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Calculus of Variations

Aufgabe 1  In Proposition 1.6 we defined the Euler-Lagrange equation for a variational functionals of the form

b
F(u) = f F(x,u(x),u'(x)) dx
Compute the Euler-Lagrange equations for some special cases:

1
?(u):f |’ (X)) dx
0

1
F(u) = f ' OF = Alu) dx
0
o for some given function f,

1
F(u) = f ' COF + fOou(x) dx
0

Aufgabe 2 In Proposition 1.6 we defined the Euler-Lagrange equations for variational functionals of first order
only. Now consider the variational functional of second order

b
Fu) := f [ () dx

Follow the arguments in the lecture to derive the equation that every local minimizer u € C*((a, b)) of this functional
has to satisfy.

Aufgabe 3 In Proposition 1.6 we defined the Euler-Lagrange equations for variational functionals of one-
dimensional functions only. Now let Q c R” be an open set, and consider the following functional on functions
u:Q—-R

Fu) := f \Dul* + fu
Q
Here Du = (01u, ... 0,u),

n
2 2
DUl = 3" 10ul?,
i=1

and f is a (say smooth) function on Q.

Follow the arguments in the lecture to derive that the equation that every local minimizer u € C?(Q) of this functional
has to satisfy is
—-Au=f.

Here Au denotes the Laplace operator (or Laplacian) given as

n
Au = tr(D*u) = Z 0.
i=1




