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Calculus of Variations

Exercise 20 Let f € C'(RM) be so that for some g > 1 and ¢ > 0 it holds
cxl? < f(x) VYxeRM.
Show that

(i) For any v € RY there exists a x € RV so that Vf(x) = v.

(i) If f is additionally convex show that [V f(p)| — oo as |p| — oo.

Hints: For (i) consider for a given v the function g,(x) := f(x) — x - v. For (ii) use the following consequence of the
convexity assumption:

f(0)> f(p)+ (0 - p)Vf(p) VpeR".




