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Calculus of Variations

Exercise 10 Let ((*(N), || - ll2qy)) be the space of all sequences
P

a = (a;)

such that |lall;2qy) < oo, where

SR
. 2
lalleqr = (Z i ]
i=1

A sequence of £2(N)-sequences (a*)$_, c €2(N) converges (strongly) in €2(N) if there exists a limit sequence a € ¢*(N)
so that <
la® - allzgry —— 0.

A sequence of £2(N)-sequences (a¥)$_,  €2(N) converges (weakly) in €*(N) if there exists a limit sequence a € ¢*(N)
so that

Zbk(allc( —ak) K_>—OO> 0
k=1

holds for any other sequence b € £2(N).

(i) Show thatif a = (a;)2, € £2(N) then lim,_, |a;] = 0.
(ii) Show that for any K € N the sequence eX := (0,...,0,1,0,...) belongs to £2(N) and compute its norm ||eX 2y

(iii) Show that the sequence (X Y1 C £*(N) has no converging subsequence with respect to the £2(N)-norm.

(iv) Show that weakly K 2225 0 in (2(N), where 0 = (0,...,0,...).

Exercise 11  Forsome N e NletJ ={l,...,N}.
Let (£2(9), || - ll2¢5)) be the space of all sequences
a= (@),

such that [lal|,2¢gy < N, where

YRS
lalle, = [Z |a,-|2]

i=1
A sequence of £*(J)-sequences (a* Vo1 C £*(J) converges (strongly) in £*(J) if there exists a limit sequence a € €*(J)
so that .

lla® - all 5y —— 0.

00

A sequence of £*(J)-sequences (aX %o C £%(J) converges (weakly) in £2(J) if there exists a limit sequence a € £(J) so

that
al K—o0
D biaf —a) —>0
k=1

holds for any other sequence b € £*(J).



(i) Show that any bounded sequence in ¢?(J) has a convergent subsequence. Namely, if (aX V-1 C £*(N) is so that
sup [la®|leg) < o0
KeN
then there exists a subsequence (K;);?, so that K; — oo, a limiting objecta = (a1, ...,ay) € £2(N) so that
K—o
lla® - allpgy —— 0.

Hint: Bolzano—Weierstrass Theorem.

(i) Conclude that every weakly converging sequence is actually strongly convergent in £>(J).

Exercise 12 Let I c R! be an open, bounded interval. A continuous function F : I x R¥ x R¥ — R is called
quasi-convex (in p) if for any ¢ € C(I) and any (xo, 20, po) € I X RY x R we have

f F(x0. 20 po + ¢ (¥)) dx > ] F(x01 20, po).
1

Show that if F' is convex in p, then F is also quasiconvex in p.

Hint: Jensen’s inequality.




