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Exercise 16 Show lower semicontinuity of the W1,q-seminorm for q ∈ (1,∞). That is, assume that vk ⇀ v in
W1,q(I,RN), show that then

‖v′‖Lq(I) ≤ lim inf
k→∞

‖v′k‖Lq(I).

Hint: Duality / Riesz Representation theorem

Exercise 17 A Banachspace (X, ‖ · ‖X) is called uniform convex if the unit sphere is uniformly strictly convex.
More precisely: for any ε > 0 there exists δ = δ(ε) > 0 so that for any u, v ∈ X with

‖u‖X = ‖v‖X = 1,

and
‖u − v‖X ≥ ε

it holds that
‖

1
2

(u + v)‖X ≤ (1 − δ)

Show that this is equivalent to saying if there is a sequence uk, vk ∈ X satisfying

‖uk‖X = ‖vk‖X = 1

and
‖uk + vk‖X

k→∞
−−−−→ 2

then
‖uk − vk‖X

k→∞
−−−−→ 0

Exercise 18 Show that Lq(I), 1 < q < ∞ is a uniformly convex Banach space in the above sense.

For q ∈ [2,∞) prove and use that
|x + y|q + |x − y|q ≤ 2q−1(|x|q + |y|q).

Extra Fun: To see how this works for q ∈ (1, 2) search for Clarkson’s inequalities.

Exercise 19 For q ∈ (1,∞) show that if vk → v weakly in W1,q(I,Rn) and if additionally

‖v′k‖Lq(I)
k→∞
−−−−→ ‖v′‖Lq(I).

Then we have strong convergence, i.e.

‖v′k − v‖Lq(I)
k→∞
−−−−→ 0.

Hint: Show that w.l.o.g. ‖v′k‖Lq(I) = ‖v
′‖Lq(I) = 1. Use lower semicontinuity of the seminorm and uniform convexity of

Lq.


