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Exercise 13 Prove the following Theorem by implementing the Direct Method Argument as in Theorem 3.6.

(i) Denote by

C1 := {u ∈ W1,2((0, 1)) :
∫

(0,1)
u = 1}

and let for some f ∈ C0([0, 1])

F1(u) :=
∫

(0,1)
|u′(z)|2 + f (z)u(z) dz

(ii) (Geodesics) Denote by

C2 :=
{
u ∈ W1,2((0, 1),RN) : |u(z)| = 1 a.e., u(0) = (1, 0, . . . , 0), u(1) = (−1, 0, . . . , 0)

}
and let

F2(u) :=
∫

(0,1)
|u′(z)|2

Show that there exists minimizer ui ∈ Ci such that

Fi(ui) = inf
Ci

Fi.

Exercise 14 Let I = (0, 1). Use the direct method to find a (weak) solution u ∈ W1,q(I) to the equation(|u′|q−2u′)′ = f in I
u(0) = u(1) = 0

for any (say) continuous f ∈ C0(I).


