 < s < g a.e.

It is worth to note that this defines the Lebesgue integral for all nonnegative measurable
functions (it may just be infinite). This is reminiscient of the lower Darboux sum approxi-
mation of the Riemann integral, the main difference here being that we use step functions
not on blocks but on measurable sets.
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We observe the following properties

Exercise 3.2. o IfOLS f<gthen [ fdu < [ gdp

IfAC B and f >0 then [, fdu < [g fdu.

If f(x) =0 for all x € E then [ fdu =0, even if u(E) = co.
If u(E) =0 then (g fdu =0 even if f(x) = o0 forallxz € E.
if f =0 then [pdp =[x xefdp.

The following is an easy observation

Exercise 3.3. Let g and g be nonnegative, pi-measurable simple functions on X and A > 0

a constant. Then
/(f+g)du=/ fdu+/ gdp
X X X

/XAfdM:A/deu.

It is easy to conclude homogeneity

and

Exercise 3.4 (homogeneity of the integral). Let f : X — [0,00] be p-measurable and
A > 0. Show, without using the Lebesque monotonce convergence theorem, that

/X)\fdu:)\/deu.

So we have reason to believe the integral is linear, i.e.

//\f+gd,u:)\/ fdu—l—/gdp.
X X X

We will prove this below, Corollary 3.7, with a technique that can be generalized to one of
the most fundamental theorems of integration theory, the Lebesgue monotone convergence
theorem

Theorem 3.5 (Lebesgue monotone convergence theorem). Let (f,), be a sequence of p-
measurable functions on X such that

e 0< fi < fy <...< 00 for almost every'® z € X
o lim, o fn(x) = f(z) € [0,00] for almost every x € X.

Then f is p-measurable and
lim / Fudy = / fdp.
n—oo Jx X
Before we can prove Theorem 3.5 we need the following

10recall Definition 1.35
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Lemma 3.6. Let f be a nonnegative p-measurable simple functions on X. Denote by X
the p-measurable sets. The map v : ¥ — [0, 00] given by

v(E) ::/Efd,u VE p-measurable

is a premeasure, cf. Definition 1.39.

Its Carathéodory-Hahn Extension v of U, cf. Theorem 1.42, in symbols
v:= fLpu,

is called the concatenation of f and p.

In particular any p-measurable set E is fLp-measurable.

Proof. Since X is a o-Algebra, it is is in particular an algebra.

To confirm that o is a premeasure, let A = U2, Ay, where (A)72, are pairwise disjoint
p-measurable functions.

We need to show

P(A) =3 5(Ay).

k=1
Let f be given as
f= anaz‘XBi-
Then :
54 = [ =3 (B, A,

i1
For each i € {1,...,n}, the collection (Ax N B;)ren consists of measurable and pairwise
disjoint sets. By Theorem 1.33(1) we find

> p(A) = 3 an(Bi0 A = (B 4) = [ fau=(4).

k=1 k=11i=1

This proves that 7 is a pre-measure. U

Proof of Theorem 3.5. f is measurable in view of Theorem 2.13. We can replace the “al-
most every” in the assumption by “every”, by changing f; and f on zero sets (observe that
a countable union of zeroset is a zeroset).

By monotonicity of [ du the sequence

QO 1= /and,u € [0, o0



ANALYSIS T & 11 VERSION: April 18, 2022 60

is monotonically increasing and hence it has a limit o = lim,, o [y fndp € [0, 00]. Since
fulz) < f(z) everywhere we have

(3.1) o= lim /and;zg/deu.

n—oo

To conclude we need to show “>" in the above inequality.

Let 0 < s < f be a simple function. For a fixed constant 0 < ¢ < 1 we define
E,={zxeX: fuzr)>cs(x)}, neN.

n—oo

Since f, is increasing, Fy C Ey C .... Since ¢ < 1 and f,(x) —— f(x) for each x we have
that U,, B, = X.

Since the F,, are p-measurable sets (f,,(-) — ¢s(-) is measurable!) we have

(3.2) /X fudp > /En fndp > C/En sdp = csLp(Ey).

Now we have by Lemma 3.6 that s_p is a measure and each F,, is s_u-measurable. Since
E, C E, 1 we find by Theorem 1.33

sLu(Ey) 2225 s G E,) =s.u(X) = /X sdj.

n=1
Taking the limit in (3.2) we have
o= lim/ fndMZC/ sdju.
X b

n—oo

Recall that this holds whenever s is a simple function with s < f. Taking the supremum
over such s we conclude

a>c / fdu.
X
This holds for any ¢ € (0,1), taking the limit as ¢ — 1 we find
a> / fdp.
X
Combining this with (3.1) we conclude. O

Corollary 3.7 (Linearity of the integral). Let f, g : X — [0, 00| u-measurable and X\, o > 0.
Then

/)\eragd,u:)\/ fd/Hra/ gdji.
X X X

Proof. We only show
/ f+gdu:/ fdu+/ gdp.
X X X

the general case then follows from this and Exercise 3.4.

Let s; and t; be monotonically increasing sequence of simple nonnegative functions such
1—00 i—00

that s; —— f and t; Lmica fo (existence follows from Theorem 2.14). Then s; + t; —
f+g.
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From Lebesgue monotone convergence theorem, Theorem 3.5 and Exercise 3.3

[ g =lim [ (si+t)dp = lim [ s+ [ tdp= [ pdpr [ gy
X 1— 00 X 71— 00 X X X X
O

Indeed, we have more than Corollary 3.7 we can take out infinite sums (recall that all
functions considered are nonnegative, so series always absolute converge (or are infinity))

Corollary 3.8. Let f, : X — [0,00] be a sequence of pu-measurable functions and set for
reX

fa) = i ful) € 0,00,

Then f is measurable and we have
du=3" [ fudp
/X fdu ; [ Fudp

Proof. By induction and Corollary 3.7 we have

ﬁ;/anduz/XiV;fndu

Now observe that f, are nonnegative so >N, f, is a monotonce sequence in N with
limpy oo ZfL fn = 22721 fn- So by Lebesgue monotone convergence we conclude that

00 N N [e's)
;Anwzgggéﬁm:gﬁégnwzégnm

i

Then next important consequence is called Fatou’s lemma, which essentially tells us lower
semi-continuity of the integral under pointwise convergence

Corollary 3.9 (Fatou’s Lemma). Let f, : X — [0,00] be a sequence of p-measurable

functions, then
/X (hggg}f fn> dp < lim inf /X fodp.
Proof. Let g, := inf{f,, fus1,...}. Then g, < f,, and hence
[ gndin < [ pudn

Since 0 < g1 < g9 < ..., all the functions g, are measurable, Theorem 2.13. Taking the
liminf in the above inequality we have

lim inf/ gndp < liminf/ frndp.
X n—oo X

n—oo
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By Theorem 3.5
lim inf / Indp = /X lim g dp.

We conclude since lim,, 4 g, = liminf;_, f. O

Exercise 3.10. Construct a sequence of measurable functions f, : R — [0, 00| such that
the inequality in Fatou’s Lemma, Corollary 3.9, is sharp.

Hint: the conditions in Theorem 3.26 below must be violated.

We can also extend Lemma 3.6

Theorem 3.11. Let f be a nonnegative p-measurable function on X. Denote by X the
pu-measurable sets. The map U : 3 — [0, 00| given by

v(E) ::/ fdu YE p-measurable
E
is a premeasure, cf. Definition 1.39.

As before, we denote by fLp its Carathéodory-Hahn Extension (concatenation of f and ).

Moreover for every measurable function g : X — [0, 00] we have

(3.3) | gdtsemw = [ gfdn

Proof. As in the proof of Lemma 3.6 we only need to show that whenever E;, Es,... € X
are disjoint p-measurable sets and E = |J;2; E,, then

fon(E Z Son(E
Now observe that
xef(x ZXEn f(z) VreX.
Thus

(fep)(E /fodu /ZXEn

By Lebesgue Monotone Convergence theorem, Theorem 3.5, we can take out the sum, and
have

(fem)(E Z v = z fo)(E

For (3.3) observe that it holds by deﬁmtlon if ¢ = xg whenever F is p-measurable. Since
any nonnegative p-measurable function can be approximated by simple functions, The-
orem 2.14, we conclude the (3.3) again from Lebesgue Monotone Convergence theorem,
Theorem 3.5. U
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3.1. LP-spaces and Lebesgue dominated convergence theorem. We now want to
discuss not only nonnegative measurable functions f : X — [0, 00|, but want to integrate
general measurable functions f : X — R.

Definition 3.12. Let (X, %, 1) be a measure space and f: X — R.
e We say that f is u-integrable if | f] : X — [0, 00]'" if

1l = [ 1] < oo.

If f is integrable we write

[ gani= [ fedp— [ fodp

where as usual f, := max{f,0} and f_ = —min{f,0}. Observe that f integrable
assures us that [y fidu < oo and [y f_dp < oo so there is no issue with co — oo.
e More generally for p € (1,00) set

I ercem = ( |f<x>|ﬁdx)’l’.

If | fllr(x,p) < 00 we say that f € LP(X, ).
e We also have the L?-scalar product or the L*-pairing

(f.9) = [ (@) glw) dp

Let us remark (although we make no substantial use of this) that for complex
functions f, g : X — C the scalar product is

(f.9) = [ F@)gla)dp

where g is the complex conjugation.
Clearly

<f7 f> = ||f”%2(X,u)

e For p = 0o we define the essential supremum (often still denoted by sup)
1l oo (X ) = sg{p |f| :=inf{Ae€[0,00]: p{xreX:|f(x)]>A}=0}

In words, supy | f| is the smallest number A such that the superlevel set of {f > A}
has zero measure.
e If X C R™ and p is the Lebesgue measure we drop the p and simpy write LP(X).

Exercise 3.13. Let p € [1,00], f,g € LP(X, ) and X € R. Show that

(1) (Homogeneity) | A fllrexm = M FllLrx
(2) (Minkowski-inequality ) || f + g|zex,p) < || flleox,m) + 191 2e x5

Hwhich is p-measurable
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(3) (Holder-inequality) | fglliscxp < 1 lzeces 9lliroeg, where g, € [1,00] are such
that

(Here - :=0).
In particular,

1
I fllze ey < (X)) || fl zax

(4) (generalized Holder’s inequality) || fi-. .. fallee(xmy < N fillea -« || fall an (x),
where q;,p € [1,00] are such that

(5) (Jensen) Let u(X) < oo, f: X — (—o00,00) and ¢ : R — R convez, then
o (O™ [ F@ydi) < 00 [ ol ()dn

Hint: Adv.Calc or Wikipedia
Exercise 3.14. Let p € [1,00). Assume (fi)ren C LP(X, p) with

sup | full o x p) < 00
keN

Assume moreover there exists f : X — R such that f(z) = limy_o fr(x) for p-a.e. x € X.

Using Fatou’s Lemma, Corollary 3.9, show that f € LP(X, ) and we have
. < T , .
11l ey < Himmind {| fifl 2o (x )

Exercise 3.15. (1) If f is continuous and p is the Lebesgue measure on an open set
show that the essential supremum coincides with the usual supremum. (Show also
this is not the case if Q contains e.g. isolated points)

(2) Give an example of measurable f where essential supremum and supremum is not
the same.

Exercise 3.16. Assume u(X) < oo and f: X — R is u-measurable. Show that

lim <M(X)_1/X |f|pdﬂ); = || fllzx)-

p—00

Exercise 3.17. We have

(1)
|f(x)] < ||f||LOO(M) p-a.e. T.
(2) If | f(z)| < A for p-a.e. x, then || f]lr~ < A.
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Exercise 3.18. Let 1 < p <r < q < oo and assume f € LP(X) and f € LY(X). Then
f e L"(X) and we have

1Ay < NN Taexy + 1A x)-
Hint: Let A= {x: f(x) <1}. Then f(x) = f(x)xa(z) + f(x)xx\a(z)

So the collection of y-measurable functions f: X — R such that f € LP(X,p) is a linear
space: if f,g: X — R satisfy || f|lo(x,u)» [|9]lr(x,0) < 00 then for any Ai, Ay € R we have
||/\1f + )\29||LP(X7M) < Q.

| - ||LP(X7M) is a pseudonorm on this linear space. Recall that for a linear space L a map
|-l : L —[0,00) is a norm iff

(1) [|f]l =0 if and only if f =0

(2) [l + gl < [[f[| + llgll for all f,g € L
(3) [IMfIl = [A[IfI| for all f € L, A € R.

If the first property (1) fails, i.e. if there are f € L such that ||f|| = 0 but f # 0, then || - ||
is a pseudonorm.

We don’t want to work with pseudonorms. (Don’t worry, this looks more complicated
than it is). We will instead work with classes of functions. From now on we say that two
p-measurable functions f,g: X — R are equal

f=9g < f(r)=gx) pae.

(check: this is an equivalence relation).
In particular we will often define a function only in X\ N where p(N) = 0.
The integral does not see differences on zero-sets.

Exercise 3.19. Let f,g: X — R be u-measurable and f = g in the above sense. Then

/deuz/xgd/z

o f e LYX) if and only if g € L*(X).
o If f € LY(X) (or equivalently g € L*(X)) then

/ Jdp = / gdp.
X X
Then we define

LP(X, p) = {f : X — R : g-measurable and || f|| o(x,) < oo} /=

in the following sense:

That is: an element in L”(X, ;) is not a single function, but a class of functions (two
functions belong to the same class if they only differ on a zero set). We often brush over
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this fact by saying f is a function (but actually meaning f’s class). We don’t even need to
define a function everywhere, defining it outside a zero-set is enough. A specific function
f in a class [f] is called a representative.

While most of the time we don’t bother whether we talk about a specific representative f
or its class [ f] — sometimes we do care. For example if f is a continuous representative of its
class [f]. The good news is that there cannot be two different continuous representatives
of a class [f], Exercise 4.51 for the Lebesgue measure.

Example 3.20. e The function
1
flx) = H
is L"-measurable in R” and LP-integrable in B(0,1) C R™ if p < n.
Clearly the f(0) is not defined, but {0} is a L£"-zeroset, so it does not matter. A
proper representative of ﬁ could be

g@%z{é r70

0 z=0
or
1
= 0
oo =0
or
Lo #£0

g(z) == lxl) x=0
736 x=(7,0,0,...,0).
o Let f € C°Q) for some bounded open set Q. Take any set A with u(A) = 0, and
set
9:=1[+Xxa.
Then g = f p-a.e. — that is not every representative of a class containing a contin-

uous representative is continuous. Indeed, quite the opposite: there is at most one
continuous representative in each class if p is the Lebesgue measure, Exercise 4.51.

Lemma 3.21. Assume f € LP(X, u) for some p € [1,00]. Then (for any representative of
f)7 ’f(x)‘ < o0 l-a.e.

Proof. Set A :={x: |f(x)| = co}. Then we have (assume p < oo, exercise for p = oo!)

p(A) o0 = [ If@Pdn < [ 1F@Fdu =111, < oo

The only way this is possible is if u(A) = 0. O

Lemma 3.22. (1) Suppose f: X — [0,00] is measurable and E is measurable. Then
Jg fdp =0 if and only if f =0 a.e. in E.



ANALYSIS T & 11 VERSION: April 18, 2022 67

(2) Suppose f € L'(X, u) and [z fdpu =0 for all E measurable. Then f =0 a.e. in X

Proof. (1) Set A, :={x € E: f(z) > *}. Then"™

) = [ taps [ 'S [ ran=o

Thus u(A,) = 0 for all n € N. Therefore the set {x € E: f(z) > 0} = U2, A, has
measure zero.

(2) Define F ={z € X : f(z) > 0}. Then

0= /Efdu.

By part (1) we conclude that f = 0 a.e. in E. Arguing the same way for X\E =
{f(x) < 0} we conclude.

g

Exercise 3.23. For the classes of functions f € LP(X, p), || - ||lLr s indeed a norm. (Hint:
Use Lemma 3.22)

Definition 3.24. Let p € [1,00] and f : X — RY g-measurable. We say f € LP(X, u, R")
(meaning there is a class of which f is a representative) if and only if |f| € LP(X, ). We
can also define the integral componentwise

/deﬂ:(/xfld'“"“’/xfnd/i)

Lemma 3.25. If f € L'(X, u, R") then

[ ranl < [ 171an

Proof. Since [y fdu € RY there exists'® a vector v € RY with |v] = 1 such that

1= [ =30 [
So we have )
|/Xf|:/X;Uifidu:/X<v,f>du

Now pointwise (Cauchy-Schwarz)

(v, AL <111,

which implies the claim. ]

2The first inequality will later be called the Chebycheff inequality, Lemma 3.48
13if 4 € R™ is a vector then v := ol (if |w] # 0) or v with |v| =1 if w = 0) satisfies (v, w) = |w|
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Theorem 3.26 (Lebesgue dominated convergence theorem). Suppose (fn)nen s a sequence
of u-measurable functions f, : X — R and f : X — R a function with f(x) = lim, . fn(x)
for p-almost every x € X'
If there exists g € L*(X, 1) such that

|fo(2)] <g(x) p-ae ze€X,VneN

then f € L'(u) and
lm [|f = fullLrcew =0,

n—o0

I /nd :/ dp.
Jim | fadpe= [ fdp

Proof. By setting f,, f, g to be zero on a zeroset we can assume that all the “almost
everywhere” above can be replaced by everywhere.

in particular

f as a pointwise limit of measurable functions f, is measurable, and clearly |f| < g¢
everywhere in X. Thus [y |fldu < [y gdu < oo, i.e. f € LY (X, u).

Moreover we have 2g — |f — f.| > 0, so we can apply Fatou’s lemma, Corollary 3.9,
29dp = [ lim (291 = ful)d
/X gdp = | lim (29 = |f = fal) du

<liminf [ (29— |f = ful)du

:/ 2gdyu + lim inf (—/ |f—fn|du)
X n—o0 X

:/ 2gdp — lim sup (/ |f — fn|du)
X n—00 X

The integral [y 2gdp < oco. Subtracting it form both sides of the above inequality we find
timsup ( [ 1 = fuldic) < 0.
n— 00 X

Since the integral is nonnegative we conclude
T I = fullssoegy = Jim ([ 1F = fuldn) =0.

The last claim follows from Lemma 3.25,

[ i [ gan| < [ 15 = sl =0

X b's X
O

The next theorem, while it is now not extremely difficult anymore, is one of the main
advantages of the Lebesgue integral: it leads to complete LP-spaces.

Mobserve without additional assumptions there is no hope of having lim,, e Jx fndp = [y fdu, Exer-
cise 3.10
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Theorem 3.27 (L is complete). Let (fi)ken be a Cauchy sequence in LP(X, u), that is
Ve>0 dK e N: ”fk—ngLp<€ Vk, 0 > K.
Then there ezists f € LP(X, ) such that

k—00

| fr = fllzex,py —— 0.

Proof. By assumption, for each k there exists a number ¢(k) such that
1fe = fillee < 27% VL5 > p(k).
W.lo.g. p(k) <e@(k+1).
We claim that
fla) = lim fou (@)
exists p-a.e., and that this limit is actually an LP-limit. To show that we write

k—1

Foty = (Foten) = Fon) + Fotr)

J=1

Now define
G(a) =3 |fotirn(@) = foi (@)
j=1

As a limit of p-measurable functions, G is p-measurable.

Either by monotonce convergence theorem (if p < oo or by hand if p = c0) we have

Gl rxp < X o) = fo vy < D277 < o0.

That is G € LP(X,pu). Thus G is p-a.e. finite, Lemma 3.21. Consequently, we have
absolute convergence of the series

o0

F(z) =3 (foen(@) = fon(2)) €R  prace,

j=1
so F'is p-measurable as limit of y-measurable functions. And we also have
|F(z)] < G(x) pae.

In particular, || F||zr(x,,) < 0o. Since the series is p-a.e. absolute convergence we can set
for p-a.e. x

k—1
f(@) = lim fou(r) = lim 37 (o = Fo) @) + fo (@) = F(@)) + fon) (@),
=1

which exists and is a finite number p-a.e.. As a sum of LP-functions f € LP(X, u).
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Using again the telescoping sum we have

1f = fow)| = D1 fothar) = fo| < F VL EN
k=t
Then we can apply dominated convergence, Theorem 3.26, and have
T [1f = foollereo = 1| lim (f = foo) lznoo = 0.
That is (fy())e converges in LP to f.

This is only a subsequence, but with the Cauchy-condition we can conclude. Fix ¢ > 0,
then there must be some K such that

1 fi = fellr <& Yk, > K.
Now let & > K and pick any ¢ such that ¢(¢) > K. Then

I fe = fllee < Nk = fowlloe + 1 fowy — fllze <€+ fow) — flloe
Taking ¢ — oo we find
I fi = fller <e VE>K.
Thus fj converges to f in LP. g

Theorem 3.28. Let X be a locally compact metric space and p a Radon measure on X.
Then the class of compactly supported continuous functions C.(X) is dense in LP(u) for
all 1 < p < o0.

Exercise 3.29. Show that Theorem 3.28 is false for p = oo (hint: L is uniform conver-
gence. What do we know about continuity under uniform convergence?)

For the proof of Theorem 3.28 we need the following Lemma:

Lemma 3.30. Let S be the class of finite, measurable, simple functions s on X such that

p{z : s(z) # 0}) < occ.
If 1 <p<oo, then S is dense in LP ().

Proof. Clearly S C LP(u). If f € LP(u) and f > 0, let s, be a sequence of simple functions
such that 0 < s, < f, s, — f pointwise. Since s, € LP it easily follows that s, € S. Now
inequality 0 < |f — s,[P < f? and the dominated convergence theorem implies that s, — f
in LP. In the general case we write f = (u™ — «~) and apply the above argument to each
of the functions u* , u~ separately. O

Proof of Theorem 3.28. According to Lemma 3.30 it suffices to prove that the characteristic
function of a set of finite measure can be approximated in LP by compactly supported
continuous functions. Let E be a measurable set of finite measure. Given ¢ > 0let K C F
be a compact set such that u(E \ K) < (¢/2)P — this is possible by Theorem 1.68. Let
U be an open set such that K C U, U is compact and pu(U \ K) < (¢/2)P. Finally let
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¢ € C.(X) be such that suppe C U, 0 < ¢ <1, p(z) =1 for z € K — for example if we
set d := 3dist (K, X \ U) we can choose ¢(z) := M. We then have

|ME—Mm=</ ME—MW@ S(/ hﬂwo +</ WWW)
X\K X\K X\K
<p(E\K)YP + p(U\K)'P <e.
0

If X = R" (or any smooth manifold) it is easy to change C?(X) to C°(X) in Theorem 3.28,
by choosing a suitable smoother version of ¢ (see also Exercise 4.34).

Definition 3.31. A set A C X for a metric space X is called dense if for any x € X and
any € > 0 there exists a € A with d(a,x) < e.

A metric space X is separable if there is a countable dense set.

Theorem 3.32. Let 2 C R™ be open, p a nonzero-Radon measure, and 1 < p<oo, then

(1) LP(Q, ) is separable
(2) CO(Q) is dense in LP(Q, ), where

COQ) = {f € CUQ): supp f € O,
and supp f denotes the support of f,
supp f = {z € Q: f(x) # 0}.
(3) C(Q) is dense in LP(S2, p), where
C(Q) ={feC>(Q): suppfCQ}.
Exercise 3.33. Show Theorem 3.52.

Hint: for (1) use Theorem 3.28 and Stone-Weierstrass. (2) and (3) can be proven similarly
to Theorem 3.28.

By Stone-Weierstrass C°(Q) is a separable space if  is a bounded open set, moreover
C°(Q) is a closed subset of L>=(2) with Lebesgue measure. It is a strict subset, because
L*>(£2) is not separable (so C? is not dense, and the Theorem 3.32 does not hold for p = 00).

Exercise 3.34. Let Q = [0,1], p = L. Set fi := o, 0 <t < 1. Show that

(1) || fi = fslle = 1 whenever s # t.
(2) (f)tepoq is uncountable
(8) Thus L™ is not separable.
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3.2. Lebesgue integral vs Riemann integral. How do we actually compute the Lebesgue
integral? Well, if we really want to compute the Lebesgue integral chances are we can just
use the Riemann integral. They coincide on Riemann-integrable functions.

Theorem 3.35. Let f : —o00 < a < b < oo — R be Riemann-integrable (in the clas-
sical Darbouzx sense. No improper Riemann integrability allowed!). Then f is Lebesgue
integrable, i.e. f € L'([a,b], L") and we have

Ri — /[ Fla)da = / ,J@ac (@),

) a,

Proof. W.lo.g. a =0 and b =1. Clearly Riemann integral and Lebesgue integral coincide
on constant functions.

Since f is Riemann-integrable it is bounded, and by adding a constant to f (changing the
integrals equally), we may assume w.l.o.g. that f is nonnegative.

The Riemann-Lebesgue theorem states that a function f is Riemann integrable if and only
if f is bounded, and f is continuous outside of a set N of zero Lebesgue measure.

Then f : [0,1]\NV — [0, 00) is continuous and thus £'-measurable (because f~! maps open
sets to open sets). But then f : [0,1] — [0, 00) is also measurable since

) = (f

) @uE@n.

zeroset

Thus f is measurable and nonnegative, and since it is also bounded it is indeed L£!-
integrable with
| f@)ac! (@) < sup f £1(]0,1]) < o0
[0,1] [0,1]
We still need to show that the two integrals coincide.

Fix ¢ > 0. By the Darboux sum definition there exists a partition 0 = xop < 21 < ... <
xy = 1 such that for m; :=inf.cp, | ., f(2) and M, := supze[xi 1) f(2) we have

N
Z(Zﬁz—.rz_l)Mz—&fSRl/[ } dl’<z —x11m2+6
= 0,1
Set
g(x) :=m; where i is such that x € (z;_1, ;)
and

G(z) := M; where i is such that x € (z;_1, ;)
(observe g; and G; are a.e. defined only, but that is enough).

Since g; and G; are step functions, we have

/0 0.1 Qdﬁl Zﬁ (Ti1, 1)) My = Z(% — Ti_1)m;
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and
N N

Gdﬁl(l') = ZEI ((I’Z‘_l,l‘i)) Mz = Z(ZEZ - fEi_l)Mi-

[0,1] i=1 i=1
That is we have

GdL (z) — ¢ < Ri / flo)de < [ gdL'(z)+ e

[0,1] [0,1] —Jo1]

Now observe that by definition ¢ < f < G a.e. . So we end up with

fdcl(z) —e < Ri/ flz)dz < fdct(z) +e

[0,1] [0,1] [0,1]

This implies that

<e.

fdL(z) — Ri / fla)de

[0,1]

[0,1]
This holds for any € > 0 and by letting ¢ — 0 we obtain

/M fdL)(z) = Ri / Fa)dz.

[0,1]

g

So we conclude that for many situations the Lebesgue-integral is just the Riemann integral.
But the Lebesgue integral allows often for more functions (they have usually no practical
meaning, but are theoretically important).

Example 3.36. The Dirichlet function

)1 7eQ
{1 758

is not Riemann-integrable, however since f(z) = 0 L'-a.e. (exercise!) we have that f is
Lebesgue integrable and [ f(z)dL! = 0.

Since the n-dimensional Riemann integral is just (by Fubini’s theorem) several 1-dimension
integrals one can extend this theorem to any dimensions and domains as long as they are
Riemann-measurable domains (once we have the Fubini theorem for measures, Section 4).

One can also conclude that the improper integrals for nonnegative functions coincide (by
dominated convergence theorem for the Lebesgue integral and definition for the Riemann
integral).

However this is not true for general improper integrals:

Exercise 3.37. Show that Ri — [ Sinxﬂdx is finite, but show that SIHT(“;) is not Lebesque-
integrable.
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So we conclude that Lebesgue integral and Riemann integral are pretty much the same
from a practical point of view (i.e. “I want to compute the integral” — indeed the Riemann
integral is easier to compute e.g. numerically).

The Lebesgue integral however are better theoretical spaces, the main advantage being
that many limits of integrable functions are integrable (under mild assumptions — because
even the a.e.-limit stays measurable), whereas for Riemann-integral you need something
like uniform convergence. So one of the main reasons of doing all of this is the completeness
above Theorem 3.27. Another reason is that we have much more variety for measures (and
thus integrals), we can integrate w.r.t Hausdorff measure etc.

3.3. Theorems of Lusin and Egorov. We have seen in Theorem 2.14 that measurable
functions are “infinite step functions”. But more is true. Measurable functions are continu-
ous on large parts of their domain (Lusin). Moroever pointwise convergence of measurable
functions is uniform convergence on a large set (Egorov).

Theorem 3.38 (Egorov). Let X be a metric space and p any Radon measure. Suppose
that p(X) < oc.

Let fi, f: X — R p-measurable and p-a.e. finite'®, i.e. |f(z)| < oo for p-a.e. x € X.

Moreover for p-a.e. x € X assume

lim fi () = f(x).

Then for any 6 > 0 there exists a compact set F C X such that

WX\F) < 3§

k—o0 f

, namely
F

and we have uniform convergence fy

sup [ () — /()] = 0.
zeF
Remark 3.39. e Taking fi := Xp(o,x) Which converges pointwise to f = 1 in R",
however there is no compact set L"(R"\F') < co. So the assumption p(X) < oo is
in general needed necessary.
e The result of Theorem 3.38 is not possible for § = 0 (i.e. uniform convergence
outside of a zero-set may not be true), take the usual fi(z) = ¥ in [0, 1] which

does converge pointwise but not uniformly in [0, 1], nor any dense subset of [0, 1],
Exercise 1.80.

15 Alternatively we could assume fj, or f in L'(X, u). Indeed, if f € L'(X, u) then f is p-a.e. finite,
Lemma 3.21.
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Proof of Theorem 3.38. Fix 6 > 0. For each i,j € N set
Cij=U{r € X |fi(z) = flx)| > 27"}
k=
Observe that pointwise convergence fi to f a.e. u(N;Ci;) = 0 for each i. Indeed, if

zeU{z € X |fu(2) = f(2)| > 277} for every j, then there are infinitely many k such
that © € {z € X : |fi(z) — f(2)] > 27"}, so there is a subsequence ( fx, )een such that

| fiee(2) = f(2)] = 27"
But by a.e. convergence of fj this means that = belongs to a zero set.

The pointwise limit of measurable functions is measurable, so f and also C; ; is measurable,
Theorem 2.13.

Moroever we have C; j11 C C; ;.

Since pu(X) < oo we can apply Theorem 1.33 (3) and have

lim p(C ﬂ Cij;)=0.

j—oo
In particular for any ¢ € N there exists N (i) such that
/L(Cz’]v(z)) < 927
Set A := X\ U2, C;n() then we have

) < e

Also, by definition of C'(i, N(i)) we have

swp|fule) — f@)| < swp |fule) - f@) <27 V> NGD).
r€EA x¢C(i,N(3))

That is: fi converges uniformly to f in Al

l\.’)\%

Since A is measurable and p(A) < u(X) < oo, we apply Theorem 1.68 and find some
compact F' C X such that

J

wA) = u(F) + 5,

i.e. (as a Radon measure, u is Borel-measure, so F' is p-measurable)
)

WANE) < 7.

In particular we have
P(X\F) < p(X\A) + p(A\F) <6

Since fj uniformly converges to f in A we can conclude. U
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Theorem 3.40 (Lusin). Let X be a metric space and p any Radon measure. Suppose that
w(X) < oo.

Let f: X — R be a p-measurable and p-a.e. finite, i.c. |f(x)] < oo p-a.e.
Then there exists 6 > 0 and F C X compact such that

o u(X\F)<d

e f| : F — R is continuous.
F

Remark 3.41. Observe that

fl +F— R is continuous
F

and
f: X — R iscontinuous in F

are not the same.
For example if we take X = [0,1], f := Xxjo1)\q then f is nowhere continuous in [0, 1].

However f : is constant and thus continuous as map [0, 1]\Q — R.
[0,1\Q

In particular this example also shows (for the Lebesgue measure) that Theorem 3.40 may

not hold for 6 = 0 (i.e. outside of a zero-set) because in general one cannot find a compact
F for 6 = 0.

Proof of Theorem 3.40. Step 1 We show the statement for simple functions

I
g = Z biXBiv
i=1
where B; are measurable, pairwise disjoint sets with X = Ule B;, and b; € R.

Fix § > 0. By Theorem 1.68 for each B; (since u(B;) < co) there exists a compact F; C B;
such that

p(Bi) < p(F;) + 627",
In particular F; is pu-measurable since F; is a Borel set and p is Borel measure. Thus,

p(B\F;) <627 1<i<IL

Since (B;); are pairwise disjoint, so are the sets (F;);. Since each Fj is compact this implies
dist (F;, Fj) > 0 for each i # j. So if we set

I
F:UFZCX

=1
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then we have that g’ is locally constant (namely: for each xzy € F' there exists a radius

p = p(xg) > 0 such that g

is constant). This implies g| is continuous as a map
FNB(xzo,p) F

F — R (and thus in particular bounded).

Moreover,
HXAF) = i (BAF)) < 3 n(BAR) <

Step 2 Since |f(z)| < oo for p-a.e. z, up to Changmg f on a p-zero set (which does not
influence the result, because we can always pass to a smaller (compact) set if needed to
get rid of the zero-set). Now if we write f = f* — f~ and apply Theorem 2.14 to f, and
f— then we have

Z -X A+ Z XA7 (x) everywhere in X
In particular by writing
fk(x) = Z - Xat (1') - Z —XA- (:U)
ot =

Since these are finitely many sets, we can make them disjoint, that is we can write

I,
r) = Z bix B,
i=1

where (B;)$°, are pairwise disjoint, and by adding X\ U/t, B; (which still has finite mea-
sure) we have that fj satisfies the conditions of Step 1.

So fix again d > 0, apply Step 1 to fi and we find compact sets Fy, C X such that for each
ke N.

w(X\Fy) < 627+
and

frl : Fp — R is continuous
F
We furthermore find a compact set Fy C X from Egorov’s theorem, Theorem 3.38, such

that
)

WX \Fp) < 5
and

sup | (@) = f(w)] =20,

Now set F':= 7=, I, C X. Then F' is compact and

W(X\F) < u(@ (X\F)) Zu X\Fy) <
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Since F' C Fy we have uniform convergence of fy

to f ‘ . Since each fi| is continuous,
F F

its uniform limit f| : F' — R is continuous. U
F

Corollary 3.42 (Lusin in Euclidean space). Let E C R" be Lebesque-measurable. Then a
function f: E — R (i.e. f is pointwise finite!) is Lebesgue measurable if and only for any

e > 0 there is a closed' set F C E such that f| : F — R is continuous and L"(E\F) < .
F

Proof. = Fix ¢ € (0,1).

Let Ay := B(0,1) and Ay := B(0,k0)\B(0, k(1 —27%72)4), k > 1.
Observe that this way

~0 10— k| >2

LA, N A
(4 é){g C(n)27*ksm |0 —k| = 1.

Apply Theorem 3.40 to each Aj. We then find a compact F}, C Ay, such that LM(A\Fy) <

27%§ and f| is continuous. Setting F, := F}, N B(0, k(1 — 27F-1) we have that the (Fy)
F

is continuous and still we have

Uk B
L(AN\FR) < L"(AN\FL) + L£7(B(0,k6)\B(0, k(1 — 27F-18)) < C(n)627"(1 + k).

are pairwise disjoint compact sets, so f

In particular R” = (J3°, Ay, so if we set F':= (3%, F}, then f| is continuous and
F
LMRNF) <37 LY(A\F) < C(n)d.
k=1

However F may not be closed. But in view of Theorem 1.68 there exists an open set
G D R™\F such that

LM(G) < 2L"(R™\F).
Set F':= R"\@ then F is closed and F C F. So f| is continuous and
F
LR F) = L"(G) < 2C(n)d.
If we chose ¢ so that 2C'(n)d < € we can conclude.

< f is measurable iff E, := {x: f(x) > o} is measurable for each «a, (cf. Lemma 2.4, and
observe that f is pointwise finite)

16it clearly can’t be compact. Namely L (R™\F) = oo for any bounded set F
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is continuous and L"(E\F') < €. Then the set

Fl—{zeF: f‘ )>a) = E,NF

is closed (this follows from the continuity of f). Thus
LYEN\F,)) = L"EN\F) < L'(E\F) <e.

Since this argument works for any ¢ > 0, from Theorem 1.70(3) we obtain that E, is
measurable.

U

3.4. Convergence in measure. For sequences of p-measurable functions fr : X — R,
we have learned about pointwise convergence

k—00
felw) == f(x) Va
slighly weaker, p-almost everywhere convergence

fio(z) 2% f(2)  prae. m,

then (way stronger) than a.e. uniform convergence
k—o00
i = Fllzem = sup|fi(w) = f(2)] —=0.

Recall that from now on we consider sup to be the essential sup esssup.

From the definition of LP-spaces we also have LP-convergence,

1

I = Fllsoean = [ 1) = F@)Pd)” 2220

Uniform convergence is then very similar to L*>°-convergence if the functions in question
are continuous and the domains are open sets.

Now we introduce a weaker notion of convergence than pointwise, namely convergence in
measure.

Definition 3.43. Let (X, ) be a metric measure space. We say that a sequence of p-
measurable functions (fx)ken, fx : X — R converges in measure to f: X — R is for every
e>0

lim g ({o € X5 |fule) = f(a)] > 2}) =0,

Some people (us including) will write sometimes f, & f. As usual we assume that the
functions f,, and f are defined a.e.

Theorem 3.44 (Lebesgue). Assume u(X) < oo and a sequence of measurable functions
fn: X = R converges to f: X — R p-almost everywhere. Then f, & f.
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Proof. Fix any € > 0. Set
E;:={zxe X :|fi(x)— f(x)| > €}

The sequence of sets A,, := U2, E; is decreasing sequence of measurable sets, all with
finite measure, and hence, Theorem 1.33,

o o o
i=n n=1i=n

The last set has measure zero, because if x € U;2, E; for every n, then z belongs to

infinitely many FE;’s, so there is a subsequence f,,, such that

i) = fz)| Z €

which is only true on a set of measure zero, by the a.e. convergence.

Hence
p{x = [fule) = f(2)] > €}) = u(En) < p(lJ Ei) =0,

i=n

which proves convergence in measure. U

The converse of Theorem 3.44 does not hold (see Exercise 3.47 below), but it holds up to
subsequence.

Theorem 3.45 (Riesz). If f, & f then there is a subsequence (fy,)ien such that f,, — f
a.e.

Observe that here u(X) = oo is permissible.

Proof. For every ¢+ € N there exist n; such that

p(fe: 1) - sl = 3y) <2

We can assume that ny < ny < ns. Let

° 1
Fo= X\ U £ @) — (@) > )
i=k
and
F = U Fk.
k=1
Then
p(X\Fy) <> 27 =27%
i=k
and thus

w(X\ F) < limsup u(X \ Fy) < limsup 2"~ = 0.

k—o0 k—o0
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We claim that
(3.4) fo,(2) 2% f(x) forany z € F.
Since X \ F' is a p-zeroset we can conclude once we have proven this.

It suffices to prove (3.4) for each F}, and actually we will show that for each Fj we have
uniform convergence.

Indeed, if 2 € Fy, then z then o & U2 {z : |f,,(z) — f(z)| > 1}. That is

|foj(@) = f(2)| <= Vj=k, Vzelk

This is uniform convergence in Fj. U

Remark 3.46. We actually proved not only convergence a.e. but also uniform convergence
on subsets of X whose complement has arbitrary small measure. Note that Lebesgue’s the-
orem Theorem 3.44 combined with this stronger conclusion of Riesz’ theorem Theorem 3.45
implies Egorov’s theorem for sequences of real valued functions, Theorem 3.38.

One does indeed need to pass to a subsequence in Theorem 3.45, as the following example
shows.

Exercise 3.47. Let f(x) := xj01). For each n € N there exists exactly one m € N and
ke {0,...,2™ — 1} such that n = 2" + k. Set

fu(z) == f(272x — k).
Show

e f, converges to 0 in L*([0,1])
o f.(x) does not converge to 0 for any x € (0,1).

3.5. LP-convergence and weak LP. Next we want to consider convergence in LP-norm.
For this we first show

Lemma 3.48 (Chebyshev’s inequality). Let f : X — R be p-integrable. Then for any
A >0, any p € [1,00)

1
z: f(z) > A g—/ x)|P dex,
plas f@ > <5 [ @)
and in particular

il () > AD) < 1y
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Proof. Since f is measurable the set {z : f(z) > A} is measurable and thus

pl{o: f(x) >0 = | e

{z:f(z)>\}

AP / Ndy
{z:f(z)>N}

S % / flPdp.
{r:f(x)>>\}| l a
]

As a slight digression, Chebyshev’s inequality leads to a space very similar to LP, but
weaker — hence called weak LP-space, denoted by L),

Definition 3.49 (weak LP). We say that a p-measurable f : X — R belongs to weak L?,
f € LP>®) (X 1) if there exists A > 0 such that for all A > 0

1
p{z : flz) > A}) < A%
The minimal value of A such that the above inequality holds is denoted by || f| 1,m.c0)(x -

1 f1 oo (x ) 2= sggk (n({z = f(x) > A}))

One can check that || f|| ;. (x,,) i3 not a true norm (triangle inequality is only true up to
a multiplicative constant).

3=

Chebyshev’s inequality implies that || f|| ;@) < ||f|lze. The other direction is not true.
Exercise 3.50. Show that for o € (0,n] the function f(x) = |z|=° belongs to Lz (R™).
Show that f ¢ LY(R™) for any q € [1, o).

Weak LP-spaces become very important in Harmonic Analysis, they can also be generalized

to so-called Lorentz spaces L®9).

As a corollary of Chebyshev inequality we get

Theorem 3.51. Let p € [1,00] and assume that f, LmiN ferr(X,u), ie
k—00
£ = Fllzr o —— 0.
Then
o fu = f

o there exists a subsequence k; — oosuch that fy, AN f p-a.e.

Proof of Theorem 3.51. The second claim follows from the first one from Riesz theorem,
Theorem 3.45. For the first claim observe that by Lemma 3.48

w{lfe — f1 > e} <P fe — fIlh, 2225 0.
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Here is another criterion for convergence

Theorem 3.52. Let p € [1,00) and assume f, fi, € LP(X, ) for some metric space X.
Then the following are equivalent

(1) || fe = fllr(x) LtaNY)
k—oo
(2) fr & f and || full ey = | f]l£e(x)-

Exercise 3.53. Show Theorem 3.52 is false for p = oo (hint: continuous functions)

Proof of Theorem 3.52. (1) = (2): The convergence in measure follows from Theorem 3.51.
Moreover we have by reverse triangle inequality

’kaHLP(X) - ||f||LP(X)‘ < Ifi = fllzo) =2 0.
(2) = (1): First assume that fy(z) 2= f(z) for p-a.c. .
Observe that by convexity (here we need 1 < p < 00)
27Nl + 27HAP = I fe = fIP 2 0.
Moreover, by pointwise convergence
liminf 27| fi(2) P + 207 (@)l = | fulw) = fIP = 2277 f(2)]  pae. @

By assumption (2) we have

liminf/ |fk|p=/ | f17,
k—oo JO 0
so by Fatou’s Lemma, Corollary 3.9,

2 [ |y —timsup [ |fi— f17d
Q k—o0 Q
—tiinf [ (27l + 2P = |- 1) dp
k—o0 O
> [ liuinf (271 fif? + 27 1P |~ f17) di
QO k—oo
=2 [ |firdp
Q
Subtracting the (finitel) 27 [, | f|Pdp from both sides of this inequality we find

timsup | fy = 1% 00 = limsup [ |fi = fPdu = 0.
k—o00 k—o0 Q

This proves (1) under the assumption that fi(z) £=°% f(x) for p-a.e. = and | fellLe(x) LEEN

1 fllzecx)-
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Assume now f, - f and | frllze () LRECN || fllLr(x). Assume to the contrary that there
exists some subsequence f, such that

(35) kal — fHLP(X) >¢e VieN.

By Theorem 3.45 we can find a subsubsequence ( i, ); such that i, (x) EimiaN (x) for
p-a.e. x. But then we have by the above arguments that

fe, = Fllreo 225 0.
This contradicts (3.5). O

We will later discuss another way to decide when the convergence in measure implies
LP-convergence in Theorem 3.59 below, but first we need to talk about absolute continuity.

3.6. Absolute continuity. Let f : X — [0,00) p-integrable. For p-measurable A C Q
set

V(A) = uu_f:/Afdu.

Cf. Theorem 3.11. Observe that then p(A) = 0 implies v(A) = 0 — an effect which we call
absolute continuity.

Definition 3.54. Let pu, v be measures on X such that

e any p-measurable set is also v-measurable
o if (A) =0 then v(A) = 0.
Then we say that v is absolutely continuous with respect to u, and write v < p.

Lemma 3.55. Let ji and v be Radon measures on R™7

Then

(1) Assume that for all A C R™ it holds that if u(A) = 0 then also v(A) = 0. Then
any p-measurable set is also v-measurable.
(2) In particular, p < v if and only if for all A C R™ if u(A) =0 then also v(A) = 0.

Proof. We use Theorem 1.70: any p-measurable set A can be written as A = BU N where
B is Borell and p(N) = 0. So v(N) = 0 and consequently A = BU N is v-measurable.

U

The notion of continuity is justified by the following (important on its own) absolute con-
tinuity of the integral, and Exercise 3.57.

17easily extendable to more general sets that satisfy the assumptions of Theorem 1.70
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Theorem 3.56. Let f € L'(u). Then for every e > 0 there is & > 0 such that [ |f|dp < e
whenever E is measurable and p(F) < 0.

Proof. We argue by contradiction. If the claim was false, there would exist ¢y > 0 and
p-measurable sets [, such that pu(E,) < 27" but [ |f|du > eo.

The sequence of sets A, := ;2. F, is decreasing and
/l( n Ak) =0,
k=1

since

n() Ar) < p(Ay) <3 u(E;) <207 2220,
k=1 =n
Now

Fln(B) = [ |fld

is a measure, Theorem 3.11, so we have

o k—o0 X o .
o 17l = Ve 4e) S5 Ul A = [ 1l =0,

k=1F

since (N Ax) = 0.
On the other hand from the choice of E,, we have

> >
[ 171z [ 1 fldn > <o,

a contradiction. O

More generally we can reformulate Theorem 3.56 in the following way

Exercise 3.57. Let i, v : 2% — [0, 00| be two measures with v < p and assume v(X) < oo.
Then

Ve>0, 30>0: VACX p-measurable:u(A) <= v(A) <e.

3.7. Vitali’s convergence theorem. We know that if f; converges to f in LP then the
convergence is also in measure, Theorem 3.51. Vitali’s convergence theorem is a charac-
terization when the other direction is true, i.e. when convergence in measure (or in view
of Theorem 3.44 a.e. convergence if on a sets of finite measure) implies LP-convergence.

Definition 3.58. A family F of u-integrable functions f : X — R is said to have uniformiy
absolutely continuous integrals if

Ve>030>0: VfeF: VACX: p-measurable: M(A)<(5:>/A\f\du<s.

(Compare this notion with Arzela-Ascoli!)
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Theorem 3.59 (Vitali convergence theorem). Let X be a metric space and p a Radon
measure. Assume p(X) < oo and let ( fi.)ren be a sequence in L' (X, du) and f € LY(X,du).
Then the following are equivalent

(1) fo & f and (fi)ren has uniformly absolutely continuous integrals
(2) limysoo [x | f& — fldp = 0.

Example 3.60. The assumption p(X) < oo is needed in general. E.g. take p = L™, X =
R", fr = k™"Xpox. Then fi & 0 (because the convergence is a.e.). (fi)x has uniformly
absolutely continuous integrals, but [z« |fi|dp = ¢ > 0 with a constant ¢ = L£"(B(0, 1))
independent of k£, but [0 = 0.

Proof of Theorem 3.59. (2) = (1): If ||fx — fllz1 2222 0 then fy & f by Theorem 3.51.
To get the uniform absolute continuous integral property fix € > 0.
In view of L!-convergence there exists a K € N such that

5
[fr = fllre < 5 Vk > K.

Moreover, by absolute continuty of the integral, Theorem 3.56, there exists a ¢ > 0 such
that any p-measurable set A C X with pu(A) < § satisfies

g
keglﬁ;;K}/Aw +/A|f| <3

SRl [ 1= £+ [ 1fldi < i = Flen + [ 1F1d
A A A A
we find that for all £ > K we have

[1fl <.

A

The same holds also for k € {1,..., K}, so we have shown the uniform absolute continuity

(1) = (2): Let fi & f with uniform absolute continuous integrals.

Since

Assume by contradiction that
limsup/ |fx — fldu > 0.
k—oo Q
By passing to a subsequence we can assume w.l.o.g.
(3.6) liminf/ fs — fldu > 0.
k—oco JQ
Passing yet to another subsequence, applying Theorem 3.45, we may assume that

fx ]H—Oo>f a.e. in X.
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Fix ¢ > 0. Since fj are uniformly absolutely continuous and f is integrable we can find
9 > 0 such that for any p-measurable A C X with u(A) < 6 we have

/A|f|du<€, /A|fk|du<s Vk € N.

For this ¢ we can apply Egorov’s theorem, Theorem 3.38, and find a compact set F' C X
with u(X\F) < d and

sup | fi(z) — f(z)] 222 0.

zeF
In particular there must be K € N such that

LRI = H < 5,05

Consequently, for any k > kg we have

Jo M= fldw = [ 1= Tt [ 1~ flan

< [ Afd 1 fldut [ supsup | i~ fldy
X\F F k>K z€F
<e+e+e,

the first two estimates are because of absolute continuity, the last one because of uniform
convergence.

In particular we conclude that
liminf/ fr — fldu < 3e,
k—oco JX
since € > 0 was arbitary this is a contradiction to (3.6). O

Exercise 3.61. Formulate and prove a Vitali-type condition for LP-convergence.

In the calculus of variations Vitali’s theorem can be used for minimization.

Definition 3.62. Let Q C R". Amap F = F(z,y) : QxR — Ris a Carathéodory-function
if
e for all y € R the function x — F(z,y) is p-measurable

o for pra.e. x € Q the function y — F(z,y) is continuous.

Exercise 3.63. If F' is a Carathéodory function and v : @ — R s p-measurable then
f(z) :== F(z,u(x)) is p-measurable.

Example 3.64. Let Q C R” with u(Q) < oo, F = F(x,y) : @ x R — R a Carathéodory-
function as above. Assume moreover that F' has a p-growth for p € [1,00), namely

|F(z,y)| < C(1+ylf’) pae zeQ yeR
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Let furthermore u, u; : € — R be p-measurable functions with
/ |ulPdp < oo
Q
/ |ug|Pdp < oo VEk
Q

/ lup — u|Pdp LN}
0

Then
/F(x ug(x duk_}—oo>/ x,u(x
Q

(This is much easier if F' is also Lipschitz or Hélder continuous in y but we assume only
continuity (and ug(€2) is not a k-uniformly bounded set!) We also cannot use dominated
convergence, since we do not have a dominating function.

Solution. Set
f(x) = F(z,u(z)), fi(z) = F(z,ux(x)).

In view of Exercise 3.63 f and f are y-measurable.

Also
[ 1f@)ldn < € [ 1+ fuae))du < oo,

so fx (and similarly f) are p-integrable.
We want to argue with Theorem 3.59 and thus need to check its assumptions. fi, = f.

Assume this is not the case, then there exists some ¢ > 0 such that
limsuppu({z: |fx — f| >€}) > >0

k—o0

By the definition of lim sup there must be a subsequence fj, such that
(3.7) liginfu({x Nfk, — fl >€}) > e>0.
We will find that this leads to a contradiction.

Since uy, converges in LP to u by Chebyshev inequality, more precisely by Theorem 3.51,
we have uy, % u.

. . j— .
Since ug, 2 w there exists a further subsequence uy, such that uy, Rty p-a.e. in €2,
J J
. . . . j—
see Theorem 3.45. Since F' is continuous in the second entry we see that f, 72 f peae.
J

Since p-a.e. convergence implies convergence in measure, Theorem 3.44 we found that
fkij £ f — but this implies

Jim p({z: | fu, = fl>€}) =0,

a contradiction to (3.7).
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So indeed fiy & f.

[ | feldp is uniformly absolutely continuous

Fix ¢ > 0. Since u; LP-converges to u by Vitali’s theorem, Theorem 3.59, we have that
J |ug|? is uniformly absolutely continuous, i.e. there exists § > 0 (and w.l.o.g. § < §) such

that for all g-measurable sets A
pu(A) < oo = / lulPdp + sup/ |ug|Pdp < =
A k JA 2

Then we have

/fkdué/ 1+\uk\pdu=u(z4)+/ N —
A A A 2 2

This proves uniform absolute continuity for [, frdu.

4. PrRoDUCT MEASURES, MULTIPLE INTEGRALS — FUBINI’'S THEOREM

Fubini’s theorem is essentially saying that if we want to integrate on a cube [0, 1]? then we
can write this as an integral on [0, 1] x [0, 1],

[z, y)dedy = [z, y)dady.

[0,1]2 [0,1] J]0,1]

Since we now work with more abstract measures, we first need to discuss what is dx dy...
Recall that the cartesian product of two spaces X and Y is given by
XxY={(z,y): z€X: yeY}l

When measuring a set A x B it is easy to think that we somehow should multiply p(A)v(B).
But not all sets S € X x Y are of the form A x B. What do we do? We take the best
cover!

Definition 4.1 (Product measures). Let p : 2% — [0,00] and v : 2¥ — [0, 00] be two
measures. The product measure p X v : 2°*Y — [0, 00] for S C X x Y is defined as

(uxv)(S) := inf {Z w(A)v(B;): S c|JAi xB;; A; C X p-measurable, B; C Y v-measurable
i=1

i=1

In the (most relevant) case of Lebesgue measure one can see now easily that £¥ x £f on
R* x R is indeeed L£¥* on R

Theorem 4.2 (Fubini’s theorem). Let u, v be Radon measures on metric spaces X andY .

(1) If A C X is p-measurable, B C'Y is v-measurable then A X B is p X v-measurable
and we have

(1 x v)(Ax B) = u(A)v(B).

}
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(2) Let S C X XY be u x v-measurable and p x v(S) < co. Define for y € Y the set
Sy € X as

Sy:={z: (x,y) €S}

then S, is p-measurable for v-a.e. y. Moreover the map

v a(S,) = [ xslay)du()

is v-integrable and

(1 x v)(S) Z/Yu(sy)dV(y) :/y (/X xS(%y)du(aﬁ)) dv(y).

Similarly for S,.
(8) p x v is a Radon measure
(4) Is f : X XY — R p x v-integrable then

yH/Xf(:c,y)du(:v)

1s integrable w.r.t v, and

xﬁ/yf(:r,y)dV(y)

is integrable w.r.t. p and we have

/nyf d(p x v) :/X (/Y f(z,y) dV(y)) dp(x) :/Y (/X flz,y) du(q;)> dv(y).

This is a very technical statement, and we shall not go through the proof here (see
[Evans and Gariepy, 2015, Theorem 1.22] for this). More instructive is to look at warnings:

Example 4.3. e Aset S C X xY such that
x+— xs(x,y) is p-measurable for v-a.e. y

and
y— pu(Sy) = / Xs(z,y)du(x) is v-measurable
b

may not be measurable.
Indeed let X =Y =R and p = v = L' and take A C [0,1] the non-measurable
Vitali set. Set

Si={@w): bl <y yebih

We have Sy either |z| < § or [z — 1| <  (both measurable), so S, is y-measurable
for all y with p(S,) = 1.

However when z > % then S, = A. So S, is not measurable for £'-a.e. z.

If S was L£?-measurable then both S, and S, would need to be measurable (by
Fubini’s theorem).
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e Similarly (take for example f := xg for the S from above) there is no reason that
if [ fdu exists and is integrable that then f : X x Y — R is integrable (or even
measurable).

A slight variant of Fubini’s theorem is the following Tonelli’s theorem

Theorem 4.4 (Tonelli). Let f: X XY — [0,00] be p X v-measurable, and assume that

the iterated integral
/X (/Y f(z, y)dv(y)) dp()

exists. Then f is v X u integrable and we have

[ sawxv=[ ([ s at) dute) = [ ([ st ndnt)) aty)

For the Lebesgue measure and f € L'(R", L") we often use as an application from Fubini’s
theorem

/n 2)dL" (x / /fxl,..., VAL zy dL sy . . ALY,
This uses
Theorem 4.5. The Lebesque measure L on R™ satisfies
L =LFx " Yeeo,...,n}
In particular

Lr=CL'x L x . ..o x L.

Proof. Both measures coincide on rectangles R (by construction), so for the application of
Theorem 1.71 we only need that both measures are indeed Radon measures, which follows
from Fubini’s theorem Theorem 4.2. ]

A consequence of Fubini’s theorem

Proposition 4.6 (Slicing). Assume f € L'((0, R)?) (take a representative and fiz it).
Then there exists r € (0, R) such that x — f(x,r) belongs to L*((0, R)) and moreover

/(OR)| flz,r)|de < = / f(z,y)|d(x,y).

More precisely, consider for A > 1 the set Yy C R



ANALYSIS T & 11 VERSION: April 18, 2022 92

Proof. 1f
d =0
[ e ), )
from Fubini’s theorem we have
/ \f(z,r)|de =0 Llae. re(0,R),
(0,R)
and we can conclude.

So assume from now on
cy)ld(z,y) > 0.
JARCRIILCRY
Let
X,\—{TE(O,R):/ |f(z,7r)|de>—= / |f(z,y)|d(z, y)}
(0,R) R

By Fubini’s theorem X, is £'-measurable and £'(X,) = £'((0,R)) — £*(Y)). For any
r € X, we have

A
B Lo M0l G) </ F(a,r)|dz
So integrating this in r we find
A
El(XA)—/ \f(x, y)|d(z,y) </ / (, 7| dadr </ @, y)|dedy
R Jo,r)2 Xy J(0,R)
Dividing the integral on both sides we find
R
LX) < %
Consequently, for any A > 1
R
LYY2) > LY((0,R)) = LX) = R - 3o

g

The measure estimate £'(Y)) > (1 — )R in Proposition 4.6 is useful to show that several
slicing properties hold on the same set simultaneously.

Exercise 4.7. Show that there exists a uniform A > 0 such that the following holds:

Take any (representative of) f,g € L'((0,1)?). There exists an L'-measurable set Y C
(0,1) with LY(Y) > 0 (depending on f and g) such that for each r € Y we have

(1) x +— f(x,r) belongs to L*((0,1))
(2) z v+ g(x,r) belongs to L*((0,1))
(3) f(o,l) | f(z,7)|dz < Af(o,l)2 |f(z,y)d(z, y).
(4) f(o,l) lg(x, r)|dx < Af(0,1)2 |f(z,y)]d(x, y).
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Hint: Use Proposition 4.6 for both f and g and obtain Yy and Y, where the above state-
ments hold. To show that L'(Y; NY,) > 0 use Ezercise 4.8

Exercise 4.8. Let (X, u) be a measure space with u(X) < oo. Assume A, B C X are
p-measurable with 1(A) > 2p(X) and p(B) > 2pu(X). Show that (AN B) > $u(X).

Exercise 4.9. Let f € L'((0,1)?) then for L'-a.e. r € (0,1) we have f(r,-) € L'(0,1).

Hint: Apply Proposition 4.6 to

Y, = { € (0,1) /() |, 7)|dz < 2 /() !f@w)'d(f”’y)}

and show (0,1) \ Uy Y is a zero-set.
4.1. Application: Interpolation between LP-spaces — Marcienkiewicz interpola-
tion theorem. If f € LP*(R")NLP2(R") then f € LP(R") for p € (p1,p2), cf. Exercise 3.18.

So what if we have some information about a map 7" acting on LP*(R") and acting on
LP2(R™) — do we know something about how the maps acts on LP(R™). Under certain
conditions yes.

As a first step observe that any LP-map can be decomposed into an LP*-map and LP2-map.
Lemma 4.10. Assume 1 < p; < p < py < o0 and assume f € LP(R"™).

For each fixed A > 0 there exists f1, fo with the following conditions

o fie LP(R"), i=1,2.
o f=fi+ frae inR".

Moreover we have

-2 e

| fill o1y < X7 Pi || f

fi can be chosen explicitely:

f@) i lf(@)] > A

fi(@) = f(@)xp50 = {0 if |f ()] < A

and
flx)  iflf(@)] <A

fo(z) == f(2)x)510 = {O if |f(z)] > A

Proof. We may assume p; < p < py otherwise there is nothing to show.

Observe that since { f > A} etc. are measurable sets, so f; and f, are measurable functions,
and we have f = f1 + f; a.e..
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It remains to compute (and here is where we use p; < p < p2)

1

Pl ny — pld "
Il = ([, 1r0Pas)
_)\1—* A\PP1 2P dr =
(/{w} £ )

S)\k% (/ x pdx) "
{UfI>A} (@)

1

N ([ @)

1—2
=\ ||f||LP(]R"

1

Similarly,

Fillpes n:</ fxpzdx>p2
| f1ll ez (mm) {\f|9}| ()]

= </{f|§,\} Ap“D|J"'(ac)V’dx>

1

N ([ |f<x>|pdx)”

1— 2
=\ ||f||LP R™)

1

U

Now assume T is a linear operator from L”*(R") to L% (R") for i = 1,2. That is, fori = 1,2
if f,g € LP/(R") and A, u € R then

TAf+pg) =ATf+uTy.
(this definition assumes that for f € LP* N LP2(R™) the T'f is well-defined).

Then if p € (p1, p2) the operator T naturally is defined for f € LP(R™). Namely if we split
f = fi+ f2 where f; € LPi(R™) (we can always do that in view of Lemma 4.10) we set

Tf = Tfl + TfQ

Now assume that f = f; + f» is another decomposition but still f; € LP: (R™),i=1,2. To
make the operator well-defined we need to ensure that

(4.1) THh+Tf=TfH+Tf ae. inR"
Equivalently, we need to show

TfH—ThH =Tfo—Tfo.
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Observe that ) ) )
h=h=f—f-(f=f)=Ff—- /.

In particular, fi — f; € LP* N L.

So, by linearity,

Th=Th=T(h-h)=T(f~f) =T~ Tf.
This establishes (4.1), that is T'f is well defined for each f € LP(R™) as long as p € (p1, p2).
There is more, we get also an estimate on ||7'f|| £ &n).

Theorem 4.11 (Marcienkiewicz Interpolation Theorem (“diagonal”)). Let 1 < p; < py <
oo™

Assume that T is a bounded linear operator from LPi(R™) to LPi(R™) for i =1,2. That is,
fori=1,2

o There exists N; > 0 such that for any f € LPi(R™) we have Tf € LPi(R") and
moreover

1T fllrimry < Nill £l 2os -
o if fig€ LPi(R"™) and \, u € R then

TAf+pg) =ATf+puTg.

Then for each p € (p1,p2) the operator T is a bounded linear operator from LP(R™) —
LP(R™), and we have

1T f e @y < Apl[ £l o @em)
where Nyis a constant depending only on Ay and Ay and 6.

Remark 4.12. e The constant A, here is not sharp in general, a technique called
complex interpolation gives a sharper estimate
e We don’t need linearity for 7', only sublinearity, i.e. Tf < T f + T f.
e Of course this works in much more generality.

Before we come to the proof of Theorem 4.11 we record a crucial tool, an amazing appli-
cation of Fubini’s theorem.
Proposition 4.13. Fiz p € [1,00) and Q C R"™ be an open set.
Let f:Q — R be L"-measurable. Then f € LP(Q) if and only if
A= WL (L e Q| f(2)] > A})  in LY((0,00)).
Moreover, in either case

L1r@pde=p [~ wter (e e Q:17(@)] > A} da

18diagonal refers to the fact that ¢; = p;
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Proof. Since |f] is L™-measurable, also
A= NTILY ({2 e Q| f(x)] > A})
is L1-measurable (exercise).

So all we have to obtain is the identity.

» :OO NI (f € Qs |f(2)] > AY) dA

=p )\p /X{lf ysap(@)dr dA

Now we use Fubini’s theorem (rather. Tonelli), Theorem 4.4. One easily checks that
A X = XN g psar (@) is £1 x L"-measurable (and nonnegative). So,

:p/Q A=0 /\pilx{|f(')|>>\}(l’)d)\ dz

@
:p// NN da
Q JA=0
7@
:/ N d
Q A=0
_ P .
[ 1@ da

Proof of Theorem 4.11. Observe that p € (1, 00).

Fix f € LP(R™). For a fixed A > 0 we apply Lemma 4.10 and split f = f; + fo. Then
Tf=1Tf +T/f; which is measurable.

Since |Tf| < |T fi] +|T fal,

A A
{141 > X} C{IThI > SHO{ITRI > 5}

i

i e qrs > ) < £ (Al )+ £ (1Tl > 33

By Chebyshev inequality, Lemma 3.48, for ¢ = 1,2 and boundedness of T,

e (ara=3) <(3) e

NG
<(3) W
By the definition of f; we have

A - —p1 o
(3) Wk = (5) L P

Rn

| >
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)\ - )\ —p2

2 2 oy = | = x)|P?dx

(2) 121 e (2) Ly @
And thus

. i —p1 o é P2 .
ern=ws(3) [ e (5]

This estimate holds for any A > 0. In view of Proposition 4.13 we then have

IT ey <p [~ N71L" (€ Q2 [T (@)] > A A

<c [T (A—m / 2)Prda + AP / . mdx> A
A=0 oy 1@ ey @)1

Again by Fubini

e
IT 118y <C / )P (/A ) ”d/\) da
e, / z)[Pe < / Ap—lxmcu) dr
A=l (@)

Since p; < p < po the integrals in A converge and we have

1Ty <C [ 1@ (11 )\p|f<x>y—p1) da
w0 [ 1@ (I @V @) 7dr) do

—C’/ x)|Pdx
=C|| fII%» zny

We can conclude. O

Exercise 4.14. Prove Theorem /.11 under the weakened assumptions

HTfHL”i(R") < AinHLpi’OO(R )
(Cf. Definition 3.49)

The ideas of the Marcienkiewicz-interpolation theorem can be vastly generalized. As partic-
ular version we record (without proof) the following “off-diagonal” version of Theorem 4.11.
“off-diagonal” means that the LP-spaces in the domain and target may not be the same.
For a proof see [Grafakos, 2014a, §1.4.4].

Theorem 4.15 (Marcienkiewicz Interpolation Theorem (off-diagonal)). Let 1 < p; < py <
o0 and 1 < q; < g < 0.

Assume that T is a bounded linear operator from LPi(R™) to L%(R™) fori=1,2. That is,
fori=1,2
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o There exists A; > 0 such that for any f € LP(R") we have Tf € L%(R") and
moreover

1T f [l Loi my < Asl[ S| ri .-
o if fig€ LPi(R"™) and \, ju € R then

T(Af +pg) =ATf + pTg.
Then for each p € (p1,p2), i.e. whenever 6 € (0,1) and
p=(1—0)p: +0Ops,
then for
q¢:=(1—=0)q +0g
we that T is a bounded linear operator from LP(R") — L4(R"), and we have
1T f | Lany < Agll Sl o rm)

where A, is a constant depending only on Ay and Ay and 6.

4.2. Application: convolution. Let us start with an observation that since the Lebesgue
measure in invariant under translations and under the mapping x — —u for any f € L'(R")
and any y € R" we have

/n u(z)dr = /Rn u(z+y)dr = /n u(—z)dz.

Also, since for every measurable set F and any ¢ > 0 the set t£ = {tF : x € E} has
measure L™ (tE) = t"L"(E), Theorem 1.81, we conclude that the Lebesgue integral has the

following scaling property

/Rn u(z/t)dx = t" /Rn u(z)dz YVt > 0.

Observe that in the case of the Riemann integral the above equalities are direct con-
sequences of the change of variables formula. We will prove a corresponding change of
variables formula for the Lebesgue integral later, but as for the proof of the above equalities
we do not have to refer to the general change of variables formula as they follow directly
from the properties of the Lebesgue measure mentioned above.

Definition 4.16. For measurable functions f and g on R™ we define the convolution by

frg)i= [ fla—y)g)dy

The convolution plays a crucial role in Analysis, in particular in Partial Differential equa-
tions,

e convolutions can be used to “mollify functions” (approximating non-differentiable
functions by differentiable ones, we will discuss this below)
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e representing solutions to linear differential equations, e.g. for n > 3
Au(z) = f(x) in R"

is (under suitable assumptions on f and u equivalent) to

u@) = c [ o=y f () dy
(where ¢ is a suitable constant)

To start with our analysis, the first question is under what conditions the convolution is
well defined. If f € L'(R") and g is bounded, measurable and vanishes outside a bounded
set, then the function y — f(z —y)g(y) is integrable, so (f * g)(z) is well defined and finite
for every z € R . If f,g € L'(R"™), then it can happen that for a given z the function
y — f(z —y)g(y) is not integrable and hence (f * g)(z) is not defined. However as a
powerful application of the Fubini theorem we can prove the following surprising result.

Theorem 4.17. If f,g € L*(R™) then for a.e. x € R" the function y — f(x — y)g(y) is
integrable and hence f * g(x) exists. Moreover f x g € L*(R") and

1f * gl < I fllzr@ny 19l @ny-

Proof. The function |f(z — y)g(y)| as a function of a variable (z,y) € R*" is measurable
(because (z,y) — f(z —y) and (z,y) +— ¢(y) are both £2-measurable). Hence Fubini’s
theorem (rather: Tonelli Theorem 4.4), implies

// (& —y)g(y)|dz dy = Rn(/ﬂ%nlf(fc—y)g(y)!dx)dy

= [ ([ 156 =wlde) o)y = 17110 gl e,

Therefore

I1F 5 gl < [ [ 1@ =yg@ldwdy < £l lgllz

Theorem 4.17 is a special case of Young’s convolution inequality

Theorem 4.18 (Young’s convolution inequality). Let p,q,r € [1,00] satisfy the following

relation
1 1 1
1+ ; = 5 + 6
(where = =0).

If f € LP(R"), g € LY(R™) then f*g € L"(R™) and
1f g

Exercise 4.19. Proof the statement for p = 0o or ¢ = oo and r = oo (what does each
imply for the other coefficients?).

rrny < [ flleen) 91| Lagen).
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Proof. We consider only the case 1 < p,q,r < oo.

Set s 1= * p, t= f. Observe that then

1 1 1 1 (1 1) (1 1)
-—+-+-=4+\|-——|+({-——-) =
T S t T D r q T

1f(@—y)gw)| = f@ =) g7 [fz—y)|" lgy)]"

€L (dy) €L(dy) Lr(dy)

We write

From (generalized) Holder’s inequality we then have

1-2 1—

[5G = ewldy < ([ 17 -la) T ([ lotpay) "

1-2 1-4 » ot
=\ fll ey 191l Loy (1P N9l )™

=3I

([ 11 = nPlawray)’

Now from the L'-case,

1 1
LA #1917 lzremy =P #1915y < (WP emy g1 23

=l 1120 @y 191 Za gy

S =

Plugging all this together we find

L (L 1@ =09l dy) " do < (1715 Nalladeny 1117 ¢ 1917 ey )

(Hf”LP(R" ”gHZ(ER” ||f||Lp (R™) ||9||Lq R >
(I£ 11z @ gl o))

Thus,
I1F gl < [ ([ 17 =9)9@)dy) do < (1f s gl o)

Taking this inequality to the power ()* we conclude. O

Now let us look at algebraic properties of the convolution
Exercise 4.20. (L*(R"),*) is a commutative algebra. Namely, if a,3 € R, f,g,h €
LY(R™) then

(1) fxg=gxf
(2) f* ( ) (fxg)xh
(3) fx(ag+Bh)=af xg+Bf*h.

Hint: Fubini
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Let us also record

Exercise 4.21. Let f,g € L'(R") and h € C>*(R") then
L Grgh= f@xn
Rn R"

where
Hint: Fubini

So, nice algebraic structure, nice! But now lets move towards serious business, namely
“mollification”.

For the “mollification aspect” we need a further definition

Definition 4.22. (1) We say that f € L} (R") if for any x € R™ there exists some

ball B(x,r) such that f € LP(B(z,r)).
(2) For g € C°(R™) the support is “where the function lives”, more precisely

suppg := {x € R*: g(x) # 0}.
A continuous function g is said to have compact support if supp g is compact.

(3) This can be generalized for £"-measurable g : R™ — R.
Fix such a g, and define the family of (measurable!) S as follows

SeS & Sisclosed and g(x) =0 for L"-a.e. x € R"\ S

suppg = [] S
ses
So a L"-measurable function is said to have compact support if and only if supp g

is compact.

Exercise 4.23. Show that whenever f € Lj .(R™) then f € L} (R™) for any1 <q<p

loc loc
Hint: Hélder’s inequality.

Exercise 4.24. Show that the two definitions of support in Definition 4.22 coincide for
continuous functions.

If f € L,.(R") and g is bounded, measurable and vanishes outside a bounded set, then
the function y — f(x —y)g(y) is integrable, so (f *g)(x) is well defined and finite for every
x € R™. If g is better, then f x g is as good as g.

Theorem 4.25. If f € L} _(R") and g is continuous with compact support then

loc

(1) [ *g is continuous on R"

(2) If additionally g € C*(R™) then f * g € C*(R"), k € N, and we have
Ou(f*xg)(x) = (f % 0a9)(x) « multiindex: |a| < k.
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Proof. (1) Since g is bounded and has compact support, (f * g)(z) is well defined and
finite for all x € R". Fix z € R" . The function y — f(y)g(x — y) vanishes outside
a sufficiently large ball B (because g as compact support). Let x,, — x. Then there
is a ball B (perhaps larger than the one above), so that all the functions

y= f(y)g(zn —y)
vanish outside B. Hence

1F ) g(zn — )| < gl |f ()| xB(y) € L*(R™)

and the dominated convergence theorem, Theorem 3.26, yields

(f <)) = [ F@glan—y)dy = [ gl —y)dy = (f *9)x)

which proves continuity of f * g.
(2) Picki € {1,...,n} and |h| <1 and fix z € R"
We have (observe all terms exists since g € C'(R") and ;g still has compact
support)

(f #g)(@ + hei) — (f = g)(x) — (f = Dig)(x)h
= /R f(y) (9(x + hei —y) — gz —y) — Dig(x —y)h) dy

Observe that if supp g is compact then supp g(z — -) is still compact (for a fixed z).
It is easy to check that the following set is compact

K, := |J suppg(z +2z—).
|21<1

Moreover,
g(x +hei —y) —g(z —y) —diglz —y)h =0 y & K.
Since ¢ is continuously differentiable on R™ we have
l9(z + hei —y) — g(z —y) — Oigx —y)h| < Culh| Vy € R, |A] < 1.
and moreover by differentiability for every y

lg(z + he; —y) — g(x —y) — Oig(x — y)h| |r—o0

7 0.
Thus
(f *g)(@ 4+ he;) — (f xg)(x) — (f * 0ig)(x)h
A
g(x +he; —y) — glx —y) — dig(x — y)h
= . fW) 7] dy
and

g(x+ he; —y) — g(x —y) — Oig(x — y)h |hl—0

f() 7]

Opointwise for a.e. y
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and

g(x + he; —y) — g(r —y) — dig(x —y)h
| (y) 7] | < Clf ()l
We conclude by the dominated convergence theorem that
(f * 9)(x + hei) = (f = g)(x) = (f * ig)(x)h |ni—0
|
Thus f * g has a partial derivative at every x. That by itself is not enough to
conclude differentiability! However, since morevoer f x 0;g is continuous (by (1))

we can conclude that f g is continuously differentiable everywhere. Repeating this
argument for higher derivatives gives the claim.

0.

g

Let n € C*(B(0,1)) be a function such that n > 0 and [z n(z) = 1. E.g. take
1
_ elel-1 lz] <1
4.2 x) = -
“2) i) {0 M

One can show that 77 € C°(B(0,1)), and we set 5 := (fgn )" 7. 1 is often called a bump
function (because thats what it is) or a mollifier (reason: below).

For € > 0 we set
ne(x) ==& "n(z/e)
Exercise 4.26. Show that suppn. C B(0,¢), n- > 0 and [gnn. = 1.

For f € L},.(R™) we set
fa = f * 7
In view of Theorem 4.25, f. € C*°(R"™). This is called the mollification of f.

Observe that as € — 0 we have in a very handwaving sense

0 {0 r#0

e —
T’ (x) 00 - ((n(o)// T = 0

More precisely we have for any measurable A C R”
L. = n(0)d
where dq is the Dirac measure

1 De A
0 otherwise.

50(14) = {

Above, (weak™) convergence is understood in the following sense:
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Lemma 4.27. For any f € C°(R™) N L=(R™) we have

/Rn fd(Lrin) =% /Rn fddy = £(0).

Proof. We have
L rdern) = [ f@n(a)ac

So all we need to show is that
[ F@pn.(a)der = f(0).
Now observe since [ 1. = 1 we have
| f@m@)de = £0) = [ (f(2) = £(0)) n.(x)da.

Since f is continuous at 0, for any 6 > 0 there exists a radius r > 0 such that | f(z)— f(0)] <
§ for all z € B(0,r). If we take ¢ < r we then have

L (@) = ) ne()da| <6 [ n(ade =3

This holds for any ¢ and € < r(d) so we have

[t (a)ds  FO) =0

lim
e—0

g

What does this mean for f.(z) = f*n.(x) = [ f(x — y)n-(y)? It converges to f(x). And
it does so quite nicely.

Theorem 4.28. Let f: R" — R.

(1) If f is continuous then f. converges uniformly to f on compact sets as e — 0, i.e.
for all K compact

0
| f = fellpe ey = 0.

(2) If f € C*R") then D®f. converges uniformly to D*f on compact sets for any
la| <r ase— 0, i.e. forall K compact

max || D f — Do‘f8||Loo(K) =20 0.

o<k

Proof. (1) Uniform continuity of f on compact sets implies that for any compact set

K

sup sup |f(z) — f(x —y)| = 0 ase— 0.
lyl<e zeK
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Since [gn M:(y)dy = 1 we have [z f(2)n:(y)dy = f(x) and hence for any compact
set K,

sup f(z) = Jo(x)| =sup | [ (7(@) = F(z = u))n:(u)dy

<sup | o @) = @ =)l ne)dy 0 ase =0

 2eK
(2) Follows from (1) by an induction argument and the fact tat D(fn.) = (D*f) ..

U
Exercise 4.29. (1) If f € C* for a € (0,1] show that f. converges to f in C” for any

b < a, ie.
o (@) = £(2) = 1) ~ )] o
zFy |z —yl?
(2) Show that this may not be true for B = a = 1 (it is also not necessarily true for
f=a<1)
Hint: Lipschitz functions may not be everywhere differentiable

0.

Now we want to get convergence also in LP(R").

Lemma 4.30. If f € LP(R"), 1 <p < oo then f. € LP(R™) and || fo||Lrwny < || fllr@ny-

Proof. Follows from Theorem 4.18:

[ fellzo@ny = |Lf * nello@ny < N flloo@ny (106l 1) -
=1

U
Theorem 4.31. If f € LP(R") and 1 < p<oco then f. € LP(R™) and || f — f-|| r(mn) =% 0.

For the proof of Theorem 4.31 we need the following lemma

Lemma 4.32. If f € LP(R"), 1 < p < oo then
lim [ [f(z+y) — f(z)|Pdx = 0.

y—=0 JR

Proof. For y € R™ let 7, : LP(R™) — LP(R™) be the translation operator defined by
(ryf)(2) = flx+y) for f e LP(R").

The lemma claims that 7, is continuous, i.e. ||7,f— f||r» Y% Dasy — 0. Givene > 0 let g
be a compactly supported continuous function such that || f—g||z» < /3, see Theorem 3.28.
Then

|7y f = fllze <ll7yf — 7y9lle + 1799 — gllee + If = gllze =2/ f — gllze + [I7y9 — gllLr
<2e/3 4+ ||7y9 — gllrr
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Since 7,9 — g converges uniformly, and K := U, <; supp 7,9 is bounded, there is § > 0
such that

1709 = glls@m = 79 — gl < CK) I7yg — gl < /3 for ly| < 6.
Hence,
Irf = fller < 5 for ly] <.
which proves the lemma. Il

Proof of Theorem 4.31. Assume first that 1 < p < oco. Hoélder’s inequality and Fubini’s
theorem yield

15 = Flo = [ [ (@) = £ = )ty
< [ ([ 15@) - @~ ) o) ody) de

< [ 05~ 1 —wentwiy) ([ ntidy)” o

=1

- /n /B(O,e) [f(2) = f(z = y)["n-(y)dydz
_Am@(énﬁw%—ﬂw—wwwﬁnxw@rigo

In the last step we used Lemma 4.32. If p = 1, then the above argument simplifies, because
we do not have to use Holder’s inequality. O

P
dx

Corollary 4.33. Let 1 < p < oo. If f € LP(S2) for an open set ) then for any open
compactly contained Q" CC Q (i.e. Q' is open, ' is compact and Q' C Q) we have

f- € C(Y) for all smalle < 1 and || f- — f||zeo) =% 0.

Proof. Set d := %&m) > 0. Let 7 € C(B(§Y,50d),[0,00)) be a bump function with

7= 11in B({,20d)"
Set )
=nf.
Clearly f € LP(R™), and by Theorem 4.31 we have that f € C*°(R") and
If- — f||Lp(Rn) =0 .

In particular f. € C=(Q') and (using that 77 = 1 in )
-0

I1fz = flleey = I f- = Fllvy ===0.

YHere: B(A,r) := {z € R" : dist (z, A) < r}
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We now claim that for ¢ < d we have f. = f. for z € . Indeed if z € ' then
denoting the mollification kernel for f. by n € C*(B(0,1)), f. = f * e "n(-/¢) then
suppe "n((z —-)/e) C B(z,e) C B(,d). Consequently, for any z € ¢/

fole) == [ Fm(e—y)/dy = [ fn(e—y)/2)dy

(€,d)
== [ o MW@~ 9)/e)dy = L),

Thus i 0
1fe = flleey = 1fe = fllze) 5=0.
The proof is complete. -

One can use convolution to obtain another proof of density, see Theorem 3.32(3). See
Lemma 4.38 for a version for any open set (2 C R™.

Exercise 4.34. Use convolution to give another proof of Theorem 3.32(3) on R":

Namely show that C°(R™) is dense in LP(R™) for all 1 < p < oo. That is for any
f € LP(R™) there exists (gi)ren € CZ(R™) such that

k
gk — fllo@n) —= 0.

(1) Approzimate f by convolution with some f. € C*(R™) (but there is no reason that
fee CX(R"))
(2) Take 1 € C*(B(0,2)), n =1 in B(0,1) and ||7]|zem@ry < 1 a bump function and
set
gu(2) = (e /K) £ (2)
(3) Show that
e/ 8) (Fue = F) vy 2= 0.

(4) Show (Hint: dominated convergence!)
(L = 7(2/k) £l pogrmy == 0.
(5) Conclude that
k—o00

lgr. — fllLe@n) —— 0.

Exercise 4.35. Show that Exercise 4.3} is false for p = oo
(Hint: continuous functions)

Exercise 4.36. Let p € [1,00). Show that for any f € LP(R"™) with f > 0 a.e. there exists
fr € CX(R™), fr > 0 everywhere such that

k—oo
I fe = fllzo@ny —= 0.

Proposition 4.37. Let p € [1,00) and f : R™ — R be any function. Then the following
are equivalent:
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(1) | € LP(R")
(2) There exists f, € C(R"™) with fr, — f a.e. and

SUp || fil| o gy < 0.

In either case we have
43 D n)y — lnf hm lnf P n
(4.3) 1fllze @y = Inf Timinf || fi | 2e e

where the infimum is taken over all sequences (fx)r as in (2).

Proof. = This follows from Theorem 4.31. Since f € LP(R") we find approximations
fr € CX(R™) and

[ fello@ny < A1F = fello@ny + 1| Lo @n).-
We also get one part of the inequality

Hkli lininf | fu| o ey < Vi inf {| fi [ 2o ey < Timinf {| f—=fi| o) Hliminf || £ 2o eny = 04[] F 2o n)-

< Let fx be as in (2). In particular f are £"-measurable, so as a pointwise limit f is
L™-measurable, Theorem 2.13. In particular |f| is £"-measurable.

We can apply Fatou’s lemma, Corollary 3.9, to |fx|P and by pointwise convergence

/ mp:/ lim \fk\pgliminf/ | fal?.
R Rn k—o0 k—oo JRn

Since [gn |f|P < 0o we have f € LP(R™). The above inequality holds for any approximating
sequence (fx)r so we get the remaining part of (4.3), namely

my < inf limi .
I fllzrmny < (;lz)fk hlggglfﬂkaLp(R )

One can also get another proof of Theorem 3.32(3) on any (.
Lemma 4.38. Let Q C R" open and f € LP(Q)). Then there exist fr € C°(S2) such that

Ife = fllerc k=0,

Proof. Extend f by zero outside of 2. We first show that there exist g € LP(R™) with
supp g C 2 and
k—o0
If = gellr@ny — 0.
Any open set can be decomposed into a countable union of closed dyadic cubes U2, Q;
with pairwise disjoint interior. Let g := XUt o f. By the dominated convergence theorem
i=1 ¥

k—o0

gk — fllLp@ny —— 0. Observe that supp g, C UY_; Q; which is a closed subset inside 2.
Since (2 is open 0 := dist (supp g, R"\Q2) > 0.
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Now set fi o, := 1, * gi, for 0 < 9. Fix ¢ > 0. Then there exists ¢ > 0 so small such that
€

7

Also we can take k € N (independent of o actually) such that

170 * f = fllorny <

g
176 % g — 1o % Il < llgr — fII < 3
Then we have f;., € C(92) and

| feo = flloe@wny < 00 % g — 10 * fI| +|Ine* f = fll <e.
O

Exercise 4.39 (Censored Mollification). Take three radii 0 < r < p < R and assume

u € C°%B(0,R)). Show that there is an approximation u, € C°(B(0, R)) with

k—o0
||Uk — UHLOO(B(O,R)) _>—> 0

that satisfies the following conditions for all k € N

e u, =u in B(0,R)\ B(0,p)
o u, € C(B(0,1))

For this use the following definition of a “censored” mollification

us(x) ::/ n(z)u(x + 00(x)z)dz,

RTL

for some choice of € C>(B(0, p), [0,1]) and 8 = 1 in B(0,7), and a typical bump function
n e C>*(B(0,2),n=11in B(0,1) and [n=1.
4.3. A first glimpse on Sobolev spaces. From the approximation Exercise 4.34 we
have the following equivalent definition of LP(R™).
Proposition 4.40. Let p € [1,00).

Consider the space LP(R™) as all f € C(R™) with the norm | f||Lrwn). Every norm

induces a metric deo(f,9) == ||f — gllo@wn). Denote by LP(R™) the metric completion of
LP(R™) under the metric des(f,g).

Then LP(R™) = LP(R") in the following sense:

The uniformly continuous linear functional id : LP(R") — LP(R") given by id f = f
extends to a (unique) isometric isomorphism LP(R™) — LP(R"™).

Proof. Since (by definition) £P(R") is dense in LP(R") and id is clearly Lipschitz contin-
uous with Lipschitz constant 1 (and thus uniformly continuous) id extends uniquely to
a continuous map id : LP(R") — LP(R"), given by id f := lim_ o id f; where f; is any
sequence in LP(R™) converging to f.
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Clearly id is injective and isometric. It only needs to be shown that it is onto. So let
f € LP(R™) then by Exercise 4.34 there exists f, € LP(R™) with || fx — f||z» — 0. But then
fr is a Cauchy sequence also in £P, and thus id f, = fi converges on both sides. O

Exercise 4.41. Let p € [1,00]. Show that (C(R™), || - lwirmny) is a normed space where
[ llwre@ny == [[fllee@ny + IV Fllzr@ny.

This leads to a (first, there are several) definition of Sobolev spaces WP (R™).
Definition 4.42. Let p € [1,00). Consider C°(R"™) equipped with the norm
[ lwre@ny = [ fllLon) + IV fllogn).

We denote WP(R™) as the metric completion of C2°(R™) under this norm.

So what kind of functions are in this Sobolev space W'P(R™)? Since the || f]|zrrn) <
| fllwreny we see that W*(R™) must be a subspace of LP(R"), i.e. a first equivalent
notion is

Definition 4.43. Let p € [1,00). f € W'P(R") if and only if f € LP(R") and there exists
fx € C°(R") such that fj is a WIP(R")-Cauchy sequence and

k—oo
I fe = fllzo@ny —= 0.

Alright, so what does that mean: W? consists of LP-functions that satisfy an additional
condition: their distributional derivative belongs also to LP. That needs some explanation.

Definition 4.44. A distribution is a linear map 7' : C°(R™) — R (it should also be
continuous, but we discuss this later, when we talk about distributions in detail).

The (distributional) derivative of a distribution 7" is given by
OaT(p) := (=1)°T(dap), ¢ € CZ(R).
Every L},.-function f is (equivalent) to a distribution:
Usually we think of functions f : R" — R as function evaluated at some point .

If we know for all x € R™ what f(x) looks like, then we know what f is. More precisely,
we can test when to functions are the same: f = g if f(x) = g(x) for all x € R"

But we can evaluate functions differently, with other test-functions. For example, for
v € C(R™), we can consider f as distribution, i.e.

116l = {f9) = [ F@)ple)da
Still: if we know for all p € C2°(R™) what (f, ) looks like, then we know what f is.

More precisely we can test when to functions are the same: f = g if (f,p) = (g,p) for all
p € CF(R)
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Lemma 4.45 (Fundamental lemma of the Calculus of Variations). Let f,g € L}, .(R™) and
assume that

(fr0) =(g.9) Ve eCZR")
then f = g almost everywhere.
In particular if
(fro) =0 VeeCZR"),

then f =0 almost everywhere.

Proof. Since
(fro)={99) & (-9 =0,
we only need to show that if
(fio) =0 VoeCFR),
then f =0 a.e.

First assume that f is continuous around a point xg € R™. If f(z¢) # 0 then w.l.o.g. f(zo) >
0. By continuity there exists a small ball B(zg,r) such that f(z) > 1f(zo) for all
x € B(xg, 7).

Now let ¢ be a bump function in B(zg,7), i.e. ¢ € C°(B(x0,7)), ¢ > 0 everywhere and
infgzgr/2) 0 > 0; e.g. @ = @((x — x0)/r) where ¢ is from (4.2).

Then .
0=(fe) = [ fezsfa) [ e

B(zo,r) (zo,r)
a contradiction. So f(xg) = 0. This holds for all xy € R™ where f is continuous.

General case: In the general case we cannot argue with continuity — but we will argue with
convolution.

Let n be a typical bump function, n € C>*(B(0,1)), n > 0, [n =1 and set 1. := e "n(-/e).
Fix x € R". Then the assumption imply

fa(x) = <f7 778(1‘ - )> =0.
That is f.(z) = 0 for all x € R™. On the other hand we have by Corollary 4.33,

e—=0

[ fllrey = 110 = flloraey = 1fe = fllrge —=0.
That is f =0 L"-a.e. in K, and since K was arbitary f = 0 in a.e. in R". U

Alright, so we can describe Lj -functions as distributions. And all distributions have
distributional derivatives.

What is the relation to Sobolev space? Here it is.

Theorem 4.46. Let p € [1,00) and f € LP(R"™). The following are equivalent.
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(1) f € WP(R")
(2) for each o € {1,...,n} there exists g, € LP(R™) such that the distributional deriv-
ative O, f coincides with g, in the following sense:

0 flel = =(f,0%) :/RRngasa-
We will simply write this as Onf = Ga-

Proof. = Let f € W'P(R"). By definition there exists f;, € C>°(R") which is a W1?-
Cauchy sequence converging in LP(R"™) to f.

Let gox := Oafr. These are LP-Cauchy sequences! So they have a limit g, € LP(R™).

Now let ¢ € C*(R™). We have from the integration by parts formula (for Riemann

Integrals!)
| dafio == | fidue

Taking the limit £k — oo we find

/ ga@:_/ faaQO:aaf[SO]-
R™ Rn
That proves the first direction.

<« Now assume that
/Rngaﬁpz _/Rnfaa90 Vi € C°(R™).
Since g, and f are LP-maps we can approximate them with convolutions

Goe = Ga * e
and
fe = F*ne.
We may assume that n(x) = n(—z), and then we have by Exercise 4.21

/ (9a % 11c)p = / Ja (% 1)
Rn Rn
Since (¢ *n.) € C(R™) we have

:_/Rnfﬁa(gp*na):/Rnaa(f*na)SD-

That is, we have
(9o * 11, ) = (Da(f *11c), ).
This holds for all ¢ € C°(R™), so by the fundamental theorem of Calculus of Variations,
Lemma 4.45,
Ga * e = aa(f * 776)-

Thus we have
e—0

10a(f *7me) = gallLo®n) = 1ga * n- = gallLr@n) — 0.
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That is f 1. is a W1P-Cauchy sequence that converges to f.
However f xn. € C*°(R") , not in C°(R™). But this can be remedied easily.

Let x € C*(B(0,2),[0,1]), x = 1 in B(0,1) (this can be done similar to the bump
functions). Set

Jol@) == x(@/k) (f *mye)(x).
We have
1 = Fllzoeny < (L= x(@/k)) Fll oy + I /R) (f = (F xm)) llzogen.

The first term tends to zero by dominated convergence, the second by the LP-convergence
of the convolution.

100 fie = gallLo@n) <IN = x(@/k))gall o) + 1x(2/k) (9o = 0alf *muyn)) lzr@n)
+ 106 (x(/F) Lo 1 # mye) (2) = fllzr @y

k—00

Observe that |0,x(z/k)| < C/k —= 0. So everything converges.
U

So for now we take with us: Sobolev functions f € W'P(R") are maps f € LP(R") such
that 0, f € LP(R") (where 0, denotes the distributional derivative).

13

Let us stress that distributional derivatives are not the same as a.e. derivatives. “a.e.
derivatives are not a good object, since they “forget” things.

Example 4.47. Let h be the Heaviside function

1 z>0
H(x)::{o v <0

Then clearly for almost all x € R we have H'(z) exists and H'(z) = 0 a.e. — however H is
not a constant map.

What is the distributional derivative? By definition for ¢ € C°(R),
H'[p] = = /R H(z)¢' (z)dr = — /OOO ¢'(x)dz = ¢(0) = ¢p(00) = ¢(0).
(Here we can use the Riemann integral since ¢ is continuous).
What does that tell us? Well if we denote dy again the Dirac delta, then
2(0) = | pla)ddo(x).

That is we have
HI - (50

in distributional sense.
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Proposition 4.48. Let 1 < p < oo and assume that f € W'P(R") satisfies O,f = 0 for
all o =1,...,n. Then f is constant a.e., that is for some ¢ € R we have

f(z)=c ae xzeR"

(actually ¢ = 0 since any constant function in LP(R™) is zero).

Proof. By definition there must be f;, € C°(R™) such that

1

I fe — fllzr@ny + | D fellLr@ny < Z

By the classical fundamental theorem we have
1 n
ful@) = fily) = [ 32 dufulw+tly —2)(y — 2"t
a=1

Integrating this inequality in both z and y in B(0, R) (for some fixed R) we have
Lo [ 1fele) = fuly)ldedy
B(0,R) /B(0,R)

: 1
<9R // / D ty — 2))|dzdydt // / D ty — 2))|dy dzdt
< ( oo Dty = aDasade + [ [ [ Dty )

Now for ¢ € (0,3) by the substitution rule (we use also the convexity of B(0,R)) and
Holder’s inequality

|=

! " Pdz e -3
/B(QR) | D fi(z+t(y—a))lde < (=T /B(O’R) D fi(2))|dz < 2 (/B(&R) D fr(2))| d,> (L"(B(0, R)))

Doing a similar argument for the [ g—integral we obtain

— dxdy < C(R)||D » .
Lo o @) = filaldedy < CORID filsocsiony

Now since f converges to f in LP(R") we have that f, converges to f in L*(B(0, R))
(Holder inequality again!), so by taking the limit we find

— dxdy < lim C(R)||D p =0.
Lo Joo o @) = F@ldrdy < Jim CR)ID S0

Consequently, |f(x) — f(y)| = 0 for £L*™a.e. (z,y). By Fubini’s theorem (e.g. the version
in Proposition 4.6)there must be some = € B(0, R) such that f(y) = f(z) for L™-a.e.
y € B(0, R). Setting ¢ := f(x) we find that f(y) = c a.e., that is f is constant in B(0, R).
This holds for any R > 0 so f =ca.e. in R". U

Exercise 4.49. Use Proposition 4.48 to show that xjo1 ¢ W'P(R) for any p € [1,00),
where as usual
1 ze€]|0,1],
X[o,1) () = { 0.1

0 zeR\I0,1].
More precisely show that
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(1) X1 € LP(R) for any p € [1, 0]
(2) If there was f € Li,.(R) such that

xoal-¢]1 = - [ f@)e Vo eCE®)

then f(z) =0 for L'-a.e. x € R (Hint: Fundamental theorem: Lemma 4.45)
(8) Conclude with Proposition 4.48.

We will treat Sobolev functions in way more detail later (next semester), let us just give
one more application of the approximation.

Lemma 4.50. Let f € WYY(R) (1 dimension only!) then f is continuous. That is, there
exists f : R — R continuous such that f = f a.e.

Proof. Let fi, € C°(R) be the approximation of f. By the fundamental theorem we have

fiol@) = fuly) = /x ' 1 (2)de.
That is
(@) = fily)] < /m] |£1(2)]dz.

Restricting ourselves to a ball [—R, R] we can apply Vitali’s convergence theorem, The-
orem 3.59: since f, converges in L'[—R, R] to f’ we have that the integral is uniformly
absolutely continuous. That is, for any ¢ > 0 there exists a 6 > 0 such that for all
x,y € [-R, R] with |x — y| < ¢ we have

[ 1Nz <e.
[z,y]
Thus for any € > 0 there exists a § > 0 such that

\fe(z) = fily)| <e mye[-R,Rl: |v—y|<é.

This is uniformly equicontinuity of (fx)s, : [~ R, R] — R. If only we had uniform bound-
edness, then we could use Arzela-Ascoli!

But don’t despair. Since f;, converges to f in L'([—R, R]), by Theorem 3.51 there exists
a subsequence fi, which converges a.e. to f in [—R, R|. Let xy € [—R, R] be a point such
that f,(zo) — f(zo). Then we have from the equicontinuity

| fri(2) = fri(z0)| < C,
or rather
| fr(x)| < C +sup|fy,(20)| <00 Vx€[-R,R|

This is uniform boundedness, so by Arzela-Ascoli, taking yet another subsequence if neces-
sary we conclude that fkij uniformly converges to a continuous limit function ¢ : [~ R, R| —

R. Since on the other hand sz.j converges a.e. to f we have that f = g a.e. in B(0, R).
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Since the continuous representative® of a Lebesgue-integrable function is unique, Exer-
cise 4.51, we can let R — oo to find a continuous representative of f. O

Exercise 4.51. Let f € L},.(Q) for some open set Q C R™ (and the Lebesgue measure).
Assume there exist g, h : Q — R which are continuous and f = g a.e. and f = h a.e. Show
that g = h everywhere.

Exercise 4.52. Use Lemma 4.50 to essentially reprove Ezercise 4.52: show that xjo1] &
WLP(R) for any p € [1,00), where as usual

)1 2 el0,1],
Xo)(@) = {o z e R\ [0, 1].

5. DIFFERENTIATION OF RADON MEASURES - RADON-NIKODYM THEOREM ON R"

5.1. Preparations: Besicovitch Covering theorem. If a set A is covered by closed
balls, we would sometimes like it to be covered by countably many disjoint closed balls
(e.g. so we can sum of u(B)). One very useful theorem is the

Theorem 5.1 (Besicovitch Covering theorem). There ezists a constant N,, depending only
on the dimension n with the following property.

If F is a family of closed balls B(x,r), r > 0 in R™ with finite mazimal radius, i.e.
sup{diam B: B € F} < o,

and if A is the set of centers of balls in F, then there exist N,, countable families Gy, ...,Gn,
of balls where each family G; C F consists of pairwise disjoint balls in F such that

ACB U B.

i=1 Beg;

Proof. The proof is lengthy and technical and we skip it here. See [Evans and Gariepy, 2015,
Theorem 1.27]. O

As an application of Besicovitch covering theorem we have

Theorem 5.2. Let pu be a Borel measure on R™ and F any collection of closed balls B(a,r)
for a € R™ and r € (0,00).

Let A denote the set of centers of the balls in F and assume pu(A) < oo.
Moreover assume that for each a € A
inf{r: B(a,r) € F} =0.

20more on this later: see Definition 5.17
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Then for each open set U C R™ there exists a countable collection G of disjoint balls in F
such that

UBcU

Beg
and

Beg

,u((AﬁU)\ UB) = 0.

(observe there are no assumptions on the measurability of A).

Proof. See [Evans and Gariepy, 2015, Theorem 1.28]. O

5.2. The Radon-Nikodym Theorem. In this section?! let v and p be always two Radon
measures on R™. Fxtremely formally we could hope to write

du
5.1 A= [ an= [ Zav.
(5.1) wA) = | du= | —dv
And then (as we do in calculus), we could interpret ‘;—‘Ij as the derivative of p in direction v
dp
d7 = D“V.

In some sense (5.1) is the fundamental theorem of calculus for measures.

Definition 5.3. For each point x € R" set

i v(B(z,r)) -
Dv(z) = limsup,_o 725 i a(B(z,7)) > 0 forallr >0
00 if u(B(x,r)) =0 for some r > 0
and -
im i v(B(z,r) :
D)= "™ infro Gy aBler)>0foralr>0
too if u(B(z,r)) = 0 for some r > 0

If D,v(z) = D,v(z) < oo we say that v is differentiable with respect to p. We also call
D,v the density of v with respect to u. 2

Example 5.4. o If v(B) := A\u(B) then D,v(z) = A

21We follow to a substantial extend [Evans and Gariepy, 2015].
22This indeed has some features of a derivative, because we could believe that for “a.e” z, v(B(z,0)) =
w(B(z,0)) =0 (where B(z,0) = {«}) and then write
B
i int 2@ ) _ ,
m=0 w(B(x,r) 20 w(B(z,r)) — p(B(z, 0))
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e We will later see (Theorem 5.15, as a consequence of the Radon-Nikodym theorem
Theorem 5.13) that if for a p-integrable function f

v=fLu
i.e. for y-measurable A,
A ::/ d
v(A) = | fdu
then
D,v(z) = f(z) p—ae.

This is easy to see for u = L™ and f continuous in z:
Then

W(BGen) = [ fdu=p(Ble @)+ [ (7~ () dn

B(z,r)

By continuity for any e > 0 there exists r > 0 such that sup,c 5, |f(2) = f(2)] <,
so we have

v(B(w, 1) = p(Blw, 1) f(x)| < ep(Blw,r))

So we have

Our first goal is to understand when D, exists and when (5.1) holds.
For this the following observation is useful

Lemma 5.5. Let o be a Radon measure on R™ and v be any other measure on R™ (not
necessarily Borel regular or anything).

Assume that A C R™ is a (possibly not measurable) set such that
v(ANV) < u(ANV)  for all bounded Borel sets V C R"

Then
v(A) < p(A).

Proof. If 4(A) = oo there is nothing to show. So assume p(A) < co. Then there must be
an open set U D A such that

u(U) < p(A) +e.
We can write R" = J;2, V; where each V; is a bounded Borel set and V; N'V; = ) and thus
w(V;) < oo for i # j (e.g. take partially open and closed cubes).

We then have

o0

J(A) S S HANY) S T pANV) < 3 (U NV = p(0).

i=1 =1 =1
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In the last step we used the measurability of UNV; (but A may not be measurable!) Thus,
V(A) < p(A) +e.
This holds for any € > 0 and we can conclude by letting ¢ — 0. U

Lemma 5.6. Let p,v be Radon measures on R". Fiz 0 < o < oo0. Let A C R”

(1) fAc{zeR": D,(r)<a} then v(A) < au(A)
(2) fAc{zeR": D,v(x)>a} then v(A) > au(A)

Observe that we don’t assume A to be v or y measurable!

Proof. (1) Fixe > 0 and assume A C {z € R": D, v(x) < a}.
Let V C RY be any bounded Borel set (in particular u(V),v(V) < o0).
We are going to show

(5.2) v(ANV) <(a+e)u(ANV).

Since this holds for any bounded Borel set V', in view of Lemma 5.5, we find ((a+¢)u
is still a Radon measure!)

v(A) < (a+¢)u(A).

Letting ¢ — 0 we can then conclude.

Take any bounded open set U C R" with ANV C U (this exists, because V is
bounded). Then v(U) < co.

We define a family of balls:

F = {B(a, r): wherea€ ANV,r>0: B(a,r) C U,v(B(a,r)) < (« —i—e),u(B(a,r))}

Since for each a € A we have

lim inf v(B(a, 1))

— <
=0 pu(Bla,r))

we find that in particular for each a € ANV

inf{r >0: B(a,r) € F}=0.

By Theorem 5.2 there is a countable subfamily G C F of pairwise disjoint balls
such that

UBcU

Beg
and

v(ANV)NU\ U B)=v((AnV)\ U B)=0
Beg Beg

Then, for each Be€ G C F

v(B) < (a+¢e)u(B)
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and summing this up over B € G (observe the B are all measurable as closed balls)
we have

v(ANV) = v(ANVNU) < Y v(B)+0 < > (a+e)u(B)+0 = (a+e)u( | B) < (ate)u(U).
Beg Beg Beg

We have this inequality for any bounded open set U C R™ with ANV C U. Taking
the infimum over all such U we find in view of Theorem 1.68 Equation (5.2) holds

and we can conclude.
(2) (similar)

|

Theorem 5.7 (Differentiating measures). Let p and v be Radon measures on R"™. Then

(1) D,v(z) exists and is finite for y-a.e.*® x € R and
(2) D,v is p-measurable.

We may assume that u(R") and v(R") < oo. Otherwise we consider uc K and vi K for
compact sets and show (1) and (2) in open sets U C K with dist (U, K') > 0. Then we can
argue by exhaustion.

We split the proof of Theorem 5.7 into different parts.

Lemma 5.8. Assumptions as in Theorem 5.7. Then D, v exists and is finite p-a.e.

Proof. Let A:={x € R": D,v(z) = oo}. Then for each a > 0
Ac{zeR": D,(z) > a},
and we can apply Lemma 5.6(2) to obtain

pA) < (A)

If v(A) < oo we can let @ — oo to conclude u( ) = 0. f v(A) = oo then since v(AN
(B(0,R))) < oo (v is Radon) we find u(AN B(0,R)) = 0 for all R > 0 and thus again

n(A) = 0.

Dyv(z) <oo p-ae.
Now let 0 < @ < b and set
R(a,b) :={z eR": D, v(z) <a<b< D,w(r)<oo}
We apply again Lemma 5.6 and have
bu(R(a, b)) < v(R(a,b)) < ap(R(a,b)).

23this p-a.e. takes care of pathological examples. E.g. assume p(R™) = 0 then D, v = oo, but still
D,v(z) =0 for p-a.e. x € R™ since p(R™) =0
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Since b > a and (w.l.o.g. otherwise again intersect with balls) u(R(a,b)) < oo we conclude

w(R(a,b)) = 0. Thus
{x eR": D(zr) <Dyw(x)< oo} =JU U R(ab).
a€Q beQN(a,00)

The right-hand side is a countable union of p-zerosets, so
0 ({m eR": D,(r) <Dyw(x)< oo}) =0.
Since we always have D, v(x) > D,v(z) we conclude that

0 ({x eR": D,v(x)# Eﬂy(:c)}) =0.
That is D,v(z) # D,v(x) < oo for p-a.e. z. O

One ingredient is the upper semicontinuity of  — u(B(z,1)).

Lemma 5.9. Let y be a Radon measure, x € R™ and r > 0. Then

liréljgp 1(B(y, 7)) < w(B(z,r))

Proof. Since B(x,r) is Borel, it is measurable and xzg 5 is p-integrable since B(x,r) is
compact.

Let yr — y and set fi := XBorr) and f := XBan): While it is not so clear whether f, — f

everywhere we certainly have for any z € R"”

(5.3) limsup fi(2) < £(2)

k—o00
Indeed, the only case we need to consider is z € R"™ with f(z) = 0, otherwise the inequality
is obvious. But then z € R"\B(z,r), and thus dist (z, B(z,r)) > ¢ for some 6 > 0. Now if

lyr — x| < & then z & B(yx, ), so since y, — = we have fj,(z) = 0 for all but finitely many
k € N. So (5.3) is established.

From (5.3) we conclude
liminf(1 — fx) > (1 — f).
k—o00
Applying Fatou’s lemma Corollary 3.9 on X = B(z, 2r)

1—fdp < liminf(1 — fi)dp < liminf 1— fr)d
Sy A= < [ lmind (= fi)dp < it [ (0= fe)dp
That is
p(B(z,2r)) —p(B(z, 7)) < liminf (u(B(z, 2r)) — p(B(yk, 7)) -
N————— —00
<o
Subtracting the constant p(B(z,2r)) from both sides we conclude. d

Lemma 5.10. Assumptions as in Theorem 5.7. Then D,v is pu-measurable.
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Proof. By Lemma 5.9, the functions z — p(B(z,7)) and x — v(B(z,r)) are upper semi-
continuous. In view of Exercise 2.16 both functions are then p-measurable. Consequently
for each r > 0

v(B(z,r)) .
f(2) = d #(Bl) if w(B(x,r)) >0
+o0 if w(B(x,r)) =0
is p-measurable. Since by Lemma 5.8 D, v(x) = lim,_ f.(x) for p-a.e. we have by
Theorem 2.13 that D,v is u-measurable. U

Exercise 5.11. Let ju, vy, 5 be Radon measures. Show that

D, (1 +v5) = Dyvy + Dyvs  p-ace.
We recall the definition of absolute continuity from Definition 3.54 (see also Lemma 3.55)
and somewhat (as we shall see) define the opposite: mutually singular.

Definition 5.12. Assume g and v are Borel measures on R™.

(1) The measure v is absolutely continuous with respect to u, in symbols v < pu, if
p(A) =0 implies v(A) =0 for all A C R™.

(2) The measures v and p are mutually singular, in symbols v L p if there exists a
Borel set B C R" such that

u(R™\ B) =v(B) =0.

Here is the fundamental theorem for measures, also called the Radon-Nikodym Theorem.
Theorem 5.13. Let v, u be Radon measures on R™ with v < p.

Then for all p-measurable sets A we have

v(A) = /ADMIJ dp.

Proof. Let A C R™ be p-measurable. Then, by Lemma 3.55, A is also v-measurable.
Set
Z={reR": D,(xr)=0}
and
I'={xeR": D,(z)=+occ}

By Theorem 5.7 pu(I) = 0 and thus since v < p we have v(I) = 0. Also v(I) = 0 by
Lemma 5.6. In particular

V(Z):OZ/ZDNV du

v(l)=0= /IDHI/ dp.
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Now let A be p-measurable and fix ¢ € (1, 00) and set for m € Z
Ap=An{z eR": "< Dw(z)<t™}
Then A,, is also u-measurable, and thus v-measurable, Lemma 3.55, and we have
(A tdp < [ D
H(Am) < (et <D,v(x)} H= ), Frren

Since
A\ J Anczulu{zeR": D,v(z)#D,v(z)}
mEZ
we have that (A \ Upez Am) = 0 and thus ((A,)mez are pairwise disjoint!)

>t u(AR) < Z/ D,vdy = / D,v du.
meZ m JAm A
Since v < p we also have v(A\ Upez Am) = 0 and thus

v(A) = > v(Ay).

mEZ

With the help of Lemma 5.6 we find
v(A) =Y v(Ay) <D " u(A,) < t/ D,v du
meZ m A
and similarly
v(A) = Z v(Am) > Zth(Am) =t Ztm—HM(Am) 2 t_l/ Dyv dp.
meZ m m A

That is for any ¢ > 1 we have

1 /AD#V du < v(A) < t/ADMV dp.

Letting ¢ — 1 we conclude. O

If v £ 1 we can get also the following refinement

Theorem 5.14 (Lebesgue Decomposition Theorem). Let v and p be Radon measures on
R™.

(1) Then we can decompose
V = Vg + Vg
where the absolutely continuous part v,. < @ and the singular part vy L p.
(2) Furthermore,
D,w=D,vs, D=0 p-a.e.
and consequently

V(A) = /A D,wdp + vy(A)
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for each Borel set A C R"**,

Proof. Again assume p(R"), v(R™) < oo or argue with compact exhaustion.

We begin by constructing the singular measure. For this we are going to find a suitable
Borel set B and set
Ve :=vLB, vs:=v(R"\ B).
To find B define £ the set of “good candidates”, i.e. Borel sets A where u(R™\ A) =0, i.e.
E:={ACR": ABorel, u(R"\ A) =0}.
We are going to choose B such that

v(B) = 1}1161? v(A).

But for this we have to show that such a B exists. Certainly, £ # () so there must be some
Bk S 5 with

1
<1 — =
v(By) < }‘Iéfgl/(A) + ? k=1,...
Write B := N2, Bx. Then

u(R™\ B) < Z (R"\ By) = 0.

That is B € £ and thus

(5.4) v(B) = AI%EV(A).
Define

Vae := VLB
and

vs == v (R"\ B).

Both, v,. and v, are Radon measures, see Exercise 1.67.

We now show that v, < p. Assume A C R™ with u(A) = 0. Since p is a Borel regular
measure we may assume that A is Borel (otherwise we pass to A C A with p(A) = u(A)).
Then v,.(A) = v(AN B). Observe that

p(R™\ (BN A)) < p(R™\ B) + p(A) =0,
so B\ A € £. Then by (5.4) (observe both A and B are Borel, so v-measurable)
v(B) <v(B\ A)=v(B)—-v(ANB).
Thus v(AN B) =0, i.e. v,.(A) = 0. Le., we have established v,. < p.

Now fix a > 0 and set
Co:={x€B: D,zr)>a}

250 A is 1 and v-measurable
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In view of Lemma 5.6 we have
au(Cy) < vs(Cy) =v(Cy N (R™\ B)) = v(h) = 0.

That is u(C,) = 0 for all @ > 0, that is D,vs(z) = 0 for p-a.e. = € B (and since
D,vs(z) = D,(v.B) we have that D,vs(x) = 0 for y-a.e. x € R™\ B by Theorem 5.7(1).
So D,vs(x) =0 for a.e. x € R", and thus (with the help of Exercise 5.11)

(5.5) D,Vee = Dy pi-ae.

By the first Radon-Nikodym theorem, Theorem 5.13 we then have for any Borel set (thus
Vae-measurable)
(5.5)
wlA) = [ Dyvacdpe ™ [ Dy
Vae A) = | Duvaedp =" | Dyvdp

Thus, by the definition of v, and v,., for any Borel measure

V(A) = Vool A) + vi(A) = [ Dy -+ v,(4)
O

5.3. Lebesgue differentiation theorem. The integral average of f over a measurable
set E of finite, strictly positive measure will be denoted by

fe E][E dp = p(E)™ /Efdu

Theorem 5.15. Let pu be a Radon measure on R™ and f € L} (R™ ). Then for p-a.e.
reR"

lim f fdu= (@)

r—0 B(z,r

Exercise 5.16. Show Theorem 5.15 for continuous f (using only continuity, no deep
theorem,).

Proof of Theorem 5.15. For u-measurable sets E set
vi(E) = [ frdp

and
v_(F) = /Ef_du.
Since f € L}, (R™) we see that vy extend to Radon measures, and vy < p.

By the Radon-Nikdoym theorem, Theorem 5.13
vi(A) = / Dyvydp = / fidp  for all y-measurable A C R"
A A

v_(A) = /A D,v_dp = /A f_dp for all u-measurable A C R"
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Since v, v_ are Radon measures, we see that D, v are L;,.(dp)-functions, so by Lemma 3.22(2),
f+ =D,y and f_ = D,v_ p-a.e. in R".

By the definition of the Radon-Nikodym derivative we have

f =B v (Bn)

- wB(z,r))  p(B(r,r))
Dt (@) = D (2) = [ (@) = £ (0) = (),
which holds for p-a.e. 2 in R® — we can pass to B(z,) by Proposition 1.72. O
Definition 5.17. Let f € Lj,.(u).

The precise representative of f is the (pointwise!, not a.e., not a class) defined function

) Um, o+ f p(em J Al when the limit exists

x) = ’
0 otherwise

By Theorem 5.15 the limit exists u-a.e.

We say that x € R" is a Lebesgue point of f if
lim |f(y) = f*(2)|du(y) = 0.

r—0 B(z,r)

Theorem 5.18. Let pu be a Radon measure and f € L} (u). Then p-a.e. point v € R™ is
a Lebesque point of f

Proof. By Theorem 5.15 for any ¢ € R there exists a set N, C R with u(N..) = 0 such that

lim B |F(y) = cldp(y) = lim o) " (y) = cldu(y) = |f*(z) —¢| forall z € R™\ /..
Let

M :=A{z: |f*(z)| = oo}
which is a zeroset, since f*(z) = f(z) p-a.e. and f € L} .

Let
N:=MU U N..

ceQ
n—00

Since Q is countable, u(N) = 0. Let z € R" \ N and let ¢, € Q such that ¢, —— f*(z).
Then

][B(”" r) )= (@)lduly) < B(a,r) () =caldn(y) +len—f*(@)] 2255 | £ (@) —cal Flea—F (),
that is
lim sup 1f(y) — £ @)|duly) < |f*(x) = cn| + |en — £*(2)]

r—0t B(l‘,’f‘)
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This holds for any n € N and letting n — oo we have

lim sup |f(y) — f*(2)|du(y) =0,

r—0t B(x,r)

and thus
A e [f(y) = f*(@)]dp(y) = 0.
We can conclude since this holds for any € R™ \ N, where N satisfies u(NN) = 0. O

Sometimes one wants to work with cubes or ellipsoids shrinking to zero instead of balls.
This is possible, as long as they are regular (and p is doubling). We will restrict here our
attention to the Lebesgue measure.

Definition 5.19. We say that a family F of measurable sets in R” is reqular at x € R™ if
there is a constant C' > 0 such that for every S € F there is a ball B(xz,rg) such that

S C B(x,rg), L"(B(z,rg)) < CL"(S),
and for every € > 0 there is a set S € F' with £"(S) < e.

Theorem 5.20. f € L (R" L"). If x € R" is a Lebesque point of f and F is a reqular
family at © € R", then

lim ][S facr = f(x).

SEF,Ln(S)—0

Proof. For S € F let rg be defined as above. Observe that if £"(S) — 0, then rg — 0. We
have

f. racr -y

<, 17) — F@)laL" ()
<c (s [ i)~ f@)der ()

B(z,rs)

_£n<B(ZE,T’ )) n
—m(sf ][BWS) 1f(y) — f(x)|dL(y)

SC][BWQ £ () — F@)ldL(y) 2% o,

g

Corollary 5.21. If f € L. (R") and x € R" is a Lebesque point of f, then for any
sequence of cubes QQ; such that x € ();, diam Q; — 0 we have

lim { fdC" = f(x).

1—00 Qs

Corollary 5.22. Let F(x) = [ f(t)dt where f € L'(a,b). Then F'(z) = f(z) for a.e.
x € (a,b).
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Proof. We have

F h)—F
(x + })L (x) :]{c”hf(t)dt h—0 (@)
whenever x is a Lebesgue point of f. O

Exercise 5.23. Show the following: if A C R™ is a L™-measurable set, then for almost all
reA

r—0t | B(z,7)|
and for almost all x € R™\ A
B A
i BET0AL

r—0+ | B(z,7)|
Hint: f:=xa

Definition 5.24. Let A C R" be a measurable set. We say that x € R" is a density point

of A if
AN B )

r=0 Bz, )]
Thus the above theorem says that almost every point of a measurable set A C R” is a
density point.

=1.

5.4. Signed (pre-)measures — Hahn decomposition theorem. We want to apply now
and then the Radon-Nikodym theorem to measures which can be positive and negative.
For example

puc f(A) ::/ fdu A p-measurable
A
where f € L'(X,du) but f may be positive or negative.

This leads to the so-called signed measures. Since e.g. u_f is only defined on measurable
sets, we will actually work with pre-measures.

Definition 5.25. Let X be a o-algebra and p : ¥ — [—00,00]. pu is called a signed
premeasure if

(1) p(0) =0
(2) p attains at most one of the values +oo.
(3) w is countably additive, i.e. if (Fj)ren are disjoint sets in 3 then

U Ee) = > n(Ex)

keN

Example 5.26. e If 11 and py are (positive) measures and one of them is finite then
(= 1 — po is a signed premeasure on the intersection of the measurable sets of
pa and po.
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e If v is a (positive) measure and f € L'(v) then

p(E) =v f = /Efdz/

is a signed premeasure on the set of v-measurable sets. Indeed, if f € L' then

fo, f- €LY so
/f*dy—/ Fdy

and each of the terms is a (posmve measure.

Theorem 5.27 (Hahn’s decomposition theorem). Let pn: ¥ — R be a signed premeasure
on X. Then there are two disjoint sets X+, X~ C X such that
X=X"uX", X"nX =0,
such that
py =X, p = X
then = py — p— and py, p— 2 X — [0,00] are nonnegative premeasures on X .
Exercise 5.28. Prove that the decomposition X = X, U X— is unique up to sets of
p-measure zero, i.e. if X = X, U X_ is another decomposition, then
P\ Ky) = (K \ X)) = (X \ X)) = p(X\ X ) =0
Example 5.29. Let p:= fLv, for f € L'(v), i.e

w(E) = [ fav

for v-measurable f. Then p is a signed premeasure and

wE) = [ frav— [ fav
Hence we can take
={z: f(z) > 0}
" ={r: f(z) <0}

T={a: f(z) >0}

~={z: f(z) <0}
In general X+ # X+ and X~ # X~. But the sets differ by the set where f = 0 and this
set has p-measure zero,

but we can also take

u({z s f(z) = 0}) = /{fzo} fdv =0,

For the proof of Theorem 5.27 we need the notion of positive sets.

Definition 5.30. Let i : ¥ — R be a signed premeasure. A set E € ¥ is called positive if

e u(E) >0
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o (A)>0forany Aec X, AC E.

Example 5.31. If E = Ey U Ey and E; N Ey = 0, u(Ey) = 7, p(Ey) = —3 then u(F) =
4 > 0, but F is not positive.

Lemma 5.32. If i1 : ¥ — R is a signed measure then every measurable set E such that
0 < u(E) < 0o contains a positive set A with p(A) > 0.

Proof. If E itself is positive we can take A = F.

Otherwise there is B C E with u(E) < 0. Let ny € N be the smallest positive integer such

that there is B; C E with
1
B < ——.
n(Br) < o

Observe that A; := E'\ Bj satisfies

Also observe that p(A;) < 0o, indeed if (A1) = oo then pu(B;) = —oo, but then p attains
both +00 and —oo which is ruled out. That is 0 < p(A;) < oo.

So either A; is positive and we take A;, or we can repeat this construction. Namely in the
next step we take ny € N the smallest positive integer such that there is By C Ay = E'\ By
with )
By) < ——.
p(Bz) < -~
As above, either Ay = E'\ (By U Bsy) is positive, then we can take A = Ay, if not we

continue.

If A,, = B\ UjL, B; is positive for some m, we take A = A, (and have 0 < p(A,,) < o0),
otherwise we obtain an infinite sequence B; and we set

A:E\UBJGE

j=1
We claim that 0 < p(A) < co and A is positive.

Firstly, u(E) = pu(A) + u(E \ A). Since u(E) € (0,00) we conclude that if pu(A) = 400
then u(E \ A) = —oo which is not allowed for a signed measure. So u(A) < oo, and we
have (observe: (Bj;); and A are by definition pairwise disjoint!)

0.< u(E) = u(A) + S u(By) < plAd) - 3 .

=11

That is

> 1
00 > pu(A) >> — > 0.
=11
It remains to prove that A is positive. From the above inequality we conclude that in
particular the series on the right-hand side must converge, that is lim;_,,, n; = co.
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IfCe¥and C C A= FE\Uj5, B; then for every m € N we have C' C E\UjL, B; = A,,.
Since np,. is the smallest positive integer such that there is a set B C A, with u(B) <

L we must have
Nm-+1

1 m—r0Q0,
C) > — s 0.
1(C) R

That is 4(C) > 0. Thus A is positive. d

Proof of Theorem 5.27. W.l.o.g. assume that pu does not attain the value 400, otherwise
we work with —pu.

Let
M :=sup {u(fl) cAeyx, A positive} € (—o0, 0q].
Then there is a sequence of positive sets
Al C Ay C A3 C ...
with ‘
(A =25 M.
Set A := U2, A; then

e A is positive
o u(A)=M <

It remains to prove that X \ A is negative (then we take X = A, X_ = X \ A).

Assume by contradiction that X\ A is not negative, thereis £ C X\ A with 0 < u(E) < co.
Hence Lemma 5.32 implies that there is a positive subset C' C E of positive measure. Now
AU C is positive and

w(AUC) = p(A) + (C) > M

which is an obvious contradiction. O

5.5. Riesz representation theorem. We will apply now the Radon-Nikodym theorem
to classify all continuous linear functionals on LP(R") for 1 < p<oo. Let us start first with
some general facts about continuous linear mappings between normed spaces.

Theorem 5.33. Let L : X — Y be a linear mapping between normed spaces. Then the
following conditinos are equivalent

(1) L is continuous;
(2) L is continuous at 0;
(8) L is bounded, i.e. there is C' > 0 such that

(5.6) |Lz|| < C|lz|| forallze X

(4) L is uniformly Lipschitz continuous, i.e. there is C' > 0 such that |[Lx — Ly|| <
Cllz =yl for allz € X.
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Remark 5.34. Formally we should use different symbols to denote norms in spaces X and
Y. Since it will always be clear in which space we take the norm it is not too dangerous
to use the same symbol || - || to denote apparently different norms in X and Y.

Proof. The implication (1)=(2) is obvious.

(2)=-(3). Suppose L is continuous at 0 but not bounded. Then there is a sequence z,, € X
such that
[Ln]| = nljzn]-
In particular ||z,| # 0, so
:En

>1

OeHL

n|zn||
which is a contradiction®.
(3)=(1). Let z,, — x. Then
L2 — Lay|| = | L(z — 2)|| < Cllz — 2] = 0
and hence Lz, — Lz which proves continuity of L.
(3) < (4) is obvious, simply take y = 0 (so Ly = 0) and use linearity of L. O

Definition 5.35. The number [|L|| = supj<i[/Lz| is called the norm of L. It is often
called the operatornorm

Exercise 5.36. Let X and Y be two normed vector spaces. Denote by
LX,)Y)={T: X =Y : T linear and continuous}

the space of linear continouts (aka bounded) maps from X toY.

For two linear continuous operators T, S : X — Y and A\, u € R we set
(N4 pS): X =Y

defined via
(AT + pS)x = NTx + pSz.

(1) Show that for T, S € L(X,Y) we also have AT + uS € L(X,Y).
(2) Show that the operatornorm || - || from Lemma 5.37 is indeed a norm on L(X,Y).

Lemma 5.37. If L : X — Y is a linear continuous operator then the norm ||L|| is the
smallest number C' for which the inequality (5.6) is satisfied.

That is

[Lz|| < [|L][[[z]| Vze X
and for each C > 0 if

|Lz|| < Cllz|| VreX

Z5Convergence to 0 follows from the continuity of L at 0.
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then C' > ||L]|.

Proof. Clearly, if x = 0 then
[Lz]] = 0 < [|L][]|0]}

If £ > 0 then
T

L]l = Lo Il < L[]

]l
Now assume that ||Lz| < C||z| for all x € X.

If [|z|| < 1, then ||Lz|| < Cl|z|| < C and hence ||L|| = supjz<1||Lz|| < C. 0
Now we want to consider linear bounded functionals, which are continuous linear maps
L:X —R.

Example 5.38. If % + % =1, 1< p,q < oo are Holder conjugate, and g € L(X), then

Ly(f) = /X fgdu

defines a bounded linear functional on L”(u) and |Lg| < ||g||re. Indeed, Holder’s inequality
yields

Ly1 = [ Fodu| < gl il
Similarly if g € L*°(u), then
Lyf = [ fodn
defines a bounded linear functional on L'(u) and [|LI|| < ||g]|ze-
The following theorem states that these are the only linear functionals on LP(R™) as long
as 1 < p<oo (similar statement hold for reasonable p).

Theorem 5.39 (Riesz representation theorem). Let 1 < p < oo and L : LP(R™) — R be a
bounded linear functional.

(5.7) [ < TNl 2w ey
Denoting by p' = z% the Hélder conjugate there exists g € L (R™) such that

Lifl = [ fg vfeL'®.
and

(5.8) 191l L @ny = IT1I-

The function g is unique in the sense that if there are g1 and go satisfying the above then
gir = g a.c..
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Remark 5.40. e The set of bounded linear functionals on LP(R") is usually denoted
by (LP(R™))*. Tt is a vector space (we will discuss more properties in Functional
Analysis) and called the dual space to LP(R™). What Theorem 5.39 says is that
there exists an isometric isomorphism from the space of bounded linear functionals
L on LP(R") with LP (R"), i.e.

(LP(R")" = LY(R").

Often one says that the dual space to LP(R"), i.e. (LP(R™))", is L”(R"). What
is important here (but often this is not so explicitely clear for other spaces) is the
pairing, i.e. in which sense this “identity” holds. We observe this is the L2-scalar
products (even if LP-functions do not in general belong to L?. Any element in
L € (LP(R™))" can be identified with some g € L¥ (R") via the L?-pairing

L(f) = (f,9)-

Proof of Theorem 5.39. Uniqueness Assume that there are g; and g, that both satisfy the
claims, then

[ =) =0 vre L@
In particular

[ =g)p=0 ¥oeCZ®R?),
By the fundamental theorem of the calculus of variations, Lemma 4.45 we have g = g¢o
a.e.
Existence Let K C R" be compact with L*(0K) = 0 and consider for £"-measurable
ACR"

v(A) := L{xank]-

Observe that |v(A)| < ||xk|lLer@n) < 00.
We claim that v is a signed pre-measure on the o-Algebra of £"-measurable sets. For this

let (Ag)z2, be disjoint L£™-measurable sets and set A := (U, Ax. Then for all z € R" we
have

f(2) := xank(z) = lim_fi(z)
where fi := 2 | xa,nx. Since K is compact, f € LP(R"). Moreover, since the (A;); are

pairwise disjoint, so by Lebesgue monotone convergence, Corollary 3.8,

k
k—o0
1fille @y = 1D Xk l@ny == | Flli@ny = 1o @n)-
=1

Sine p < 00?5, in view of Theorem 3.52, we then have

k—00
(5.9) e = Fllasgeny =225 0

26here we use this crucially
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and thus
v(J A) = L(f) = lim L(fi) = Y v(A).
i=1 1=1
That is v is a signed premeasure.

By Hahn decomposition theorem, Theorem 5.27, we can split v into two pre-measures v,
and v_,

V=Vvy—V_.

Then v, v_ both extend to a Radon measure, which by (5.7) satisfies vy < £". Indeed,
since v is a signed premeasure and |v(R")| < oo we have that v, (R™), v_(R") < oo (because
otherwise they would both be infinite which would contradict |v(R")| < o0).

By Radon-Nikodym theorem for gx := xx Doy — Xk Donv— which is L"-a.e. finite and
L"-integrable (because each v, and v_ are finite measures), we have

v(A)=v(ANK) = /Rn Xagrk (x)dL™(z).
In particular we have gx(z) € L'(RY), and for all A C R™ L"-measurable
Llxans) = [ xagic(@) dL"(x).

Now let f € L*°(R™) N L'(R™), f > 0 a.e. in R™ then there exists an approximation

Fi(w) =3 akxa, (x)
i=1
such that f, — f a.e. in R™. In particular
P _ 1 p : n
| f(2)] —kh_glo\fk(x)\ a.e. in R".

By the monotone convergence theorem we conclude that limy .o || f||zo@®n) = || f || Lr®r) <

00. Here we used Exercise 3.18. Thus from Theorem 3.52 we find that || fy — | @) LELN

0.
We then have
LOxeh) = L0ue (F = ) + L Cache) = LuelS = ) + [ fugwc aL”.

Since L is uniformly Lipschitz and f — f E2%% 0 in LP(R™) we have L(xx(f— fr)) k2o .

Also, by the monotone convergence theorem

klim/ Jrgre AL = hm/ fi(gr)+ dL" — lim/ filgx)- dL”
—00 JR™ k—o0 JR7 k—o0 JR™

:/Rn f(gr)+ dL™ + /Rn flgr)+ dL" = /Rn fox dL”.

In the last step we have used that || fgx | L mny < || fllzoe@n) || 9K || 1 @ny < 00.



ANALYSIS T & 11 VERSION: April 18, 2022 136
Thus, we have shown
L(xxf) = /R fgi dC™ Vfe L®R")NL (R"Y), f>0.
Splitting f = f, + f_ we conclude that we don’t need the sign condition on f.

Licch) = [ forc dE™ W[ € L™(R) N L} (R").

For now we have gx € L'(R") only. Next we need to show ||gx|| gy < [|IT].

If p=1and thus p’ =00 let x € R"\OK be any Lebesgue point of gx. If we choose
[ = XB(a,n for r < dist (z,0K)

< ||T)L"(K N B(z,r)).

/ 9K dﬁn‘ = ’LXKOB(:C,T)
B(x,r)

By the assumptions on 7 if € K then £"(K N B(z,r)) = L"(B(z,r)). If x ¢ K then
L"(K N B(z,r)) = 0. In either case by the Lebesgue differentiation theorem we can let
r — 0 and have

l9x ()| < [T

which holds for any Lebesgue point x € R"\0K. Since L"(0K) = 0 we have gi(z) < ||T|
for L"-a.e. x € R", and thus

gz < (1T
Now assume p € (1,00). We argue by duality.
Formally, this is easy: For p/ = p%l € (1,00) we have

/ /I /_ /_ /1
g7, = /R gk 9xlgx P~ = Tllgl” gx] < ITMgxl”gxclle = 1T gx 501y
so that (since p(p' — 1) = p/, we can divide on both sides || gk | le;pl’%) = |lgk| ’g;,l)) we have

found
lgecll o < IT1I-
Essentially that will be our argument, but the above only works if we already know that
x|, ) < oo (which is pretty much what we want to show). e above type of argument
lgxc 1) (which is pretty much wh how). The above type of arg

is called an a priori estimate. To make this precise we need mollification (a technique
which is often sweeped under the rug by saying by approzimation or by density):

Let f € L'Y(R™) with f = 0 a.e. outside a compact set K. For € > 0 we denote by f. the
usual convolution f. = f x e "n(-/e) (with symmetric kernel n). Then by Exercise 4.21

Loact) = [ fegede” = [ flgi)- de

Observe that since supp gx C K we have that (gx). € C°(R").
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Then we may pick (here we use that p € (1, 00)
= if >0
(510) f(.%') — |(9K)6(w)| . 1 (gK)E(I) =
= [(gx)e ()7 if (9xc)e(z) <0

(you can check this is measurable). Then we have f € L'(R") N L>®(R"). Indeed, this

follows from (observe: = —1 > 0)
p

P L1
£ (@)] < (gr)(@)|77 7 < l(gx)=(2) |7
so f € L*(R™), but also f has compact support. Thus we have
| )l = [ f@) (90)-
R" Rn

=Lixxf) < ITI N ((95)e) 7" || pogeny -

<oo

A short computation yields
(' —Dp=—==p
and thus

/
p

P
1 ((97)2) 7= vy = 11950l for oy
We conclude that

1)y = [ 1)l < TN 0)el o

Observing that p’ — % =p'(1- %)

%: = 1 we have shown that

109 )e 1 ey < T

This holds for all ¢ > 0. Since gx € L'(R") we have that (gx). converges to gx in L'
as € — 0, which means for some ¢; — 0 the functions (gx)., converge a.e. to gx. From
Exercise 3.14 we finally obtain

gzl 2o ey < T

Removing the K. Now from the construction of gx we see that if K C K’ both compact
with 0K and 0K’ both zero sets, then gx = g a.e. in K and |gk| < |gx/| a.e. in R™.

So g(x) := gk(z) where K is a large compact set containing = makes g well defined and
we have

Xl @y = 9kl @vy < IITII VK CR™ compact.

By monotonce convergence theorem we have

gl 2o ny = gl 2o oy = i lIxB00) 9] 2 ey < (T
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and we have
L(f) = /Rn gf dC™(R™) Vfe LY(R™) N L®[R™): suppfcompact.
(simply take K to contain supp f).

It remains to show that
(5.11) L(f)= [ 9f VfeL®.

We do this by density (here we use that p < co). Any f € LP(R") can be approximated by
fr € C°(R™). Then we have

L) =L(f = ) + L) = L(F = fi) + [ o

=L(f=f)+ [ o+ [ 9= ).
Now by boundedness of L

IL(f = £l S TN = fall ogny == 0.
Moreover by Hoélder’s inequality

k—ro0
[ 90 = | < lgllirnllfi = Flusey 20,

So we have established (5.11).

The last thing to establish is (5.8). We have already
gl < 11T
On the other hand by Holder’s inequality
T = | [ £9 < Iflimenlgllzony VS € LR,
In view of Lemma 5.37 we find ||g|| < ||T°]. O

Remark 5.41. Theorem 5.39 is not true for p = oo, since (5.9) may fail for p = oo
(cf. Exercise 3.53). Indeed any linear functional L on L*(R™) can be written as an
integration L(f) = [ fdu where u is a finite additive signed measures, which are absolutely
continuous with respect to £". The Radon-Nikodym theorem does not apply for finite
additive measures, but for infinitely additive measures.

See also Lemma 11.12.

Exercise 5.42. Use Theorem 5.39 and Ezercise 4.34 to prove the following slight (but
useful!) generalization of Riesz representation theorem.

Assume 1 < p < o0 and assume L : C°(R™) — R is a linear map that satisfies for some
A>0
(Lol < Mlellzreny Vo € CZ(R™).
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Denoting by p' = p%l the Hélder conjugate there exists g € L (R™) such that

Lifl= [ fg vfeCE®.

and

190l Lo @y = 1]
The function g is unique in the sense that if there are g1 and go satisfying the above then
gir = g a.c..

Hint: Show that the following functional L - LP(R™) — R is well-defined, linear, and
bounded. For f € LP(R™) take any approzimation fi, € C®(R"), fi 2% f in LP(R™).
Then we define
Lf:= lim Lfy.
k—o0
(You have to check that L(f) € R and that this value is independent of the choice of

approzimation!)

Exercise 5.43 (Minkowski’s integral inequality). Let f € C®(R*) and assume that
1 < p < oco. We denote variables in R¥* by (x,1), x € R¥, y € RY. Show the following

</Rk ( R |f(x’y)‘dy>pdx>; = /]Rf </Rk ‘f(%y)!”da:);dy

Use the duality characterization of LP as in (5.10), and Fubini’s theorem.

Let us also record (without proof) the following version of the Riesz representation theorem
that classify the set of Radon measures wiht linear functions on

C.(R") :={f € C°(R™) :  supp f bounded}.
Theorem 5.44 (Riesz Representation Theorem). Let
L:C.(R"R™) —-R
be a linear functional satisfying
sup {L(f): [ € C(R%R™), |f[<1suppfC K} <oo
for every compact set K C R™.

Then there exists a Radon measure p on R™ and a p-measurable function o : R — R™
such that

lo(x)| =1 p-a.e. x
and

L(f)= [ f-odu VfeCR"R™.

For a proof see Cf. [Evans and Gariepy, 2015, Theorem 1.38]
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6. TRANSFORMATION RULE

In this section we discuss the transformation rule, and will assume always p = L£".

The change of variables formula is a general version of the substitution rule. If ®" = 0 we
have

[ f@@)®@lde = [ - fla)de.
[a,b] ®([ab])
Why do we write |®’(z)| not ®'(x) (as we learned in Calculus)?

Assume that ®(z) = —z then for a < b (i.e. —a > —b),

61 [ feade= [ fade == [ f@dr= [ @dr= [ g

—a — —b,—a]
Le. orientation is accounted for differentily with the notation [’ than with Jia)-

The one-dimensional ®'(z) becomes det(D®(x)) because (as we have also seen in Theo-
rem 1.81), this is the change of volume of the unit cube under the linear map D®(x), cf.
Figure 6.1 and Figure 1.6.

Definition 6.1. Let XY C R" be open.
®: X =Y is a C*-diffeomorphism if

e &: X — Y is bijective
o & & ! are C*

One can show that this implies

det(D®(z)) #0 in X.

Theorem 6.2 (Change of variables formula/transformation rule). Let ® : X — ®(X) be
a C*-diffeomorphism between open and bounded sets X, ®(X) C R™.

(1) for any measurable Q@ C X we have
LYD(Q)) = / | det(D®(x))|da.
Q

(2) f:Y — R is integrable in' Y if and only if f o ®|det(D®)| is integrable in X and
if that is the case,

/fdx:/ f o ®|det(DD(x))|dx.
Y b's
or equivalently

(X) fdo = /X fo @[ det(D®(z))|dz.



ANALYSIS I & 1I VERSION: April 18, 2022 141

FIGURE 6.1. A nonlinear map f: R? — R? sends a small square (left, in
red) to a distorted parallelogram (right, in red). The Jacobian at a point
gives the best linear approximation of the distorted parallelogram near that
point (right, in translucent white), and the Jacobian determinant gives the
ratio of the area of the approximating parallelogram to that of the original
square. By Blacklemon67 - Own work, CC BY-SA 3.0, wikipedia

Lemma 6.3. Under the assumptions of Theorem 6.2 for any 2 C X measurable

L(D(Q)) = /Q | det(D®())|dx.

Proof. Set
p(A) ==L (P(AN X)) Ais L"measurable

Since ® is a C'-diffeomorphism this induces a Radon measure and u < L£", cf. Exer-
cise 1.80, Exercise 1.13 and Corollary 1.78.

By Radon-Nikdoym theorem, Theorem 5.13, we have
u(A) = /A DL L.

and
Bz, 1))
D, C"(z) =lim ———~
A = B )
So fix € X (by exhaustion argument using the monotone convergence theorem we may
assume dist (x,0X) > 0) and r < 1. We then have from Taylor’s theorem for each
z € B(x,r), since ® € C!

|D(2) — (x) — DP(x)(z — )| < ofr).
Thus, since D®(x) is invertible matrix,
®(B(x,1)) C B(x)+DP(x)(B(x,7)—)+Bor) (0) = ®(z)+D®(x) (B(x,7) — z) + DO(x) " By (0))

eRan

for L — a.e. z.


https://en.wikipedia.org/wiki/File:Jacobian_determinant_and_distortion.svg
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Consequently by translation invariance of the Lebesgue measure and Theorem 1.81.

p(B(x, 1)) =L"(®(B(z,7))) <c”( ®(z) ((B(x,r) — x) + D®(x) ' Bor)(0)) )
=|det(D®(x))| L ((B(x,) — x) + DB(x) ™ Bor) (0) )
=|det(D®(x))| L" (B(z,7) + DP(x) ' By (0))
<[ det(D®(x))|L"(B(z, + ofr))).

Thus
L"(B(xz,r 4+ o(r)))

Lr(B(x,r))

p(Bar) _ o
B < | det(Da(a)

Now L"(B(z, R)) = ¢, R", so we have

HEED) _ s (7Y 0
BT~ (o)) (“EAD) 2 jda(pate))

So
D, L"(z) = |det(D®(x))| for L -a.e. x

and we can conclude. O

Lemma 6.4. Under the assumptions of Theorem 6.2 assume that f 1 Y — R is measurable.
Then

/Y fdL" = /X o ®|det(DD(z))|dx.

Proof. First we assume f > 0. Since ® is a diffeomorphism (and in particular maps open
sets into open sets) f o ® is L™-measurable, and so is f o ®|det DP|.

We approximate f by simple functions

k
= Z A X A; (x)
i=1
wher a; > 0 and A; C Y are measurable, and

fr(z) = f(z) for every z € Y, and monotonely.

Set B; := ®~1(A;) (which is measurable) and B; C X.
Then

fro®(x Z%XA o ®(x)

i=1

k
= Z a; X B; (I)
=1
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So with Lemma 6.3,
k
/ frdr = Z a; L"(A
Y i—1
k
i=1

k
_;ai/&metw@n
:/kao@/Bi|det(D<I>)|

We conclude the case f > 0 by using monotone convergence theorem.
For general f we set f = f. — f_ and use twice the above argument. O

We will not go into applications here (the polar coordinates and related coordinate changes
one being the most prominent ones and we did those in Advanced Calculus).

6.1. Area formula and integration on manifolds. Let M C R" be a (subset of an)
n-dimensional manifold. For f: M — R we can then define

/M fAH = /]R CFA (MUY,

because f is defined on (McH")-a.e. point. In Advanced Calculus I we talked about
another way of defining the integral on M:

Assume that there is 6, € M and an open neighborhood U C R" such that & : U — M is
a parametrization of a neighborhood 6y € 02 then we defined

/Mm<1> 0)d _/ f(®(2))|Jac(®)(2)] d=.

Here we defined the Jacobian |Jac(®)(z)| as follows

77777

[Jac(®)(2)| := J | det (D'(2) D2(2))| = ¢ et ((0a2(), 050 .0

RnXN RNxn

We want to show that this coincides with the Hausdorff-measure integral. This is usually
referred to as the area formula.

Theorem 6.5 (Area formula). Let ® € C'(R™",RY) where n < N. For each f € L*(R"™)
and each L™-measurable subset A C R™ such that ® : A — $(A) is one-to-one

Jymens 2 @ WA W) 1= [ ac(®))] L)

Remark 6.6. e There exist generalizations for ® which are not one-to-one.
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e Having f : R® — R instead of f : M — R avoids dealing with integrability. But
this can be done with density arguments

Proof. By the usual approximation arguments (see the transformation rule) it suffices to
prove the statement for f = x4, so we need to prove for £"-measurable sets A,

H*(B(A)) = /A |Jac(®)(2)] dL(2).
Observe that since ® is Lipschitz and H" = L™ in R" we have that
v(A) :=H"(®(A)) A CR"is L"-measurable

extends to a Radon measure in R". By Radon-Nikodyn we then have

H'(P(A) =v(A) = ; ddcyn (2)dL"(2).
where for py-a.e. z € R",
dv . H"(®(B(z,1)))

~1
acn ) = R

As in the argument for the transformation rule, since ® is smooth, H" is translation
invariant, the claim follows by Tailor’s theorem once we can show

HM(DP(x)A) = Jac(®)(x)L™(A).
This is the content of the following Lemma 6.7. U
Lemma 6.7. Let L : R" — RY be a linear map, i.e. L € RN*". Then
H'(L(A)) = \/det( L' L)L (A).
Proof. By polar decomposition (cf. [Evans and Gariepy, 2015, Theorem 3.5] there exists a
matrix O € RV*" and S € R™*" such that O € O(n, N), i.e. O'O = I,,5p, i.c.
(Oz, Oy)an = (z,y)rn Vz,y €R”,

and
and we have

We then have
det(L!L) = det(S'O'0S) = det(SS) = (det(9))?,
that is
det(L!L) = |det(9)].
The conditions on O simply mean that

O = (01,...,0,) € RV*"
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for orthonormal vectors o; € RY, i = 1,...,n. We can extend (0;)", to a orthonormal
basis (0;)¥, of RY. Set

O :=(01,...,0p,0n41,...,0n5) € RNV,

Then O € O(n), i.e. O'O = Iy.n. By Exercise 1.16

H™(LA) = H"(O'OSA).

Now
1 0 0
01 0
) : 0 ;
OtO: 0 0 1 _ (0 nxn ) ERNXTL
0 0 O N—nxn
0 0 0

In particular O'LA C R™ x {0}. So again by Exercise 1.16
H'(LA) =H (éé)
CRn
Since H™ = L™ in R™ we have by the transformation rule on R",

H(LA) = L7(SA) = | det(S)[|£7(A) = \/det(LIL)L™(A).
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Part 2. Analysis II: L? & Sobolev spaces (with sprinkles of Functional
Analysis)

For the Functional Analysis parts we use texts from [Brezis, 2011], lecture notes by Michael
Struwe (Funktionalanalysis; in German), and Hajlasz (Functional Analysis), as well as
[Clason, 2020]. An excellent (readable) source for Fourier Analysis is [Grafakos, 2014a].
For Sobolev spaces a standard reference is [Adams and Fournier, 2003]. For very deli-
cate problems one might also consult [Maz’ya, 2011]. More introductory monographs are
[Evans and Gariepy, 2015] (for Geometric Measure Theory), [Evans, 2010] (for PDEs, see
also the classics: [Gilbarg and Trudinger, 2001], and [Ziemer, 1989]).

7. NORMED VECTOR SPACES

There is an order of concepts of spaces

Topological spaces D metric spaces D normed vector spaces D Pre-Hilbert-spaces

Definition 7.1. Let X be a set and 7 C 2% a collection of subsets of X satisfying the
following axioms.

(1)Perand X €7

(2) If 77 C 7 is any arbitrary (finite or infinite, countable or uncountable) union of
members of 7, then A := Ugc,» B belongs to 7.

(3) If (Ap)N_, C 7 then N)_, Ay € 7 for every finite N € N,

The elements of 7 are called open sets. The collection 7 is called a topology on X.

Definition 7.2. (1) Let X be a set and d : X — X — [0,00) be a map with the
following properties for all x,y,z € X
(a) d(x,y) > 0 and equality holds if and only if z = y (non-degeneracy)

(b) d(z,y) = d(y,x) (symmetry)
(c) d(z,y) < d(x,z)+ d(z,y) (triangular inequality)
Then d is called a metric or distance, and (X, d) is called a metric space.
(2) Let (X,d) be a metric space. For z € X and r > 0 the open ball B(x,r) is defined
as

B(z,r)={ye X: d(z,y) <r}.
A set A C X is called open if for each z € A there exists r > 0 such that B(z,r) C
A.

Exercise 7.3. Let (X,d) be a metric space and set
T:={ACX: A open}
Then (X, T) is a topological space.

T s sometimes called the associated metric topology.
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Functional analysis (well: linear functional analysis) deals with linear spaces.

Definition 7.4 (linear space). A linear space, or vector space, (X, *,+) is a set with a
scalar multiplication * : R x X — X, an vector addition + : X x X that satisfy the
following properties:

o u+ (v+w)=(u+v)+ W (associativity of vector addition)

e u+v =0+ u (commutativity of vector addition)

e there exists 0 € X (called the origin or zero) such that v + 0 = v for all v € V
(identity element of the group (V,+)

e For every v € V there exists an element —v € V| called the additive inverse of v
such that v + (—v) = 0 (inverse element)

e for every A\, u € R and v € V we have A(uv) = (Ap)v

e lv =v where 1 € R is the real number 1

o \u+v)= A+ v (distributivity)

o (A + p)v = v+ pv (distributivity).

(we often write Av instead of A x v).

A norm || - || on a linear space X is a map | - || : X — R with the properties

e |[v|| > 0 for all v € X and equality holds if and only if v =0
o |[\vf| = [Al]|v|| for all A € R, v € X
o |lv+w| < |jv]| + ||w] for all v,w € X.

A vector space X equipped with a norm is called a normed space.
Two norms || - ||; and || - || are equivalent norms if there exists C' > 0 such that
CHlzllz < [l2fl < Cllzll2 Vo € X.
Exercise 7.5. Let (X, | - ||) be a normed vector space. Show that
d(x,y) = |lz -y
is a metric. d is often called the induced metric for a normed vector space.
Show that two equivalent norms induce two equivalent metrics.

Definition 7.6. Let (X, x+) be a linear space, or vector space, (X, *,4). A scalar product
or inner product is a map (-,-) : X — R with the following properties

(1) {z,y) = {y,z) Vr,yeX
(2) (z,z) >0 and (r,z) =0 if and only if z =0
(3) (A + py, z) = Mz, 2) + u(y, z) forall \,p € R, z,y,2z € X.

A vector space equipped with a scalar product is called a inner product space or pre-Hilbert
space
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Exercise 7.7. Let (X, (-,-)) be an inner product space and denote
]l =/ {a, )

Show that || - || is a norm.

| - || is then called the induced norm.

Exercise 7.8 (Cauchy-Schwarz). We have
(@, y) < [l Iyl

equality holds if and only if x and y are linearly dependent, i.e.

r=A\y, or Y=\
for some X € R.
Hint: Eztend the proof of Advanced Calculus.

We can also check if a norm belongs to a scalar product.

Exercise 7.9 (Parallelogram law). Let (X, || - ||) be a normed vector space. Then there
exists a scalar product (-,-) inducing || - || if and only if

20l2l® + 2llyll* = llo +ylI* + llz —ylI* Yo,y € X.

Hint: Set (x,y) := w.

Definition 7.10. A normed vector space is complete, if it is metrically complete. A
normed vector space is called Banach space. If space is additionally an inner product
space, then we call it Hilbert space.

We now recall the definition of the two spaces we want to talk about most of the time in
this course LP(Q) and W'P(Q).

Example 7.11. (L”-spaces) Let  C R™ be a p-measurable set, where for simplicity we
assume that p is a Radon measure (most of the time p will be the Lebesgue measure). Let
p € [1,00]. Let f:Q — R be a u-measurable function. We say that f € LP(Q) if and only
if N
p
Il = ( [ 1£7dp)" < ox.
This makes sense only if p < 0o, but for p = oo we set

[fllLoe @) = sup [ f ()],
e

where sup is to be understood as the p-essential supremum, i.e.

ilelg]f(x)\ =inf{A>0: p{zeQ:|f(x)]>A}=0}

| - [|zr(@,p) is in general not a norm, since || f||zr(, = 0 implies that f = 0 only p-a.e.
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We solve this issue by always assuming that f = ¢ (in the sense of LP(, u)) if f(z) = g(x)
for p-a.e. x € Q. (i.e. the set p{z: f(x) # g(z)} = 0).

Then || - ||zr(q,) is @ norm on all LP(§2, p)-functions (modulo equality). And it is complete,
Theorem 3.27.

Also L?(Q) is a Hilbert space with the scalar product
wmzjmw.

Example 7.12 (Sobolev space W'P). Let  C R™ be any open set. The space W'?(Q)
consists of maps f € LP(2) such that any first-order distributional derivative 0, f € LP(£2),
and equipped with the norm

[ lwrr) = 1 flle@) + 1Dl e
Here 0, f € LP(2) means that (cf. Theorem 4.46)

1j@¢=—4%¢xweq<m,
for some g, € LP(Q)). We identify 0, f := ga, and set Df = (01 f,02f,...,0nf) € LP(Q,R™).

We will later see that this Sobolev space is complete, Proposition 13.8, and indeed it
is equivalent to the following metric closure of smooth functions under the W' -norm,

(observe that C*°(Q2) and C'*°(£2) are two different spaces!),

I-llwt.p
W@ ={f€C=(Q): [flle +IDflme <oof "

(We have proven this for 2 = R" in Theorem 4.46, we will prove this for any open set in
Theorem 13.16).

Let us remark that often (not always) H'? is used instead of W1? (H being for Hardy, W
being for Weill). And H’ often (not always) refers to W72

W12 is a Hilbert space, if we use the following norm (which is equivalent to the original
norm)

1
(||f||%2(11an) + ”fo%?(R"))z :
i.e. the following scalar product

Uﬂhm%z/fg+/VfW@~

Definition 7.13. A vector space X is called finite or finite dimensional if there exists a
finite basis, X = span{by,...,b,} for some n € N and some by,...,b, € X, and (b;),
linear independent, i.e. whenever (\;)’; C R,

=1
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Equivalently, for any x € X there exists exactly one sequence (\;)?; such that

=1

Exercise 7.14. Let (X,|| - ||) be a finite dimensional normed vector space with basis
bi,...,b,. Le. for any x € X there ezists exactly one seqeunce of (\); C R such
that .

i=1
Define a new norm || - ||o on X as follows

lrll := o[ > Nl
i=1

Show that || - |2 is indeed a norm on X and show that || - ||2 is equivalent to || - ||. Namely

there exist A > 0 such that
AMzlle < =] < Aflz]ly, Yz e X.

Hint: To see A7 ||z]]2 < ||z|| you can use a blowup proof and Bolzano Weierstrass. Assume
that there is no such A, then there must be a sequence xj, € X

lzkll2 > Kllzk]l.

W.lo.g. ||zk|l2 = 1. Use Bolzano-Weierstrass to conclude that xy, is actually converging in
X and conclude that the limit & satisfies ||Z||2 = 1 and ||Z|| = 0 simultaneously, which is a
contradiction.

Exercise 7.15. If X is a finite dimensional vector space and ||- ||y and ||-||2 are two norms.
Show that they are equivalent.

Hint: Exercise 7.14.

Exercise 7.16. Show that any normed vector space (X, ||-||) with countably many (¢;)72, C
X such that ||c;|| <1 and
1
i —cil| > — Vi # .
is infinite dimensional.

Hint: Assume not, then we can assume (7.15) that X = R"™ for some n. Find a contradic-
tion to Bolzano-Weierstrass.

Exercise 7.17. Let (X, || - ||) be a normed vector space (identified with its metric space).

Show that

X is finite dimensional < any closed and bounded set in X is compact.

Hint: For one direction you can use the Riesz” Lemma (find the statement and proof online)
to apply Exercise 7.16.
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Exercise 7.18. Let Q C R" be any nonempty open set and 1 < p < oo. Show that LP(Q))
and WP (Q) are both infinite dimensional.

Hint: You can construct functions as in Exercise 7.16 using e.g. cutoff functions on small
sets.

8. LINEAR OPERATORS, DUAL SPACE

We already defined the notion of bounded linear operators L : X — Y between two normed
vector spaces X and Y, see Theorem 5.33.

The linear operator L : X — Y is continuous (often also called bounded), if and only if the
operatornorm | L|| z(x,y) defined in Definition 5.35 is finite,

Ll exyy == sup |[La|ly,
|zl x <1

or equivalently if for some A < oo
[Lxlly < Aflefx V.
(1Ll z(x,vy is then the smallest A for which this inequality holds).

Exercise 8.1. Show that for all finite-dimension vector spaces X, Y any linear operator
L: X —Y 1is continuous.

Exercise 8.2. Show that T : C'([0,1]) — C°([0,1]) given by Ty := ¢ is continuous, if
C' is equipped with the C*-norm, but discontinuous if we equip C* with the C°-norm.

Exercise 8.3. Let Q2 C R"™ be an open set. Show that the partial derivative O,

o As map from (W'2(Q),| - lwre@)) — (LP(Q), ]| - |r)) is a linear continuous
operator.

o As map from (C*(Q), || - [lwiw)) — LP(Q) is a linear continuous operator.

e As map from (C (ﬁ), |l zr)) = LP(2) is not a linear continuous operator.

e As map from (W'(Q), || - HLp a)) = (LP(Q), ] - |zr)) is not a linear continuous
operator.

Clearly if L and T are two linear operators from X to Y we can define for A\, u € R
AML+Tp: X —=Y; (AL+uT)(z)=AL(z)+ pT(x) €Y.

That is the space of bounded linear operators from X to Y is a linaer space, and we denote
it by L(X,Y).

Exercise 8.4. Show that the operatornorm || - || is indeed a norm on this space

Exercise 8.5. Let (X, |- ||x1), (Y.] - |ly.1) be a normed space and assume that || - ||x2 is
an equivalent norm to || - ||x1 and || - ||y2 is an equivalent norm to || - ||y1.



ANALYSIS T & 11 VERSION: April 18, 2022 152

(1) Show that any linear bounded function from X — Y w.r.t the first norms is also
linear bounded function with respect to the second norm.

(2) Show that the operator norms with respect to the first norms is equivalent to the
operatornorm w.r.t second norms.

That is L(X,Y) is independent of the specific (equivalent!) choice of norms.
Exercise 8.6. Let XY, Z be normed spaces and T € L(X,Y), S € L(Y,Z). Define
SoT(X):=S(T(x)).
Show that SoT € L(X,Z) and
150 Tllex.z) < ISl 1Tl cxy)-

Definition 8.7. The space of bounded linear operators from X to Y equipped with the
operatornorm is denoted by £(X,Y"). The operator norm is usually denoted by || - ||z(x,v)-

If Y = R then we write X* := L£(X,R), and call X* the dual space to X. The operator

norm is || - ||x=-
Exercise 8.8. Assume that a normed space (X, || - ||x) can be written as X = X1 x X,
where (X, || - ||x,) are two normed spaces. Assume furthermore that the norm || - ||x is

equivalent to
X = X1 x X33 (21,22) = [lz1]lx, + [|z2]lx,
Show that
X=X ® X],

in the following sense

(1) every x* € X* can be written as

¥ [(21, 22)] = 27 (21) + 25(22).

where x; € X fori=1,2.
(2) every pair xi € X}, i =1,2, induce an element x* € X* via

w*[(1, )] = w1(21) 4 w5 (22).
(3) Show that x5 and % are uniquely determined, i.e. if
21(21) + x3(22) = T1(21) + T3(22)V(21, 22) € X

then xf =z} fori1=1,2.
(4) The norms ||x*||x- and ||z7|

x4 |25 x; are equivalent.

Theorem 8.9. If X is a normed vector space andY is complete, then L(X,Y) is complete.
In particular, X* is always complete.
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Proof. Let T,, be a Cauchy-Sequence in L(X,Y). Then for each fixed z, (T,,x), C Y is a
Cauchy sequence, and thus we can define

Tx := lim T,x.
n—oo
It is easy to check that T is now linear and continuous. (exercise!) O

Example 8.10. We have discussed in Theorem 5.39 (Riesz Representation Theorem) that
for 1 < p < oo any element in f* € (LP(R"))" can be represented by some f € L (R")
(recall p’ = ~E5 is the Holder dual!), via

[lel= | fe.
]Rn
A possible element in (W1P(R"))" is

flel 3:/Rf190+/Rf2'D90>

wher f; € LP(R™) and f, € LP(R™,R"). We will need Hahn-Banach theorem, Theorem 10.2
below, to show that this is the generic form of a dual element, Corollary 10.12.

8.1. Compact operators. Let us also define compact operator.

Definition 8.11. e Let (X,d) be a metric space. A set A C X is called precompact,
if any sequence (ag)reny C A has a convergent subsequence in X.

o Let (X,dy) and (Y,dy) be two metric spaces. A compact operator T is called a

compact operator if it maps bounded sets A C X to precompact sets T'(A) C Y*7.

Exercise 8.12. Show that a set A C X is pre-compact if and only if its closure A is
compact.

Exercise 8.13. e Show that in general, a compact operator L : (X,d,) — (Y,dy)
may not be continuous.
e Show that if (X,d,) and (Y,dy) are normed vector spaces (with d, deriving from
the X-norm, and d, deriving from the Y -norm) then any compact linear operator
T:X —Y is actually continuous.

Compact operators are somewhat lower order, cf. Theorem 13.51. As we shall later see,
the identity map I : (W'(Q), [ - lwrr) — (LP(Q), || - ||zr()) is compact if Q is a
smoothly bounded set, Theorem 13.35, which is called the Rellich-Kondrachov Theorem.
That is whenever (fi)zen is bounded in W'P(Q), i.e. supy ||fxllwir < oo there exists a
subsequence (fx,)ien such that fi, converges in LP(€).

We also have a version of this for continuous maps, based on Arzela-Ascoli (and indeed,
the Rellich-Kondrachov Theorem is a consequence of Arzela-Ascoli as well).

2TCareful: for general metric spaces this definition may not be uniform in the literature, some people
might assume that compact operators are continuous — we don’t care about this for linear operators,
Exercise 8.13
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Example 8.14. Let Q C R" be a compact set. Denote by Y := C?(2) the set of continuous
functions on €2 equipped with the supremums-norm

1Ly = ([ f ]z ()

Denote by X := C%1(Q) the set of uniformly Lipschitz continuous functions on Q equipped
with the norm

l‘ —
I£llx 2= Wfllimiey + sup LELZTWL
zAY€eN | - y'
Denote by I : X — Y the identity map, I f = f. It is obviously linear, and it is bounded,
since
:L' E—
1l = 1wy < 1 ey + sup LD=IW gy
THYEN ’% o y’

Indeed, it [ : X — Y is a compact operator: take (fx)reny @ bounded sequence in X, i.e.
sup || fil|x < 0.
From the definition of ||.X || we observe that (fi)ren is then uniformly bounded and equicon-

tinuous. By Arzela-Ascoli we know that then there exists a uniformly converging subse-
quence, i.e. (fx,)ien and f € C°(Q) such that

I fr; = fllzoe =2 0.

But this is the same as to say that (I fg, )ien is convergent in X. That is, I : X — Y maps
bounded sets in X to pre-compact sets in Y.

9. SUBSPACES AND EMBEDDINGS

Definition 9.1. Let X and Y be two normed spaces.

e A linear vector space X is embedded into a linear vector space Y, if there exists a
map T : X — Y which is bounded linear and injective. We then say that X is
embedded into Y (via T), in symbols.

XSy
e We say that X & Y is an isometric embedding if || Tx|y = ||z|x for all z € X.

e We say the embedding is X Ly compact, or X is compactly embedded in Y if the
embedding operator 71" is compact.

o I[f T: X — Y is the identity, and X and Y carry the same norm, then we say X is
a (normed) subspace of Y.

Example 9.2. C%'(Q) is a subspace of C%(€2), but in view of Example 8.14 it is also
compactly embedded.

What is the issue with these statements? The norms are not specified!
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We should have written that (C%'(Q), || - || 1= (q)) is a subspace of (Co(ﬁ), | - HLOO(Q)) (no-
body does that, though).
And, if we set

[fllcor == [[fllzoe(e) + Supiw
TAYeQ |z —yl

then (C%1(Q),| - ||co.1) is not a subspace of (C’O(ﬁ), [ - HLoo(Q)), but it is compactly em-
bedded (via the identity map).

Exercise 9.3. For any p € [1,00), Q@ C R™ open:

o (WHP(Q), |- lwre)) is embedded into (LP(Q), || - || zr()) (under the identity map,
but this is not a isometric embedding).

o (W2(Q), || - || 1r(2)) is a subspace of (LP(Q), ||| Lr(e)) but show that (WP(Q), || - || 1o(2))
is not a closed subspace (Hint: Ezercise 9.4)

Exercise 9.4. Let Q) be any open set in R™.

Show that (WP(Q), || - ||1r(2)) is a dense subspace of (LP(Q), | - || Le@))-

Hint: Use that we have shown that C°(2) is dense in LP(S2), Theorem 3.32.

As mentioned before, we will later show the Rellich-Kondrachov theorem, Theorem 13.35,

that shows that (WP(Q), || - |lw1») is compactly embedded in LP(€) for nicely bounded
sets €.

Example 9.5. For Q C R", we can also embed (W'P(Q), || - [[w1p) isometrically into
(LP(Q))" T = LP(Q) x ... LP(Q).

Indeed, let u (for simplicity, easy to change for the original definition (exercise: whats the
difference?)) take the W'P-norm to be

1 llwio@) = [ fllze) + D 110af o)
a=1

Then let
Tf = (f, 81f, 82f, .. ,(9nf)
Clearly T : (WHP(Q), | - [lwip@)) — (LP(2))™*! is injective. Moreover
1T fllzr@yx..r@) = [l fllwre@)-
So T' is an isometric embedding.

Exercise 9.6. Let 0 C R™ be a compact set. Show that C%*(Q) is compactly embedded in
CY8(Q), whenever 0 < a < B < 1, in the following sense:
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Denote by Y := C%(Q) the set of Hélder continuous functions, i.e. f such that

oy @ =10
z£yeQ |IL‘ - yl !

and f simply continuous if v = 0.
Denote by

flz) = fly
[ Flleos = I ey + sup LD =IWL
xFYyed |1’ - y|

Show that for 0 < a < 8 <1 the identity map
I: (CO,,B(Q), ” . HCO’B(Q)) — (Co,a(ﬁ)’ ” . HCo‘a(ﬁ))

18 a compact operator.
Exercise 9.7. Let U C X be a dense subspace, and T € L(U,Y") for some Banach space

Y. Then there exists a unique extension S € L(X,Y) with S' =T'. Moreover
U

1Sl ccxyy = 1T 2oy

Exercise 9.8. For Q C R" be a bounded set (with smooth boundary, say a ball — not so
important for our point here).

Let U := C*(Q) be the set of continuously differentiable functions and Y = LP(Q) (with
respect to the Lebesgue measure). Fiz oo € {1,...,n}. Define

T:U—=Y
be defined as (classical derivative!)

Tf:=0.f.

(Let us assume) we know that U is dense in LP(Q) w.r.t. to the LP-norm, and U is dense
in WH2(Q) w.r.t WhP-norm.

Considering Ezxercise 9.7,

e what is the extended operator S with respect to X = WP(Q) (and the WP-norm),
e what is the extended operator S with respect to X = LP(Q2) (and the LP-norm)

Exercise 9.9. Let Y be a normed space and X C Y be a (linear) subspace. If Y is a
Banach space, then X is a Banach space if and only if X is (metrically) closed.

10. HAHEN-BANACH THEOREM

Example 10.1. Let X be a subspace of Y then Y* is a subspace of X* in the following

sense. If y* € Y™ then clearly y*| is a linear bounded operator on X, and in that sense
b's

yre X



ANALYSIS T & 11 VERSION: April 18, 2022 157

If X is embedded into Y via the map T': X — Y, then Y* is embedded into X* under the
operator 1™ defined as follows:

T (y*) (z) == y* (T(x)) -
On the other hand, in the situation of Example 10.1, the following Hahn-Banach theorem
tells us, than any z* € X* can be (non-uniquely!) extended to an element of Y*.

Theorem 10.2 (Hahn-Banach theorem). Let X be a vector space over R, U C X a linear
subspace, and let p : X — R be sublinear, that is

(1) p(Ax) = Ap(z) for allz € X and A >0, A € R
(2) p(z +y) < p(x) +ply) for allz,y € X

Assume T : U — R be linear and T'(x) < p(z) for allz € U.

Then there exists a linear extension T¢ : X — R, i.e. a linear map with

(1) T¢(x) = T(x) for allx € U
(2) T¢(z) < p(x) for all x € X.

Exercise 10.3. Show that Theorem 10.2 can be applied to bounded operators. Namely,

e Show that p(x) = ||z|| is sublinear.
o Assume A € R, X is a normed vector space, and T is linear operator T : X — R
with Tx < Al||z|| for all x € X. Show that ||T||x~ < A, i.e. T is bounded.

We have already proven the finite-dimensional version in Advanced Calculus (see my Lec-
ture Notes of Adv.Calc, Lemma 28.7.), namely we have

Proposition 10.4. Let X be a vector space over R, U C X a linear subspace andv € X\U.
Let p: X — R be sublinear, that is

(1) p(Ax) = Ap(z) for allz € X and A >0, A € R
(2) p(z +y) < p(x) +ply) for allz,y € X

Assume T : U — R be linear and T'(x) < p(x) for all x € U.

Set
W=span{U,v} ={w e X :w=u+ v forsome e R, uecU}.

Then there exists a linear extension T¢: W — R, i.e. a linear map with

(1) T¢(x) = T(x) for allx € U
(2) T¢(z) < p(x) for allx € W.
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Proposition 10.4 is enough to prove Theorem 10.2 if X is finite dimensional. But for general
linear spaces (which might not even have a countable basis) we need Transfinite Induction,
i.e. the axiom of choice, here in the form (and equivalent to) the Lemma of Zorn.

Definition 10.5 (Partial Order). Let P be a set.

(1) Amap <: A C X x X — {true, false} is called a partial order (and then X is
partially ordered) if the following holds. Here and henceforth we follow the notion:
we will write x < y if (z,y) € A and < (x,y) = true, and = > y if < y. However,
observe that there might be x,y € X such that neither x < y nor y < .

e (reflexive): for all z € X we have z <z
e (antisymmetric): If x <y and y < x then y = x.
e (transitive): If z <y and y < z then x < z.

(2) If moreover for every x,y € X we have either z < y or y < z or both, then we say
that X is totally ordered.

(3) If (P, <) is a partially ordered set and S C P, then S is a chain if (S, <) is totally
ordered (where of course < is restricted to S x 5)

(4) If (P, <) is a partially ordered set and S C P then u € P is an upper bound of S if
s<uforall seS.

(5) If (P, <) is a partially ordered set then m € P is mazimal if there is no element
larger, i.e. for any s € P with s > m we have s = m. (but there may be elements
which cannot be compared!)

Exercise 10.6. Let Y be any set and
X:=2Y={AcCY}

the set of subsets of Y (i.e. the power set of Y ). Show that the set-inclusion C is a partial
order, but (X, C) is not necessarily totally ordered.

Lemma 10.7 (Zorn’s Lemma). Let (P, <) be a nonempty partially ordered set. Assume
that every chain A in P has an upper bound (in P, not necessarily in A). Then the set P
contains at least one mazimal element.

Proof of Theorem 10.2. If X is finite dimensional, Theorem 10.2 follows by induction from
Proposition 10.4.

The general case is more abstract, using Zorn’s lemma. Let A be the set of collections of
extensions of T, i.e.

A= {(T, V): T:V — Ris linear, T

_ T, T(z) < pl) Yz € v} .
U
(Here V is always a linear subspace).

We can equip A with the partial order <, namely
(Tla‘/l) S (T27‘/2) = ‘/1 C ‘/2 : T2
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Then A is nonempty (since (T, U) € A).

We want to apply Zorn’s lemma, Lemma 10.7, to A. So let B C A be a chain, i.e. a totally
ordered subset of A — that is for any (71, V1), (Ty, Vo) € B we have either (11, V]) < (T3, V3)
or (Th, V1) = (T3, Va).

We need to find an upper bound for B in A. For this set

V= U V.
(T\V)eB

It is easy to check that V is a linear subspace. Also we can define T:V — R. Let z € V,
then there must be at least one (T,V) € B such that z € V. We then set T(z) = T(z).
If there is any other (T, V3) € B such that z € V5 we have (by the assumption of total
order) that T'(z) = Ty(x) (since one is the extension of the other).

So we have found 7' : V — R. Now let 2,y € V, A, € R. Then there exists (V;,T}) € B
such that = € V;, and (V,,T3) € B such that y € V5. By the assumption of total order of
B, we have either V; C V5 or V; D V5. Lets assume that V) C V5 then Ax + py € V5, and
we have

T(\x + py) = To(Ax + py) = NTox + pToy = XTx + uTy.

Thus 7 is linear.
If £ € V then Tz = T for some (T,V) € B, and thus
Tx =Tz < p(z).

Thus, (V,T) € A. Next we claim that (V,T) is an upper bound for B. And indeed if
(T,V) e B, then V C Vand Tz = Tx.

So we have established the conditions for the Lemma of Zorn, Lemma 10.7, and conclude
that there must be some maximal element (7, W) € A, i.e. whenever (T¢, W) < (T,V)
then V=W and T =T*.

In particular 7° : W — R is linear and Te‘ =T and T°(z) < p(x). All that remains to

show is that W = X. By contradiction, assume this is not the case. Then there exists
v € X\W to which we can apply Proposition 10.4. We then find an 7 : span(v, W) — R
which satisfies all the properties of an element in A. But since T° is a maximal element
we have W D span(v, W) — a contradiction since v ¢ W. We conclude that W = X and
T¢ is the extension we wanted. O

Remark 10.8. Observe that the extenstion 7° is in no way claimed to be unique. If in
Theorem 10.2 U is dense, we know there is a unique extension to X — but for non-dense
U there is no reason that would be true.

Hahn-Banach has several re-formulations and consequences
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Corollary 10.9. Let X be a normed space and Y C X be a subspace and u* € Y*. Then
there exists x* € X* such that

z] =u'z] VeV

and

[ xe = [l

(conpare this with Example 10.1)
Exercise 10.10. Prove Corollary 10.9

Corollary 10.11. Let X be a normed vector space and xo € X \ {0}. Then there exists
x* € X* with ||z*||x+» = 1 and x*[zo] = ||zo]| x-

Proof. For A\ € R set
Y := span{xo}
and set
y*[Azo] := Allzolx-
Then y* € Y*, and ||y*|

Y*:l.

Now take the Hahn-Banach-extension z* : X — R with p(v) = ||v||x, Theorem 10.2. Then
we have
2" [v]] < p(v) = |lv|| YveX.

Thus ||z*||x~ < 1. Plugging in v := x¢ we find that
2" o] | = loll,
so we have [|z*]|x« > 1. We can conclude. O

Corollary 10.12. Let 1 < p < oo and let T € (W'P(R™))". Then there exists g € LP' (R™)
and G € L (R",R") such that

Tifl~ [of + [G-Dy.
Moroever for some C' > 0 depending only on the dimension n

CTHT Nl wrmmeyy < N9l @y + NG L @n gy < CIT Ml wrrmenyy-

Proof. Let
X = LP(R") x ... x LP(R")
n+1 times
with the norm
n+1

1(fos s fa)llx =D 1 fill e qemy-
i=0
Let Y C X be given by
Y={(fo.f/i--.[n) €eX: fi=0ifo, i=1,...,n}



ANALYSIS T & 11 VERSION: April 18, 2022 161

where the derivative is taken in the sense of distribution. Clearly Y is linear subspace of
X28

Let T € (W'P(R"))", then we can consider T as a bounded linear functional on Y, i.e.
T € Y*. By Hahn-Banach theorem, Corollary 10.9, we can extend T to T¢ € X*. In view
of Exercise 8.8, we have that

X" =(LPR")" & (LP(R")* @ ... (LP(R™))".

Applying componentwise the Riesz-representation theorem, Theorem 5.39, we find go, ..., g, €
LP'(R™) such that

T (f()vfla"'vfn) - ;)/Rnngz
If we set G := (g1,...,9n)! then in particular for f € W1?(R") we have
T(f) = T(f.00f.....0.) = | aof + [ G-DF.

Remark 10.13. Actually, one can sharpen Corollary 10.12, and show that
T(f)~ [ gf + [ Dg.- Df.

for some g, € WP (R™). One can prove this by so-called Hodge decomposition (also some-
times referred to as Helmholtz decomposition), which says that we can split G = Dgs + G
where G is divergence free (and thus [ G - Df vanishes. The construction of G' be done
variationally, by minimizing g — ||G — Dgs||r2@ny, but the LP-estimates (if p # 2) need
Calderon-Zygmund theory (i.e. Harmonic Analysis).

Corollary 10.14. Let X be a normed vector space. Then

— *
lzllx = max |27l

(Observe that the maximum is obtained)

Proof. Fix x € X. Clearly we have

sup 2" [z]| < [|z]x-
a* X, ||a* || o =1

Now take x* from Corollary 10.11. Then

sup 2" [2]] > |2%[z]] = ||lz[ x-
a*eX* lz* | xr =1

28 Actually Y is also closed. Observe that
I:f'—> (faalf7vanf)

is then an linear map from W1P(R™) to Y. It is clearly injective and onto. Moreover we have
IZflx = Ifllwrrn)-

Since W1P(R™) is complete, Y is a closed linear subspace of X.
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Thus we have

sup 2" [z]| = |7*[z]| = ||z]|lx
X" [la* | x=1

In particular the supremum is attained. O

Exercise 10.15. Let X be a normed vector space and x € X. Show that: x*[x] =0 for all
x* € X* implies v = 0.

Slighly more generally than Corollary 10.14

Exercise 10.16. Prove the following. Let X be a normed vector space and let U C X* be
a dense set. Then

lellx = sup |u*[z]]
w €U lu - <1

A specific application of Exercise 10.16 and the Riesz-Representation theorem is the fol-
lowing duality argument.

Proposition 10.17. Let p € [1, 00| then

Il = s [ fg

9€02 (R, gl <1

Actually neither Hahn-Banach nor Riesz representation theorem is needed for Proposi-
tion 10.17, one can argue as in Equation (5.10).

We can also use now functionals to seperate subspaces, which will be very important for
the reflexivity of WP later, Theorem 11.9 and Corollary 11.10.

Corollary 10.18. Let X be a normed vector space and U C X a subspace which is addi-
tionally closed. Assume xo € X \ U. Then there exists x* € X* such that z*[x] =0 for all
x €U, but x*[xo] = 1.

Proof. Denote
V' :=span(U, z).
Since U is a subspace and zy ¢ U, for any v € V there exists exactly one v € U and one
A € R such that
v =1u+ Axg.
Indeed, assume we have @ + S\SBO = u + Axg then we have

U—u= (A—:\) T
If X\ # \ we obtain that

U — = = U
X $0¢

So A = A and thus @ = u and we have shown uniqueness.
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Now we define the operator on V. For v = u + Az, set

Tv := A\
Clearly T is linear. It remains to show that T € V*.
(10.1) |Tv] < |A].
So, what we need to show is
(10.2) IA| < |lu+ Azo|-

Observe that since U is a linear space,

1 . -
lu + Azollx = Al =y u —wollx = Al inf [|d — o]

——
eU
So all we need to show is
(10.3) %glf] |@ — x| > 0.
This is the place where the closedness of U comes into play. Assume
inf [|a — ol = 0.
k—00

Then there exists @, € U such that ||t — zo|| —— 0. That is xy € U. Since U is closed
we would have xy € U, a contradiction.

Thus (10.3) is established, which implies (10.2), which in view of (10.1) implies

To| < C ol
where C' = (infgep ||@ — xo||) ™. Thus T € V* and we can use the Hahn-Banach extension
to conclude. |
Recall the definition of separable spaces

Definition 10.19. A normed space X is separable iff there exists a countable set U =
{1, 29,...} with U = X.

Corollary 10.20. Let X be a normed vector spcae. If X* is separable, then X is separable

Proof. Let x7,x%,... C X* be a dense sequence.

For each z} there must be some x; € X, ||2;]|x = 1 such that

X*-.

1
] > Z||*
xl [xl] —_ 2||x’L|

Yo = {x € X:x=> Nz, forsomeneNand (\), € @}

=1
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and
Yr = {x €X:xz=> Nz, forsomen e Nand (N[, € R}
i=1
Clearly Yg is countable, and it is dense in Yg. So all we need to show is that the closure
Yr = X. Assume this is not the case then there exists zg € X \ Yg. Yz is a closed linear
subspace (here we use Yz, otherwise we could have worked with (z;);). So by Hahn-Banach,
Corollary 10.18, there exists x§ € X* such that zj[z] = 0 for all x € Yg but xf[zo] = 1.

We then have for each n € N

lzn|lx=1 Y, 1
xoo = @y — e (an)] TET o ()] > S lznllxe,

l
n

g —
by the choice of z,. By reverse triangular inequality this implies

1 1
X* = §||$3HX* — 5”% — ;|| x-,

l
n

1
Iz = w3 lx- = Sl

that is

3llwg — 7 llx = [l x--

This holds for any n € N. Thus
. * ok L > * ..
3 inf [lzg — 2 llx- > [lallx

By density assumption the left-hand side is zero, so we have xj = 0, a contradiction to
x§(zo) = 1. O

10.1. Separation theorems. For any convex set C' and any point x( outside the convex
set C there exists a line that separates C' and zy. This is true in any dimension (straight
lines are represented by z*(x) = ¢, one side of a straight line is < ¢, the other one > ¢. In
infinite dimensions this is a consequence of Hahn-Banach.

Recall that C' C X is convez if and only if for any =,y € C' we have Az + (1 — \)y € C for
all A € [0,1].

There are several versions of the separation theorems which are of fundamental importance
in convex optimization.

Theorem 10.21. Let X be a normed space and C C X nonempty, open, and convex and
let g € X \ C. Then there exists x* € X* such that

z*z] < 2*[zg] Vel

Proof. We may assume that 0 € C'. Otherwise let C:=C —a for some fixed a € C'. Clearly
C' is still convex, open, and nonempty. If we find * for C' and xy — a such that

o*(z) < 2*[xg —a] VYoel

then .
r(r+a) <z'lxy) YVeeC=C-—a



ANALYSIS T & 11 VERSION: April 18, 2022 165

or equivalently
z*(z) < T¥[xo] Vze C.

So, from now on assume that 0 € C.
We introduce the Minkowski functional, me : X — R

1

me(z) = inf{t >0: TT € C’}.

Since C' is open and 0 € C for each x € X there exists t > 0 such that %SB € C. Thus
me(z) < oo for all z € X.

Also we observe the following
1
(10.4) T2 € C vVt >me(z).

Indeed let t > me(z). By the definition of the infimum there exists ¢ty € [mc(z),t) such
that %a: € C. Since C' is convex and 0 € C we find that then also

1 to 1 t
x:“:c+(1—;>0€c.
This establishes (10.4)

Also, there exist A > 0 such that

(10.5) me(z) < Aljz||x.

Indeed, since 0 € C' and C' is open, there exists 6 > 0 such that B(0,d) € C' and thus for
each x € X we have % € B(0,6) € C. Thus, mc(z) < 2||z|.

Now we claim that the Minkowski functional is sublinear. It is easy to see that for A > 0

me(Az) =inf {t >0: 1Ax € C’}
:/\inf{;>0: ;\xEC’}
:Ainf{f>0: fxEC’}
=Amc(x).
Now assume that =,y € C.

Fix any t > mc(x) and s > me(y). Then we have 1z € C and 1y € C, by (10.4).

We then have by convexity of C,

1 t 1 S 1
—_— = - —-y) e’
t+s(x+y) t+s(tx)+t—|—s(sy)
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Thus,

me(z+y) <t+s.
This holds for any ¢ > m¢(z) and any s > mg(y). Letting t — me(x)* and s — me(y)*
we conclude that m¢ is indeed sublinear.

Next we observe that m¢ seperates C' and xg, in the sense that

me(zg) > 1, and me(x) <1 Vo eC.

Indeed, me(x) < 1 for all x € C follows from the fact that %x € C and C' is open, so there
must be some ¢ < 1 such that %x € C as well — and thus mg(z) <t < 1.

To see me(xg) > 1 observe that if me(xy) < 1 then from (10.4) we know zy = lzg € C
which is a contradiction. Thus meg(zg) > 1 (observe it could indeed be = 1 if zq lies on
the boundary of C').

Now set Y := span{z,} and define y* € Y* as
Y [Axo] := dme(zg), A eER.
Since me(x) > 0 we find that
. =mc(Azg) A >0
y* [Azo] o{Aao) .
<0 <me(Azg)if A <0

Thus y*[y] < me(y) for all y € Y. By the Hahn-Banach theorem we find z* : X — R with
" : X — R linear, and
z*[z] <me(z) Vo e X.

In particular, in view of (10.5) we have that x* € X*.

Thus we have

'z <me(z) <1 Vel
and

z*[wo] = y*[zo] = mc(xo) 2 1.

One can also separate two disjoint convex sets

Theorem 10.22. Let X be a normed space, U,V C X convexr and nonempty. Assume
that U is open, then there exists X € R and a functional x* € X* such that

i u]<A<z*[v] YueU,veV.

Proof. We set
C=U-Vi={u—v: uelUwveV}
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Since U is open, so is C. Since U and V are convex, so is C. Since U NV = () we have
0 ¢ C. By Theorem 10.21 there exist * € X* such that

z*[z] <0 Vel

That is,

' u—v] <0 YueUwvel.
That is

r*u] < x*[v] YueUwveV.
Fixing u € U we see that A := inf,cy 2*[v] € R, and we have

i u]<A<z*[v] YueUveV.
We need to make the first < into a <.

Assume to the contrary, that there exists some u € U such that z*[u] = A\. We know that
x* # 0 (because we have the strict inequality above), so there exists some vector p € X
such that z*[p] > 0. Since U is open there exists some d > 0 such that u + dp € U, and
thus

' [u+ op] > x*[u] = A,

N——
eU

which is a contradiction. So indeed we have
2 ul<A <z*lv] YueUwelV.
O

Theorem 10.23 (Strict separation theorem). Let X be a normed space, C C X be a
nonempty, closed, convez set, and let xo € X \ C.

Then there exists x* € X* and A\ € R such that

] < XN < a*[xg] VeeC.

Proof. C' is closed so X \ C is open, and since zp € X \ C there exists a small ball
B(zg,0) € X \ C. Apply Theorem 10.22 to B(zg,0) and C, we find z* € X* and A € R
such that

z'z] < A <z*[¢] Vee C,x e B(x,9).
Multiplying this with (—1) we find for y* := —a*
Yyl < =A <y[zo,

which is what we wanted. O
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11. THE BIDUAL AND REFLEXIVITY

We can define the dual X*, and Hahn-Banach tells us that X* tells us a lot about X. So
why not discuss X**, the bidual. We first observe the following

Every element of x € X can be identified as an element in X** by the following procedure

For x € X we define ™ € X™** via

ey =y [x] for y* € X7
Clearly
[z [y )] < llellx [y llxes
so ||[z**||x+ < ||z||x. On the other hand, from Hahn-Banach, Corollary 10.14,
lellx = sup [yl = sup |2y < [l xes
yreX®lly*|=1 yreXs llyrl=1

That is, we have ||z**||x= = ||z||x-

We denote the map = +— 2™ by Jx : X — X™ and call it the canonical embedding
of X** — X. Clearly Jx : X — X™ is linear and continuous, and it is an isometry
| Jxz||x+ = ||z||x (in particular it is injective).

Theorem 11.1. Jx : X — X** is linear, injective, and an isometry.

Example 11.2. Let p € (1,00) and take any f** € (LP(R™))™. This is a functional acting
on g* € (LP(R™))". By the Riesz representation theorem, Theorem 5.39, for any g* there
exists g € L” (R") such that |||, = [|g"[/(zr)- and

7 (h) = /]R hg Vhe LP(R").

There is a one-to-one relationship between ¢* and g. So f** induces a functional f* on L¥'
in the following way

flal=f"lg") g€ L¥R").
But then f* is a linear functional of L?" so there exist f € LP(R™) such that for all g,
[ fo=1rlgl =119
Now let us consider the canonical embedding Jx f. We have by definition,
Ixflg'1 =g = [ of = F'lo = F1g")
That is Jx f = f**. That is Jx : LP(R") — (LP?(R™))™ is surjective!
This is a very nice property (as we shall see), so we give it a name: reflexivity.

Observe our argument above fails for p = oo and p = 1, since we cannot apply Riesz
representation theorem for L>°! The reason is below, Lemma 11.12
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Definition 11.3. Let X be a normed vector space. If Jx : X — X is surjective, then
we say that X is reflexive.

Remark 11.4. e We often say that reflexivity means X** = X. This is dangerous
(still we'll do it), because equality is not really defined. So it is important to remind
ourselves now and then that the equality must be under the canonical mapping Jx.

Exercise 11.5. Let X be reflexive. Show that X is necessarily complete.

Hint: X** is always complete (it is a dual space!). What happens to Jx(x,) if ()n is a
Cauchy sequence?

Exercise 11.6. Let X be reflexive, then X* is reflexive.

We will sharpen Exercise 11.6 for Banach spaces, see Theorem 11.11

Exercise 11.7. Let X and Y be isomorphic. le. assume that there exists T : X — Y
linear and bounded and bijective, and T~' Y — X is linear bounded. Then X is reflexive
if and only if Y is reflexive.

In particular conclude that if X is equipped with two equivalent norms ||+ |1 and ||-||2, then
(X, || - |l1) is reflexive if and only if (X, || - ||2) is reflezive.

Exercise 11.8. Assume that a normed space (X, || - ||x) can be written as X = X7 x X,
where (X, || - ||x,) are two normed spaces. Assume furthermore that the norm || - ||x is

equivalent to
X =X1 x Xo 3 (21, 22) = |21l x, + |22 x,
Show that if X7 and X5 are reflexive, so is X.

Theorem 11.9. Let X be a reflexive Banach space and let U C X be a closed subspace.
Then U is reflexive as well.

Proof. Let uw** € U**. We argue similar to Example 10.1: any functional x* € X* can be

considered as an element of z*| € U*. So set
U

then z** € X**.
Since X is reflexive, there exists x € X such that ™ = Jxx.

First, we show that z € U. Assume this is not the case. Since U is closed by assumption,
we can apply Corollary 10.18 and find z* € X* such that 2*(u) = 0 for all u € U but
x*(x) = 1.

But then
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This is a contradiction, so x € U.

It remains to show that Jyxr = u**. Fix u* € U*, then by Hahn-Banach Corollary 10.9

there exists an extension z* € X* with z*| = u*.
U
Then
Jux[u*] = u*[z] vV o*z] = Ixx[x*] = ™ [z"] = w2 | = u[u]
U
We can conclude. O

Corollary 11.10. W'? s reflexive.

Proof. It is clear that W C LP w.r.t LP-norm, but W' is not closed under the LP-norm!

So we rather use the identifaction used for the dual, see the proof of Corollary 10.12. In
that sense W1P(R™) is a closed subspace of LP(R") x ... LP(R") which is reflexive (cf.
Exercise 11.8, Footnote 28). O

The following sharpens Exercise 11.6 for Banach spaces

Theorem 11.11. A Banach space X is reflexive if and only if X* is reflexive.

Proof. We already have shown that if X is reflexive then so is X*, Exercise 11.6.

So assume X* is reflexive. Then we know that X** is reflexive. Since X is complete and Jx
is an isometry, Jy(X) C X** is a closed subspace. Thus, by Theorem 11.9, Jx(X) is also
reflexive. But Jx(X) and X are (by definition) isometric isomorphic, so by Exercise 11.7
we conclude that X must be be reflexive. Il

Lemma 11.12. LY(R") and L>(R") are not reflexive.

Proof. By Exercise 11.6 and the Riesz Representation theorem (Which identifies (L')*
with L>) it suffices to that the dual L* is not L', namely there exists a functional T' €
(L*°(R™))" which cannot be represented as a integration agains an L!-function.

Set

Tf:= f(0).
This is a linear functional on C° N L>(R™). Tt is also bounded. By Hahn-Banach, Corol-
lary 10.9, there exists an extension map 7°¢ : L*(R") — L*(R").

Now assume that T' = Jx f for some f € L'(R™). Then for any g € (L'(R"))* = L>°(R")
we’d have

Ixflol = [ fg

In particular for continuous and bounded functions g we’d have

[ 19 =2900).
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But this means that f = dy in the sense of distributions, which can’t be because fdL" is
absolutely continuous with respect to the Lebesgue measure whereas g is not.

Thus (L')** = (L*)* 2 L', which means that L' is not reflexive.?. By Theorem 11.11
this implies that L! can also not be reflexive. ]

Exercise 11.13. Let X be a finite dimensional normed vector space, then X is reflexive.

12. WEAK CONVERGENCE & REFLEXIVITY

The main goal of this section is to reap the fruits of reflexivity: a weak version of Bolzano-
Weierstrass theorem.

Theorem 12.1 (Bounded sets are weakly precompact (in reflexive spaces)). Assume X be a
reflezive space. Then every bounded sequence (T, )nen has a weakly convergent subsequence.

Clearly we will need to define what weakly convergent subsequence means. Theorem 12.1
is incredibly important, it is often references as “by reflexivity”. More precisely (albeit
still incorrect) it is the Eberlein—Smulian Theorem or (worse, because thats about weak™-
convergence, which implies this theorem: Banach-Alaoglu Theorem). A slightly better
version of refering to Theorem 12.1 is weak compactness (in reflexive spaces).

We will prove this theorem later, the proof is a bit lengthy, at the end of the section. More
important than the proof are the applications (for once)

Let us define weak and weak*-convergence.

Definition 12.2 (Weak convergence). Let X be a normed vector space and X* its dual.

(1) Let {zp}nen C X a sequence. We say that (z,,)neny weakly converges to x in X,
Ty =T
if
(2) Let {2} }nen C X* a sequence. We say that (z%),en weaklyx converges to x* in X*,
it
ri[r] 2% o¥x] Vo e X.
In particular, if X is reflexive, weak™-convergence is the same as the weak conver-
gence in X*.
(3) when we want to emphasize the contrast, we refer to the usual X-convergence as
convergence in norm or strong convergence. le. Let {x,}nen C X a sequence. We

n—oo

say that (x,)nen strongly converges to x in X if ||z, — z||x —— 0.

290bserve that we needed Hahn-Banach, i.e. the axiom of choice. This is necessary, there is no explicit
functional on L that is not in L'
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Remark 12.3. Having defined (sequentially) weak convergence, we naturally obtain a
notion of weakly closed sets A C X is weakly closed if and only if any weakly converging
sequence a, has its weak limit in A if all a, € A. Thus we can define open sets by the
complent of closed sets. Thus weak convergence introduces a topology.

However, unless X is finite dimensional, there is no metric inducing this topology.
12.1. Basic Properties of weak convergence. Alright, so now need to cover the basics
for weak convergence in general

Lemma 12.4. Weak limits are unique.

Proof. Assume z; converges weakly to x, and at the same time x;, weakly converges to y.
Then for any z* € X*

k—o0 k—o0

ot [z] = 2" [ax] — 27[y]

That is
v'[x] = =*[y],
o)
'z —y]=0.
This holds for any x*, so by Exercise 10.15, x — y = 0, that is z = y. ]

Exercise 12.5. Show that weak*-limits are unique

Exercise 12.6. e Strong convergence implies weak convergence
o If X is reflexive, weak convergence in X* and weak™-convergence in X* are the
same.
Lemma 12.7. (1) The norm is lower semicontinuous under weak convergence. That

18, assume x weakly converge to x. Then

|z||x < liminf ||z x
k—o00

(2) the dual norm is lower semicontinuous under weak™ convergence. That is, assume
x; weak*-converges to x*. Then

J#* I~ < Timint [z |-

Proof. (1) Assume xj weakly converge to . By Hahn-Banach, Corollary 10.14, there
exists z* € X*, ||z*||x~ = 1, such that

il = 2°[a] = Jim &[] < [l |- i i e

<1
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(2) Assume xj weak*-converges to z*. Let € > 0. There exist x € X, [|z|x < 1 such
that

X *

* < * — : * < : : * .
ol < 2*[a] + € = Jim ajle] + < < liminf - ] +e
=1

Letting ¢ — 0 we conclude.

g

The typical example of weak convergence is usually given in ¢?-spaces, see Example 12.24;
Let forv € N

e;=(0,...,0, 1 ,0,..)
i-th position

We will argue that e; weakly converges to 0 in £2, showing that the inequality in Lemma 12.7
can indeed be strict. For LP-spaces see Example 12.12.

12.2. Weak convergence in [P-spaces. it is important to observe that “weak LP7-
convergence has nothing to to with “weak LP ”-space from Definition 3.49.

As usual the fundamental examples are LP and WP,

Example 12.8. e For p € [1,00) let fr € LP(R™). By Riesz representation, any
linear functional ¢* € (LP(R"))* can be identified with

g fe] = /Rn Jr9,

where g € LP (R™). Thus f; weakly converges to f in LP(R") if and only if

[=g=0 vge L/ ®"

Usually we use test-functions (i.e. C2°(R").

Exercise 12.9. Let p € (1,00).

(1) Show that fi, weakly converges to f in LP(R™) if and only if

o supy, || fillo@n) + || fll ey < 00, and
o limy oo fon(fi = flp =0 Ve C(R").
(2) The boundedness assumption above is necessary. Namely, give an example of (fi)ren C
LP(R™) and f € LP(R™) with

lim (fe = =0 Ype CXR").

k—oo JRn

but where f;, does not weakly converge to f in LP(R™).
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Remark 12.10. So in some sense, weak convergence is very similar to “pointwise conver-
gence” for distributions. Namely if fj converges (say) LP-weakly to f, then if we think of
fr as a distribution

fle] == flg] Vo € S(R™).

Lemma 12.11. Letp € (1,00). Let fr € LP(R™) and assume that supyey || fillormny) < 0.

Moreover assume that fi(z) — 0 for L"-a.e. x € R™. Then fy weakly converges to zero in
LP(R™).

Proof of Lemma 12.11. Set
A= sup | frllz» < o0.

Let ¢ € C°(R™). Since ¢ has compact support we can apply Egorov in supp ¢, Theo-

k—o00

rem 3.38, and find for any ¢ a compact set K C R” such that ||fx — 0]|p« —— 0 and
L"(supp ¢ \ K) < e. Then by Hélder’s inequality

‘/ fre
Rn
Since p > 1,

1 n _1
£l 22 supp i) < L™(supp @ \ K)'77 || fille < L(supp e \ K)' 77 A < eA.
So we have shown
’/ Jre
]Rn

This holds for any € > 0, so

< [ fellee oy lloll L @ny + 1 fll 2t supp o\ 1) 1|2l Lo () -

k—o00

S ||fk||Loo(K)||(p||Ll(Rn) + A€ —_— Ag.

/RnkaO

Example 12.12. Let p > 1. Pick any f € C*(R") with || f||z»@») > 0. Set
fol@) = k¥ f(kz).

Then || fillo@n) = | fllzr(rn), that is supgey || fill Logny < 0.

(12.1) lim

k—o0

=0 Vo€ CPRM.

Observe that since f(kz) = 0 whenever z # 0 and k> 1 (depending on z) so we have

folz) 22250 Vo #£0.

That is, fr(x) — 0 a.e. in R™. Since p > 1 we can use Lemma 12.11 to conclude that f
weakly converges to zero in LP(R™).

Now let ¢ < p, then we have

n_n n_n k—o0
| fillageny = k55| Fllzaany < k373 C(supp £) £ lioan) “=% 0.

That is, fx strongly converges to zero in L4(R™) for any g € [1,p). But fi converges only
weakly to zero in LP(R™).
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We record a reformulation of Theorem 12.1 for L?(Q)-spaces

Theorem 12.13. Let Q C R” open, 1 < p < oo. Assume fi, € LP(2) with supgey || frllzr) <

00. Then there ezists a subsequence fy, and some f € LP(§) such that fy, weakly converges
to f in LP(Q), i.e.

| fue == [ fo voe /().
Moreover we have
| fllry < liminf || fi |l e (o)
k—o0

Proof. Since we can extend f € LP(Q) to R” by setting f := yqf this follows easily from
the R™-theorem. The estimate follows from Lemma 12.7. ]

Exercise 12.14. Let Q C R™ open. Let (fn)nen C LY () and f € LY(Q). Show that if f,
weakly converges to f in L*(2) then

S (Fn = Do 22250
for each € CX(Q).
Exercise 12.15 (Weak-Strong Products). Assume p,q,r € (1,00) such that 1 = % + %.

Let fn,f € LP(R™), gn,g € LYR™) and assume that f,, converges weakly to f in LP(R™)
and g, converges strongly to g in LY(R™).

Show that f,g, converges weakly to fg in L"(R™).

Products of weakly convergent sequences may not converge weakly without additional
assumptions — which lead e.g. to the div-curl-lemma which details such assumptions.

12.3. Weak convergence in Sobolev space.
Proposition 12.16. Let 1 < p < co. Assume (fi)ren C WHP(R™) and f € LP(R").
Then fi. converges weakly to f in WHP(R™) if and only if

(1) fr converges weakly to f in LP(R™)
(2) Oufr converges weakly in LP to some F, € LP(R"), a =1,...,n.

In both cases f € WYP(R™) and F,, = O.f.

Proof. By Corollary 10.12 each T' € (W#(R"))" can be represented as
Tif]= [ of+ [ G-Df.
R™ Rr
where g, G € L¥' (R™).
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Thus weak convergence in W!?(R™) is equivalent to

(122) Lot=n+[ G Di—*==0 vgGerr

= Assume f; converges f weakly in WP, Choose G = 0 in (12.2) to get (1). Choose
g=0and G=(0,...,0,7,0,...,0) to get (2).

< So let us assume (1) and (2). We clearly get

n

Tlfi=f1= [ oth=0)+ [ G- (Df=F) = [ g(fi=N+Y [ GalOufi=F) =0,

a=1

However, who is to tell us that f € W?(R")?

Well let g = 0 and choose G := (0,0,...,¢,0...) (where ¢ € C>(R™) is in the a-position).
We then have

choc = lim / (;Daozflv
R” k—oo JR7
On the other hand, by the definition of weak derivative,

/ POu fro = —/ O fi
R R
So we have
| ¢0af == Jim [ duph
Rn k—oo JRn
But now, by (1) we have
lim / O [ = / o f.
na—~ R

k—o0
/

€Lp
So we have shown that

/ oF, = lim ©0a [ :/ Onof.
n k—o0 R" R™

That is d,f = F, € LP(R™) (in distributional sense), and in view of Theorem 4.46 we
conclude that f € WhP(R"). O

12.4. More involved basic properties of weak convergence.

Theorem 12.17. Let X be a Banach space. Then weak and weak™ convergent sequences
are necessarily bounded.

So Theorem 12.1 is kind of the converse of Theorem 12.17.

For the proof of Theorem 12.17 we need the

Theorem 12.18 (Banach-Steinhaus or Uniform Boundedness Principle). Let X be a Ba-
nach space andY a normed vector space. Suppose that F is a (possibly uncountable) family
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of continuous, linear operators T € L(X,Y). If F is pointwise bounded, that is if for all
x € X we have

sup || Tz|| < oo

TeF
then F is uniformly bounded in norm, i.e.

sup || T
TeF

Usually one uses the Baire category theorem to prove this statement, but one can avoid
this and give an elementary proof. We follow [Sokal, 2011].

Lemma 12.19. Let T be a bounded linear operator from the normed spaces X toY . Then
for any x € X and any r > 0 we have

sup ||Ty[| = || T']| r.
yeB(z,r)

here B(x,r) ={y € X : ||y — z|| < r} is the open r-ball.
Proof. Fix z € X and r > 0. Let z € X then z = (2 + z) + (2 — z) so

IT=2] < 5 (HT(flj + )+ T (2 = 2)[) < max{|[T(z + 2)[|, [T(x = 2)|}-

Consequently,
1 1
17l = sup |[T2]| = = sup [Tz < = sup | T(y)ll

2l< T zll<r " yeB(x,r)

Proof of Theorem 12.18. Suppose to the contrary that
sup || 7| = oo
TeF
Then there must be (7),)neny C F with [|T,,|| > 4™.
Set 29 = 0. Apply Lemma 12.19 to x¢ and r = 37!, Then there must be z; € X, with
1 — ollx <37

but
2,
[T ]| > 33 IT1]]-

Repeating this inductively we find x,, € X such that ||z, — z,_1||x < 37" and
2 —-n
ITazall 2 537" Tl

In particular z,, is a Cauchy sequence in X, since

max{n,m} max{n,m}—1

lzn —zmll < >0 lme—mealls X

k=min{n,m}+1 k=min{n,m}+1

3,k min{n,m}—oco
_—

0.
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Since X is complete there exists x such that lim,_,, x, = =, and we have

> 3 1
|, — 2| < > 37 =23 1=23"

k=n+1 2 2

Then we have
2 1 1 1 74\"
Tzl > [|Thxn| — |Tn(x — xn)|| = 237" T — =37"||T%|| = =37"(|T% ><) :
I1Toz | 2 NI Twwn]l = ITa(e — 2l 2 337" Tall = 337" Tall = 37" T0ll 2 5 ( 5
That is,
sup || Tzl x = 400,
neN
a contradiction to the assumption. O
Proof of Theorem 12.17 — weak convergence. Let (x,)nen be a weakly convergent sequence
tozr e X.
Let Jx : X — X™ be the canonical embedding, then weak convergence implies
(Jxx,)[r*] = 2*[x,] =25 2*[2] in R
Since convergent sequences in R are bounded, we find that for any z* € X*
sup |(Jxx,)[z"]| < oc.
neN

Since X* is a Banach space we can apply Banach-Steinhaus Theorem 12.18 and find that
actually

sup || JJxTp || x++ < 00,
neN
which by Theorem 11.1 implies that

sup ||z, x < 0.
neN

Exercise 12.20. Prove Theorem 12.17 for weak*-convergence.

A corollary of Theorem 12.17 is the following, which also implies that Theorem 12.1 is an
honest extension of Bolzano-Weierstrass theorem for finite dimensional sets (“bounded sets
are pre-compact”) to infinite dimensional sets (“bounded sets are weakly precompact”).

Exercise 12.21. If X is finite dimensional, then weak convergence coincides with strong
convergence.
We also obtain

Lemma 12.22 (Pointwise a.e. and weak LP-limit coincide). Let p € (1,00). Assume
fr € LP(R™) weakly converges to some f € LP(R™). Assume that moreover fy(z) — g(x)
for L™-a.e. x € R™. Then f =g € LP(R").
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Proof. g as a pointwise limit of measurable functions is measurable and from Fatou’s lemma
Corollary 3.9 applied to |fx|? we have

19/l 2o rny < lig(i;lf | fill Lo (®my-

The right-hand side is finite by Theorem 12.17, so g € LP(R"). Now we can argue similar
to the proof of Lemma 12.11 to conclude. O

12.5. Applications of weak compactness theorem - Theorem 12.1. Let us discuss
some applications of Theorem 12.1.

Theorem 12.23. Let X be reflexive, and x* € X*. Then there exists v € X, ||z| =1
such that

o*[z] = [l x-

Proof. If z* = 0 then there is nothing to show. So assume ||z*||x~ > 0. We have

x+ = sup z*[z].
llzll<1

]

So let x, € X such that
o*far] =% o]

X+
Since ||zx||x < 1, by Theorem 12.1 we can pass to a subsequence (relabel if necessary)
and have that x;, weakly converges to x € X. By weak lower semicontinuity of the norm,
Lemma 12.7, we have ||z|| < 1. On the other hand we have

o'le) = Jim 2*(m] = o |-

It remains to show that ||z||x = 1. Set A := ||z||x. Then

1 1
el = a°fa] = 2*[/N) < )

x- |2/l x = [la"] x-
——

=1

Dividing both sides by ||z*|

X*>0weﬁndthat§§1,i.e./\:1. O

Example 12.24. The unit sphere in ¢? is a typical example against Bolzano-Weierstrass.
Take

e; =(0,...,0,1,0,...) € /2,
then |le;]|;2 = 1, s0 (e;)ien is uniformly bounded. However |le; — e;]l¢, = v/2 so there is no

subsequence of (e;); that is strongly convergent.

However a subsequence e; weakly converges by Theorem 12.1. What is the limit? It is
zero. Indeed the dual space for 3(N) is £*(N) in the sense that any element T € (¢*(N))*
corresponds to some (cx)reny € 2 such that

Tlf] =) e fe Vfel
k
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Since ¢; € £2(N) we have limg_,o ¢, = 0, 50
T[ez] = C; z—)_oo) 0.

This holds for any T' € (£?)*, so e; weakly converges to zero!

In particular the usual example, Example 12.24, show that the unit sphere {z € |z| :
|z||x = 1} albeit closed and bounded, might not be weakly closed

Definition 12.25. A set A C X is called weakly closed if any weakly convergent sequence
(an) C A, a, = x € X has its limit in A4, i.e. z € A.

Since strong convergence implies weak convergence, Exercise 12.6, any weakly closed set is
also closed. The reverse does not hold (see above) but we have

Theorem 12.26. Let X be a normed space and Y C X be convex. Then Y is weakly
closed if and only if Y is closed.

Proof. Since strong convergence implies weak convergence, Exercise 12.6, any weakly closed
set is closed.

So now assume that Y is closed and convex and consider a weakly convergent sequence
yr €Y, yp — x € X. Assume x € Y. By the strict separation theorem, Theorem 10.23,
there exists x* € X* and A € R such that

i) < A<a*[z] VneN
But then lim,, o, x*[z,] # 2*[z|, contradiction. O

Exercise 12.27. Let X be a reflexive Banach space and (x,)nen C X a weak Cauchy
sequence, i.e. for all x* € X* we have (x*[xy))nen is a Cauchy sequence in R. Show that
(Tn)nen converges weakly.

Exercise 12.28 (Mazur’s theorem). Let X be a normed vector space and (x,)nen @ Se-
quence with T, — x. Show that there exists a sequence (Y,)nen 0f conver combinations

Nn Np
Yn = Z )\mkxk, with Z )\n,k =1, )‘nJﬂ S [0, 1], N, eN
k=1 k=1

such that y, converges (strongly!) to x.

Hint: Consider the convex hull

N N
C:{Z)\kxk Z)\kzl,)\kE[O,l],NEN}
k=1

k=1

Exercise 12.29. Let X and Y be Banach spaces, and (x,)neny C X with , = x € X.
Let T € L(X,Y). Show that Tx,, = Tz inY.
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12.6. Application: Direct Method of Calculus of Variations & Tonelli’s theorem.
On particularly important example is the following energy method or direct method of the
Calculus of Variations for Partial Differential Equations.

Theorem 12.30. Let f € L*(R™), X\ > 0, then there exists a unique u € W*(R") such
that
Au—du=f inR"

holds in distributional sense, where A = Y1 | 0.0, i.e.

—/RnVu~Vg0—>\/ug0:/Rnfg0

Proof. Define the energy

1 A
E(u) := 7/ | Du|? + —/ |u|? +/ fu.
2 Jrn 2 Jrn R™
For any v € WH2(R") the energy is finite F(u) < oc.

The energy is also coercive in WH2(IR™). This means any energy bounded sequence with
(ur)r € WH(R™), with supy, E(uy) < oo also satisfies supy, ||ug||w12gn) < 0o. Indeed, from
Holder’s inequality and Young’s inequality, for any € > 0,

A A
2 ./Rn Jul? + /R” Ju 25 /Rn lul> = | fll 22y lwll L2 ey
A 1
=5 Jou 148 = 2 Al <l zzcer

A 2 201,112 1 2
> /R" ’U| — & HU“Lz(Rn) - ?"fl‘L2(Rn)
A 1

=5 = A MullEaqany — 511y

Taking €2 < 2 we find

2w [ > exllulBagn — ol

Thus

E(u) > exllullfregey — CallfI1 72 @n,
ie.

llfysny < C (E() + [ £132m))
In particular whenever sup, E(ux) < 0o also supy, ||[ug||wi.2@n) < 0o. That is, E is coercive
in WhH2(R"),
Now we can apply the the direct method of Calculus of Variation to minimize E in W12 (R™).

Set
I'= inf E(u).

ueEW1:2(Rn)
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We see that I < 0 since I < E(0) = 0. We also have I > —o0, since as before with Young
and Hoelder inequality

A A 1
Sl [ fu (G =it = Sl 1,

so if €2 < % we have

A 2 Lo
Bz [ P+ [ fuz =Sl > .

That is [ is a finite number.
By the definition of the infimum there must be a sequence (uy)reny C€ W12(R™) such that

lim E(ug) = 1.

k—o00
In particular we then have sup, |E(u;)| < oo, and thus by coercivity ||ug|[w12@ny. By
Corollary 11.10 W12 is reflexive, so by Theorem 12.1 (up to passing to a subsequence) we
can assume that u; converges to some u € W'?(R") weakly in W'?(R"). By Proposi-

tion 12.16 we have that Vu, weakly converges to Vu in L?, and wu;, converges weakly to u
in L2. By lower semicontinuity of the L?>-norm, Lemma 12.7, we have

/|Vu|2§liminf/ |Vuy|?
Rn k—oo JRn

/ lul? < liminf/ |ug)?.
R k—oo JRn

By weak L?-convergence we also have in view of Example 12.8,

/ uf = lim ug f.
n R”L

k—o0

and

So we find
E(u) < h,ﬁ&};‘fE(“k) =1.
On the other hand v € W2 so
E(u) > 1.

This means E(u) = I, that is u is a minimizer of F in W?(R").

The next step is to show that u satisfies an equation, called the Euler-Lagrange equation.
This is Fermat’s theorem: if € R"™ minimizes a smooth F' then F'(z) = 0. Here F’
becomes the first variation of E — the proof is the same.

More precisely, since u is minimizer we have for any ¢ € C°(R")
E(u) < E(u+ty) VteR.

So we have

E(u+ty) — E(u)

0 < liminf
t—0 t
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Let us look at the right-hand site.

[ V@t~ [ Vup =2t [ Vu-ve
Llwte)f = [ ul=2t [ up.

/(u+tgp)f—/ uf——t/ of
Rn Rn Rn
That is, for each t # 0,

E(u—i—t(pt)—E(U) :/anu.v(p_k/wugo—F/RnSOf-

and

So we have found that
Og/ Vu-Vgo—l—/ u<p+/ of Yo e CXR"Y).
R R® R"

Switching ¢ by —¢ we obtain

o:/ Vu~Vg@+)\/R u<p+/R of Voe C2(RY.

That is u solves the equation that we wanted it to solve.

Lastly we need to show uniqueness. Assume that u,v € W2 both solve

0:/ vu.w+A/ u<p+/ of Voe C2(RY.
Rn Rn Rn
and
o:/ vu-w+A/ w+/ of Ve CX(R.
Rn Rn Rn

This equation is linear in u: we can subtract the second equation from the first and obtain
forw:=u—wv

O:/ Vw-Vap—l—)\/R we VYo e CFR").

Now plug in ¢ = w (this is ok, since we can approximate w by wy, € CX(R™), i.e. by
density).
IVw|Z + Alw]z. = 0.
Since A > 0 this implies ||w||;2 = 0 i.e. w =0 a.e., i.e. u = v a.e. This proves uniqueness.
O

Observe A > 0 was important here, the same statement may not be true for A < 0.

The direct method needs coercivity and lower semicontinuity, so it is not too difficult to
copy the above proof to obtain
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Theorem 12.31 (Tonelli). Let X be a reflexive normed vector space and f : X — R is
weakly lower semicontinuous, i.e.

flz) < liin inf f(xy) whenever xy weakly converges to x.
—00

Assume U C X is nonempty and one of the following holds

o U is weakly closed and f : U — R is coercive, that is whenever (ug) C U is a
sequence such that ||ug||x — oo then f(uy) — oo.
e U is bounded, convex and closed

Then there exist u € U such that
f(u) = min f(u).

uelU
Exercise 12.32. Prove Theorem 12.51.

12.7. Proof of Theorem 12.1. The first step is in the proof of Theorem 12.1 is to work
with the X* and weak*-convergence.

Theorem 12.33 (Banach-Alaoglu). Let X be a normed space and separable. Then any
sequence (xy)r C X* with supy, ||z} ||x < 0o has a weak*-convergent subsequence.

Observe that for linear functionals supy ||zf|[x < oo implies equicontinuity. If X was a
compact metric space we could try to argue by Arzela-Ascoli. Indeed, in the proof of
Arzela-Ascoli, compactness is used for some sort of separability — so since X is separable,
we will use the ideas of the proof of Arzela-Ascoli.

Proof of Theorem 12.33. By renormalizing (i.e. othweise considering z/K for K := sup ||z;||)
we can assume that
sup [|z i < 1.

Since X is separable, we can find a countable dense subset of X, let us denote it by
{z, :n € N}.
Then for each fixed n € N

Sgplxi[xn]l < |l

that is (2} [7,])ren C R is bounded, so there exists a converging subsequence z;, [2,])ien C
R. Taking a diagonal sequence we find a subsequence (7}, )ien sich that for each n € N the
sequence (7}, [7,])ien C R converges. We denote its limit

ot z,] = grono Ty, (7).
Let now

N
Z :=span({z,}) ={z=>_Nz; NeN,)\ €R}

j=1
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This is a linear space, and by the linearity of xj we can extend z* to a linear functional
on Z,

N N N
w0 Ajg) o= 3 Ay lim g fa] = o2 [0 Aa).
j=1 j=1

j=1

We then have

N
> Nzl

N
x*[z Ajz;] < limsup H:c,tHX

Jj=1

<1

that is * € Z* with ||2*||z« < 1. Since z* is uniformly continuous on Z and Z C X is
dense, we can extend z* uniquely to all of X and find a linear functional z* € X*.

Now let # € X and € > 0. There exists n € N such that ||z — z,||x < ¢e. Then
|2y, (2) — 2" ()] < 2e + |y, (wn) — 27 ()|

So,
limsup |z}, (v) — 2"(7)| < 2e.

1—>00
This holds for any € > 0, so we have
limsup |z}, (z) — 2" (z)| = 0.
1—»00
1—00

That is 2} () — 2*(z) for all z € X. That is 2}, weak*-converges to z*. O

Exercise 12.34. Show that without separability of X the statement of Theorem 12.33 may
fail. Consider for example e, € ((*°(N))* given by

erlx] i=x, xe€l>.
Show that there is no weak*-convergent subsequence.
The statement of Theorem 12.1, called the Theorem of Eberlein-Smulian is then a con-
sequence of Theorem 12.33, using that weak™ convergence for (X*)* is the same as weak

convergence in X. We can get rid of the separability, because we only need to work in the
closure of the space spanned by the sequence — by definition a separable space.

Proof of Theorem 12.1. Let (z,)nen be such that sup,, [|z,[x < oc.
Set

N
YV :=span{z,} ={z=> Nz; NeN)\ R}
j=1
Observe that Y is a closed subspace of X, and thus by Theorem 11.9, Y is also reflexive.
Moreover Y is separable, thus by reflexivity Y** = Y is separable, and thus by Corol-
lary 10.20, Y* is separable.
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Let Jy : Y — Y™ be the canonical embedding, then " := Jyxz € Y™ is a bounded se-
quence in (Y*)* so by Theorem 12.33 there exists a Weak* -convergent subsequence (7 )ZeN
to some z** € Y**. Since Y is reflexive, there exists exactly one x € X such that Jyx = 2**

Let z* € X™* then we have
o 2g,) = 25 2] 225 2 [2"] = 2¥[x].

That is x,, weakly converges to z. U

12.8. Weak convergence and compactness for L' and Radon measures. Theo-
rem 12.1 can not be applied to L*(R™) because L'(R") is not reflexive.

Example 12.35. Let n € C*(R"), [gnn = 1, n(0) = 1. Also assume for simplicity that
(=) = n(x).
Set
() == k™ "n(kz).

Then

17/l 2 @ny = [17ll 21y < 00,
that is (7 )ken is uniformly bounded in L'(R"). Let now ¢ € C°(R"), then we have (here
we use the symmetry of 1)

/Rn me(y) o(y)dy = i+ 0(0) 222 o(0).

That is 7, “weakly converges” to the measure dy, in the sense that
/Rn ) me(y)dy === / y)déo(y) Ve € CZ(R™).

So we do have a weak convergence, just the space LI(R”) is not “really weakly closed”.

Any f € L*(R") can be considered as a Radon measure fuL". If supy || ful| 11 gn) < 00 we
have
sup f, . L"(K) < oo Vcompact K.
k

It turns out that this is the right notion in which Theorem 12.1 indeed works.

Definition 12.36. Let pu, (ux)72; be Radon measures on R". We say that p converges
weakly to the measure p (in the sense of Radon measures), px — p if one of the following
statements is satisfied

(1) For all f € CY(R™) we have

L gdm A== [ gy

(2) lim supy,_, o, px(K) < p(K) for all compact sets K C R™ and p(U) < lim infy_ o p1(U)
for each open set U C R"
(3) limy o0 px(B) = pu(B) for each bounded Borel set B C R™ with u(0B) = 0.
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Lemma 12.37. The three conditions in Definition 12.36 are equivalent.

Proof. (1) = (2) Assume (1) holds. Fix K C R" be compact and U D K open. Then
we can find f € C°(R"), f = 0in R"\U and f = 1 in K. Indeed, we have ¢ :=
dist (K, R™\U) > 0 (exercise), so if we set

1
f(z) :== max{1 — —dist (z, K),0}
€
we see that f is as required. Then we have by (1)

u(K) < / fdp = lim / fdpy, <liminf p (U).
Rn k—oo JRn k—o0
and
lim sup px(K) < limsup/ fdp :/ fdu < p(U).
k—o0 k—o0 R" R™
The claim now follows from Theorem 1.68, because
u(U) = sup p(K) < liminf p(U),
KcU, K compact k—o0

and
p(K) = inf p(U) = limsup p(K).

KcCU, U open k—00

(2) = (3) Assume (2) holds. Let B C R™ be a bounded Borel set with p(0B) = 0. Then

(2)
u(B) =p(B\0B) < lim inf (B \ OB)
—— k—o0
open
- @ _
<limsupp( B ) < p(B) =p(B\0B) < u(B).

k—o0 ~ o
compact
Thus,
— Tim i < limi
1(B) hlg(l__gf/ik(B \0B) < hggg}fﬂk(B)
and

p(B) = lim sup pux(B) > lim sup p1,(B)

k—o0 k—o00
which readily gives

p(B) = lim 1(B)
(3) = (1) Assume (3) holds and let f € CY(R"). W.lo.g. we can assume that f > 0

everywhere (split f = f, — f_ otherwise). We can also assume that ||f||z~ < 1 (otherwise
divide by [[f]]o-).

Take a large open ball B such that supp f C B and moreover u(0B) = 0. Observe that
while not every ball B must satisfy u(0B) = 0, by Proposition 1.72 we can find such a
ball.
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. . ~ 1
Fix ¢ > 0, and pick N ~ - many ¢;,
O=ti<t; <...<tny <2

such that |t; — ;1] < € and ty > ||f|lz~ — and we may also assume u(f~'(;)) = 0,
whenever ¢ > 1. This is possible by Exercise 1.74. Since || f||z~ < 1 we then have

N - N B
D otiopu(f T tioa, ] N B) < /Rn fdp <Y tip(f 7 tioa, 6] N B)
i=1 i=1

and
N - N -

S ticvp(f o1 i) N B) < /}Rn fdpr < tip(f 7 tio1, 6] N B)
i—1 i=1

Since f is continuous, f~![t;_1,t;] is closed and thus B; := f~![t;_1,t;] N B is compact and
in particular a bounded Borel set. Also

u(0B;) < p(0B) + p({ti-1}) + n({t:}).

Subtracting both inequalities we find

N
/Rnfdu—/wfd#kS;tiﬂ(f_l[ti—la th Vi (f i1, 6] N B)
and
N - N L
/ Jdp — / fdp <Yt (7 i, ) NV B) =Y tiap(f 7 i, 1] N B)
Rn R~ i=1 i=1

Taking the limit, using condition (2), we find that

N R
timsup| [ fap— [ | <Yt~ ti) p(f it N B)

k—o00 i=1

<e> u(f '[tier, i) N B)

=1

<2eu(B)

This holds for all € > 0 so we have shown that
lim sup

| tdn— [ fau
k—o0 R™ Rm
That is, (1), is established. O

=0.

Exercise 12.38. Show that we can equivalently change (1) in Definition 12.36 into
For all f € C*(R™) we have
L g == [ g
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Theorem 12.39 (Weak compactness for measures). Let (ug)72, be a sequence of Radon
measures on R™ satisfying for any compact K C R",

sup i,(K) < 00
k

Then there ezists a subsequence (g, )ien and a Radon measure pn such that

in the sense of Radon measures, Definition 12.56.

We will skip the proof, but record a consequence.
Exercise 12.40. If f;, € L'(R™) with

Sl;p||fk||L1(Rn) <00

then there exists a subsequence (fi,)ien and two Radon measures iy and p_ such that

/ fkisoH—o%/ wdm—/ pdp—.

12.9. Yet another definition of L? and W'?. In Proposition 4.40 and Definition 4.42
we reinterpreted (and defined) the LP-space and W1P-space as metric completion, i.e. we
said for 1<p < o

f e LP(R") iff there exists fr, € C°(R") : || fellerny) < 00 and || fi — fllzr@r) k2o
and
f e WHP(R™) iff there exists fy € C°(R™)(R™) = || fullwiw@ny < 00 and || fo— f |l w o (gn) koo

(Ok, we actually did not have C'*° there, but C2° — but these two notions are equivalent
by looking at finp(ok) instead of fi).

Now for 1<p < oo we can obtain the following characterizations (observe this way one
really eliminates the need for Lebesgue integrals, in comparison to Riemann integrals)

Proposition 12.41. Let 1<p < oo and f : R" — R. Then f € LP(R") if and only if

there exists fr € C®(R™) with supy, || fi||Lrmny < 00 and fi(z) E2% f(x) for almost every

r e R".
Proof. If f € LP(R") there exist fp € C°(R") converging strongly to f, in particular
supy, || fx]|L» < 00 —and up to a subsequence fj converges a.e. to f.

For the other direction observe that if f; € C°°(R") with supy, || fx | r(rr) < 00 by reflexivity
Theorem 12.1 there exists g € LP(R™) and a subsequence fi, — ¢ in LP(R"), that is

/RnfkisoH—%/Rngso Vo € CZ(R™).

In view of Lemma 12.22 g = f since f; converges a.e. to f and p > 1. U



ANALYSIS T & 11 VERSION: April 18, 2022 190

Similarly one can define

Exercise 12.42. Let 1<p < oo and f : R" — R. Then f € WYP(R") if and only if there

exists fr € CP(R™) with supy, || fullwir@ny < 00 and fi(x) 2% (@) for almost every

z € R".

The above does not work for p = 1, the space that comes out is not Wb, but BV, cf.
Section 15

12.10. Compact operators. Recall the definition of compact operator and compact em-
bedding from Definition 8.11.

Later we will see, that if 2 is a smoothly bounded set (e.g. a ball) then W*(Q2) embeds
compactly in LP(§2), p € [1, 0o] — this is called the Rellich—Kondrachov Theorem 13.35. This
can be used for example when we use the direct method to solve PDEs as in Theorem 12.30
— but with lower order nonlinerarity, e.g. Au — Au + |ul?u = f.

Compact operators T take weakly convergent sequences (xy)y into strongly convergent
sequences (Txy)gen-

Exercise 12.43. Let (X, || - ||) and (Y,| -||) and T € L(X,Y) a linear bounded operator
which moreover is compact.

Assume that (zx)ren are weakly convergent in X. Show that (Txy)gen s strongly conver-
gent.

Hint: Show that (Txy)gen is weakly convergent by establishing that y*[T-] € X* fory* € Y*.
Then use that weak and strong limit coincide.

13. SOBOLEV SPACES

A remark on literature: A standard reference for Sobolev spaces is [Adams and Fournier, 2003].
Very readable is also [Evans and Gariepy, 2015]. The introduction here takes a lot from
the introduction to Sobolev spaces in [Evans, 2010]. A classical reference Sobolev spaces

in PDEs is [Gilbarg and Trudinger, 2001]. Also [Ziemer, 1989]. For very delicate problems
one might also consult [Maz’ya, 2011].

We now define the notion of Sobolev space on Q@ C R" (where we always will think of
as an open set). For = R™ and p € [1,00) we know this is the same as our old definition
by approximation, cf. Theorem 4.46. Observe in the next definition p = oo is included.

Definition 13.1. (1) Let 1 < p < o0, k € N and 2 C R” open, nonempty. The
Sobolev space WEP(Q) is the set of functions

u e LP(Q)



ANALYSIS T & 11 VERSION: April 18, 2022 191

such that for any multiinidex ~, |y| < k we find a function (the distributional
~v-derivative or weak y-derivative) “07u € LP(2) such that

Yin — (_ [~ “ay,,” 00
/Quacp (—1) /Q()ugo Vo € C°(92).

Such u are also sometimes called Sobolev-functions.
(2) For simplicity we write W = [P,
(3) The norm of the Sobolev space W*P(Q2) is given as

||U||ka(sz) = Z ||87UI|LP(]R7Z)

1<k

or equivalently (exercise!)

1
P
[ullwer (@) = (Z 107 UHLP(R") :

1<k

(4) We define another Sobolev space H*?() as follows

HE(Q) = () e,

that is the (metric) closure or completion of the space (C*°(Q), || - [lwr.r()). In yet
other words, H"P(Q) consists of such functions u € LP(2) such that there exist
approximations wu;, € C*(2) with

k—o00
Huk — uHWk,p(Q) — 0.
We will later see that H*? is the same as W*P locally, or for nice enough domains;
and use the notation H or W interchangeably. For k£ = 0 this fact follows from
Lemma 4.38 for any open set (2.
(5) Now we introduce the Sobolev space HE(Q)

H(];j’p<Q) COO(Q)” Hwk p(g)

We will later see that this space consists of all maps u € H®P(Q) that satisfy
u, Vu,... V¥ = 0 on 99Q in a suitable sense (the trace sense, for a precise
formulation see Theorem 13.31). — Again, later we see that H = W and thus,
WyP(Q) = HYP(Q) for nice sets €.
Observe that in view of Lemma 4.38, LP(Q) = WoP(Q) = Wy (Q).
(6) The local space W/P(Q) is similarly defined as L (€). A map belongs to u €
WEP(Q) if for any Q' CC Q we have u € WP (£Y).

loc

Remark 13.2. Some people write H*?(Q) instead of W*P(Q). Other people use H*(Q)
for H*? — notation is inconsistent...

Some people claim that W stand for Weyl, and H for Hardy or Hilbert.


https://en.wikipedia.org/wiki/Hermann_Weyl
https://en.wikipedia.org/wiki/G._H._Hardy
https://en.wikipedia.org/wiki/David_Hilbert
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Exercise 13.3. For s > 0 let

flx) = |z
Observe that f is only defined for x # 0, but since measurable functions need only be defined
outside of a null-set this is still a reasonable function.

We have already seen, Exercise 3.50,that f € L}, (R") for any 1 <p < 2.

loc

(1) Compute for x # 0 that
(13.1) Oif(x) = —s|o|* 22"
and show 0;f € L} (R™\ {0}) for any 1 <q < 2

loc s+1°
(2) Show that (13.1) holds in the distributional sense, i.e. that if n > 2 and 0 < s <

n — 1 then for any ¢ € C°(R"),
/ f(z) Oip(x) dx :/ slx| 520t p(x) da.
R Rn
(3) conclude that f € WE4(R™) for any 1 < q < -
Exercise 13.4. Let

F(w) =logla].
Show that f € LY, (R") for any 1 < p < oo, and f € W,oP(R™) for all p € [1,n), if n > 2.

loc oc
Exercise 13.5. Let

2
f(z) :=loglog Tl in B(0,1)
T
Show that for n > 2, f € W' (B(0,1)).

Moreover, for n = 2, in distributional sense
Af=I|DfI?
Observe that this serves as an example for solutions to nice differential equations that are

not continuous!

Exercise 13.6. Show that f(z) := 2 belongs to WP (B™ R™) whenever p < n.

Proposition 13.7 (Basic properties of weak derivatives). Let u,v € W*P(Q) and |y| < k.
Then

(1) Ou € Wr=hlr(Q).
(2) Moreover 9°0°u = 9°0%u = 9°*Pu if || + |B| < k.
(3) For each \,pu € R we have Mu + pv € WHP(Q) and
0% (Au + pv) = X0%u + po*v
(4) If O C Q is open then u € WEP(Q)
(5) For anyn € C=(Q), nu € W*? and (if k > 1), and we have the Leibniz formula

(aka product rule)
0;(nu) = 9in u + nou.



Proof.
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(1) We show that d;u € W =1P(Q), only. The general statement then follows
accordingly. By definition of the distributional derivative we have that d;u € LP(€).
For any |B| <k —1 and ¢ € C°(2) we have

1 By = B, — _(_1)IBI+1 .58 — (—1)!8l b
/Q@uﬁgo /Qu&é?gp (—1) /Qaﬁ up = (—1) /9828 U Q.

The first inequality comes from the fact that 9°p € C>°(£2) and from the definition
of the weak derivative 0;. The second equation comes from the definition of the
weak derivative of 9,0° for W*P-functions.

(2) We show 0,0;u = 0;0;u, again the general case follows. And as above this is proven

by deducing respective properties from the properties in the space of test-funtions:
For ¢ € C2°(2) we have 0,0;¢ = 0;0;¢, and thus

/Q(?iﬁjugpz/Qu&ajgo:/ﬂu@@igo:/gaj@ucp.

(3) Follows from the linearity of the definition of weak derivative and the equivalent

statements for smooth functions ¢ € C2°(12)

(4) If Q" C Q then any p € C () belongs also to C2°(2). That is any property true

for test functions ¢ € C'2°(€2) holds also for testfunctions in p € C(€Y).

(5) For ¢ € C°(92) we have by the usual Leibniz rule

/meai@:/ﬂuﬁi(mﬂ)—/guaiUSO
Z—/Q@'uw—/ﬂuamso

= —/Q(@unJruam) )

The second equation is the definition of weak derivative d;u (since np € C(Q) is
a permissible testfunction).
That is we have shown for all ¢ € C°(Q),

Anuﬁiso:/ﬂu@(n@—/guam .

This means that in distributional sense 0;(nu) = 0;n u + ndyu. Now observe that
nu € LP(Q) and 9;n u + ndiu € LP(Q), so nu € WHP(Q).

g

Proposition 13.8. (W5P(Q), || - [[wra@), (H*P(Q), |- llwes@), (HoP(Q), |- lwes(e)) are
all Banach spaces.

For p =2 they are Hilbert spaces, with inner product

(u,v) = > /muam

Iv|<k



ANALYSIS T & 11 VERSION: April 18, 2022 194

Proof. || - [lwss(a is a norm. By definition (H*#(Q), | - [lwer(@)), (Hy”(Q), || - [lwrs(e)) are
complete and thus Banach spaces.

As for the completeness of W*P(Q), it essentially follows from the completeness of LP(£2).
Let (u;)ien C W*P(Q) be a Cauchy sequence of W*P-functions, i.e.

Ve>0dN =N(e) €N st. Vi,j > N:  |u; — ujllwrr) <e.
We have to show that u; converges to some u € W*P(Q) in the W*?(Q)-norm.

Observe that by the definition of the W*?-norm, if u; is a Cauchy sequence for W*?, then
for any |v| < k, (0"u;);en are Cauchy sequences of LP(S2).

Since LP(£2) is a Banach space, i.e. complete, each 97u; converges in LP(Q2) to some object
which we call 07,

187u; — O ul| Loy =20 V|y| < k.
Observe that as of now we do not know that 07u is actually the weak derivative of u! But

we can check this is the case.

Since 0"u; is the weak derivative of u;, we have
/ Nu;p = (—1)‘7‘/ w0V Vo e C(Q).
Q Q
But on both sides we have strong convergence in LP(€2). For any (fixed) ¢ € C°(Q),

/87ug0<— / ;o = Ivl/ w; O imoo, 1)\7\/91“97%0

and thus for any ¢ € C°(Q),

/Q(‘?"’ugpz (—1)‘7‘/01187@.

That is, @ is indeed the weak derivative of u, thus u € W*P(Q) and by the definition of
the W*P-norm

1—00

[u; — ullwer@) — 0.
Il

13.1. Approximation by smooth functions. We mentioned above the H = W prob-
lem, i.e. we would like to approximate Sobolev functions by smooth functions. Why?
Because then we don’t have to deal that many times with the weak definition of deriva-
tives, but show desired results for smooth functions, then pass to the limit and hopefully
obtain the result for Sobolev maps. Observe that since W*?(Q) is a Banach space, and
C>=(Q) Cc Wk»(Q) (exercise!) we clearly have H*?(Q) c W*»(Q). for the other direction
we now obtain the first result:
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Proposition 13.9 (Local approximation by smooth functions). Let u € WkP(Q), 1 < p <
oo. Set

us(z) == ne xu(r) = /Rn n:-(y — =) u(y) dy.
Here n.(z) = e "n(z/¢e) for the usual bump function n € C*(B(0,1),10,1]), fB(o,l) n=1.
Then
(1) u. € C*(Q_.), where as before
Q. :={zreQ:dist(z,00) >}

for each € > 0 such that Q_. # 0.
(2) Moreoever for any Q) CC €,

[t — ul| oy =% 0.

Proof. (1) As in Theorem 4.25 we have u. € C*°(2_.) — we do not need that u is a
Sobolev function, but merely that u € LP(£).
(2) Next we claim that u.(z) = (u).(z) for x € Q_. Indeed, for x € Q_,

MNue(x /67 Ne(z — 2))u(z)dz = (— M/@7 (x — 2))u(z) dz.

Now we observe that n.(x — ) € C*(Q) if x € Q_.: observing size of the support
of 1, suppn. C B(0,¢).
Thus by the definition of weak derivative,

DN [ 01 (e = 2) (=) dz = [ n(e = 2)0Tu(z) dz = (07u). (@),
Q Q
Now, for any ' CC Q and e < dist (€, 99Q), for any 1 < p < oo™
1(07w)z = 07| Loy <= 0.

This holds for any 7 such that 07u € L?, i.e. for all |y| < k. We conclude that

[t — ul| ey =2 0.

|

Even though Proposition 13.9 is only about local approximation, it is very useful to prove
properties of Sobolev function.

Lemma 13.10. For 1 < p < oo™, if v € W'P(Q) and f € C*R,R) with [flLp®r) =
| || oo ny < 00 then f(v) € WP(Q), and we have in distributional sense

(13.2) Da(f(v)) = f'(v) Ov.

30but not for p = oo!

3lwe can later conclude, using Theorem 13.24, that this also holds for p = oo, since then Sobolev maps
are simply Lipschitz maps
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Proof. Let v, be the (local) approximation of v in W,2”(Q) from Proposition 13.9.

First we observe that (13.2) is true if v was a differentiable function, in particular,

0a(f(v.)) = f'(v.) Dve in Q..

Now let ¢ € C°(Q2), and take gy so small such that €’ :=suppp C Q_. for all € € (0, ).
Then we have for all € < &g,

(13.3) | £ e == | f0) 00

Now we observe that f(v.) =% f(v) with respect to the LP(Q)-norm. Indeed, observe

that Q' CcC €, so by Proposition 13.9,

e—0

£ (ve) = F)llzrry < N ey lve = vllzory —= 0.

That is, the left-hand side of (13.3) converges (recall supp d,p C supp p = ')
|10 0up= [ F0) dap =lim | f(0) 0o = litg | £(0) D

As for the right-hand side of (13.3) we have that d,v. =29 yin LP(€Y), and 1 (ve) =20 11(v)
almost everywhere in Q (up to taking a subsequence ¢ — 0)*2. By dominated convergence,
Theorem 3.26, this implies

/Qf/(US) aavswﬂ/ﬂfl(v) Tav P

Then from (13.3) we get the claim, observing that f'(v)d,v € LP(Q2), since f' € L*. O

Remark 13.11. Actually, a stronger statement is true: if u € W' (Q) and f: R — R
is Lipschitz continuous, f € C%! then fowu € W'P(Q). Again, formally this is looks easy
since V(f ou) = Df(u) Vu— since f is almost everywhere differentiable.

We first just sketch the proof of a special case:
Lemma 13.12. Let u € WHH(Q), then |u| € WH(Q).
Moreover we have Du = 0 almost everywhere in {u(z) = 0}*3.

Also we have

Dlu| = ‘U|Du.
u

32these are results from measure theory: since f’ is continuous, and since L'-convergence implies almost
everywhere convergence up to subsequence, Theorem 3.51

33Check this for smooth functions: Either {u(x) = 0} is a zeroset. On the other hand, on the “substan-
tial” parts of {u(x) = 0} we should think of u as constant
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Proof. We only sketch the proof.

The difficulty lies in the fact that | - | is merely Lipschitz continuous, so we mollify it:
feo(t) = \/(t + 0e)2 4 €2 — \/(95)2 1 ez,

fep is a smooth function.

One approximates |u| by u. := f.o(u) for some 6§ € R

Since f; ¢ is smooth we have in distributional sense, by Lemma 13.10,

1 in {u >0}

D . u+ el D e—0 D 0 . —0
tem e T P a0}
—1 in {u <0}

Now u. — |u| in L'(2), and Du. converges also in L'(Q). Using test functions and the
convergence as € — 0 we get that

1 in {u> 1}
LY(Q) > DJu| = Du - \/%ﬁ in {u =0}
—1 in {u <1}

But weak derivatives are unique as L!-functions. The nonunique looks independent in 6.
This means either Du = 0 almost everywhere in {u = 0} or {u = 0} is a zeroset (which
still means that Du = 0 almost everywhere in {u = 0}). O

Exercise 13.13. Show that Lemma 13.12 does not hold in the other direction, i.e. there
exist functions u € L*(R) such that |u| € WHH(R) but u ¢ WHH(R).

Hint: Example 4.47, see also Fxercise 13.19

In general, crazy sets, it might be difficult to extend Proposition 13.9 to the boundary
(think of an open set whose boundary is the Koch-curve, or an open set whose boundary
has positive £L"-measure!). To rule this out we make the following definition of C*-boundary
data

Definition 13.14 (Regularity of boundary of sets). Let 2 C R™ be an open set. We say
that 9Q € C* (more generally in C*%) if 90 C R™ is a C* (or C*, respectively) manifold,
that is if

for any x € 99 there exists a radius 7 > 0 and a C*-diffeomorphism ® : B(x,r) — B(0,7)
(i.e. the map ® is a bijection between B(z,r) and B(0,r) and ® and ®~! are both of class
C*) such that

o d
o &(QN B(z,r)) = B(0,r)NRY
e O(B(z,r)\Q) = B(0,r)NR".


https://en.wikipedia.org/wiki/Koch_snowflake
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Theorem 13.15 (Smooth approximation for Sobolev functions). Let 2 C R™ be open and
bounded, and 0Q € C*. For any u € W*P(Q) there exist a smooth approzimating sequence

u; € C°(Q) such that
1—00

||U,Z — UHWkp(Q) — 0.

Proof. First we consider the situation close to the boundary.

Let To € €.

Observe first the following: If z € B(0,r)" and |z — z| < ¢ (for € < r) then = + ce,, C
B(z,2r)". Since 99 belongs to C' one can show that the same holds (on sufficiently small
balls B(xg,r)) as well: For some A = A(xg), a unit vector v = v(xg), if z € B(z,¢) and
x € QN B(xg,r) then

z+ dev € Q.

One should think of v the inwards facing unit normal at xy (which can be computed from
the derivatives of ® and is continuous around ).

That is for z € Q' := B(xg,7/2) N2 we may set
us(x) == / Ne(z — x)u(z + Ave)dz = / Ne(z — Ave — x) u(z)dz.
Rn Rn
Clearly, u. is still smooth, but now in all of of §. Moreover observe that if we set
ve(z) = u(z + Ave).

we have

||'U6 — UHWk,p(Q/) ﬂ 0

since v, is merely a translation. Moreover, u. = 7. * v., and thus as before

e — ve|lwra) =2 0.

We conclude that u, — u in W*2(Q).

Now we cover all of 02 by (finitely many, by compactness) balls B(z;,r;) and choose the
approximation wu.; on €; := B(x;, ;) N as above. In Qy := Q\ U B(z;,r;) CC Q we can
find another approximation . o.

Now we pick a smooth decomposition of unity 7; with support in €2; N 92 such that
Zm =1 in .
ieN
Setting
Uy 1= Znium € C™(Q).

We then use the Leibniz rule to conclude that

e — ul| o) = 0.
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Theorem 13.15 can be improved to Lipschitz domains, cf. Exercise 13.29, but not necessar-

ily to more irregular sets, Exercise 13.29. Observe that still C*°(2) (not C*°(2)) is always
dense in W*P(Q):

Theorem 13.16. Let Q be open. Then C°°(Q) (not necessarily C*(Q)) is dense in
WkP(Q). By this we mean that, for any f € WFP(Q) and any ¢ > 0 there exists
fo € C=(Q) N WkP(Q) such that

1fe = fllwra) <e.

Proof. We are not given the full proof here (for this see, e.g., [Adams and Fournier, 2003,
Theorem 3.17]) but only the idea:

We know that any open set can be written as countable union of closed dyadic cubes,
i=1

where the cubes’ interior is pairwise disjoint. We can refine these cubes into what is called
Whitney cubes or Whitney decomposition of €2, [Grafakos, 2014a, Appendix J.1]: far away
from the boundary we take large cube, towards the boundary we take smaller cubes. This
way we can ensure the folllowing property:

e for any cube we have
V/nsidelength(Q;) < dist (Q;, R™ \ Q).
e whenever two cubes ); and @, touch (i.e. their boundary) then
1 < sidelength(Q),)

4 ~ sidelength(Qy) —
e Fach Q; touches at most 12" — 4" other cubes Q)

In particular, if we denote by Q7 C Q7" are cubes with the same center as ); but slightly in-
creased sidelength (e.g. sidelength(Q) = {esidelength(Q;) and sidelength(Q**) = Ssidelength(Q;))
then each @}, Q7" is still contained in 2. Moreover any (] it intersects with at most 12" —4"
other cubes (), and likewise any Q7" it intersects with at most 12" — 4™ other cubes Q}*

Now we can find a decomposition of unity 7; € C’é’o(Q;‘) such that n; = 1 in @;, and for
any = € (),
1= n;(z) and the sum is finite.
J
Let now f € W*P(Q) and fix € > 0.

Then n; f € WFP(Q), with suppn; f C Q; CC . As in Proposition 13.9 we can then find
g; € C(Q57) such that

lg; — fHka(Q) = |lg; — fHka(Q;) < 277e.
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Now let

fo(a) = Y ga)

Observe that since each g; is supported in (7" (which only intersects with at most 12" —4"
many other ;) this sum is locally finite — and thus f. € C*(§2) (but not necessarily

fe € C()!). Then
1.~ Pl < 3y — Fliviay) < 327 —e.
j J

and similar for all derivatives. O

Observe that Theorem 13.16 can be used to show completeness of W*P(Q) for any open
set , since we can write W*?(£2) as the closure of smooth maps.

Exercise 13.17. Let 2, Q2 C R™ be open sets, and let ¢ : Q' — Q be a C*°-diffeomorphism.
Let f: Q2 — R be measurable. Show that for all k = {0,1,...,} and all p € [1, ]

feEWrP(Q) o fodc WHP(QY).

On R™ approximation is much easier, indeed we can approximate with respect to the W*r-
norm any u € W*P(R") by functions u, € C°(R"). That is, W*?(R") = Wg*(R"). We
could describe this as “u € W"P(R™) implies that u and k — 1-derivatives of u all vanish
at infinity”.

Proposition 13.18. (1) Let u € WHP(Q), p € [1,00). If suppu CC Q then there
exists u, € C°(Q) such that

k—o0

Hu — ukHWkp(Q) — 0.

(2) Let u € W*P(R™), p € [1,00). Then there exists u, € C°(R"™) such that

k

(3) Let u € WHP(R) = R™! x (0,00)). Then there exists u € C*(R"™ x [0,00) (i.e.,
u may not be zero on (x',0) for small x') such that

k
lu = wgl|wrs@ny = 0.

Proof. (1) follows from the proof of Proposition 13.9: Observe that suppu CC 2 implies
that 7. x u € C(Q) if ¢ is only small enough.
(3) is an exercise, a combination of the proof of (2) and Theorem 13.15.

So let us discuss (2). Let n € C°(B(0,1)) again be the typical mollifier bump function,
ne(z) = e "n(z/e). We have already seen that

ne xu € C(R").
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But there is no reason that 7. * u € C°(R"). Set (without rescaling by R™)
wr(r) == n(z/R) € CZ(B(0, R)).
Then we set

Ue,R = Te * ((PR u)
Now before u. p € C*(B(0, R +¢)) C C*(R").

Moreover we have for any ¢ =0, ...,k

IV — wor)ll o =1V (1 = r)ullLon)

¢
<C0) Y IV = o)Vl o@n

=0
l
<C0) (1 = pr) VUl r@ny + C(0) DIV = 0r)[loo |V ull Lo@n
=0
e .
<Cn) (1 = or) V| Lr@mso,R)) + C(6n) D R ullyrsn

=0
R—o0 0

by Lebesgue dominated convergence theorem.

On the other hand, as already seen, for R > 0 fixed,

0
7 * (pr w) — @ruflwro@n 0.

Now we show that for any ¢ > 0 there exists ¢y, [?y such that for u, := u,, r, we have

1 oo
(13.4) e = ullwesgen < 5 2,

that is C2°(R") 3 up — u in WHP(R™).

First, by the arguments above we can choose Ry, large enough such that

1
||u — USOR[HWk,p(Rn) S 276

Next, we can choose €, small enough such that

1
172, * (wpr,) — uPR, Ik gny < 20

Thus, by triangular inequality,

1 1
lue = ullwingeny < llue = wpr s+ lupn, = ulwrsge < 25, = -

=||neo*(upr, ) —uer, || Wk ™)

This proves (13.4), and thus (2) is established. O
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(@) :={1 nel

Exercise 13.19. Let

0 z1<0
Use a mollification argument to show that f does not belong to VV;?(R")

See also Example 4.47 for another argument.

Exercise 13.20 (Censored Mollification). Take three radii 0 < r < p < R and assume
u € W (B(0,R)), p € [1,00), £ € NU{0}. Show that there is an approzimation uy €
W (B(0, R)) with

k
g — UHWZvP(B(O,R) —0

that satisfies the following conditions for all k € N

e u, =u in B(0,R)\ B(0, p)
o u, € C(B(0,7))

Hint: Use the same approximation as in Fxercise 4.39

Let Q,;, € be three open, connected, and bounded sets in R"™ such that Q = Q; U,
and Q; N Qy = 0. Let u € LP(Q) such that u| € W'?(Qy) and u| € W'P?(Qy). Then

Ql Q2
there is — in general — no reason that u € W'?(Q). Indeed, take v = 1 in ; and u = 0

in Oy, which in general will not belong to W?(Q) because of the jump. It is a nice fact
(used in numerics) that the jump is indeed all that can go wrong, in the following sense.

Lemma 13.21. Let 2,4,y be open, connected, and bounded sets as above, all with
Lipschitz boundary. Assume u € LP(Q) such that u| € WHP(Qy) and u| € W'P(Qy).

1 1

If u is moreover continuous in 2, then u € W'?(Q).

Proof. We only prove this in the situation where Q@ = R", Q; = R"! x (0,00), 2y =
R™! x (—00,0). Observe that we can set

Du(x) := {

Since 02, 0y are zerosets, this means that Du € LP(Q2). However this does not mean
that Du(z) is actually the (distributional!) derivative of u. This we still have to show (and
this is where continuity of u plays a role).

Du(z) x €
Du(z) x€Qy

Formally the argument goes as follows: Let v = (0,0,...,0,1). Integration by parts,

e ey
/]R”u P Jpn R"—lx{o}u< V) R"—lx{O}U(V e

= —u)(1*)p = 0.
[ = 0000
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What have we used? We have used that

/ u@agp—/ 6aug0:/ u(Fr)e.
R7 R R

This can be proven (by approximation) since u is indeed continuous at the boundary R™"~1 x
{0} = OR? = OR" (more precisely we need that u is really defined at the boundary. [

13.2. Difference Quotients. In PDE one likes to use the method of differentiating the
equation (e.g. that if Au = 0 then also for v := d;u we have Av = 0 — so we can easier
estimates for d;u). In the Sobolev space category this is also a useful technique. Some-
times, the “first assume that everything is smooth, then use mollification”-type argument
is difficult to put into practice. In this case, a technique developed by Nirenberg, is dis-
cretely differentiating the equation (which does not require the function to be a priori
differentiable):
u(z + he;) — u(x)

Au=0=v(z) = (Aju)(x) := h o Av=0

For this to work, we need some good estimates. Recall that (by the fundamental theorem
of calculus), for C''-functions u,

1Al e < (O] -

This also holds in LP for WP-functions u, which is a result attributed to Nirenberg, see
Proposition 13.23.

One important ingredient is that the fundamental theorem of calculus holds for Sobolev
functions:

Lemma 13.22. Let u € W2 (Q). Fiz v € R". Then for almost every x € Q such that the
path [x,x 4+ v] C Q we have

u(x +v) —u(x) = /01 Opu(x + tv)v™ dt.

Proof. Let € C Q. In view of Proposition 13.9 we can approximate u by u, € C°°(Q)
such that

U — Ul|lwr1(q ]H—OO>0
(€)

The claim holds for the smooth functions uy, namely we have that whenever [z, x+v] C @,

(13.5) ug(x +v) —uk(x) = /01 Oqug(x + tv)v™ dt.

Now we have
k—o0

Jur(- +v) = up(-) = (u(- +v) = u()) |o @) — 0,
in particular (up to taking a subsequence),

wp(x +0) — up () 222 w(z+v) —u(x) for almost every x € € such that [z, z + v] C .


https://en.wikipedia.org/wiki/Louis_Nirenberg
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Also the right-hand side converges. Observing that3

</Q (v dt)p>; <([ f,re0r dt);

1 1
[ / Dty (- + to)v® dt — / - + t0)0 dt]| o)

we have

< ([ 1llDus = Dully oy de)” = |1Dus = Dullzsgy 2250,

So again, up to possibly a subsubsquence,

k—o0

1
/8uk (x + tv)v” dt%/ Oqu(z + tv)v™ dt
0

for all x such that [z,z + v] C €.
Taking the limit in (13.5) we conclude. O

Proposition 13.23. (1) Let k € N, (i.e. k#0), and 1<p < oo. Assume that Q' CC
Q are two open (nonempty) sets, and let 0 < |h| < dist (2, 09). For u € W*r(Q)
we have

HAZZUHW’“*LP(Q') < ||aeu||wkfl,p(g).

Moreover we have
A u — 5gu k—1,p () —>h 0 0.
h W ()

(2) Letu € WELP(Q), 1 < p < co. Assume that for any Q) CC Qand anyl=1,...,n
there exists a constant C'(§)) such that

sup | A ullwr-1e@ny < C(,0)
|| <dist (€,00)

Then we u € WP(Q), and for any Q' C Q we have

(13.6) |Oeut|| w100y < sup | AL wl[we-1.0 (00
|h|<dist (©,00)

If p = oo we even have u € WH™(Q) with the estimate

(13.7) | Optt|| wrr—r.00() < sup sup | AR ][ yk—1.00 ().
' CCQ |h|<dist (,00)

34This can be seen by Jensens inequalty: For any p € [1, 00),

i 1nr <A 1,

this can also be shown by Hoélder’s inequality. Then Fubini gets to the claim.
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Proof of Proposition 13.23(1). The proof of (1) is essentially the same as for differentiable
function, we use the fundamental theorem of calculus.

By the fundamental theorem of calculus, Lemma 13.22,
1 /1 d 1 1 1
Alty(z) = - / L (u(x + they)) dt = —h / dpu(x + they) dt = / pu(x + they) dt,
hJo dt hJo 0
Similarly, for any |y| <k—-1,4=1,...,n

1
A% u(z)| < / 1007 u(x + they)|.
0

Taking the LP-norm, observing that?®

1

(/Q ([ 170 dt)p>p ([ [ 1oy dt);

a5 sy < ([ 1007+ thed)llery dt)
Now observe that by substitution and |h| < dist (£, 09),
10607 u(- + they) || Loy = 1060 u() | Lo(+her) < 10007 u()] Lr()
Consequently, for any |h| < dist (©, 092).

we have

850l < ([ Tullynsiay @) = Nl

This shows the first part of (1). For the second part we observe that by the same funda-
mental theorem argument as above,

1
IASD () — 00 u(x)| = / 1000 u(z + they) — 8,9 u()|dt.
0

As above we obtain

1AZ " — 860 ul|| Loy < ( /0 10:07u(- + thes) — 8g87u|\€p(9/)dt> ’
We can conclude by Lebesgue dominated convergence theorem once we show that for all
€ (0,1),
10:07u(- + they) — 00" ul| ey 2= 0.
To obtain this last fact, fix € > 0, let I'. be a smooth approximation of 9,07u with
106070 — T'e|| oy < e,

35This can be seen by Jensens inequalty: For any p € [1, 00),

i <f s

this can also be shown by Hoélder’s inequality. Then Fubini gets to the claim.
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where 2" CC Q is a slighly larger set than €’ (and we can assume that h is small so that
Q' + the, C Q. Then
h—0

H@g@”’d( -+ th€g> — 83071;””(9/) S 2e + HFE( + theg) — FEHLP(QI) — 2¢.

Letting ¢ — 0 we conclude. U

Proof of Proposition 13.23(2). First let us assume that p < co.

Assume that for all £ € {1,...,n} we have

sup | AL ullwe-1p (0 < 00.
|| <dist (©,09)

ASu T2 f, weakly in LP(QY).
Since we are optimists, we call 9,07u = f;, € LP()'). We still need to show that 0,0"u
is actually the distributional derivative of u! Also, for simplicity of notation we drop the

i in h; and write h — 0 (meaning always this subsequence). Weak convergence means in
particular, that for any ¢ € C(Q)) C LP(£Y),

(13.8) /Q A 1Y /Q 0

Since supp ¢ CC Q' for |h| small enough we have that A%, ¢ € C°(£2'). Now we perform
a discrete integration by parts, namely by substitution,

. AOu o = — /Q, O A%, o
Now since A%, o € C=()) is a testfunction and u € W*=1r,

Afoug == [ o A% = (1) = [ A% B2 (- [ w0,
Q Q Q

/

in the last step we used dominated convergence and the smoothness of .

But then in (13.8) we obtain

(_1)|’Y|+1 // w00 = /Q/ 00U

This holds for any ¢ € {1,...,n} and so we have shown that d,0"u is indeed the weak
derivative of v which belongs to LP, and thus u € W*?(Q)'). Since this holds for any

Q' c Q we conclude that u € W/P(Q). The estimate (13.6) follows from the estimate of
Theorem 12.13.

As for the case p = 0o, we observe first that for ' CC 2 the estimate
(13.9) sup | A ullyr-1.00 0y < C(, )

|h|<dist (©/,00)
implies (by Holders inequality) also

sup AN ullwr-12¢0ny < C(E, )
|| <dist (€,00)
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Thus (13.9) implies u € W;>?(€) and in view of Proposition 13.23(1) we have that Af‘u —
dpu in WET2(Q).

loc

In particular, we already have the existence of the distributional derivative dyu € W', *(Q).

Set

A= sup sup | AR wlyr—1.00 (0.
' CCQ |h|<dist (€2,00)

For simplicity of notation in the following we shall assume k& = 1.

We now claim that the above observations, together with (13.7), for any ¢ € C°(Q),

(13.10) /Q@euso < Allelloie)

Indeed, since for ¢ € C'°(Q) let supp p C ' CC €, then we have

/ Opu p = ‘}Ll‘mo Ah u o < Al
gA

which is exactly (13.10).
Let z € Q be a Lebesgue point of d,u in €, i.e.

Opu(x) = 71”13% o) Opu.

Observe that almost all points in € are Lebesgue points (since dyu € L3, .(Q)).

Set
O ={z€Q:dist(z,00) < ;dist (xz,0Q)} cC Q.

Then for all r < 1dist (z,0) we can set ¢ := |B(z,7)| " X, € L*(Q2) which can be
approximated by smooth C'°(£)') functions ¢; — ¢ in L?(£2). Since ' CC Q2 we also have
@i — ¢ in L*(Q) (observe ||¢||11(q) = 1 by construction of ¢). Then

][ Opu = lim Opup;,
B(z,r) 1—00 J B(z,r)
which leads to
£ Gl < Alim Jleill e < Allelloe) = A,
B(z,r) 1—00

Since x was chosen to be a Lebesgue point of dyu, and since the last estimate holds for any
r > 0, we find

Opu(x :lim][ ou] < A.

o) =t |f o <

This again holds for any Lebesgue point z € (), and since almost all points in 2 are
Lebesgue points,

Oiu(z)| <A ae z€Q,
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which implies
|Ocul| Lo () = ess Sup |Opu| < A,

which was the claim. U
Theorem 13.24 (CF 11 ~ WWhe), (1) Let Q C R™ be open and nonempty, k € N then
Ck_l’l(ﬁ) C Wk’oo(Q),

and the distributional derivative D*u belongs to L and we have
ID"ul () < O [D* i
(2) Let Q CC R™ connected, 9 € C™'. Then for k € N
Wk’OO(Q> C Ck—l,l(ﬁ)’

and

[D*ulip ) < C(k, Q) || D" (-
The above holds in the following sense: recall that functions in LP (and thus in
particular in W+ are classes (namely: two functions f,g € LP(Q)) are the same
if they coincide almost everywhere). So what we mean above is: For every f €
WHe(Q) there exists a representative g € C*~11(Q) that coinides with f a.e.

Proof of Theorem 13.24. We restrict our attention to k£ = 1 and leave the other cases as
exercise.
For (1): Let u € C% (). Since u is Lipschitz,

sup sup  [[AR Ul ey < [uluip @)
Q'CCQ |h|<dist (,00)

From Proposition 13.23(2) we then obtain « € W1*(Q) with the claimed estimate.
For (2):

First we assume that Q = B(0,1) is a ball, u € W'>(B(0,1)). We argue by mollification
(what else can we do): Let u. be the usual mollification u. = 7. * v which, as we already

know, converges in W,52(B(0,1)) to u. Moreover (also as seen before), for any 6 € (0,1),
x € B(0,0), if ¢ < 0 then

duuc(w) = [ Opuly) .y — ) dy,
and thus whenever z € B(0,9), if ¢ < ¢

|Ouc ()| < N|0eu(y)l L= oy 17l 1 0.1y = 19eu(y) | L= (B0.1))-
In particular, by the fundamental theorem of calculus (recall: w. is differentiable), whenever
<9
[ue]Lip,B(O,lfé) < ||DU||L°°(B(0,1))'
Observe there is no constant on the right-hand side. Since moreover ||ue||ze(ps0) <
||| o (B(0,1) We have that u. is equicontinuous and bounded, and thus by Arzela-Ascoli
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(up to a subsequence e — 0) we have u. — w in C°(B(0,4)) (Here is where we find the
“continuous representative of u”, the limit of u. coinicides a.e. with ). In particular, u is
continuous in B(0,1 — 4). Also observe that for any z # y € B(0,1 — §), for any € < 4,

|u(@)—u(y)] < 2llu—uell Lo s01-5)+ue () —ue(y)] < 2l lu—te|l Lo so1-a)+|z =yl Dull L= (50,1))-

This holds for any € < 9, so letting ¢ — 0 we obtain by the uniform convergence u. — u
in B(0,1—9).

u(z) —u(y)l <[z —yll[DullL=s.1) forall 2,y € B(0,1-9)
This again holds for any § > 0 so that
lu(z) —u(y)| < |z —y|||Dul|L=(po,y) forall z,y € B(0,1).
That is, u is Lipschitz continuous and we have
[U]Lip(B(o,l)) < ||DU||L°°(B(071))'
So Theorem 13.24(2) is established for 2 = B(0, 1).

Next assume that Q CC R™ and 99 € C%!. Moreover we assume () is path-connected.

The regularity of the boundary is used in the following way: For any two points x,y € (2
there exists a continuous path v connecting x and y inside €2 such that the length of ~,
L(y) < C(Q)|x — y| (essentially take the straight line connecting x and y, when it hits 09
follow 0f, then regularize and shift it away from 09).

Since {2 is open, and by the argument above in every open ball we can replace u by its
continuous representative we may assume that u w.l.o.g. is continous, and we just want to
show that wu is Lipschitz continuous.

Let x,y € € and let v be such a path connecting z and y. Set § := %dist (v,00) > 0.
Setting L := [%1 + 2 points (x;)E, in 7, such that

L
=1

and such that B(z;,d) N B(x;41,0) # 0, x € B(x1,0) and y € B(x,d). In every B(x;,0)
we use the argument from above, and have

[U]Lip (B@:.6) < DUl Lo (B(a6)) < | Dull (@)

Now, by triangular inequality

|u(@) — u(y)| <[u(z) — uzo)| + uly) — ulxL)] + Zl Ju@:) — u(@i)]

<[ Dufl o=@y (L + 1)26 < CL() < CQ)]| Dullioeqey | — ol
This implies that u is Lipschitz continuous with

[u]uip < CQ)]| Dul| L~ (0.
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which establishes the theorem. O

13.3. Remark: Weak compactness in W#P. In the proof of of Proposition 13.23(2) we
derived and used the following consequence of Theorem 12.13, see also Proposition 12.16,
which we want to record (so we don’t have to argue always with Theorem 12.13.

Theorem 13.25 (Weak compactness). Let 1 < p < oo, k € N, Q C R" open. Assume
that (f;)ien is a bounded sequence in W*P(Q), that is

sup || fillwrr o) < 0.
ieN

Then there exists a function f € WHP(Q) and a subsequence Ji; such that f;, weakly Whp.
converges to f, that is for any |y| < k and any g € LP (Q), where p' = ]% is the Holder
dual of p, we have

/ Ofig imoo, / Ofg.
Q Q
In particular we have

[ fllwrr @y < limsup || fillwer -

To obtain this statement one either proves it by hand from the LP-version. Or, one considers
WP as a closed subspace of LP x ... LP, as in the proof of Corollary 10.12 and used that
convex closed subsets are weakly closed, Theorem 12.26.

13.4. Extension Theorems. If f is a Lipschitz function on a set 2 C R", then f can be
thought of as a restriction of a map f: R" - R, f = f ‘Q This is (a special case of) the
so-called Kirszbraun theorem. This is in general not true for Sobolev functions, even if (2
is open.

Definition 13.26. Let Q C R" be open.  is called a W"?-cxtension domain, if there
exists a linear operator E : WP(Q) — W1P(R") such that

Eu(z) = u(z) for all z € R", u € WhP(Q)

and F is bounded, i.e.

sup || Bullwrs@ny < 00.

”u”Wk,p(Q)Sl

Theorem 13.27. Any open set Q CC R" with boundary 02 € C* is a W"P(Q) extension
domain for k € N, 1 < p < 0.

More precisely, for any Q DD Q there exists an operator E : W*P(Q) — WP (Q) with
Eu=wuinQ and

HEuuwk,p(Q) S C(Qa Qa n? k) HuHWk’p(Q)


https://en.wikipedia.org/wiki/Kirszbraun_theorem
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Remark 13.28. Theorem 13.27 is not optimal w.r.t to the regularity of 9€). Indeed one
can show that any Lipschitz domain, i.e. any €2 C R" open with 0f2 locally a Lipschitz-
graph, is a W*P-extension domain. For non-Lipschitz-domains this may not be true, take
e.g. the example in Exercise 13.30.

Proof. We will first show how to extend W*P-functions from R? to all of R". Then by
“flattening the boundary” (for this we need the regularity 0€2) we extend this argument to
general ) as claimed.

From R?r to R™:

Denote the variables in R” by (2, x,) where 2’ € R"™! and x, € R.
We can explicitely define E, : W*P(R") — WHP(R™) by a type of reflection.

The main point is that we know (from the heaviside function example) that W'*-functions
cannot have a jump, so at least for smooth functions u, if we hope for Eyu € W* we need
that

. /
hm+ w(y', Yn)

Yn—0

lim Eou(y’,yn) ; lim EOU(y,ayn) =
Yn—01

Yyn—0"

So, for k = 1 we could simply use the even reflection,

! if y, >0
Eou(y ) = u(y, ly]) = 4 “Wov) it
0wy’ yn) = u(y', [ynl) {u(y, —yn)  ify, <O,

which indeed takes C°°(RT)-functions into Lipschitz-functions (i.e. W,;%(R")-functions,
hence W,”(R™)).

oc

More generally, for W¥*P-functions, k > 1 we then need that for any ¢ = 1,...,k the
(¢ — 1)-th derivatives in y,-direction coincide:

(13.11) lim (9,)"" Eou(y', yn) = lim (9,)" " Eou(y/, yn) = lim (9,)" " u(y/, yn).

Yn—0" Yyn—0F yn—01

So again, we use a reflection, but a more complicated one,

Eou(yla yn) = U(y/, yn) if Yn >0

Here, (0;)k_, are constants to be chosen, such that (13.11) is true for smooth functions:
Forall/=1,...,k

;Ui(—i)g’l((?n)fu(x’,o):(5n)’“’U(x’,O) = Yo(-)t=1
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Such a o exists by linear algebra: Defining a matrix A by Ay := (—i)*"!, and interpreting
o as a vector in R¥ we want to solve
1
Ac=1| 1 |,
1

which is possible if A is invertible (to check this is the case is left as an exercise).

Now we argue as follows: Let u € W*P(R"). By Proposition 13.18 there exists u; €
C>(R"! x [0,00)) that approximate u in W*P(R").

One now checks that Equ; € C*~11(R™), moreover we have for almost any z € R™ (namely
whenever x = (2/, x,,), with x, # 0), for any |y| < k,

|0 u (2, )| Ty >0
Y 0uly, —iy,)|  xa <O.
Let us illustrate this fact for k£ = 1, for £ > 1 it is an exercise.
Oro (Eoui) (2!, xy) = Op uj(@, |20]) = (Opaus) (@, |2n]) a=1,...,n—1

/ / / xn
O, (Bous ) (2, ) = Opo i (2, |2n]) = (Oa, ) (', |2 ) ol

|07 (Eou;) (2", 20)| < C(o, k) {

In particular we get that v € W*P(R") and
[ Eotjl[wrs@ny < C(k) |ujllwer@n)
In particular we get

ln Sup || oyt ey < Ck) T sup sz = COR) ullwrcer.
]*)OO ]*)OO

Thus, in view of Theorem 13.25 we find g € W*? which is the weak W*P-limit of Eyu;.
By strong LP-convergence of u; to u we see that indeed Fyg = u, and thus we get

| Eoullwrs@ny < C(K) lullwrsgn)-
as claimed.

From © to R® We only sketch the remaining arguments. If 9Q € C* then from small balls
B centered at boundary points there exists C*-charts ¢ : B — R™ such that ¢(BNQ) C R?
(BN C R*. By a decomposition of unity, we set u = Y, mu such that »; are
supported only in one of these balls B; N Q. Then (nu) o ¢; € WHP(R?) (since it is
locally in WP and then it is constantly zero). Here we use that (we haven’t shown it) the
Transformation rule still holds for Sobolev functions. Then we extend (7; o u) o ¢; to all of
R", i.e. considerEy((n;u) o ¢;). Finally we set
Eyu:= ) (Eo((miu) o ¢)) o ¢ "

)

The transformation rule shows that Eu € W*P(R").
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From Q to ' To get Eyu € WiP(Q) we simply take a cuttoff function n € C>(Q), n =1
in €2, and set
Esu = nEju.

0

Whenever ) is a W#P-extension domain, smooth C°°(Q)-functions are dense in W*»((Q).
In particular in view of Remark 13.28 the approximation holds for Lipschitz domains.

Exercise 13.29. Assume Q is a W*P-extension domain, 1 < p < oco. Show that any
u € WEP(Q) can be approximated by smooth functions in C’°°( Q) (essentially: prove The-
orem 13.15 for such Q).

Observe that for general sets, C*(2) (not C>=(Q)) is dense in W*P(Q), Theorem 13.16.

Exercise 13.30. Let 2 be a two-dimensional disc with one radius removed (see picture
below), e.g. @ = B(0,1)\[0, 1]x{0}. Prove that C*°(Q)) functions are not dense in WHP().

- ®
Why does this not contradict Theorem 13.15 or Theorem 13.277

13.5. Traces. Let 2 C R™ be open and (for simplicity) 02 € C°.
If ue C*Q), a € (0,1] with
u(z) — u(y)]

Ul o :=sup |u(xz)| + sup ———— < X
Jullesoy := suplu(@)] + sup Zr—

then we find a unique map u’ € C*(09). Indeed, for any T € I there exists exactly
o0

one value u(Z) such that w(z) = limgs, 7 u(z), because ||u||~ < oo and since we have

uniform continuity
|z—y|—0
|Oé s

u(z) = u(y)] < [Jullce@lr —y 0.

Moreover, for any 7,7 € 02 and x,y € ) we have
[a(7) —u(y)| <|[u(T) — ulz)] + |u(z) —uly)] + u(z) —u@)]
<[a(z) — w(@)| + llullgelz — y|* + [u(z) —u(y)|
Taking x — 7 and y — 7 we thus find

() —a(@)| < [luflc-|z — 7|

Co

that is
]| cea0) < lJullce(o)
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The map that computes from u the trace map @ we may call T, w = T'u. Then we have a
linear operator

T : Che(Q) — C™o(99),

By the computations above, T is linear and bounded

| Tul[crea@a) < |ullere)-
On the other hand, when u € L?(Q2) there is absolutely no reasonable (unique) sense of a

trace u
GiY)

One interesting and important fact of Sobolev spaces is that there is such a trace operator
1
T if k—}% > 0, that associates to a Sobolev function u € W*P(Q) a map Tu € W »*(9).

Observe that formally, if p = oo (i.e. in the Lipschitz case, the trace map is of the same
class as the interior map, but for p < oo the trace map has less differentiability than the
interior map. We do not want to deal with fractional Sobolev spaces here, so instead of
proving the sharp trace estimate

T Wh(Q) — W' #?(9Q)
we will only show the following:

Theorem 13.31. Let @ CC R™, 92 € C', 1 < p < co. There exists a (unique) bounded
and linear Trace operator T

T : W (Q) — LP(0R)
such that

(1) Tu = u’ whenever u € CO(Q) N WP(Q).
o0
(2) for each u € WHP(Q) we have

”TU”LP(OQ,dH"”) <C(Q,p) HUHW“’(Q)'

Proof. For u € CY(Q) N WP(Q) we define

Tu:=ul .
o0
It now suffices to show that for all u € C*(2) N W1P(Q) we have
(13.12) [Tull Loy < C(2,p) [lullwirg)-

Then, by density of smooth functions C*(Q2) in W'?(Q), Theorem 13.15, linearity and
boundedness of the trace operator, there exists a (unique) extension of T to all of WF(Q).

To see (13.12) we argue again first on a flat boundary 2 = R’} A flattening the boundary
argument as above, then leads to the claim.
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Observe the following, which holds by the integration-by-parts formula:

Ity = [y, PP = [ 00 () e = [ ()P 2u(e) dpu(a) da

+

Then by Young’s inequality, ab < C(a? 4 V') (where p/ = L is the Holder dual of p),
[, @ @) duute) dw <€ [l +10,01) < Clullysse
"

(this still works if p = 1 and p’ = oo!). This establishes (13.12) for 2 = R"}. For general
we use a decomposition of unity and flattening the boundary argument as in the theorems
above. O

Theorem 13.32 (Zero-boundary data and traces). Let Q@ CC R" and 09 € C'. Let
ue Whr(Q).

Then u € Hy?(Q) is equivalent to u € Wy (), where

Wy P(Q) = {u e W(Q) : Tu = 0}
for the trace operator T from Theorem 13.51.
Remark 13.33. By induction one obtains that if 9Q € C™ then Hy?(Q) are exactly those
functions where 7'(07u) = 0 for any |y| < k — 1.
For time reasons we will not give the proof here. For a proof see [Evans, 2010, §5.5,
Theorem 2.

Remark 13.34. The trace theory can be extended to Lipschitz maps and improved on
the boundary.

More precisely, let 2 C R™ be an open set (for simplicity: bounded) such that 02 is locally
a Lipschitz Graph (for simplicity: compact).

Denote for s € (0,1) the fractional Sobolev space (also called Gagliardo/Slobodeckij space,
there are many other fractional Sobolev space)

W 2(00) == {f € L’(09) :  [flwsw(on) < o0},
where (the integral on the boundary is the H"‘l—integral)

b\
(o) = drd
Fhrero : </89/89 z — |n 1+sp Y

One can show that W*P(0(2) is a Banach space when equipped with the norm
[fllwero) = [ fllro0) + [flwer o).

Then there exists a trace map T : W(Q) — W'™5?(9Q) (if p = oo: W to Lip) with
the following properties
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e 7' is linear and continuous, i.e.

I o) (L F )

o0) —
o If fe WHP(Q)NCOQ) then Tf = f
e There exists a linear bounded operat(erS ; Wlfi’p(ﬁﬂ) — Whr(Q),
1S fllwrry < CEO IS,
such that 7o S =id.

1
1_5717(8(2)

This theorem is due to Gagliardo, [Gagliardo, 1957], see also [Mironescu, 2005].

13.6. Embedding theorems. Let XY be two Banach spaces. T : X — Y is a (we
assume always: linear) embedding if 7" is injective. We say that the embedding X C Y is
continuous under the operator T, if T is a linear embedding and T is continuous (i.e. a
bounded operator). If (as it often happens) T is (in a reasonable sense) the identity map,
then we say that X embedds into Y continuously, and write X — Y. E.g., clearly (by
definition)
WP(Q) — LP(Q)
since, by definition of the norm
[ull ey < llullwre)-
Recall that we say than an embedding X <— Y is compact if the operator T': X — Y is

compact, i.e. if for any bounded sequence (x,)nen C X, sup, ||z.||x < oo, we have that
(T'(2))nen C Y has a convergent subsequence in Y.

From functional analysis we also have: If T': X — Y is compact, then if (x,),en is weakly
convergent in X then Tz, is strongly convergent in Y.

By Arzela-Ascoli, it is easy to check that C*<(Q) embedds compactly into C%#(Q) if k > ¢
and k+a >0+ .

The first important theorem is that for bounded sets {2 with smooth boundary we have
WP(Q) embedds compactly into LP(2). (By induction: W*?(Q)) embedds compactly into
WP (Q) whenever k > p).

Observe that by Theorem 13.25 we have weak compactness in W1?(Q) for bounded set,
but strong convergence in LP(£2).

Theorem 13.35 (Rellich-Kondrachov). Let Q cC R", 92 € C%', 1 < p < co. Assume
that (ug)reny € WHP(Q) is bounded, i.e.

sup ||ug |l wir) < 00.
keN

Then there exists a subsequence k; — oo and uw € LP(SY) such that uy, is (strongly) conver-
gent in LP(S), moreover the convergence is pointwise a.e..
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Proof. If p = oo, from Theorem 13.24 we have W>(Q) = C*'(Q). By Arzela-Ascoli it
is clear that C*' is compactly embedded in C°(Q), so in particular in L> (which has the
same norm as C°(Q).

Now let p € [1,00). By the extension theorem, Theorem 13.27 we may assume that
ux, € WHP(R™) with suppu;, C B(0, R) for some (fixed) large R > 0.

The main idea is to use Arzela-Ascoli for mollified versions of uj. Denote by n € C2°(B(0, 1))
the usual bump function, 7 =1, and n. = e "n(-/e). Set

Upe =N x up € C°(B(0,2R)).
Observe that
ke (2)] < C(R)e™ ur| Lo(s0.m)
| Due ()] < C(R)e™ lunlloso.r),
so since uy is bounded (even LP-boundedness is enough for now) we have

sup ||ukEHL1p (’Rr) < C(e).
keN

That is, for any ¢; := % there exists a subsequence uy, _ , ., that is convergent in L>(R™).
J

By a diagonalizing this subsequences we obtain only one subsequence wuy, ., so that for any
fixed e; we have convergence in L>(R"), i.e. for any j € N and any 6 > 0 there exists
N;s € N such that

H Uk, e Kio e HLoo Rn) < 1) VZl,ZQ > Njﬁ
1 29€j

Next we observe, by the fundamental theorem of Calculus,

s (@) = ey, (@) = [ ) o, (2 = 2) =, (2 / Lo P (i = £2)) 2l i

1
ggl_”/ (/ | Duy, (x —t2))[? > “vdzdt
0 B(0,¢) b

Thus, by Fubini
(13.13)

ey =i =, e irmoamy <475 ([ [ 19w e i)

LP(B(0,2R))-

=

Now we claim that this leads to a Cauchy-sequence for the (non-mollified) wuy,: Let 6 > 0.
||uki1 — Uk, ||LP(R” SHUkzl T Uk, g5 ||LP(R") + ||uk3i1,5j - ukiQ,ej ||LP(R") + ||ul€i2,8j — Uk, ||LP(R")

1

w =

13

IN

)
2C¢; sup [urllwre@n) + C(R)u,, o, — Uk, .. L= (BR)
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Choosing now first ¢; small enough so that

20 ¢ sup [k llwrr ey < g
and then choosing for this ¢; the N(e;,d) large enough so that for any i;,iy > N(gj, 9)
CB)Juri, ) — uny o = (B2m) < g
we see that
[ur,, — ug,, ia > N(gj,06).
That is, uy, is a Cauchy sequence in LP(R™) and thus converges. U

One important consequence of Rellich’s theorem, Theorem 13.35 is Poincare’s inequality.
In 1D it is called sometimes Wirtinger’s inequality — and it is quite easy to prove. Let
I = (a,b) C R, then for any u € WH?(I),

(13.14) lw — (w1l e

Here

) < C(Lp)||v/|| ey

(u)r ::][Iu

The proof of (13.14) is done by the fundamental theorem of calculus, Lemma 13.22. We
have (using Hoélder’s inequality and Fubini many times)

Juilly < 7 [ [ lute)=at)l <117 [ [ [l e+ (0= t)P o =y d dys

Now observe that by substituting 3 := tx + (1 — )y, we have

]I|_1/§//\u’ tr + (1 — )y)P o — y| do dydt

]p/ //7|u )P dy dxdt
1l

) [* T a1 g,
:C’(I, p) HU,HII),P(I)

denotes the mean value of u on 1.

In the same way, substituting 7 := tx + (1 — t)y

1
mil/i /,/, u'(tr + (1 = t)y) " |z — y|” do dydt
2

<O(I,p)||u'||1£p(1).
So (13.14) is established.
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The Poincare inequality says that (13.14) holds also in higher dimensions,
(13.15) lu = (Wallzr@) < CELP)[[VullLr9).
If Q is convex, the above proof works almost verbatim, in general open sets €2 this is more

tricky.

Clearly, (13.15) does not hold if we remove (u)q from the left-hand side. Indeed, just take
u = const to find a counterexample. And indeed, a W!P-Poincaré-type inequality holds
whenever constants are excluded in a reasonable sense.

Theorem 13.36 (Poincaré). Let @ CC R™ be open and connected, 92 € C*!, 1 < p < 0.

Let K C W'(Q) be a closed (with respect to the W P-norm) cone with only one constant
function u = 0. That is, let K C W'?(Q) be a closed set such that

(1) uw € K implies Au € K for any A > 0.
(2) if u € K and u = const then u = 0.

Then there ezists a constant C = C(K,Q) such that
(13.16) ||U||Lp(Q) < CHVUHLp(Q) Yu € K.

The proof is a standard method from analysis, called a blow-up proof. One assumes that
the claim is false, and then tries to compute/construct the “most extreme” counterexample
— which one then hopes to see cannot exist. Before we begin, we need the following small
Lemma.

Lemma 13.37. For Q C R open assume that u € W' (Q). If Vu = 0 then u is constant
in every connected component of €.

Proof. This follows from (local) approximation by smooth functions. If Vu = 0 then
Vu. = 0 in Q_., where u. = n. * u. This implies that u. = const in every connected
component of {2_.. Pointwise a.e. convergence of u. to u gives the claim. O

Proof of Theorem 13.36. Assume the claim is false for a given K as above. That means
however we choose the constant C' there will be some countexample u that dails the claimed
inequality (13.16).

That is, for any m € N there exists u,, € K such that (13.16) is false for C' = m, i.e.
(13.17) ltmll oy > m [Vt

Now we construct the “extreme/blown up” counterexample (that, as we shall see, does not
exist — leading to a contradicition).

Firstly, we can assume w.l.o.g.

1
(13.18) lamllzry = 1 IVl v < —
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Indeed otherwise we can just take i, := H“"fﬁ% which satisfies (13.18).

(13.18) implies in particular,

Sup || |[wie@) < 0.
In view of Rellich’s theorem, Theorem 13.35, we can thus assume w.l.0.g. (otherwise
taking a subsequence) that w,, is convergent in LP()). In particular u,, is a Cauchy
sequence in LP()). Observe that also Vu,, is a cauchy sequence in LP({2), indeed by
(13.18) YV, ==>% 0 in LP(Q). In particular, u is a Cauchy sequence in W'P(€2). Since
W1P(Q) is a Banach space we find a limit map u € WHP(2) such that
(13.19) [t — o) = 0.

In view of (13.18) this implies that Vu = 0. From Lemma 13.37 and since (2 is connected,
u is a constant map. But since K is closed we have that © € K, and since the only constant
map in K is the constant zero map, we find u = 0 in Q. But then by (13.19)

[t lwrp(@) =0

which contradicts the conditions in (13.18), namely

(13.18)
|umllwie) > [[Umllzr@@) = 1.

We have found a contradiction, and thus the assumption above (that for any m there exists
u, that contradicts the claimed equation) is false. So there must be some number m such
that for C':= m the equation (13.16) holds. 0

Observe we have no idea what kind of C = C(K) we get in Theorem 13.36 — which is
somewhat the unsatisfying part of this type of blowup proof.

Corollary 13.38 (Poincaré type lemma). Let Q CC R" be open, connected, and 02 € C%1.

(1) There exists C = C(Q) such that for all u € WHP(Q) we have
[ = (wellr@) < CO)[Vul e

(2) For any ' CC Q open and nonempty there exists C' = C(2,€) such that for all
u € WP(Q) we have

[ = (w)er[| o2y < C(Q,Q)[Vull (o
(3) There exists C = C(Q) such that for all u € W,P(Q)
[ullr(@) < CE)[Vul o)

If Q = B(x,r) (and in the second claim ' = B(x, Ar)) then C(Q2) = C(B(0,1))r (and for
the second claim: C(Q2,Q') = C(B(0,1), B(0,\))r).
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Proof. The last claim can be proven by a scaling argument, and it is given as an exercise,
Exercise 13.40.

Regarding the first claim, we simply let
K :={u e W"(Q), (u)q = 0}.

By Rellich’s theorem, Theorem 13.35 this is a closed cone in WP, Observe that if u € K
is constant, u = C' then (u)q = C' = 0 by assumption, so C' = 0. That is, the only constant
function in K is the zero-function. Clearly u — (u)q belongs to K, so we get the claim.

Regarding the second claim, we argue similarly setting

K = {u € W™(Q), (u)e = 0}.

Regarding the third claim, observe that W, ?(Q) is (by definition) a closed set, and since
it is a linear space it is in particular a cone. Now if u € W, ”(Q) is constant, u = ¢ then
u is in particular continuous, but then by the zero trace theorem, Theorem 13.32 ¢ = 0.
Again, the only constant function in K is the zero-function. Il

Exercise 13.39 (Bramble-Hilbert — higher order Poincaré). Prove that for any k € N and
any smoothly bounded domain €2 we have the following:

For each u € W*P(Q) there ewists polynomial p of degree at most k — 1 such that
lu = pllery < C V5| 1o (o)

e Show this is a version Poincaré’s inequality, Corollary 13.38, if k = 1.
e Prove the statement for k = 2 by choosing explicitely the polynomial
e Prove the statement by blow-up.

Let us also illustrate how one can obtain a more precise dependency on the constants using
a scaling arqument

Exercise 13.40. Denote by B(zo,7) C R the ball centered at x and with radius r. Show
that there exists a uniform constant C' = C(n,p) such that for any B(xg,r) and any
u € WY (B(xg,7)) we have

|t — () Beo.) |Lr (Bory < C(1,0) 7 [[VU|| Lo (Bzor)-

Hint: Prove the inequality for B(0,1). To get it for general w € WP(B(z,r)) apply the
B(0,1) inequality to v(x) := u((z — x¢)/r) (see also Lemma 13.43).

We have seen in Theorem 13.35 and used in the Poincaré inequality that W,27(Q) embedds
compactly into L7 (2). There is a meta-theorem/feeling that “above” any compact em-
bedding there is a merely continuous embedding, for more precise versions of this effect
see [Hajtasz and Liu, 2010].
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In our case it is that W' embedds into LP" where p* follows the following rule

(13.20) 1-2—0-=2

p p
(we will see this numerology appear later again for Morrey and Sobolev-Poincaré embed-
ding, Corollary 13.45 and Theorem 13.49). Observe that p* = n"—_pp € (1,00) for p < n. We
set p* := oo for p > n. p* is called the Sobolev exponent. What happens if p* > n (which
should be interpreted from this numerological point of view as p* > oo? Theorem 13.49
will tell us: u is Holder continuous.
Theorem 13.41 (Sobolev inequality). Let p € [1,00) such that p* := 2 € (1,00)
(equivalently: p € [1,n)). Then WHP(R™) embedds into LP (R™). That is, if u € WHP(R™)
then u € LP (R™) and we have®

[ull o @ny < C(p,n) || Dul|pogn).-
Exercise 13.42. Take v =1 in R™. Show that
(1) u & LY(R™) for any q € [1,00).

(2) Du =0 (in distributional sense)
(3) Conclude that for p € [1,n) we don’t have

HUHLP*(R") <C ||DU||Lp(Rn).
(4) Why does the latter fact not contradict Theorem 15.41%

Proof of Theorem 13.41. There are more than one way to prove Sobolev’s inequality. One
(the “Harmonic Analysis” one) is by convolution, using the Riesz potential representation
and boundedness of Riesz transform on LP-spaces. It is very strong and general but beyond
the scope of these lectures.

The one we present here is an elegant trick due to Nirenberg (here we are again!). It is
much less stable, relies heavily on the structure of R", etc., but it obtains the case p = 1
(that in general is much more difficult to obtain), see e.g. [Schikorra et al., 2017].

By approximation it suffices to assume that u € C°(R™).

Let x = (21,22, ...,x,) € R". Then we have by the fundamental theorem of calculus
Y1
w(zy, xo, ..y Ty) = u(yr, T, ..., Ty) + Oru(z1, 9, ..., Ty) d2y.
71
Taking y; large enough we have u(y;, xs, ..., z,) = 0, since supp u CC R". Thus we obtain

the estimate
|u(zy, o, ..., Ty)| S/R|Du(zl,x2,...,xn)\dzl.

36The optimal constant C (p,m) has actually a geometric meaning, and is related to the isoperimetric
inequality, cf. [Talenti, 1976]
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The same way we obtain, for any £ =1,...,n,
lu(zy, o, ..., x,)| < /R |Du(xy, Tay ..oy 20y ... )| dze.
Multiplying these estimates for £ = 1,...,n we obtain
lu(zy, e, . .. x| < IIjy /R |Du(zy, 9, ...\ 20, ... Tp)| dzp.

Now we prove the case p =1, when p* = —*. We have

1

/R|u<m1’x2""vmn)|ﬁd$1 < / I, (/ |Du(x1,x2,...,ze,...xn)|dzg>nl dz;

S(/ |[Du(z1, 2, - -, T |d71> /H (/ |DU($17$2,...,2g7...xn)|d24>n1 dxq
z1€R R

Now by Hélder’s inequality?”

/H?ZQ (/ ]Du(a:l,xz,...,zg,...ajn)|dzg)n_ dr; < <Hz Z//\Du X1, Loy .., 20, ...xn)\dzgdm)
R R

and thus

/|u(x)|ﬁd:v1 < </ |Du(zl,x2,...,xn)|dzl>nl< ?2//|Du(931,$2,...,Zg,...xn)|d24dx1>nl
R 21€R R JR

Now we integrate this with respect to x5, and again by Holder’s inequality,

" idayd
/R/R|u(:c)| r1dxs
1
< (/ |Du(zl,x2,...,xn)|d21>n1( ?:2//|Du(m1,x2,...,zz,...xn)|d24dx1>n dz
x2€ER z1€ER RJR
_1
S(//\Du(xl,zg,xg,...xn)\dzgdm)n_l
R JR
_1
/ (/ ]Du(zl,:lzg,...,xn)\dm)n_l (ngg//|DU($1,Z’2,...,Zg,...il?n)’dZ@d.Tl)n_l dxs
r2€R z1€R R JR
S(//|Du($1,22,x3,...xn)|d22d$1>nl
R JR
</ / |Du(zy, 29, ..., x,)| dz; dl’g) 1( / //|Du (x1,29,...,2 g,...ZEn)|ngdl’1,dZL‘2>
x2€R Jz1€R ro€ER

3Tthe generalized version for k := n — 1 and all p; := n— 1: whenever p, ..., p; € [1,00] and > % =1,

1

[ s <k, ( / |f,»|pi)
Rd R4
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If n = 2 we are done (the II}_;-term is one). If n > 3 we see a pattern, continuing to

integrate in x3, ..., x, we obtain
1

n n-1
/R/R |U($)|”ﬁld$1d$2 <ITj_, (/Rn |Du(zy, ... o1, 20, Tps1 - - - Tp)|dT1, .o To1, 20, Tega - - xn)) !

n

(L)

Taking the exponent ™= on both sides we obtain

a <
L7n—1 (R")

n

This is the claim for p =1 (i.e. p* = -"5).

The general claim follows when we apply the p = 1 Sobolev inequality to v := |u|? for
some 7y > 1 that we choose later. We have

|Dv| = [DJul"] < vu"""|Dul,
thus (13.21) applied to v

(13.22) 1l e oy < COMul™ [ Dulll 22 ey
Now observe that
™ gy = N
Moreover, by Hélder’s inequality, p’ = ;z%’
=" 1Dl g1 zmy < Ml o oy 1Dl oy = ell 1) oy 1P o

So (13.22) becomes

417 g Ny < ) Dt ey
Choosing v := p(” 1) > 1 we have v = p/(y — 1) = p*, and then

||u||LP*(]R") < C(,}/)”DUHLI’(RH).

The relation between p and p* in Theorem 13.41 is sharp in the following sense

Lemma 13.43. Assume that p,q € (1,00) are such that for all w € CX(R™)

(13.23) ||U||Lq(Rn) S C(p, n) ||Du||Lp(Rn).

Then p = q*.

Proof. This is proven by a scaling argument. Assume (13.23) holds. Take an arbitrary
u € CP(R") such that ||Dul|rr@ny > 1, ||ul|zo@ny > 1.

We rescale v and set for A > 0,
ux(z) = u(Ax).
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We apply (13.23) to uy. Observe that by substitution
[urllpa@ny = A7 [|ufl Lagrny,
and since Vuy, = AM(Vu), we have
[Fusllzsan = X [Vl
From (13.23) applied to uy we then obtain for any A > 0,
A4 [ull pagny < ATV o gen).
Equivalently, setting A := |[Vul|agn)/||ul[ra@n) > 0 we obtain
A0 <A WA S0

The exponent above the A is exactly the numerology of (13.20)! In particular, if ¢ # p*
then 0:=0— 2 — (1 - 2) # 0, and we have

AP<A VA>0

If 0 >0 welet A\ = oo, if 0 <0 welet A — 0" to get a contradiction. Thus, necessarily
o =0, that is ¢ = p*. O

Corollary 13.44 (Sobolev-Poincaré embedding). Let f € WIP(R"), 1 < p < n. For any
q € [p,p*] we have f € LYR™) with the estimate

I llony < Cla,n) (1o + 1Dl )

Proof. We first claim that
(13.24) 1F ey < Clam,p) (£ gy + DB gn)) -

Clearly, the claim holds for ¢ = p and, by Theorem 13.41, for ¢ = p*.

Now observe that for g € [p,p*] we can estimate the Li-norm by the LP-norm and the
LP"-norm (this technique is called interpolation).
Rl
R

/Rn\f!q:/Rn !f|q><|f|>1Jr/Rnlfyq;(mSl g/Rn f

1 NG a ey < NIy + 1 IT0e ny S
This proves (13.24).

That is,

How do we get the main claim? Well from (13.24) we find

sup 1 £l La@ny < C(p,m,q).
fewlp(Rn): HfHWLp(Rn)Sl

So in particular we have for any f € WHP(R"™).
L/ e eny

LaRrr) < C(p,n,q)
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Thus,

||fHLQ(R”) < C(p,n,q) ||fHW17P(R”)-
]

Corollary 13.45 (Sobolev-Poincaré embedding on domains). Let Q C R" and 9Q be C"!
(if n =1 assume that ) is an interval). For 1 < p < n we have for any u € W'(Q),
lll o o < C) (lullzreey + 1Dl oo

Also, for any q € [p,p*]

[ull Loy < C(2, ) lullwrr)-
If moreover @ CC R™ and u € WyP(Q) then

[ull 2o+ (@) < C(Q) [ Dul| oo
Lastly, if 1 <p < oo and Q CC R™, u € WHP(Q) then for any q € [1,p*] (if p <n) or for
any q € [1,00) (if p > n)

||u||Lq(Q) < C(QaQ7pa n) ||u||W17P(Q)-

Proof. By the extension theorem, Theorem 13.27, we can extend u to Fu € WhP(R").
Then from Sobolev inequality, Theorem 13.41, we get

lull o < | Bul| o ey S IDBullony S C(Q)lullwingy < CQ) (Iullrey + | Dull o)

The second claim follows from the same argument using Corollary 13.44. Indeed from that
we obtain For any A > 0 there exists a constant C'(€2, g, A) such that

|l a) < C(Q,q,A) Yu: [|ullwir@g) <A
Setting A = 1 and applying this inequality to u/||u|w1.r@) we conclude.
The third claim follows from Poincaré inequality, Corollary 13.38, since for u € Wy (),
) CC R™ we have
lull o < C) | Dullo(en:
The last claim follows by additionall using Hélder’s inequality: if p < n, ¢ € [1,p*],

[ull Loy < C(I2], ¢, P)[ull o @) < CUR ¢, P)l[ullwrr@)

If p>nandn >2 and ¢ € [p, )Wecanﬁndl<7"<psuchthatoo>r = >
Thus, from first Holder’s inequality, then Sobolev inequality, and then again Holder s
mequahty,

[l Loy < CUQ, @ p)ull L @) < CUL g, p) ullwrr @) < C(Q, ¢ p)[ullwrr@

So the only remaining case is n = 1. Then by assumption Q2 = (a,b). From the fundamental
theorem of calulus

F@) = fw)l < [ 1FE Yoy )
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Thus
—|b—a|™! < "(2)|dz V¥ b).
Fa) ~p—al™ [ f@I< [ 17 Vo (a,b)

Thus,
@< b =al I flan + 1 Iy Vo € (@0

That is

[/l (@) < Cla, D) fllwrrapy)-
In particular, by Hoélder’s inequality, for any ¢,p € [1, oc].

1 fllzacany < Cla, b, p, @)l fllwre(ap))-

g

Theorem 13.46 (Sobolev Embedding). Let @ CC R™ be open, 02 € C%', k > ( for
k,t € NU{0}, and 1 < p,q < oo such that (compare with (13.20))

(13.25) k—">e- "
p q
Then the identity is a continuous embedding W*P(Q) — W44(Q). That is,
(13.26) ||U||WM(Q) SOk, 4,p,q) ||U||Wk7p(9)
If k > £ and we have the strict inequality
(13.27) LN
p q

then the embedding above is compact. That is, whenever (u;)ien C WFP(Q2) such that

sup ||w;[|lwe.r (o) < 00
then there exists a subsequence (uy,)jen such that (u;;)jen is convergent in Wha(Q).

Proof. If k = (¢, then (13.25) implies p > ¢. Thus, in that case (13.26) follows from the
Holder’s inequality:

lullwea@y < CUQU, 1) l[ullwer@ = CUQ ) lullwsr@

Next we us assume k = ¢ + 1. Then (13.25) implies that ¢ < p* (if p < n) or ¢ < oo
(for p > n), wher we recall the Sobolev exponent p* := n"—z). Then by Sobolev inequality,
Corollary 13.45,
[fll2a@) < Cla, D fllwre@)-
Applying this inequality to f := 97u for |y| < ¢ we obtain (13.26) for k = ¢ + 1, namely
for ¢ < p*,
ullweay < Cp, ¢, Q) ||ullwerir o)

More generally If K = ¢+ N for some N € N, set r; := (r;_1)* fori = 1,..., N with rq := p.
This works well if all of the 7 # oo (otherwise we choose r; < (r;,)* and ry < p, but large
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enough such that ry > ¢). Then (13.25) implies that ¢ < ry, and we get first by Holder’s
inequality then by the argument above iterated

lullwea@) S lullwern @) S lullwesrrnoig) S - S llullwen@) S lullwsr@)-

This proves the continuous embedding, (13.27) in full generality.

As for the compact embedding, it suffices to assume k& = ¢/+1. This is because combinations
of continuous and compact embeddings are compact, so if we show the compactness of the
embedding satisfying (13.27) for £ = ¢ 4 1 then we can build a chain of embeddings as
above to get a compact embedding for all £ > /.

Moreover, we can assume w.l.o.g. k = 1, £ = 0. The general case then follows by considering
Nu for |y] < ¢.

Solet 1 < g < p* (i.e. (13.27) and assume that we have a sequence (u;) such that

sup || wi|lwre @) < oo
7

Fix r € (q,p*) (if p > n then r > ¢. By Sobolev’s inequality, Corollary 13.45,
(13.28) A = sup [[ui| zr ) < oo,

By Rellichs theorem, Theorem 13.35, we can find a subsequence u;; that is strongly con-
vergent in LP(£2) and in particular we can choose the subsequence such that u;; converges
pointwise a.e. to some u € L?(2) (that u belongs to L", and thus to L? follows from the
weak compactness, Theorem 12.13, or Fatou’s lemma).

Now we use Vitali’s convergence theorem, Theorem 3.59. To show the uniform absolute
continuity of the integral let £ > 0 and for some ¢ to be chosen (independent of j) let
E C Q be measurable with |E| < §. Then we have by Holder’s inequality (recall A from
(13.28))

1_1
L1(E) S 5(1 TA.

11
sup |[ui, || zagey < |EJa7 sup [|ug,|
j j
So if we choose § = d(e, A) > 0 small, so that
11
da A <e,
then

sup |lug||ze(py < €  whenever £ C Q measurable and |E| < 4.
J

This is uniform absolute continuity, and by Vitali’s theorem wu;, is convergent in L7(2).
This shows compactness, and Sobolev’s embedding theorem is proven. U

Our next goal is Morrey’s embedding theorem, Theorem 13.49. For this we use a charac-
terization of Holder functions by so-called Campanato spaces.



ANALYSIS T & 11 VERSION: April 18, 2022 229
Theorem 13.47 (Campanato’s theorem). Let u € L'(R"™) and assume that for some A\ > 0

(13.29) A= sup T‘A][B(N)Iu—(U)B<w>|<007

B(z,r)CR"

where
U)B(ay) = u.
( >B( ) ][B(:v,r)
Then u € Cp(R™) and we have for some uniform constant C = C(n,\) > 0

loc
p P =] _
oty T =Y

Remark 13.48. The converse also holds, if v € C* than A < [u]ca, which is an easy
exercise to check.

Proof of Theorem 13.47. First we claim that for any R > 0 and almost any x € R" we
have for some uniform constant C' > 0

(13.30) lu(z) — (u) pa.r)| < C RMA.
To see this, observe that for almost every x € R", by Lebesgue’s theorem, Theorem 5.18,

limy, o0 (4) p(z,2-# gy = u(x). Thus, by a telescoping sum

(13.31) u(@) = (W)pEr] < Y ’(U)B(m—m) — (W) B2+ )
k=0
Now,
‘(U)B(x,Z—kR) - (U)B(m,Q*(kJrl)R)’

S][B(VU,?_(’“H)R) ’u<z) o (U)B(CEQ—kR)‘

|B(x,27"R)]
N |B({L’, 2_k+1R)| B(x,2~FR) ’U(Z) - (U>B(1’72*kR)‘

=C(n)
(13.29

)
< C(n)A(27"R)™.
Plugging this into (13.31) we get
[0(2) — ()| < CRIARY 327 20 C(\, m)A R

k=0
i.e. (13.30) is established.

Now let z,y € R". Set R := | — y|. Then

[u(z) —u(y)| <|u(z) — (u)B,r)| + [u(®) — (u)Be,r)| + [(U)By,R) — (W) B(@,R)|
(1332) (13.30) A
< C(n, ANz —y|* + |(w)By,r) — (W) B@,R)|-
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We have to estimate the last term, which we do as above: Observe that B(z,2R) D
B(y, R)U B(z, R),

|(w) B(y.r) — (W) B(a,R)]
§][ ]Z |u(z1) — u(z2)|dz1dzo
B(z,R) ,R)

B(y
|B(z,2R)| |B(x,2R) |][ ][
— dzd
>~ |B(y’ )| |B x, R B(z,2R) B(z,2R) (Zl) U(ZQ)| Z10429

- — (W pieamldzidz + C f f o — dzd
C<n)][B(x,2R)][B(m,2R) [uz1) (U)B( ’2R)| 21z + C(n) B(z,2R)J B(z,2R) |(U)B( 2R) ulz)|dzdz
- (W) praam|dzidzs + C f f om) — dzyd
C(”)][B(wﬁzR)][B(MR) [u(z1) — () Ba2r)|dz1dz + C(n) B ) Bon |[(u) Ba2r) — u(22)|d21dzo

=20(n)f - Ju(2) ~ (W)se a2

(13.29)
< 20(n, \)R*.

Since R = |x — y|, together with (13.32) we have shown
[u(z) = u(y)| < Cn, M|z —y/*,

and can conclude. O

Theorem 13.49 (Morrey Embedding). Let Q CC R™ with 02 € C*, k € N. Assume that
forpe (1,00), a € (0,1) and ¢ < k we have

k—">t1a
p

Then the embedding W*P(Q) — C4*(Q) is continuous.
If k — % > ( + « then the embedding is compact.

Proof. Let u € W*P(Q). By Extension Theorem, Theorem 13.27, we can assume u €
WHP(R™) and suppu CC B(0, R) for some large R > 0.

As in the Sobolev theorem it suffices to assume ¢ = k — 1, and indeed we can reduce to the
case k =1 and £ = 0.

We use Campanato’s Theorem, Theorem 13.47. For B(z,r) C R", we have by Poincaré’s
inequality, Corollary 13.38, and then Hoélder’s inequality,

1
n P
f lu=@panl <7Dl =t | |Lmygc»1"WHp</ ]DuW)
B(z,r) B(zr) B(z,r) B(z,r)
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That is,

sup 7“7(172)][ \U - (U)B(x,r)| < CHD“HL”(R")
B(z,r)CR® B(z,r)

Thus, by Campanato’s theorem, if 1 — % =0+« € (0,1), then (using also the extension
theorem estimate),

[ulce (o) < [u]oern) < Cllullwis),
which is the continuity of the embedding of W1?(Q) in C% if 1 — »=0+oa

If on the other hand 1 — % > 0+ «, then we use Arzela-Ascoli to show that the embedding

L* N CPR™) — L>* N C*R") is compact if 3 > «, and from this we conclude the
compactness of the embedding W'?(Q) < C*(Q) if 1 — 5> a O

In general W1 -functions in R™ may not be continuous, if n > 2, loglog|z| is the example
to have in mind. However recall that for n = 1 we have

Proposition 13.50. Let f € W't ((a,b)) then f € C°(a,b) (in the sense of representative).

Proof. Approximate f by fi € C*([a,b1]) where a < a; < by < b is taken arbitary.

We have by the fundamental theorem of Calculus for all z,y € [ay, by],

ful@) = fuly) = [ i)z
That is
| fe(@) = fe(y)| < /(al,bl) | fe(z) — ['(2)]dz —|—/I |f'(2)|dz.

Now let ¢ > 0. By absolute continuity of the integral and since f’ € L', there exists a
01 > 0 such that

Y £
[ 1@z < 3 Vayy € fonbil -yl < o,

By L'-convergence f] — f’ there exists some K € N such that
5

su (2) = f'(2)|dz < —.

SUD J o |fe(2) = F'(2)] :

Lastly let 0o < d; such that for all (finitely many!) k& € {1,..., K'} we have
€

[ful@) = eyl <3 Ve—yl<d ke{l... K}

Then we have
[fe(x) = frlly)| <e VEEN, |z—y|<d.

That is, (fx)ken is equicontinuous on [ay, by].
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Since fr(x) converges (up to going to a subsequence which we will not relabel) a.e. to f(z),
we can pick some x € [ay, by| for which f(x) < oo and then conclude that by equicontinuity
(up to taking again a subseqeunce not relabeled)

Sup [fily) — ()] < Sl}ip(’fk(x) — [+ 1f(2)]) < € < o0

That is (fx) satisfies the conditions for Arzela-Ascoli, thus it converges uniformly to a
continuous function g.

Since fi also converges a.e. to f we conclude that g = f a.e. —ie. f as a continuous
representative. ]

One can also show that W™!-maps are continuous in R".

13.7. Fun inequalities: Ehrling’s lemma, Gagliardo-Nirenberg inequality, Hardy’s
inequality. We know Sobolev and Poincaré inequality in various versions. There are many
more cool inequalities.

13.7.1. Ehrling’s Lemma.

Theorem 13.51 (Functional Analytic Ehrling’s lemma). Let (X, |- ||x), (Y, |lv), (Z, ||
|z) be three Banach spaces which are subspaces of each other X C'Y C Z with the following
properties.

e X is compactly embedded in Y, that is X CY and every || - || x-bounded sequence
(xk)r C X, supy ||zk||x < 00, has a strongly || - ||y -convergent subsequence (xy,)ien,
i.e. for somey €Y and ||z, — yly —— 0.

e Y is continuously embedded in Z, that is Y C Z and there exists A > 0 such that

lyllz < Allylly for ally €Y.

Then for every € > 0 there exists a constant C(g) > 0 such that the following holds
Izlly < ellzllx + C(e)l|zllz Vo€ X.

Exercise 13.52. Let (X, - ||x), (Y, - |ly) be Banach spaces. Show that if X C Y is
compactly embedded, then X CY s continuously embedded.

Proof of Theorem 13.51. This is once again a typical blow-up proof.

Fix € > 0. Assume the claim is false, then for any k € N there exists a “counterexample”
2 € X such that

erlly>ellzellx + Kllarllz vk
Dividing this inequality by ||zx||y (cannot be zero because of the strict inequality) and
otherwise switching over to I := "~ we may assume w.Lo.g. l|zk|ly = 1 for all k& and
thus

1> ellanllx + Kllzllz k.
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In particular,

1
sup [zl x < -
k 19
and
li < 1li L_ 0
A flzwlz < fim 2 =0.
By compactness X C Y and since (xy) is || - || x-bounded, up to passing to a subsequence

k—o0

(xk,)i, we can assume w.l.o.g. that there exists y € Y such that ||z — y|ly —— 0. In
particular since ||xy||y = 1 we find that ||y||y = 1. By the continuous embedding ¥ C Z

we also have ||z, —y||z 2220 , but since ekl z £2%% 0 we have y = 0, which contradicts

lylly = 1.

So there must have been some k € N for which there was no counterexample x; — and thus
the claim is proven. O

Corollary 13.53 (Sobolev spaces version). Let Q@ C R™ be a bounded open set with smooth
boundary, and 0 < { < k, p € [1,00). Then for any € > 0 there ezists C(2,&,p) > 0 such
that

1D ul| o0y < el D ull o) + C(Q, €, p)||ull o)

Proof. 1t suffices to prove this claim for £ = ¢ 4+ 1. Indeed, then (we can always assume
that ¢ is small!)

I D ul| o) <el| D ull ooy + C e, p, 0)||ull Lo

<’| D ul| ooy + (C(Q e,p,0) + eC (e, p, £ + 1)) |ull o)
<.

§8k7€‘|De+2UHLP(Q) +C(Q,¢,p,¢, k)Hu”Lp(Q)'

So assume k = ¢ + 1. Set
X =WHP(Q), Y =W(Q), Z=LrQ).

In view of Sobolev and Morrey’s embedding, Theorem 13.46 and Theorem 13.49, all the
conditions of Theorem 13.51 are met, so we have for any € > 0 some C(¢) > 0 such that

Z |D%ul|r < € Z | D%ul|r + C(e)||u)|lpr Vu € W“l’p(Q).

|| <L || <l+1

Now if € < % (which we can always assume), we can absorb the terms up to order ¢ on the
right-hand side, namely

(1—¢) Z |D%u||r < € Z | D%ul|r + C(e)||u)|lpr Vu € W”l’p(ﬂ).

<t laf=t+1
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thus

3
S 1Dl <

|| <0 T |a|=t+1

o 1
> 1Dl + EC(&)HUHM Vu € WHLP(Q).

In particular, with only dimensional constant A = A(n), for all ¢ < %,
| D ul|re < Ae|| D ul| e + C)|ullrr  Yu € WHHP(Q).
This proves the claim. U

Exercise 13.54 (Equivalent norm for Sobolev spaces). Let Q@ C R™ be a bounded open set
with smooth boundary, and 0 < € <k, p € [1,00).

Show that the two norms on WkP(Q),
lully = > 1Dl
la| <k
and
lulla = llullee + [ D%ul[ v,

are equivalent.

13.7.2. Gagliardo-Nirenberg inequality. Very similar to Ehrling’s lemma, Section 13.7.1,
but with different p’s (making compactness argument not work, because it is more of a
Sobolev-type inequality) and its on R™ (though there exists also a domain version)

Theorem 13.55. Let 1 < p,q,r < 0o and o € (0,1) such that

1 g 1 m l—a
— L (C-ar—*
ron q

and L <o <1.

J
Assume u € LIY(R™) and its distributional m-th derivative D™u € L"(R"™). Then D’u €
LP(R™) and for a constant C = C(m,n, j, q,r, o) we have

1D7ul| Logny < C'l| D™ ullZr gy ull padieny -
There also exists versions in the limit cases = oo, = 1, etc.

Proof. See e.g. [Leoni, 2017, Theorem 12.83.]. Here we just discuss that it is enough to
show
1D7ull oy < € (ID™ ] ey + ]| poen )

Indeed, then we can obtain the claim by scaling: Apply the inequality to u(\:), then we
get

ATE N DIl any < C (X FNP D™l gy + A7l g
That is

IDulny < © (5533 D™ ey + A5 5 ] g
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Ficure 13.1. Olga Ladyzhenskaya: 1922-2004 — Russian mathematician
who obtained numerous breakthroughs in Partial Differential Equations,
Fluid dynamics, Navier-Stokes equation. Without any doubt one of the
most impressive mathematicians in Analysis in the 20th century!

So compute

min (AT D™l gy + AP ] o )

(compute means: check A = 0 and A = oo tend to +oo, then take the derivative in A and
check the critical case). O

13.7.3. Ladyshenskaya inequality. Ladyshenskaya’s inequality is a special case of the Gagliardo-
Nirenberg inequality Theorem 13.55, used often for the Navier-Stokes equations for the
term u - Vu:

1 1
ull ey S HUH?ﬁ(u@) HVUHEQ(RQ)‘
and
1 3
[ull Loy S Nullfo g IVl Z2gs):

the difference in powers is (to some extend) what makes Navier-Stokes equations in 3D
more challenging than in 2D. There are appropriate versions on domains §2, if the functions
are zero on Of).

13.7.4. Hardy’s inequality. Hardy’s inequality is somewhat a weighted Sobolev inequality.
Theorem 13.56. Let s € (0,1), p,q € (1,00) such that

1—s

n n
n P q

Then
2|7 f ()| Lo @ny < CopllV £l La@n)-
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Observe that for s = 0 we obtain the usual Sobolev inequality, Theorem 13.41.
See, e.g, [Evans, 2010, p.296, Theorem 7] or [Mironescu, 2018].

13.8. Rademacher’s theorem. The following is Rademacher’s theorem (usually stated
for Lipschitz functions, cf. Theorem 13.24)

Theorem 13.57. Let p > n. Let u € WP(Q) for some open set Q@ C R" and 1 < p <
oo. We identify u with its continuous representative. Then for almost every x € € u is
differentiable, that is there exists A = A(x) € R™ such that

 July) — u(w) = Ay — )

Y—x ‘y — m‘
Moroever A(x) = Du(zx) (where Du(x) denotes the distributional gradient which belongs
to LP) for almost every x € €.

=0

We need the following estimate (which we could have used for Sobolev-Morrey embedding,
Theorem 13.49).

Lemma 13.58 (Morrey’s estimate). Let p > n. Then there exists a constant C' = C(n,p)
such that the following holds: for any v € C*(B(0,2r)) we have for all x,y € B(xo,T)

o)~ <0r ([ e

Proof. We assume r = 1, the general case is part of Exercise 13.59. Arguing as in the proof
of Theorem 13.47 we have (for every point, since v is continuous by Theorem 13.47)

o) =@ < O (S, -, )~ @aeas)

+Z% zn
105~ <v>B<y,1>|).

— (u)B(y2»)]

Observe that

N < _ <9 ][
’( >B( 1 yl | ][ 02][3(02 Zl v Z2 | B(02 B(02 )B(02)|

Now we use Poincaré inequality, Exercise 13.40 and have (constants change from equation
to equation!)

o 1+Z—n
][B(z ’) If = (f)B(z,p)’ <Cp” "||f - (f)B(z,p))HLP(B(Z’p) <Cp *o ”foLP(B( ”)
That is, we have

Lo e 112) = (s ] < €25 Vo
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—n

Since p > n we have that > 7, 27*5" < 50 and can conclude. 0

Exercise 13.59. Use a scaling argument to finish the proof of Lemma 13.58 for general r.

Proof of Theorem 15.57. Denote by Du(zx) the Lebesgue representative of Du € LP(§2) we
have from Lebesgue’s differentiation theorem, Theorem 5.18 for almost every = € €2

lim | |Du(z) — Du(z)[Pdz = 0.

r—0J B(z,r

Take x a point where this is true. Set (observe u is continuous by embedding theorem,
since p > n)

v(y) = u(y) — u(z) — Du(z)(y — z).
Then v € W,2P(Q) N C(Q).

From Lemma 13.58, which by approximation holds for every y and r such that y €
B(z,4r) C Q (recall that z is fixed)

o(y) ~ vl@)| < €75 (/B(W) |Dv(z)|pdz> <Cr (%B( )|Dv(z)|pdz>

. z,2r
=0
So let r = |z — y| then we have

lu(y) — u(z) — Du(z)(y — )| by,
|z —y =¢ (7[B<z72zy>|Dv(z)| d >

By assumption we have that

(f |Dv(z)|pdz> iy
B(x,2|z—y])

so we have shown that « is differentiable in z.

S =

From Theorem 13.57 follows the usual Rademacher theorem.

Corollary 13.60 (Rademacher Theorem). If f :  — R s a Lipschitz map where € is
open, then f is almost everywhere differentiable. Moreover pointwise and distributional
derivative coincide a.e.

Proof. From Theorem 13.24 we have that f € I/Vl})fo(Q) thus by Holder’s inequality f €
WLP(Q). Now this is a consequence of Theorem 13.57. U

Remark 13.61. The set where Sobolev functions are differentiable can be made more
precise than simply being “a.e”. There is a notion of Sobolev-capacity of sets, and one can
show that they are differentiable outside of a set of certain capacity zero.
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14. SOBOLEV SPACES BETWEEN MANIFOLDS

14.1. Short excursion on degree and Brouwer Fixed Point theorem. We denote
by S*' = {z € R": |z| = 1} the unit sphere in R". By a slight abuse of notation we
will call B" = {z € R™ : |z|<1} the closed unit ball in R™. Observe that S*~! = 9B™.

Proposition 14.1. There is no smooth map ® : B* — S"~' such that
P(r) =2 VreS

Proof. The reason this is true is degree theory. The map z : S~ ! — S"! “winds around”

then r — @, transforms continuously
dB(0,r)
the curve ®; into the constant map ®,. However degree is a homotopy invariant, i.e. the

“winding around” does not change under continuous changes — so we have a contradiction.

the target exactly once. Now if we consider @,

More precisely let ¢ : S*~1 — S"~1. We define the degree (if n = 2 one can see this is the
winding number)

deg(p) := /Bn det(D®),

where ® : B” — R" is any smooth extension of ¢. We have to show that this is well-defined,
i.e. for two different choices of ®,, ®, both extensions of ¢ we have to show

/Bn det(D®,) = /B det(D®,).

Observe that the determinant is multilinear, so by subtracting the left from the right it
actually suffices to show that

whenever one of the v’ satisfies ¢' = 0 on OB". By rearranging we can assume that ¢! =0
on 0B". We will show this claim in two dimensions. In higher dimensions it gets more
messy, but the principle stays the same: the co-factor of a gradient matrix is divergence
free.

We have

det (Dy'|Dy?) = (Dy!, D*?),
where D% = (9,1, 9,0'). Observe that div (D+¢?) =0
integration by parts we then have

/BQdet (D¢1|D¢2) :/B2<D¢17DJ_¢2> _/BB2ibgllV.DLw2_/Blediv(iLw2) —0.

(direct computation). By an

(One can also use Stokes’ theorem to show this using differential forms).

That is,
deg(p) = / det(DP),

n
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is well defined, meaning it does not matter what the precise choice of ® : B" — R" is as

long as ¢ = .
oBn

Now let ¢(x) = x. Then, assuming the claim of the proposition is wrong, we find some
P : B" — S"! that extends . But observe that this implies rank D® < n — 1 (otherwise
by inverse function theorem ®(B") is n-dimensional locally!). Thus det(D®) = 0. Thus

deg(e) = /B det(D®) = 0.

On the other hand we can choose ®5(x) := z and then we have

deg(¢) :/Bn det(Dx) :/Bn det(I) = [B"| # 0,

a contradiction, since the degree cannot be 0 and nonzero at the same time. U

Let us remark that degree theory from the proof above implies the famous

Theorem 14.2 (Brouwer Fixed Point). Every continuous map between the closed unit
balls B has a fized point. Le. for any f € C°(B™,B") there exists xg € B"™ such that

f(zo) = wo.
Let us remark that Theorem 14.2 can be extended relatively easily to convex compact sets.

Proof of Theorem 14.2. Assume this is not the case. Setting

o[ ez
i) {f@s) ol <1

we obtain a continuous map f : R™ — B"™ without a fixed point.

By compactness of B™ we have
A= inf [f(z) —z| > 0.

zeB”

If we now consider the usual mollification fs then we note that by convexity of B" we have
fs € C(R",B"), and by uniform convergence fs — f we have for all small § < 1 and all
xeB”

|fs(x) — 2| > |f(x) =] = |fs = fllzoe@ny = A = [Ifs — fll~@n) > 0.
<1

That is, without loss of generality we can assume that f € C*°(B", B") and f has no fixed
point.

For t € [0,1], z € B" we set
_ v—tf(z)
SO
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For each ¢ € [0,1] the map g, € C=(S" 1 ,S"1). Indeed, we have more, even the
gn—1

dependency on t is C'*°-smooth:
(14.1) (t,7) 2[0,1] x S '+ g4(z) is smooth.
Indeed, the only obstacle to smoothness is the case when |z — tf(z)| = 0, but we have

(14.2) inf inf |z —tf(x)| > 0.

te[0,1] zeSn—1

To see (14.2), observe that A := infg. |f(z) — x| > 0. So we have for any ¢t € (1 — %, 1]

A
i —zl > i =t — >\—|t— )
6 17—l 2 Jnf 1) = ol ~ 0= 1| sup £ 2 A~ = 1] > 5 >0
On the other hand for (¢,z) € [0,1 — 23] x S"/ that |z — ¢f(z)] > 1 —t > 3. This implies
(14.2), (14.1).

Observe moreover, that the above argument shows for t = 1 that the map g, € C*(B",S")
— since there is no fixed point.

If we now use the definition of degree from the proof of Proposition 14.1, we see that
(observe det(Dg;) = 0 since g; maps into S*~! by Inverse Function theorem)

(14.3) deg(g:) =0, and deg(go) = deg(-~) = / det(Dz) = 1.

B

|

So all we need to show is that deg(g;) = deg(go) to get a contradiction.

For this denote let Gy € C*°(B",R") be any smooth extension of gg. Set now

_ Ja(@/lz)) ] € (31
H(z) := {Go(%) o<t

Observe that H € C°(B", R™) — and by after a freezing argument and mollification we may
assume that H € C>°(B", R™) with the following properties

gi(z/lz])  z[=1
H(z) = qgole/|x])  [z] =3
e st 2] € [1,1).

By the definition of degree we have

deg(g1) = /Bn det(DH)

and (a substituion argument is used here)

deg(gn) = [ det(D(H(5)) = [ det(DH),



ANALYSIS T & 11 VERSION: April 18, 2022 241

However, since rank DH (z) <n — 1 for 1 <|z|] <1 we have

0 = deg(g1) = /B det(DH) :/ det(DH) = deg(go)= 1

2B"

This is a contradiction, so we can conclude. Il

By approximation one can improve also Proposition 14.1 to continuous maps.

Proposition 14.3. There is no continuous map ® : B* — S"~ ! such that

P(r) =2 VreS

Proof. Assume there is. Then we can extend it to a continuous map ® : R* — S*~!

~ R lz| > 1
P = {cb'(a:) ol <1

In view of Exercise 4.39 we can approximate o by a smooth function P, € C>*(R",R™)

with &, = fay for all |z| > 2 (since ® is smooth in |z| > 3 it is easy to check that the

approximation in Exercise 4.39 is smooth.

This approximation is w.r.t. L%, so we have uniform convergence, so if we fix a large
enough k > 1 we have ||®), — ®||~ < 1. Since |®(z)| = 1 we conclude |®4| > 1 and thus

- o
v | Dl
is a well-defined map in C*°(R”,S"1) that satisfies 1) (z) = a7 for all |z| > 2.

Considering 9 (x) := ¢ (2x) have found a counterexample to Proposition 14.1. d

A pure reformulation of Proposition 14.3 is

Corollary 14.4. Any map f : B"(0,1) — S"~! which is the identity on S*™' = 0B"(0,1)
is discontinuous.

When working with Sobolev spaces, Proposition 14.3 readily implies

Corollary 14.5. (1) Whenever p > n there is no map ® € WHP(B",S"1) such that -
in the trace sense.

O(z) =2 VzeS
(2) Whenever p < n there is a map ® € W'P(B™ S*™1) such that — in the trace sense.
P(r)=2 VreS

Proof. (1) Obvious from Proposition 14.3, since WP-maps are continuous if p > n.
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(2) Exercise 13.6.
U

We can also treat the limit case. Keep in mind W'"-maps do not need to be continuous.
log log |x| is the typical example, Exercise 13.5.

Theorem 14.6. There is no map ® € Wh™(B",S"1) such that .
d(z) =2 VreS,

(in the trace sense).

Proof. W.l.o.g. ® is defined in R" as follows
P(x) := {i' o] =1

O(x) el <1,

since ﬁ is smooth outside of zero and the traces coincide. We mollify ¢ as in Exercise 13.20

Oj(x) == /R (=) + 06(x)2)dz,

for some choice of 8 € C°(B(0,2),[0,1]) and # = 1 in B(0,3/2), and a typical bump
function n € C°(B(0,2)),n=11in B(0,1) and [n = 1.

Then for 6 < 1, @5 is smooth, and x/|z| outside of B(0,2), so the only thing we need to
ensure is that ® maps close enough to the sphere.

Fix € R™. Observe that
(14.4) dist (®s5(z),S" ) < |®5(x) — P(y)| Vy € R™

If f(x) = 0 we can choose y = z since then ®s(x) = ®(z), so in that case dist (Ps(z),S" ') =
0.

If O(z) > 0 set 6 := 0(z)d. Integrating (14.4) with respect to y in B(x,20) we find
dist (@5(2), 5" < f_|@5(a) = O(y)ldy.
B(z,20)
Now,
By(x) = / 57" (2/8)®(2)dz.
) = [, 5000
Thus (recall [n = 1)
Ds(0) = @) S Cf|0() — D(y)ldz,
B(z,20)

that is
ist (O ) < O(z) — D .
dist (®s(x),S" ) C%B(Ms) %3(1,25) |D(2) (y)|dzdy
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Triangular inequality then shows

. n—1
dist (®s(x),S" ) < C Be.2d |®(z) — (@)B(I725)|dz.

Poincaré inequality and Hélder’s inequality (observe the power of d!)
dist (®5(x),S" ™) < ClIVP|| n(pa.25)-
By absolute continuity of the integral (since 6 € [0, 1] it does not play a role here) there
exists a 0 < 1 such that
NV sy < 5
That is for all § <« 1,

1
dist (®5(z),S" 1) < 2

thus (up to scaling)

s g — St
|Ds]
is a smooth counterexample to Proposition 14.1. O

We can also make Proposition 14.3 more stable, relaxing the condition ®(x) = z to ®(z) ~
x on OB".

Proposition 14.7. There exists € > 0 such that the following holds.

There is no continuous map ® : B® — S"~ ! such that

(14.5) sup |P(z) — x| <e.

zeSn—1

Proof. As we shall see the constant € is not very small, one should observe it simply depends
on the “tubular neighborhood” of S*~! where the projection exists.

As before, by contradiction and using mollification, we may assume that we have a coun-
terexample ® € C=(B",S"!).

We define a homotopy
H(t,x):[0,1] x S ! — §"!
by
tP 1—-t
H(t 2) = () + (1 —t)x
[td(x) + (1 —t)z|
This makes sense since by Equation (14.5), [t®(x)+(1—t)x| > |z|—t|P(x)—z| > 1—te > 0
if € is small enough. Clearly H (¢, z) is smooth in ¢ and x. As in the proof of Theorem 14.2
we can now obtain that

deg(H(1,)) = deg((@()) = | det(D®) =0
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since rank D® < n — 1. Moreover
deg(H(0,-)) = deg(z) = /B 1=B"| > 0.
And also as in the proof of Theorem 14.2 we see that
t— deg(H(t,"))

must be constant. So we found the desired contradiction, and can conclude. ]

14.2. Sobolev spaces for maps between manifolds and the H=W problem. We
know that on reasonable (i.e. smoothly bounded) sets we can approximate any Sobolev
functions by smooth functions, Theorem 13.15.

Let 1 < p < oo and 2 C R" be a smoothly bounded set (or R™). It is very easy to define
the Sobolev space WkP(Q, R™).

WRP(QR™) = {f = (fi,..., fm): f€WFP(Q)]}.
If we define
HM(Q,R™} 1= O (3, Rim) 47
we get exactly the same space, namely

Exercise 14.8. Let 1 < p < oo. Show that

j—00

(1) for any f € WFP(R",R™) there exists f; € C=(Q,R™) such that || f;— f||w.r@n) —
0

(2) Whenever f € C®(Q,R™) is a Cauchy sequence w.r.t. WHP-norm, then f €
WHkP(Q R™).

Now let N be a compact smooth d-manifold without boundary in R™ (observe this is
equivalent to the above notion if instead N is an open set with smooth boundary!).

Let ¢; : Q; C R - N C R" be any choice of parametrization (i.e. Q; are open and ¢;
diffeomorphisms and UY., ;(€;) = N. Then

WRPWR™) o= {f: N > R™:  fop, € Wh(Q), Vi=1,.. N}
We equip W*P(N,R™) (which is still a linear space) with the norm

max || f o ;e rm)

1 lwe (ar emy == axy

-----

Exercise 14.9. Show that in the above definition, the specific choice of @; does not matter.
That is if (wj)j]‘il is another choice of parametrization, then

{f;/\/—>Rm; fow; € WhP(Q,), w:1,...,N}
:{f:N—>Rm: fo; € WhP(Q,), ijl,...,M}.
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and the two norms are comparable.

max, 1f o @illwrr @, mm) ~ max, = 1f o ¥jllwrera; rm)

1= =

Hint: Ezercise 13.17.

On the other hand, from Advanced Calculus we know what f € C(N,R™) means: fop; €
C>(Q;,R™) for all i. So we can define again

HEP (N, R™Y = O (A, o) e

Again, the distinction between H and W is unneccesary, namely we have

Exercise 14.10. Show that H**(N,R™} = WHEP(N,R™).

Now let us restrict the target. If M C R™ is a manifold, we define W*P(N, M) by
restriction,

WHEP(N, M) = {f € WFP(N,R™):  f(x) in M a.e. in N'}.
On the other hand we define again H*? by approximation
Hk,p(./\/” M) — WH'Hwk,p(AﬁRm)

Exercise 14.11. Let N' C RY be a smooth, compact n-dimensional manifold without
boundary. Show the respective versions of Theorem 13.46 and Theorem 13.49.

Exercise 14.12. Show for any k =0,1,...
HMP (N, M) € WRP(N, M).

The other inclusion is way more difficult — and we shall show: not always true! But let us
first consider cases where it is true.

For this we need the following result from differential geometry:

Lemma 14.13. Let M be a smooth, compact manifold without boundary in R™. Then
there exists € > 0 and setting the tubular neighborhood

B.(M) :={x e R™: dist(x, M) < e}.
and a smooth map m : B.(M) — M such that w(p) = p for all p € M.
Proof. The proof is not terribly difficult [Simon, 1996, Section 2.12.3]. The idea is that one

can show that there exists a tubular neighborhood such that the nearest point projection
7 Bo(M) — M exists, i.e.

7(p) :=¢q, where ¢ € M issuch that |¢—p|= 1611/& G —p|.
q
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Since M is compact, such a ¢ exists for any p € R”, but if € is chosen small enough and
p € B.(M) then q is unique, and then one can show that the dependency of ¢ on p is
smooth.

Let us remark that the choice of some ¢ > 0 is generally necessary, there is no continuous
map [ : R" — S"! with f(z) =z for all x € S"~!, Corollary 14.4. O
We will restrict to the case where the domain is a manifold, since it is simpler.

Proposition 14.14. Let Q@ C R™ be an smoothly bounded open set and M C R™ be a
compact manifold without boundary. Then

H'Y(Q, M) = W (Q, M).
whenever p > n.
Proof. For p > n we could use the continuity of W1P-maps, but for p = n this is not true
anymore. Cf. Exercise 13.5.

Let f € WhP(Q, M). By an extension argument we can assume that W1?(Q') where
Q C Q where 0 is an open set. We simply “freeze” f close to the boundary 02 (which is
compact, so we have the projection myq

o f(x) x €
flz) = {f(ﬂm(;ﬂ)) x € R™\ Q but close to .

Since

s(x) = {;1: r €

Too () x € R™\ Q but close to €.
is Lipschitz we see that f o s belongs to W'?, Remark 13.11.

Now we can mollify f o s, namely for 6 < 1 we set

= (f os)*ns,
for the typical bump function n € C°(B(0,2)), n=11in B(0,1), [n = 1.
Fix x € Q. Then
(14.6) dist (gs(z), M) < |gs(z) — g(y)| Wy close enough to €.

Integrating (14.4) with respect to y in B(z,20) we find

dist (gs(z), M) < ][ !ga —g(y)|dy.

Now,

ai() = [ 5 0(/5)g(:)d:
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Thus (recall [n=1)

9s() ~g)| < C f laz) — (vl

that is
dist (gs(x ) < C'][ ][ —g(y)|dzdy.
(2,20)J B(x,26)

Triangular inequality then shows

dist (g5(2), M) < Cf_ 1g(2) = (g) ezl

B(z,20)
Poincaré inequality and Hélder’s inequality (observe the power of d!)
dist (g5(x), M) < C6' 55" [V 1o (50 25))-
Since p > n we have 1—n+n ;n > 0 and thus
dist (gs(x), M) < Cl|Vyg|lr(B(o,26))-
By absolute continuity**for any ¢ > 0 there exists a § < 1 such that
CHVg”Ln 125) < €.

That is for all § <« 1,
dist (gs(z), M) < ¢,
thus
Tmgs € CF(Q)

is a well-defined smooth map. Since gs converges in WP to g, it is easy to show (mpq is a
Lipschitz map!) that mags converges in W' to myg = g¢.

That is, any WhP-map, p > n, is smoothly approximable, which is what we needed to
show. 0

Exercise 14.15. Show Proposition 14.14 for WY (N, M) where N' C R" is a manifold of
dimension d and p > d.

However, It turns out that in general H*P(N, M) # WYP(N, M) if p is less than the
dimension of N, see Section 14.4.

First we need Fubini’s theorem for Sobolev spaces.

38 And here the proof stops working if p < n, because if 1 —n + npp%l < 0 for p < n, absolute continuity

cannot compensate for this negative power of §!
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14.3. Fubini theorem for Sobolev spaces. The following is the Sobolev version of the
slicing for LP-functions in Proposition 4.6.

Theorem 14.16. Let u,u; € W' (R™) and let 1 < p < oo such that

1—00

HU — u,;||W1,p — 0.

Denote points in the cube by (t,2') € R*, t € R, x € R* L. Then® for L'-almost every
teR
u(t,-) € W (R,

Moreover there is a subsequence u;; such that'
wi () —u(t, ) 50 in W (R

for almost every t € R

Proof. There exists ux € C2°(R™) such that

k
||Uk - UHWI,p(Rn) ﬁ)

By the usual Fubini’s theorem we have
0 &= \Vuy, — Vulf = / (/ |Vug(t, z) — Vu(t, x)|pdx> dt
R™ R \JRn-1

So if we set
Fult) = ( [ 1Vt - Vu(t,x’)|pdx'>
Rn—

we have in view of Theorem 3.51 that for some subsequence Fj,

Jj—00

F,(t) == 0 L'-ae. t.

If we denote
V'f(t,a") = (0af,. ... 0uf) (2, 2)
we find, observing that |V'f| < [V f], that for L'-a.e. t € R

/ ) IV ug(t, ') — V'u(t, 2')|Pda’ 2225 0.
R

Similarly we can argue for the LP-norm, so (after passing to a more refined subsequence
labeled the same way) we have

g, (£, ) — ult, )|[wrp@n-1) T 0.

39Here a bit care is needed: u as a measurable map is only defined almost everywhere. What we say
here is that each representative u can be restricted two a set ¥ C R on which this representative is a
representative of a Sobolev map. Two different representatives will lead to two different sets ¥ C R.

40Spoiler: this is the main point. Observe that Sobolev embedding depends on the dimension and
1-— % <1- %. Le. if 1 — % > 0 then we have control of the continuity on R”~!, whereas we might
not have any continuity in R"!
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But since uy, (t,-) € C(R™!) for all ¢t € R we conclude that this means its limit u(t,-) €
Whe(R™ 1.

We can argue the same way for (u;);en. Each u; can be approximated by some smooth
(uix)r and by triangular inequality the convergence holds. U

Exercise 14.17. Show the following: Let u,u; € W'P(B(0,1)) and let 1 < p < oo such
that

lu = willwro == 0.
Every point in x € B(0,1) besides 0 can be uniquely written as x = r where r € (0,1) and
6 esS .
For L'-a.e. r € (0,1) we have

u(r-) € Wt (S"_l) :
Moreover there is a subsequence u;; such that

g, (r-) — u(r-) % i W (S”_l)

for L -almost every r € (0,1)
Exercise 14.18. Show Theorem 14.16 for W™P.

14.4. Nondensity of smooth maps in Sobolev spaces between manifolds. As an
application of Fubini’s theorem for Sobolev spaces, Section 14.3, we answer (negatively)
the H = W question for Sobolev maps between manifold from Section 14.2

Theorem 14.19. Let n — 1 < p < n. There exists a map v € W'?(B"(0,1),S"!) that

cannot be smoothly approzimated by maps u;, € C*°(B™(0,1),S" 1)

Before we come to the proof of Theorem 14.19, observe this is a special feature of Sobolev
classes, which we have not seen e.g. for continuous classes. Namely we have

Exercise 14.20. Let 1 < p < oo and M any smooth compact manifold without boundary.
Then any v € CV N WY (B™(0,1), M) can be smoothly approzimated by maps into the by

maps uy, € C*°(B"(0,1), M)

Hint: mollify to obtain us € C*°(B™(0,1),R") and then control dist (us, M) by uniform
convergence.

Proof of Theorem 14.19. Take u(z) := %. By Exercise 13.6 v € W1?(B(0,1),S"1).

|z
We claim that u cannot be smoothly approximated.

Assume by contradiction, there exists a sequence u;, € C*°(B(0,1),S"1) such that ||u; —

k—o0
ullwres.1)) —— 0.
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By Fubini’s theorem, Exercise 14.17, up to passing to a subsequence, we can find some
r € (0,1) such that fi(x) := ug(rx) converges to f(z) ;= u(rz) = o in Whr(os"—1).

By Sobolev-Morrey embedding, Exercise 14.11, since p > n — 1 (which is the dimension of
S"~1), we have that f; converges uniformly to x on S"~1

k—o0

ka — JZHLoo(gn—l) —/= 0.

By Proposition 14.7 this cannot be true, contradiction. Il

The general theory of these topological obstructions is due to Bethuel [Bethuel, 1991] with
corrections by Hang and Lin [Hang and Lin, 2001}, and is related with many open questions
[Bethuel, 2020].

15. BV

When defining W'* we observed that for 1 < p < oo weak closure (i.e. closure under weak
topology) and strong closure (closure under strong topology) of C* under the W!P-norm
give the same space.

A particular effect of this is:
Exercise 15.1. Let Q@ C R"™ be smooth and bounded. Let p € (1,00] and assume that

n—oo

fn —— [ almost everywhere in €}
Show that
HfHWLP(Q) < h,{ggolf ”anWLp(Q).

whenever the right-hand side is finite.

Hint: For p € (1,00) use reflexivity and lower semicontinuity of the norm, as well as Rel-
lich’s theorem. If p = oo use Arzela-Ascoli and the identification of Sobolev and Lipschitz
spaces.

This is not the case for p = 1.
Example 15.2. Let 2 = (—1,1) and set

0 —1l<z<0
up(r) = qnz  O0<z<=
1 x>%.

Each u,, is Lipschitz continuous so in particular u,, € W'((—=1,1)), and

HunHLl(—l,l) S 27

and .

||u;1]|L1(,171) = /0n ndr = 1.
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Set

0 —1<x<0
u(z) =
1 z > 0.

Then u is discontinuous and thus (we are in one dimension!) u ¢ W!. However we see

n—00

|un — |11,y — 0,

e.g. by the dominated convergence theorem.

So

Jullwos £ Timint oy s .
The strong closure of C* under the W'!-norm gives W' (functions in L' whose distri-
butional derivative belongs to L').

But the weak closure leads to the space of bounded variations, f € L' such that Df is a
measure, cf. Exercise 12.40. Since we want to avoid the use of signed measures, we will
first define BV by duality.

First let us consider the W1P-version. Recall that for ¢ € C}(Q, R™) the divergence div ¢ €
CY(9) is given by

dive =3 8¢,
=1

Theorem 15.3. Let Q C R™ be open and smoothly bounded (for simplicity), p € (1,00),
and f € LP(QY). Then f € WYP(Q) if and only if

A= sup{/gfdivd)dﬁ" 6 CHORY), 6]l < 1} < 0.
In that case there exists a constant such that C7Y||Df||p» < A < C||Df| v
Proof. = Assume f € W?(Q) then
[ fdivo = [ Df -6 < Dfls 9]0
< Let ¢ =(0,...,0,¢,0,...,0) (where ¢ is at the j-th position then we get that

o | 010 < Al oy

By the Riesz representation theorem (here we need that p’ < oo, so p > 1) we find
g € LP(R™), ||g]lzr < A such that

/ fO50 = / 9%,

Q Q

that is f € Wte. O

Motivated by this we define BV as the p = 1 case of the above theorem.
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Definition 15.4. Let 2 C R"™ be open.
(1) A function f € L*() is said to have bounded variation in Q if
sup {/Q fdivedL™: ¢ € CHQ,R™),|o(z)] < 1 in Q} < 00.

(2) the collection of functions with bounded variations is denoted by BV (§2). Here we
do not identify two functions which agree L™-a.e..

(3) An L"-measurable subset E C R" has finite perimeter in Q if xp € BV (2).

(4) A function f € L} () is said to have locally bounded variation in € if for each
0 ccQ,

am{l;fmv@uw: ¢w5QKQQRﬂJ¢@Hf;th}<ixL

(5) the collection of functions with locally bounded variations is denoted by BVj,.(2).
Here we do not identify two functions which agree L™-a.e..

(6) An L™measurable subset ' C R™ has locally finite perimeterin Q if xg € BVj,.(€2)
(such a set is sometimes called a Caccioppoli set)

As mentioned, BV means that Df is a Radon measure. The precise meaning of that is
the following

Theorem 15.5. Assume that f € BV,.(Q).

Then there ezists a (nonnegative) Radon measure pn on 2 and a p-measurable function
o:Q — R" such that

(1) |o(z)| =1 for p-a.e. x, and
(2) for all € CH(;R™) we have

éﬂm¢:—é¢ﬁ@L

Proof. We skip the proof, it is relatively straight-forward consequence of the Riesz Repre-
sentation theorem Theorem 5.44, similar to W!P-case above. O

So oL takes the role of Df. We will write
|Df]| for the measure p, the variation measure

and
[Df] = ||Df|[co
so that we have in the above theorem

| faive=— [ ¢-odiDfl| =~ [ 6-dDf] Vo e CHARY),
In a similar spirit, if f = yg and E is a set of locally finite perimeter in U we write

Vg = —0
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and
|OF]| := 1 the perimeter measure

so that
/ div ¢d :/ - vp d|OE]| Vo € C QR
E U

We furthermore can apply Lebesgue decomposition theorem, Theorem 5.14, and split

IDFI =D fllac + 1D f]s,
where || Df|l,. < £" and ||Df||s L £L". We then have for some G € L}, (U, R")

oD f1c() = | Go)dL" (@)

We denote D f(x) := G(x) the density of the absolute continuous part of [Df]. Then we
have
Df] = £Df + [Df],

If f € BVioe(U)N LY (U) then f € BV,.(U) if and only if |Df||(U) < oo, and in this case

we define
I lsvw) = fllerw) + IDFIIU).
Observe that from the Riesz representation theorem we have

IDAI@) = sup{ [ divodc™: o€ CHRRM.[o(a)| < £ in 0f,
and

|OE| () := sup{/QXEdivgzﬁdE" . ¢ € CHQRY), |p(z)| < 1 in Q}

Lemma 15.6. o f €W U) then f € BV (U)
o f e WHY(U) then f € BV(U)

Proof. This follows from the integration by parts formula for ¢ € C(£2, R")
| faive= [ V56 < l8lie VS

Definition 15.7. For a set £ C R™ of finite perimeter we set
Per(E) = [|9E] (R")
the perimeter of E.

Example 15.8. Assume F is a smooth open subset of R” and H" 1 (JF) < co then we
have from the integration by parts formula

/E div (¢) = /{)E ve¢ <H"HOE) 9llLx(or) < H" T (OE)||gllLomn Vo € Co(R).
That is xz € BViee(R"). But observe that xz & Wi (R?). Indeed if yz € W' (R™), then

C oc
using Fubini’s theorem Section 14.3 iteratively on smaller and smaller dimensions, there
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would be some straight line L intersecting F such that yg € WH(L) — but then yz would
have a continuous representative on that straigt line Proposition 13.50, which is impossible
since it jumps from 1 to 0.

Example 15.8 shows also that for all sufficiently smooth sets E, we have
Per(E) = H" '(OF).

For general sets of finite perimeter this will not be true (otherwise the notion of Perimeter
would be quite useless, wouldn’t it?7) but it is true for the so-caelled reduced boundary 0*F,
see Theorem 15.19.

15.1. Some properties: Lower semicontinuity, Approximation, Compactness,
traces.

Theorem 15.9 (Lower semicontinuity). Let @ C R"™ be an open set. Suppose (fi)ren C
BV (Q) and fr, — f € L,.(Q).

loc
IDFI@) < limint DA ()
In the sense that if liminfy_, || D fi||(2) < oo then f € BVj,.(Q) and we have the above

inequality.

Proof. Fix ¢ € C}(2,R"). Then, by L'-convergence
/ fdivé = lim / Fediv ¢
0 k—oo JO
— lim / ¢ - ond|| Dy
k—o0 JO
<[[@ll o= lim inf [|D fy[(€2)
]

Theorem 15.10. Let Q C R™ be an open set. Assume f € BV (). Then there exist
functions (fx)ren C BV (Q2) N C>(§2) (observe the openness of Q@ we do not get continuity
up to 0R2) such that

(1) fu =% f in L}(Q)
k—o0
(2) IIDfill(©2) === | Df[().
(3) If we denote pug(B) = [gng Dfrdx for each Borel set B C R", and set u(B) :=
[w A[Df] then . weakly converges to p in the sense of (vector-valued) Radon
measures in R™.

Proof. For the full proof we refer to [Evans and Gariepy, 2015, Theorem 5.3 and Theorem
5.4], however let us sketch the main idea here.
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Let n € C*(B(0,1)), n(x) = n(—=x), [n = 1 be the typical mollification bump function.
It is very reasonable to hope that f. := f % e "n(-/e) is the right approximation for f —
but there is the smearing out of the convolution. Nevertheless, from lower semicontinuity;,
Theorem 15.9, we have (where we consider f extended by zero outside of §2)

IDFI(©) < liminf [ DL} (@)

So all we have to show is the opposite direction — which is messy, and here we are only
going to show

limsup D1 (7)< [ DF(©),
for any open ' CC Q (i.e. Q' C Q' C Q and ' is compact).

To see this take £ small enough so that B.(£2') C Q. Then for any & € C*(,R"), by
Fubini’s theorem and integration by parts (and since n(z) = n(—=x)),

| fedive = [ raiv(@sn) < @~ DI < @]l D)
Taking the supremum over such ® with ||®||;~ < 1, we readily find

IDfAI(2") < ||Df]|(2) for all small € > 0,

that is,
lim sup IDf)|(£2) < [IDfII(€2).

The full proof is then a careful covering argument, but follows the spirit from the argument
above. U

Exercise 15.11. Show that if Q@ = R™ and f € BV () we can choose the approximation
fr in Theorem 15.10 (1) and (2) to belong to fi, € C°(R™)

Remark 15.12. Observe

e there is no assumption on regularity on 0f2.
k—o0

e We do not claim that ||[Dfy — Df||[(U) —— 0 (because this would indicate that
Df € L}, and take f = xp as counterexample where E is a nice set)

We get a version of Rellich’s theorem, Theorem 13.35.

Theorem 15.13 (Compactness / Rellich’s theorem). Let U C R™ be open and bounded
with Lipschitz boundary OU. Assume (fi)ken S a squeunce in BV (U) satisfying

s%p | fxll Bv ) < 0.
Then there exists a subsequence (fx,)jen and a function f € BV(U) such that

fo, 225 fin LNU).
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Proof. Follows from Rellich’s theorem, just approximate f; by g, € C* (and thus g €
W), such that

1
e~ giller < 4

and .
1Dgellzr = [Dgrll(U) < IDfll(U) + 7

We conclude that (gi) is bounded in W1 by Rellich’s theorem, Theorem 13.35, (there is
a subseqeunce) gi, which converges strongly in L'(/), and so f, converges in L'(U). O

If f e Wh(Q2) and Q is bounded with smooth boundary, then f| € Wi (this works
o0

if p > 1, with W% = L!). Essentially this still works for BV -functions, in the following
sense

Theorem 15.14 (Trace). Let U be open and bounded with OU Lipschitz continuous. There
exists a bounded linear mapping

T :BV(U) — L"oU; H™™),
such that
1 - — . . 3 n—1
/delvgbdac - /qu d[D /] +/3U¢ v THdM
for all f € BV(U) and ¢ € C*(U,R").

Tf is called the trace of f on OU — and if f € WHL(U) c BV(U) then it coincides with
the trace of Theorem 13.31.

For a proof see [Evans and Gariepy, 2015, Theorem 5.6]
Theorem 15.15 (Sobolev embedding). Let u € BV (R"™). Then

lull e gy < C 1Dl (RY)

Lﬁ(Rn
where C' is a constant only depending on the dimension n.
k—o0

Proof. By Exercise 15.11 we can approximate u by u;, € C2°(R"™) such that |juy—ul| 1 @n) ——
0, fr 22%5% f Lr-ace., and || D fi]|(R™) £22% | Df||(R™).

By Theorem 13.41, for each k € N

1wl 72y gy < C NI Dusllprmy = C | Du]|(R™).

By Fatou’s Lemma, Corollary 3.9,

Il < lim inf [Jugl], ) < Climinf | Duy [(R*) = C [ Duf[(R).

_n_ _n__
Lnfl(Rn) nfl(Rn



ANALYSIS T & 11 VERSION: April 18, 2022 257

15.2. Isoperimetric inequality. The isoperimetric inequality relates the area of a set E
with the length of its boundary OF. In its simplest form (an easy consequence of Sobolev-
inequality for BV, Theorem 15.15) it looks as follows

Theorem 15.16 (Isoperimetric inequality). Let E C R™ be a set of finite perimeter. Then
E”(E)%1 < CPer(E)

Proof. In this form this is the Sobolev theorem Theorem 15.15, for xg, then we have
el gy < ClIDXENE?) = Per(E)

Now we observe that
—1

Il e ey = £7(B)T
Ul

It is very interesting to find out what the optimal constant C' is, and what shape E needs
to have for this optimal constant to be attained (ball!). This is caleld Dido’s problem cf.
[Bandle, 2017].

15.3. Reduced boundaries. Without going into too much detail let us discuss some cool
features about sets with finite perimeter. For details and proofs see [Evans and Gariepy, 2015,
Chapter 5].

For sets E of finite perimeter we have that OF can be quite a wild set. The measure ||0E||
leads to another notion of boundary: the points where |[0F|| has suitable density.

Definition 15.17. Let £ C R" be a set of locally finite perimeter. The reduced boundary
O*FE of F is defined as the collection of all z € R™ such that

(1) ||OE||(B(z,7)) > 0 for all > 0, and
(2) im0 f 5, Ved|OE|| = vE(T), and
(3) ve(z)| = 1.

Lemma 15.18. 0*FE C OF.

Proof. Indeed, this follows from the first condition. If x ¢ OF then there exists a radius
r > 0 such that the ball B(x,r) C E or B(z,r) C R\ E. Take any ¢ € C°(B(z,r),R")

then we have
/dw¢:/' div 6.
E ENB(z,r)

Either, if B(x,r) C E
/dw¢:/i divé = 0,
E B(z,r)
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or if B(z,r) € R™\ E we have

/ div¢:/div¢:0.
ENB(z,r) 0
So in either case [pdive =0, so ||0E||(B(x,r)) = 0. O

Theorem 15.19 (Structure theorem for sets of finite perimeter). Let E C R™ be a set of
locally finite perimeter.

e H"1(B) < C||OE|(B) for all B C 0*E (where C is a constant depending only on
n)
e The reduced boundary 0*E can be written as

O*E = |J Ky UN,
k=1
where
[OE[(N) =0
and each K}, is a compact subset of a Ct-hypersurface Sy.

e vg| is normal to Sy for each k
Sk
o |OF| = H"'LO*E. In particular
Per(E) = H" ' (0*E).

Definition 15.20 (measure-theoretic boundary). Let £ C R". The measure-theoretic
boundary 0,F of F is given by all x € R™ which satisfy

L' B(x,r)NE) -

lim sup 0
r—0 rm
and LB E
lim sup (Blz,r) \ E) >0
r—0 rm

We have 0*E C 9,F and H" 1(0,.E \ 0*E) = 0.
Theorem 15.21 (Gauss-green). Let E C R™ have locally finite perimeter.

(1) Then H" 1 (0. ENK) < oo for each compact set K C R".
(2) For H" '-a.e. © € O.E, there is a unique measure theoretic unit outer normal
ve(x) (this of course needs to be defined) such that

/dim:/ - vpdH™! V¢ € CM(R",RY).
E o+ E

One can show that if £ C R" is £"-measurable and H"1(9,FE N K) < oo for all compact
sets K C R", then F has locally finite paramter (in particular Theorem 15.21 holds for
open sets with Lipschitz boundary)

Email address: armin@pitt.edu
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