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We prove an epsilon-regularity theorem for critical and super-critical systems with a non-local anti-
symmetric operator on the right-hand side.

These systems contain as special cases, Euler-Lagrange equations of conformally invariant variational
functionals as Riviere treated them, and also Euler-Lagrange equations of fractional harmonic maps
introduced by Da Lio-Riviere.

In particular, the arguments presented here give new and uniform proofs of the regularity results by
Riviere, Riviere-Struwe, Da-Lio-Riviere, and also the integrability results by Sharp-Topping and Sharp,
not discriminating between the classical local, and the non-local situations.
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1. Introduction

In recent years there has been quite some research on the effect of antisymmetric potentials in the regularity
theory of critical and super-critical elliptic partial differential equations. This was initiated by Riviere who in his
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celebrated [Riv07] proved that solutions v € W2(D, RY) to the equation

Au=Q-Vu in D C R? (1.1)
which is a contracted notation of
N
Au' =) Q. -Vu* 1<i<N,inDCR?
k=1

are Holder continuous, under the condition that Q;; € L?(D,R?) and the at first sight seemingly non-descript
condition
Qi = —Qi, 1<i,k<N. (1.2)

As Riviere showed, (1.1) with (1.2) is essentially the general form of Euler-Lagrange equations of conformally
invariant variational functionals which allow the characterization of Griiter [Grii84], take for example a manifold
N C RY and the Dirichlet energy

/ Vul>, w:DcR?>— N cRVN.
R2

We refer the interested reader to the introduction of [Riv07] for more details. In [RS08] this was generalized to an
epsilon-regularity theorem for D C R™, m > 3.

If the antisymmetry-condition (1.2) is violated, solutions to (1.1) might exhibit singularities such as Frehse’s [Fre73]
counter-example log log ﬁ In fact, the antisymmetry is shown to be closely related to the appearance of Hardy
spaces, and also to Hélein’s [Hé191] moving frame technique, cf. [Sch10a].

Motivated by this, Da Lio and Riviere [DLR11a] (for m = 1) showed that this regularizing effect of antisymmetry

exists and appears also in the setting of m/2-harmonic maps, critical points of the energy

[ |iwr%
Rm

which satisfy (roughly) an Euler-Lagrange equation of the form

2
. u:R™ 5 N RV,

N
A%yt =" [V|FuF 1<i<N,inDCR™ (1.3)
k=1

Here, Q;; € L?(R™) satisfies again (1.2), and |V|* = (=A)? is the elliptic differential operator of differential order
a with the symbol |£|?, for the precise definition we refer to Section A .

As well in the classical situation [Riv07], as also in the case of fractional harmonic maps, the argument relies on
transforming the equation with an orthogonal matrix P (in a similar way as Helein’s moving frame technique,
cf. [Sch10a]). That is, one computes the respective equation PVu instead of Vu, or PA%u instead of ATy and
obtains a transformed Qp, which for the right choice of P exhibits better properties than the original 2: In the
classical case, div(Qp) = 0, while in the fractional case, Qp € L?! (where L?! C L? is the Lorentz space dual to
the weak L2, denoted by L?**°). Note that while a condition like div(f) = 0 is destroyed under a distortion like
f = fg, even for g € L™, the condition f € L2 is also valid for f = fg, if g € L>.

Thus, the techniques developed in the fractional setting [DLR11a, DLR11b, Sch11, DL10, Sch12], seem somewhat
more dynamic and stable under certain distortions. For example, in [DLS12a, DLS12b] Da Lio and the author
were able to extend some of the results to the degenerate situation of the energy

/ ||V\au\%, uw:R™ - N CRY,
the Euler-Lagrange equation of which have the form

N
V[ (91l ™ 72V u) = 9]l 7Y Qu [V]"u* 1<i <N, in DCR™

k=1

The aim of the present work is to shed more light on the connection between the two systems (1.3) and (1.1) in the
critical and supercritical case, and we are going to extend the techniques developed in [DLR11a, DLR11b, Schll,
Sch12] to give a uniform argument for e-regularity for quite general systems which in particular include as special



cases both (1.3) and (1.1).
Setting w := (—A)2u = |V|'u € L2(R™), (1.1) reads as

2 N
Z Z QR [w (1.4)

y=1k=1

wh—t

where R, = 8VA_% denotes the Riesz transform. Thus, (1.1) is of the form (1.3), but £ is not a pointwise matrix
anymore, but a non-local, linear operator mapping L?(R™) into L'(R™). This was our main motivation, to study
the regularity, and, in the super-critical regime, e-regularity of solutions w € L?(R™) of

/wi IV|Fo = —/Qik[wk]gp for all ¢ € C§°(D), (1.5)

where Q;;, is a linear mapping which maps L?(R™) into L!(R™). We will restrict ourselves to Q of the form

ZAl Rl (1.6)

where Al; = —Al; € L*(R™), 4,j € 1,...,m, Ry[] is the I-th Riesz transform for I = 1,...,m and Rol] is the
identity on R™. The arguments presented here hold also for more general potentials Q : L? — L', under suitable
conditions on quasi-locality and its commutators. But as (1.6) contains already the most interesting examples (see
below), we shall restrict our attention to this setting for the sake of overview.

Our main result is then the following e-regularity:

Theorem 1.1. Let p < min{l, 3} or p = 5. Let D CC R™, p € (1,00), then there exists 0 > 0 such that the

following holds: Let w € L*>(R™) N L(®2x(D), that is,

wlly g + sup p~ T (1.7)
B,CD
be a solution to (1.5), where Q is of the form (1.6). If Q satisfies moreover
sup pzu Al <0, (1.8)
B,(z),x€D
then w € LY (D).

Let us remark the following corollaries from Theorem 1.1.

As mentioned above, by the representation (1.4) this gives a new proof of Riviére’s theorem [Riv07], and also the
e-regularity theorem of [RS08].

Moreover, from Theorem 1.1 a new proof of Sharp and Topping’s integrability theorem [ST11] for (1.1) follows, and
also an extension to the super-critical setting. The latter has been done independently, and by different methods
by Sharp [Shal2].

Also, we extend these integrability results to the non-local case for p < 1. For p > 1 it seems already in the
classical setting of the biharmonic maps, cf. [Str08], that for e-regularity we need more information on the growth
of 2 in terms of the solution, a fact which appeared also in our setting and forced us to restrict p = 3 if p > 1.

Another corollary worth mentioning is that the arguments presented here also enable us to treat e-regularity critical
points of more general non-local energies, e.g.,

:/|Vo‘u|2 uw:R™ > N CRV, (1.9)
where for R = [R1,...,Rnu]T, and R; being the i-th Riesz transform,

Veu := R[|V|%u].

Another remark regards the smallness condition of (1.8). In the critical setting 2 = m, it is easy to verify, that
this condition holds, if D is chosen appropriately small. In the super-critical regime 2p < m, this condition would



follow from some kind of monotonicity formula for stationary points of energies of the form (1.9), which for the
non-classical settings are unknown so far.

Let us now sketch the arguments we are going to need. Firstly, somewhat motivated by the arguments in [RS08],
we are going estimate the growth of the norm possibly far below the natural exponent 2. More precisely we
estimate the growth in R of

Ag—m

sup 1 Ps ||w||mer, (1.10)
B,.CBr
starting with k = u, where
)
m-—K
m
Pk = .
m—k

The main work is to show that for any x € [u,2u) there is a good growth of these quantities, then starting for
Ko = 1, we can find a sequence of k; which converges to 2u, such that each growth of the k;-norm (that is (1.10)
with ;) is controlled by the x;_1-norm. Finally, for x sufficiently close to 2u, we show that we can actually have
an estimate for p > 2. From this we have

Theorem 1.2. There is 62 > 0 such that if 0 < 05, there exists p > 2, A < 2u, such that

w e LV (D).

loc

For Theorem 1.2, the antisymmetry of €2 will be crucial. Once Theorem 1.2 is established, the system (1.5) becomes
subcritical, and we can drop the antisymmetry condition and just by the growth of the PDE, we have

Theorem 1.3. Assume w as in Theorem 1.1, where we do not require the antisymmetry of Q. Assume moreover,

that w € LT} (D) for p1 > 2. Then for any p > 2, there is 6, > 0 such that if 6 < 6, in (1.8), also
we LY (D).

The main difficulty is thus Theorem 1.2 and the estimates of the Morrey norm. For the proof of this theorem
we need the following two main technical ingredients: Firstly, we need to extend the known commutator results
[DLR11b, DLR11a], and also the pointwise estimates [Sch11, Sch12]. We introduce the following commutators:
Let X be a linear space, For ¢ € Cg°(R™), T : LP(R™) — LI(R™), 1 < p,q < co. We then set for f € LP(R™)
the commutator C(p, T)[f]

Clo, T)[f) = ¢TLf) - Tle ). (1.11)

This commutator was estimated in terms of Hardy spaces for T' = R the Riesz transform or T' = I, the Riesz
potential in [CRW76, Cha82], nevertheless we need more precise estimates and generalizations. The next bilinear
commutator was introduced in [DLR11b], in [Sch11] pointwise estimates were given.

Hg(a,b) := |V|’(ab) — a|V|’b — b|V| a. (1.12)
For these commutators we show the following

Theorem 1.4. For any p € (0,1], we have the following Hardy-space H estimate (for R[] any zero-multiplier
operator, we need it for the Riesz-transform, only)

V1" (R[] Iub = R[D 1b]) g, < ]2 (b1l

Moreover, we have

IC(£, RIVIPellly S NV flly [¥lBmo,
and its pointwise counter-part: For any d; € (0,1) and any v; € (0,6;), i = 1,2,

Ca,R)[b]] < Crsim Lsi— |V a

3
Ly bl + Crsacis Lo (Isamas bl [IV[a

Finally we have
[Hu(2,9)lly < 11VI"glly [¢]lBro-



and
IV Hyu(a, )y, S VI ally 1IV[*0lly  for pe (0,1], (1.13)

as well as its pointwise counterpart: for any p € [0,m] there is L € N such that for any B € [0, min(u, 1)),
w€ [0,m), 7 € (max{B,u+ B — 1}, u] there are, sy, € [0, 1), tx € [0,7), where T — B — s, — tx, > 0, such that the
following holds

L
V1 Hu(a,5)] § 3 e (L 191 al 1, [[9170).
k=1

Remark 1.5. For u < 1 the Hardy-space estimates above follow essentially from an obvious adaption of Da Lio
and Riviére’s argument [DLR11b], and (1.13) has been proven by them. For u > 1, already from the pointwise
arguments in [Schl1] there is no hope for similar results. The interesting and new case y = 1, for which even
(1.13) was unclear up to now, needs a more careful adaption of the arguments in [DLR11D].

Equipped with a good understanding of these commutator we will show

Theorem 1.6. There is a uniform A > 0 such that the following holds: Let Q@ be as in (1.6), and assume that
Q[ = —Qj]]. For any B, C R™, we can then choose P : R™ — SO(N), supp(P — I) C B,. Then for any
¥ € O(())o (BT)f

o _ fﬂ€(071]7
— [ QP(vIrel < € 1 AL [Plao + A]2 | PO !
[oriwr 41y lelmaio + 1415 1 (70 S

where
QL[] = (IV|"Pi) PL f+ PuQu[PLf],

In [Sch10a] the construction of P is done via minimization of E(P) = |[PVPT + PQPH; under the condition
that P maps into SO(N), a.e.. This is the argument that Hélein [H¢l91] essentially used for his moving-frame
technique, and it provides an alternative to Riviére’s adaption of Uhlenbecks [Uhl82] gauge-theoretic construction
of P in [Riv07]. Both techniques can be extended to the fractional case, where  is still a pointwise multiplication
[DLR11a, Sch11]. We adapt the arguments [Sch11, Sch10a] to this case of a non-local operator 2[], by minimizing
in Section 1.6 the energy

E(P) := sup /QP[z/J],

peL?
Rnl

and showing that several terms of the Euler-Lagrange equations fall under the realm of Theorem 1.4.

Notation Let L9 be the Lorentz spaces, cf., e.g. [Hun66, Tar07, Gra08], whose norm we denote with || - [, .
We set

A—m
I llwas = 1flrwan = swp w7 l|fllw.a.5, (1.14)
and for A C R™,
A=m
[Alwa)x,a =A™ Hf”(p,q),Av (1.15)
11l (p,)5,4 = BS:?A[f](p,quw (1.16)

We say that f belongs to the Morrey space L9 (A), if the respective norm ||f\|(p7q)hA is finite.
We will also use frequently the following annuli

AR 1= Boip,\Bar-1p,,  AF =AY (1.17)

In Section A we recall several facts on the fractional laplacian, which we are going to use throughout this work.
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2. L?“-integrability: Proof of Theorem 1.2

It is helpful, to check once and for all,

m—2p = D y KE [ﬂvQ,u)a (21)
where )
A, = 2R R) (2.2)
m—K
m
o = . 2.3
b m— K (23)

Assume w : R™ — RN, < 2w € L2(R™), |V["w € L*(R™) is for D CC R™ a solution to (1.5). We are going
to establish that for any & € [u, 2u), if = 6, in (1.8) is suitably small, for any D CC D, we have

Ap—m
sup ~ r E Hw”p,{,Br(zo) < CD,’U),H' (24)
r>0,x0€D

Note that possibly p, < 2 for all k € [u,2u). In order to show (2.4), we first note that its satisfied by assumption
(1.7) for & = p. In fact, if zo € D CC D, then for any r > 0, or B,.(xo) C D or r > cdist(D,dD). Now, we
show that for arbitrary & € [u,2u), there is kK1 > k, so that (2.4) holds. Moreover, we will show a lower bound on
K1 — K, in order to ensure that we come arbitrarily close to 2u if we repeat this construction finitely many times.
Then we can show that if we choose k € [u, 2u) close enough to 2u, (2.4) suffices to conclude the better integrability
of Theorem 1.2.

Establishing (2.4)

For mappings P : R™ — SO(N), P = I on R™\D (denoting with I = (&;;);; € R™V*¥ the identity matrix) from
(1.5) we have

/Pikwk [VI*e /wk IVI*(Pirep) _/wk (IVI"Pik) ¢ — /wk H, (P, )

- / Qpafwn] P — / wy, (V" Pa) ¢ — / wy Hy((P = D, )

Setting v; := Pjpwy, this is
/Uz‘ VI = _/(PikaZ[leUj] + (IVI" Pi) Pjrvj) o — /wk H, (P =1k, ¢) (2.5)

The Growth Estimates. From (2.5), Lemma 2.2, and Lemma 2.3 we infer

Theorem 2.1 (Right-hand side estimates). If u € (0,min{1,%}] or 2u = m, there is a uniform A = A, > 0,
depending only on p, such that the following holds: Let B, C R™, and assume (2.5) holds for all ¢ € C§°(B,).
Then exists a choice of P such that (2.5) implies for any ¢ € C§°(Bp-1,), and for any T € (0, u] sufficiently close
to, or greater than 2u — K,

e [o 9l < Gt IVl a) 0l o,

TFR—p°

O 0 IVI Pl gy A5 32K [y

THR—p (pN,OO)AK,Af,‘
k=1

where we recall that the right-hand side norms were defined in (1.15), (1.16), A* is as in (1.17), and \. as in
(2.2), py as in (2.3).



From Theorem 2.1 and Lemma C.1 (applied to A~1r instead of r) we infer for any 7 € (0, u] sufficiently close
to p and any A > A, sufficiently large (for the right-hand side norms recall (1.15) and (1.16)), also in view of
Proposition A.7,

(A2 )2 IVl B

m
mtpu—T—~K 700)’ A—2p

IA

Ail Cn 0 Hw“(pmoo))\,‘.,Br

AT G0 Y 2T (], ),k
k=1

O (A2 AT
+C (A72T)2p’7m Af—mAT—p Z 2k(nfm+77u) HU’”(p o0). A
K 9 A—
k=0

’BA*IT

1,

(2.1)
Cr 0 A™ 2 |lwl|,,

00) 2, »Br

+C 0 ATy 2T [l o), s
k=1

+C AI{+T73,UI Hw”(

pN7OO)AN7BA—1T
+C AnJr‘rf?)u, Z2k(n+773u) [’IU](
k=0

(CN 0 A’H’L—Q;L +CA&+T—3M)

k
p,t.,oo))\,{ ’AA_lT

P.A7T
5 ||wH(p,.i,oo)AN,Br
oo

H(Cle O A2 C AT N kT )
k=1

(Pr,0) 2, , AR

For later reference, we write this as

A2 IV ol

—2 +7-3
AT < (Cop O A"+ Oy A7 ") ”wH(PmOO)AmBr

—,00),B, 2

+(C&IL 0 Am72u+cu An+773;¢) Z2k(n+773p) [’LU}

(Prs00) A, AR

k=1
(2.6)
For 7 = pu,
A2 ol 08y s, S (Crgn O A7+ C A2 Jwll, o), o, o
oo 2.7
H(Clgy O A7 4 Gy APT20) N 2R [ A

k=1

The Iteration Procedure. Note that |w| = [v|, so we can use them equivalently. Equation (2.7) holds for any

B, (zg), where 29 € D and r < d(x¢) := C dist(zg, 0D) (the constant essentially only depending on the construction
of P and the set where  is small). For 9 € D and R > 0 set

(I)IU(R) = sup p2M_7n||U}H(p,.“oo),B,,7
B,CBRr(x0)

and its centered counter-part

U, (R):== sup p* ™||w <o, (R
0( ) p€(0,R) ” H(p”"x’)va(ﬂco) o( )

then from (2.7) for any R, xg € D with R < d(x¢), we have

Dy (AT'R) < (Che OA™ 2 4+ C A7) @y (R) + (Cr OA™ 2 4 C AFT21) Y " 2b=20) (28 R).
k=1



Note that from (2.4), we know that ®,,(R) < Cp 4, for any zo € D. Now we can iterate, Lemma D.1, satisfying
C

the assumption (D.1) by choosing A = A, := 2@i-w% with sufficiently large C), and assuming that § < (A,)"~ ™.
Then, for any r < R,

2u—m _ 2u—m < O o (2#7H)4
sup P = sp o < Crwr 17, where g, = (20
BPCBT(IU) (pN,OO),Bp BpCBv-(CUO) (pN,OO),Bp KW ? Kk CM
We can assume, that o, < 2u — k. Since
. 2p—0k— —0x
sup 77w, 00,8, o) S BT W, 009, Bars
p>R
we arrive at
22— —
PR Hw”(pmoo),B,.(zo) < Crowao
so we get for any B,.(z9) C Bgr(zo)
—ox 22— —
X, Wl o0, + SR PTTT N  0), 5 20y S
Plugging this into (2.6), we have for all 7 € (0, u] sufficiently close to, or greater than 2y — &,
oo
2p— - K e k(k—2ptox
reem |||V|H TUll(ﬁ,oo),BAflr(zo) 5 Cn,wrg +Ci€,w r? 22 (k=2ute )7 (28)
k=1
so that we have for all small 7,
2u—m—oy -
e 1 T”H(ﬁm),&‘(xo) S Cu,i,R-
Moving the Bg(zg), for any D1 CC D, we have that
IVl coprpr S Cumil, (2.9)
for A such that (choosing 7 possibly even closer to u, ensuring that |u — 7| < %)
A _ 3u—T—K— 0 < 3u—T—K—0g (2.2) E-I- W—T—0x
m m+pu—7T—K m-—K m m-—K
Choosing the next x. Assume for a moment that 2; < m. we can guarantee
0< A< A — Cm0r, (2.10)

and we choose k11 € (k,2u) via
2 —
P
m—Ri1
By (2.10),
2u — 2u —
m ey <m .
m— K11 m—K

— Cm—2u Ok

and thus we have
(m—k11)(m— k)
p- .

K11 > K+ 0Cm—2p

On the other hand, by a localized version of Adams’ [Ada75]-argument on Riesz potentials, we infer from (2.9)
that for any Dy CC Dy,

||vH(P70°))\;D2 = Hw“(w@)»Dz < 0,
where 1 +
m —T—K - T

1_ H ~ETT e 0,1).

p m A
Letting

m
=D,
m—Ki,2



we can estimate

K12 — K 1 1
it bni— — _— — > Cy-
2 =) (5- 2 ) 2o
Thus for a certain o > 0,
K1:=minky 1, k1,2 > Ko+ co(2u — k)7,
and since
m 21— K1
mat ™

p > , A< )
m — K1 m— KRy

for any D3 CC D, we arrive at

||w||(p~1 7OO)MM D3 < oo

m—rq

Varying this in D3 CC D, we have (2.4) for k1. If 21 = m, we use this same argument, to conclude that w € LP(Ds)
for some p > 2, which is already the claim of Theorem 1.2.

Estimating the growth of k. Iterating this procedure (for smaller and smaller 6 in (1.8)), we obtain i € [u, 24),
and
Ki+1 > Kk +co(2p — k).

Since the sequence (ki) is monotone and bounded, and the only fixed point is ko, = 24, for any € > 0 there is a
step-count L such that |xr, — 2u| < €. This shows (2.4).

Integrability slightly above 2

By the arguments above, fixing D CC D, going back to (2.8), if 2 — x < € small enough, for 7 € (&, ], ignoring
or >0,
<C.. 5

sup 7 IVl o5, 1, w0) S O

B.cD mtp—1—r
If 2 = m, choosing 7 = u, we have -
KR—=2p=m

m4+pu—pu—~K

b

which proves Theorem 1.2, and in fact even Theorem 1.1. So let from now on 2y < m, ¢ < 1. Then for A, . € (0,m),
Si=p—T,

Ase —
vsTm:QM,m
P —-
& )\575=—m Bu—1—k) TZmET2
m+pu—7T—K
and
1 m+pu—T—kK W= mAp—7—K (p—T) M+ p—T—K)
D m = Bu =T = k) m mBu —T — k)
p—T—K (p—1)
+m(3u—7’—/€)(ﬂ+T ) 3u—1—kK

we have by Adams’ [AdaT75],
ve LEPe (D).

loc

One checks that there is € > 0 such that if |7 — p| < e, 26 — p < e, then p > 2, A\; - < 2.



2.1. Estimates of the H-term: Proof of Theorem 2.1 (1)
This is to estimate for ¢ € C§°(B,) the following term

[ =10 = [ 10w 9 m(P.0) 2.11)

Lemma 2.2. Let p € (0,%], p <1 or p= 1. For any k € [p,2u), there are Cy, > 0, 7 € (0, ) such for any
© € C§°(Bp-1,) the following holds: If supp(P — I) C Bp-1,,

W [0 BAP=1g) < Cun VTl o) A7 F VPl [l o, i,
FCoops VTl gy A E IV Pl SR )y, o),
k=1

where we recall the definition A¥ from (1.17), A\, from (2.2), and p,. from (2.3). As for the asymptotic behavior
as K — 2p, one can choose T approaching max{u — 1,0}, and Cy,,, blows up.

Proof of Lemma 2.2. For a somewhat clearer presentation, we are going to show the following claim for ¢ €
C§°(B,) and supp(P —I) C B,

m

Tzﬂim/w H,(P-1,0) < Cupu H|V|T<P||(K+T7“,2) 2 IVIFP, ||wH(pmoo)M,BM
T -z Iz kA \K—3u
R [ R D D e T
Applied to 7 := A~'r gives the original claim.
As usual, we decompose
/w Hy(P—1,0) =T+ II,
k=1
where
I:= /XBATU) H,(P—-1,p),
and, denoting Ay := Alf\,r’
Il = /w H,(P—1,0)xa,-
As for 11}, since supp ¢ Usupp(P — I) C B,
Hy(P = I,¢)xa, = xa,[V["(P = D)g).
By Lemma B.1 we then have for any 7 € (0, u], using also Lemma A.5,
—_m—p Koom_
[Hu(P = 1,0)lm 1y 4, S (2%A7) (28Ar)" o 1Ml oy 17 = Il
. —_m—pu Koom_ T
S @A) (@A) E TV oy VP
—m+tK—p T _m
= (2"7) V] (p”(mﬁ”wm) rh= 2 ||| V]E Py
Consequently,
—mtK—p T m
I S [lwxagll, o) (2°A) VTl ooy 72 VPP,
(2.1)

m— —m-+r— T _m
< @RAN) T [wx ] (o). (2FA) VIl o oy ™ F (IVI P

K+T—p?

S TN TN sy ™ F VI Py fwxa,]

(meO)AH .
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As for I, set w := xp,,w and write

l/wHMR@%:/LwHVW%AR@

Actually, the claim follows quite straight forward from (4.18) for p < 1, 8 := p, but the pointwise estimates on H,
Lemma 4.1, are strong enough to deal with our situation, and they do not make use of para-products which were
necessary for the proof of (4.18): By Lemma A.6

HIBQDH(pl,OO))\K S.z ||7I)H(p,i,oo)AN

where for 8 < min(2u — &, 1),
1 m—-k2u—rk-p
P om 2u— K

€ (0,1).

If p =75, weset 3 =0,if p < 7, let € > 0 such that u+ ¢ < . Now we estimate HV|BHH(P, ©)|, applying
Lemma 4.1 for any 7 € (max{ﬂ M + B — 1}, p], we have to control terms of the form (for s € (0,u), t € (0,7),
T—B—s—t€l0e)

I g s—+(L||VI"P| L||V]"¢|).
We have

1 1 s
r Iz s __ 35
ILIDF Pl SITFPL: =3 -2 € ),
. . I k+7—p 1
LT el ) S VTl s e o = ot = L e 0,0,
Note that
1 1 1 —p—s—t 1 — — 1
0<7+7:7+K+T =S <7+/-£+7' I T+6<7+6+7,u 1,
P2 p3 2 m 2 m 2 m
consequently,
7 —g—s—t(L[IVI" P| L]V ¢l)
where 1 1 1 t 1
7:7+7747_*ﬂ*577 :*+H+ﬂ7u€(051)
Ps P2 P3 m 2 m
Now we have to ensure that the f(8) < 1 for admissible 8 (and admissible 7):
1 1 3 u m —2u
Byi=—+—=2 B g M7
18) p1 pa 2 m m(2u — k)
Obviously, f(0) = 1 holds, if u = % (so 8 = 0, and 7 arbitrarily between (1 —1, u]). As for the case p < 3, p <1,

We have 2 — k < 1 for k € [u, 2u), then

1 nw
QU —kK) ==+ —<1.
fRp—r) =5+ <

so we can take § < 1 sufficiently close to 2u — &, so that f(8) < 1, and take 7 € (8, u) sufficiently close to or
greater than 2u — k. Consequently,

U LGRS o) B AT

m

S Matlgy ey, W9 HPg 75

+Z||Iaw|| oot IVPHAP )y 4 (25" R
% ?HIB@” (P1,00) 7, |||V|ﬂHH(P, ‘P)H(}u,l) T

+§:2k N5 s, WV HL (Pl 1y 0 (25)7 5
& e, IV HLP. @),y 755

>0 m—Ag -~ m—m _m
+ @) T B oy at IIVITHL (P @)y 1) 4 (25r)™ 750755

11



By Proposition 4.3, for the same 7 as above,

I1V|7H,. (P, )

y SHVIEPI VI el o -

K—T—pn’

||(P471

Now we apply Proposition 4.4 (using that ¢ and P — I have support in B,.), and using

m— m(2u—k) m m
m=E M- — = — — m— 3+ —
b1 b1 Y2 Y2
= _2/’(’+ R,
and
m— A m m m
tm————4 - —p=m=2u
D1 p1 pa 2
we conclude
IS 2Bl o0, ™ EIIVIMP, VTl _m s

0o
+pm—2m Z2k(72#+ﬁ)”UjH(pmoo)AmA’ZT |||V|T§0||(#w7oo) =%

k=1

S Cur™ P |wxe,, R (VP V7ol

12

||(p~700)>\,{ N,T,MQ'

m

IVI"Pll (3,00)



2.2. Better integrability for transformed potential: Proof of Theorem 2.1 (I1)
This section is devoted to the proof of the following Lemma:
Lemma 2.3. Let B, CR™, Q as in (1.6), A > 2. There exists P : R™ — SO(N), P =1 on R™\Bj-1,., with the

estimate

;L m

(A7) 7= IV Pllzpm <0, (2.12)
such that for any T € (0, ] sufficiently close or greater than 2u — k, k € [u,2u), 8 >0 from (1.8) in D = B,., and

fOT’ any o € CSO(BA_lr); Zflj‘ € (07 1] or 1= 7;
(A_lr)z”_m/((|V|“P)PTU1+PQ[PTU1]) ¢ < Con OVl llwll oo,

k K—3
2>Z A" W], 00),, AR

where we recall the definition A* from (1.17), A, from (2.2), and p, from (2.3).

T 0 |||V|T<PH(K+

As in the proof of Lemma 2.2, we prove the scaled claim for replacing » by Ar which makes the presentation of
the proof somewhat lighter: We are going to show the existence of P such that for ¢ € C§°(B;)

2 [((VPPIPTw+ POPTw)) ¢ < Cue 0 1) 0l oy 0,5

- (2.13)
+CI€“U 0 |||V‘T90H(K+T ,2) Z kA " 3M (p,i )y, koo
k=1
Fix B, C R™. In order to prove this claim, note that
/((|V|“P)PTw + PQ[PTw)) ¢ = / (V" P)PTw + Pxp, QP w]) ¢,
so we are going to assume that the A4; in (1.6)
supp A, C By, Q[ = x5, (2.14)
and consequently assuming (from (1.8)) that
“ m 2u—m
[Alllymm [fllo+ sup p= 2 (IQUflly 5, S O[]l (2.15)

p€E(0,Ar)

Let P:R™ — SO(N) be the minimizer, P = I on R"™\B,, of E(-) = E, A, 1,2(-), where A, is from Lemma 5.5.
Using (5.7), (2.14), we have the estimates (for from now on fixed A > 2),

<0, (2.16)

which after rescaling amounts to (2.12), and with the help of (2.15),

SOz (2.17)

Let
o0 o0
W = WXB,, T+ ZwXAiT =:wp + Zwk.

Then,
/((|V|“P)PTw + PQ[PTw)) ¢

— [ (91P)P ung + PRIPTung] ~ [ Pe(e. DPTwol + Y [ PRIPTw

= I-II+1II

13



The disjoint support part (I11)

Since p < Kk < 2p,

(1.6)
[PaPTule 5 1Al el IRIPT w5,
P Al IVl (25AR) T (]
~ 2,8, T Pl s r Wkll(p,,00)
(2.1) . . s -
< Al VTl ()7 QRAR [l
(2.15)
< g rmT (2R AT |||V @IIHT;M (W] (py,00),,, Ak -

The same-support/commutator part (I1)
We have

m—2u

(2.15)
111 S 1Al et R)P wollly s, S 72 0 1IC(0, R) P wollly s,

~

Now we apply Lemma 4.7, and have for arbitrary § € (0,1), y1,2 € (0,9),

§ 5
€ RYPTwol| S I, IV 1l Ly, ol + Crps Lo (11916 Ts—a o))

Now, if we choose § < T

5 T
s, V7ol gy SNV ol

Y1t+rE—t T+K7u’q)7

and for 8 < 2u — k, using [Ada75], see Lemma A.6,

Ag—m
rom ||Iﬁw0||(pﬁ7oo)713r S ||Iﬁw0||(p57oo)M S ||w0H(pmoo)M
where ) 5 5
S ki € (0,1).
g m 2u— K
Now,
1 mtrop
p"/l m
K (2p—kK)—m
Y o _g)et M T L (2.18)
m +m=2p) m(2u — k)
1
< a9
- 2

if we choose 1 € (0,2 — k) as follows: If y = 3 we can choose ~ arbitrarily. If u < % and p < 1, then we pick
71 sufficiently close to 2 — k < 1. That is, for any 7 < p sufficiently close or greater than 2u — s such that there
isay <0<T,d<2u— kK, satisfying the above equation, we have

5 m_ M (g dg—p) m—Ax
15— IV | Ly |wollly g, S 7 o VTl o2y w0l 00,0
and N
m m m—>A. m m
—_———— — = — — —u)—2u—K— = — — L.
2 o (1 46— p)+ - g R =) = QuRk—) =5 —p

As for the second term, for § — 5 < 2 — K, using the formula (2.18) with ¢ instead of 71,

1 04K — 1
_ — M+
D2 m DPs—~s
b+rk—p 1 m—kK 1 m—kK
= _— — I — <7 <17
m +p5+72m(2u—/1) - 2+72m(2u—/1)

if we choose 71 < d (as above 1) close enough 2u — k, and 2 very small. Consequently, if we set

A= Ay,

14



A—m _ A—m

and A € (0,m) such that = , that is
D2 DPs—q

A A—m m  A,—m

— = — = +o+K—p+

D2 Ds—~s D2 DPs—, Ps—~

m—k 2u—kK— (6 —
m 2 — K
= pH+2

then

1
I1V1%2¢ Is,—awolll i, )

A=m 5
supp 7 [|IVI% ¢l I, aslollly, 2,5,
P

= A-m
S OMVEel s Sup p 72 55— [wolll s, . . 00,5,
P
~ |||V|TSO||(T+TW}2) ||It52—72‘wO‘H(mzﬂwoo)MBp
S |||V|T80||(T+7:7H,2) ||w0||(p,woo)>\n'
Now observe
1_(1_72) i)l p
2 P2 A 2 pa(p+12)
_ 1 52+/i—u+m—/<; 2u — Kk — (02 — ¥2)
2 pu4y m m 2u—kK
1 I m— 24 L om—K
= - — Ut — k) —Gy)—H B TR >0,
2 u+’Y2<((M ©) 2)m(2,u—f£)+m+ m 2u—k/) "

for sufficiently small 72 and d, sufficiently close to 2y — . In fact, this holds obviously, if £ < %
have ) ) )
m — 2/ 7 m—K Y2 1% 72
2u — K) —dg) ——— + — = -+ =) ==
u+vz<(w ) 2)m(2/~L—f~€) m m 2u—ff) /~L+72<2 2u> 2
Moreover, one checks
m__pompomoh om o p Aemm
2 ptmvp pt2 p2 2 ptv2p2 2 I

Thus,

4
113, (IV* 0 Isy —y, [wol) I g,

The same-support/commutator part

Here, we decompose

wop = | V" (nar (I (wop)))

and

I + L.

m_ s

S orE TR L (VP I52—’Y2|w0|)||(1’2(ﬂ:’¥2)’2)5\
m_ 5

R R [\ A R [P

< pEom H|V|T<P||(T+Zgu,2) ||w0||(ph.’oo))\n'

U]

+HIVIHQ = nar) Tu(wop))) =: [V[" g1+ [V]"g2

/ (VI“P)PT (V] gy + PQIPTIV | gy] + / (IV1“P)PT V| g5 + POIPT|V | go]

15
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For I; we use Theorem 1.6 in the form of Lemma 5.7,
_ /QP[|V|#Q1] g 0 ,rmf2u [gl]]?nMO ; lf 1 é 17
2 IVl 00y i > 1.

Note that
supp(pwo) C B,

and moreover for g, = oo, for K > p, and ¢, =1 for k = p, (for arbitrary 7 > 0)

w0l ey s 5 10z oy 10X N 00, S VT g 0, 09,

Then, the claim for I; follows from

Proposition 2.4. Let 4 <1, g :=na,1,(f), supp f C By, then for any x € [u,2u),

[9lBmo S (L+AMT™) [[fll(m

00) _pm_*

m= ”’ m—pu

Proof. From [Ada75, Proposition 3.3.]
[9lmo < |HV|#9||(1)H

Since,
IVI"g = f+[VI"((1 = nar)Luf),

we have,

l9lento S M1 F 1y, + IIVIHQ = mar) a1y, S MM oo m IV = mar) L) oy

—

and by Proposition B.3

VI = mar) L)l S Zl[tp](M) T V(A = na))
« o

m S (APl

Since supp f C B,,

PNl S Uy, S I ) -
m—p

Moreover, as in (2.21), from Proposition B.3 and (2.20),

- (222)
I1V1"g2ll, S (Ar)™= flpwolly S 72 #NIVI @l g l1wllp, o), 550

implying
Ll S 19l A ET NIVl o gl 00, .
(2.17)
5 7M,qu)||w||(PmOO)>\,{,BQT

This proves the claim (2.13) and thus Lemma 2.3
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3. Higher Integrability: Proof of Theorem 1.3

Let w € LP?

loc

(D) N L%(R™) be a solution to

|V|#w = Qw] in D CccCR™.
Choosing for any domain D CC D, we can choose a domain Dy, D CC Dy CC D and a cutoff function np €
Cs°(D2), np =1in D. Then wp = npw € LP*(R™) is a solution to

IVI"wp = Qwp] + Qw —wp] + V" (wp —w) in D,
and in D,

190w —wp] + V" (wp = )l 5 < Cp b Dy,

So Theorem 1.3 follows from the following argument.

Lemma 3.1. Let p > 2, and 0 < pu < 5, A < 2pu, and let w € LP be a solution to
VI w = Qw]+ f in D CCR™, (3.1)

where f € L>(D). Then, for any p € [p,o0) there exists e € (0,1) such that if 0 from (1.8) satisfies 0 < e, then
we LP (D).

loc

Proof. In order to keep the presentation short, we are going to assume that Q] = QR[]. Also note that if w € LP*
for some p > 2, than for some p € (2,p), w € LP*, for some A < A, so we can assume w.l.o.g. that A < 2.
From (3.1) we have for any B, C Bp C D,

pt2
V1wl 2, 5 S 190y 5, IRI, 5, + [ fllee 7™ 22
(1.8) m—2p m—2p > _m p+2
S pia, £ 2 0 27 T w0+ [l
k=2
< m—2u  m—\ m—2u  m—=X ad _EA m P2
< rzorw Br TT 2 TP 922 p[w](p)x’32k+1R+||f||oor 2
k=2
That is, for
YW S P S A2 3.2
v imAg + gt e ), (32

_k2 pt2
V1wl 2n ), B S O llwlly, s, +922 W) By + 1 e B2
k=2

Consequently, by Proposition 3.2 (note that % > 1), for p; = 2p/(p+2) and p; > p (since Ay < 2u) defined by

1 1 1
7:7+,_L (3.3)

P P 2 An

— _AN N4 —m = _ mo_
lolly, 5y, S AT F TR O )+ ATH S 2R BT ],
k=1
A A m
S AT T TR | ), .+ (A7) T T 022” W), By,
1A AN, AN
HATI) T TR )|, e
+(A~ ré'i*PA“Zz—’“* W) Bye,
A m
S AT TR ully, 5,
1\ =2 AN g o
+ATr) 2T GJFA_i Z ; (p)x, ok+1,.
k=1

HATI) TR g
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Consequently,

N
5
3
=

|
E
=

lwlly 5, ., P1By 1,

A
5
ﬁ)—‘

m_AN _ AN
)P T e ||w||(p)A,BQT

L1 m_AN_ AN AL g
+(A 1’1") P P 2 tr (O+A"7) 22 k2 [w](P)mszH
k=1

s

e T

Now

which implies finally, for any Bs,. C D,

Hw”(P)A’BA—l,, 'S 0||w||(p)k7327‘

—2 > —k2
+(O+A"7) 22 p[w](P)A7sz+1T
k=1
pt2
H flloo 725

A
Now we argue similar to the iteration in Section 2: Choose Ay := 2CP=“>‘_4, assume that 6 < A;F, and choose
Cp.,. so that (D.1) is satisfied. Then we can choose a new A\; = A — cA? for which the above estimate holds and the
right-hand side is finite. Repeating this argument (for smaller and smaller ), we obtain a monotone decreasing
sequence of ;11 = A; — cA} > 0, which has as only fixed point 0. Thus, for any A > 0 there exists # > 0 such that
for any D cC D,
Hw”(p)A,E <Chpaw

Note that for A — 0, Ay — ,upQ% and thus p; in (3.3) tends to infinity. Thus, we have obtain for any p > 1 a
Ap > 0 such that p1 = p1(\;) > P, and if 6 is small enough, we have to iterate the above argument finitely many
steps to obtain that w € L} (D). O

Proposition 3.2. For any f, i € (0,m) we have for p; € (1,00), p2 € (1,00), A € (0,m) such that
1 1 I

nm X
the following estimate for any A > 2

m

o0
_ —2 _ _m  om o _
1l s S AT BR[O+ 3 2R AR R

|1,A’;j

k=1
Proof. Let 1 < py <pl, 1 1
— 4+ —=1
p3s  Pa
1 1
7:7—56(071)
ps P2

There exists ¢ € C§°(Bj-1,.), ||g0||p,1 < 1, such that

lpn, ., & [fo= [LmI9P e+ Y [ £ 191 (ide)
k=1

1, + D1 F gy ax 191 (nax L),
k=1

A

(AN 1

A—1lp

By Lemma B.3,
1V (ardug) |l S 278 A7wr g™

18



Since py < pf,

m m

Il S (A7Hr)™ i
And using Lemma A.6

m—X\ m

S A7) 5 L VI ) gy, S A7) 5 V] fll gy, 5,

||I;L(77T|v|#f)”p373

A—1lp

Consequently, we have shown the claim.
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4. Commutators and fractional product rules: Proof of Theorem 1.4

In this section we repeat and refine some commutator estimates and non-local expansion rules which were intro-
duced in [Sch11], motivated by the results in [DLR11b, Sch12]. The for us most important commutators are

He(a,b) = |V|%(ab) — a|V|*b — —=b|V|"a

and for a linear operator T
C(a,T)[b] := aT[b] — Tab].

The commutator H,(a,b) was introduced by Da Lio and Riviere in [DLR11b], where Hardy-space H and BMO-
estimates where shown, making use of the Hardy-Littlewood decomposition and paraproducts. This is also some-
what related to the techniques of the T1-Theorem cf. [KP88]. If one is interested in L2-estimates only (e.g., in
the sphere case) then there is an extremely elementary argument [Sch12] somewhat inspired by Tartar’s proof of
Wente’s inequality [Tar85]. For general Lorentz space estimates there is also an argument using potential argu-
ments, which even gives pointwise estimates, and was introduced in [Sch11]. As it is a direct, pointwise argument
not involving the Fourier transform, it is easier to apply in non-linear situations, cf. [BRS12].

The commutator C(a,T)[b] and its Hardy-BMO estimates were introduced in [CRW76] for the Riesz transform R,
and later generalized to the Riesz potential I, in [Cha82]. Again for pointwise estimates the arguments in [Sch12]
can be adapted.

Here, we are going to treat in Subsection 4.1 pointwise estimates on H,(a,b), and in Subsection 4.2 pointwise
estimates on C(a,T)[b] using and extending the techniques from [Sch12]. For Hardy-BMO estimates, we will use
in Subsection 4.3 the techniques in [DLR11b], and extend them to the limiting case o = 1.

Let us shortly recall the notion for Hardy space H and BMO. The latter space BMO is defined as

g — |BT|_1/ g‘ < 00.
B

r

g€ BMO = [glsmo = |Br| " /

r

Our interest in BM O stems from the fact, that it is a bigger space than L°°, and we have the nice embedding
l9]Brmo S Supr SV 9l ooy p, for T>0,p>1, (4.1)

wheras for L°° we only have the following embedding which is more difficult to control
9l SNV gll(22 1y for 7€ (0,m). (4.2)

The Hardy space H, on the other hand, is a slightly smaller space than L', with the (for us) most important
property that

/ £ 951l lglmmo. (4.3)

That is, if we know that a quantity belongs to the Hardy space, it allows us to control the integral of (4.3) in
terms of the right-hand side of (4.1), instead of having to deal with the terms on the right-hand side of (4.2).
The norm of the Hardy space H is usually defined via

£l == I sup @¢ * [l
t>0

where ¢ € C§°(B1), [¢ =1, and ¢y(z) := t7™¢(x/t), cf. [Ste93, FST2], another very readable overview in the
context with Part1a1 Dlﬂ"erentlal Equations is given in [Sem94]. We are never using the above definition, though,
but rather use a characterization in terms of Triebel-spaces, and employ the duality (4.3).

4.1. Pointwise fractional product rules via potentials

Lemma 4.1. For any o € (0,m) there is L € N such that the following holds: For any S € [0, min(a, 1)),
B<m—a, e (max{B,a+ B —1},a], € > 0, there are, s; € (0,a), t; € (0,7), where T — 8 — s, — t1 € [0,¢€),
such that the following holds

L
VI Ho(a b| S L p gt (I [V[%al L, ||V]B]).
k=1
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Proof. Notice that is suffices to prove the for 7 < «, given that

IVI8] = Ha—r|VI"0] < La—r|V]"D]. (4.4)

V|7 Hola,0) = |VI7(IV|*(ab) = a|V|*b — b|V|a)
= |[V|*"P(ab) — a |V|*TPb— b |V|*Pa
+a|V|°|V[*b — V| (a]V|*D)
+b V|7V [%a — V|7 (6] V|*a)
= Hayp(a,b) +C(a, |[V|")[|V[*8] + C(b, [V|*)[|V]*a]

The claim for the term H,4p(a,b) then comes from Lemma 4.2.
For the remaining terms, we apply Lemma 4.5: For C(a,|V|’B)[|V|ab], we take 0=a — 7, T=a, = and set
=|V|®a, B := |V|"b. Then
Cla, [VIM)IVI?8] = C(La A, [VI))|V|* 7 B].

For C(b, |[V|*)[|V|*a], set for very small § < min{r — 8,1 — 8}, A = |V|O‘_5a7 B :=|V|"b. Then
C(b,|VI")IV|°a] = C(IL, B, |V )|V Al.
O

Lemma 4.2. Let a € (0,m), € > 0 and assume that 71, 7o(max{a — 1,0}, a], 71 + 72 > a. Then for some L € N,
there are sy, € (0,71), tx € (0,72), 71 + T2 — sk, — tx, — a € [0,€) such that

L

|Ha(a,0)] S Y Iritm—si—ti—a(Ls, V™ al L, ]|V[0]). (4.5)
k=1

For the convenience of the reader, we give the proof, which essentially follows the argument in [Schll]; For a
presentation closer to this one see [DLS12a).

Proof. For a € 2N it is easy to obtain (4.5), since for any | < 2K — 1, for 7 > 2K — 1,
IV | = V'LV | S Tl IV (4.6)

So we can assume that o = 2K +s, for some s € (0,2), K € NU{0}. Assume at first that K = 0. Set 4 :=||V|™al,
B := ||V|™b|, we have

|Hy(a,b)| < g%/ // x,Y,21,22) A(z1) B(z2) dzo dz1 dy,
|z—y|>e

where
k(x,y, 21, 20) = mz, (2,y,21) W;Ln‘,:iix,y,@)’
|z =y
and for s > 0,
ms(z,y,2) = ||z — 27" = [z =y

Let moreover
1 S Xl(xayvz) + XZ(‘rvyvz) + Xd(xvyaz) for T,Y,2 € Rma

where
X1 = X|z—y|<L2|z—y| X|z—y|<2]|z—2]5

X2 = X|z—y|<L2|z—y| X|z—y|>2]|z—2|5

X3 = X|z—y|>2|z—y| X|z—y|<2|z—2|
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One then checks, using for ms(x,y, z)x1 a one-step Taylor expansion, for any ¢ € (0, min(s, 1))

— -4 5 — —0 5
ms(z,y,2)x1 Sle— 27" e =yl  va m lr -y T 0 — ) X
ms(z,y,2)x2 S |z — 217" xe Sl — 2] T |z -yl
_ — -6 §
ms(2,y,2)xs Sz —yl " Sl -yl 70 o -yl

Hence, for §; € (0, min(7y, 1)), d2 € (0, min(rs, 1))

—m+T1—01 |y N Z2|*m+7’2*52

k(x,y,21,22) S o=y (0 o -z
+‘y _ Zl‘—m+T1—51 ‘x _ 22‘—m+7'2—52
+‘y . Zl‘fm+7'1*51 ‘y B 22‘7m+'r2762
_51—6 _ _
‘HCU - y| ! 2|LU - Zl| mAn |-75 - 22| m+72X|x7y\>2max{|mle\,\mfzg|} )

We choose 6; € (0, min(7y, 1)), d3 € (0, min(r, 1)) such that d; + 2 —« € (0,¢). This is possible, since 71 + 72 > «:
If @ € (0,1], so are 11, T2, and we can choose 41, Jo arbitrarily close to 71,72, so that this inequality is satisfied. If
a € [1,2) and (say) 71 > 1, choose 07 close enough to 1, and d2 € (v — 1,72). Using that

—m— — -5 —a+d8
/ 2 =yl Xyl >2 maxtle— =i |-z Y S max{|z — 21|, |z — 2} S|z — 2|7 |r— 2T,
r—y|>e

and consequently,
H,(a,b) < In—5,A (Is,+65—alr,—5,B)
+(Us,460—ala—s5,A) I,_5,B
+15,165—a(la—6,A Iry5,B)

+IOL761A IT2+51704-B

Q

Ia—61A I(Sl—a-‘rTgB
+1s,+5,—a(la—6, A Ir,—6,B)
+152A 172,523.

This shows (4.5) for a € (0, 2).

fK>1,s€(0,2),a=2K+s>2

Hog ys(a,b) = AK|V|*(ab) — a AK|V]°b — b AK|V]%a
= |V[*(AK (ab) — aAKD — DAK q) (4.7)
+ |V (bAKa) — b AK |V a
+ |V[*(aAKD) — a AK|V|°D.

Let V!, V2=l [ €1,...,2K — 1, be arbitrary combinations of gradients which sum up to differential order of
and 2K — [, respectively. Then

IV)*(Via V=) = H(Via, VED) + |V|°Via V2E=l 4 Vi |V [P VEE,
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Recall & = 2K + s. Applying (4.5) to Hg(+,+), noting that a —s—1=2K -l >0and o —s—2K+1>1—-1>0

L
VI (VFa VE50) <0 > Lo (I ||V VY] I, [V V2E D))
k=1
+H|VI'Via| [V 4 [Via| ||V V2|
(46) L T T
/S Z[S—Slc—tk(lsk-‘rﬁ—s—l”v‘ 1a’| Itk—a+l+72||v| Qb|)
k=1
stV | Ty a0 + I |V ™ @] Try—aqal[VI0].
Thus, we can estimate (4.7)
2K—-1 L
|V|S<AK(ab) —aA¥b - bAKa) S Z ZISfSkftk Isytri—s—tlIV[™ al Tty —ati47,[1V]0])
SR 2K —1
+ Y It [VI™a| Iny—areal V0 + D Il |VI™ ] Tyl V] 720,
1=1 1=1

As for (4.8),
IV|°(0AKa) — b AR |V|°a = Hy(AKa,b) + A% a |V]°D.

We have 11,79 > a—1=2K 45— 1, and consequently (K > 1) we know 79 > s. Assume that moreover 1, > 2K,
then
K T s T
VP 0| S Lryanc IV al, (IVIB] S Ly oIV,

and applying our estimates on Hg(-,-) for 71 =7 — 2K > s — 1 (since 71 > o — 1) and 7, = s we have the claim.
If this is not the case and 71 < 2K, then s < 1. Then we need to apply Lemma 4.5:

VI*(0AKa) = b AK|V'a = |V (VI Ir, 2k 4]V a) = b |V*|V|° I, ~2x 45|V a

C(I.,B.|V[")[|V|° 4],

for B:=|V|™b, A:= I, _ok+s|V|™a, for some § € (max{2K — 72,0},1 — s). Then Lemma 4.5 is applicable, and
we have the claim.
We apply the same argument for (4.9). This concludes the proof of Lemma 4.2. O

Proposition 4.3. Let f,g € S(R™), Then

VP H (£, 9) oty S IVT I 191l

RFT—p

where T is chosen as in Lemma /.1
1 n k+B8—p

po 2 m
Proposition 4.4. Let f,g € S(R™), supp f C B,.. Then for any k > 2,

NV H () 1y, S 25 19T A (191 g1l

R

where ) ) L8
P _
1 _ 1 k+B-p
Po 2 m
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Proof. Pick ¢ € C§°(AF), ”wH(PGvOO) < 1, such that

||\V|5Hu(g,f)||(p0,1),A§T

s [eIvPm.5)

= /IVI’”% gf+/\V|% |V|“gf+/|v|ﬁ¢ Y fg

S VPl . a1+ 11Tl o NV glly + NV GO N9 Al
S MV Yl s, IV g lIVI oy 2

m

NIV G, 1 GMIVI FllyrE b

k+T—p

HIVI T (gIV )] VT fll(

RtT—1

m
m—Kk—

TH+p

Lemma B.1 gives that

m

914l s, S @) 7P gl S (o),
0

191l S 2F7)" %,

Next, according to Lemma B.3

V17 (V1) |

m—r—TtR

S sw @07 IVl
a€0,u—T] m—r—TIR

S sup (2%«)—m—ﬁ—ara(er)%+n+ﬁ—uHw”pgm |||V|“g||2r_"+“+%
a€0,pn—T]

= 2CEH0) Vg,

4.2. Pointwise commutator estimates via potentials

In this section, we discuss for commutators of which special cases have been appearing in [CRW76, Cha82]. There,
usually estimates in the Hardy-space and BMO were proven. In contrast, we are going to prove pointwise estimates
adapting our arguments from [Sch11], which might be of independent interest.

Lemma 4.5. Let 8+ < min(7,1), 6 >0, ¢ > 0. There exists a finite number L, and sy, 5 > 0, tg,tx € (0,7),
Spttr=sp+tr=7—0—90, 5 <e¢,
5
C(I:A, V1))V B]

L L
<SS LA L, B+ S I (1, Al | B). (4.10)

k=1 k=1

Proof. Since 8 < 1,

) 5

/ I,A(z) V]’ B(z) — I, A(y) |V’ B(y)
|z —y[™ P
IVI’B(z) — |V|’B(y)
|£L' B y|m+ﬁ

(I A(z) — I A(y)) [V’ B(y)
+/ |x - y|m+5 dy.

dy

= L A(z)
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That is,

C(LA, V")V’ B](z)
_ /wLAu»—me>wa@>@

o —y|" "
_ //””“*ﬁﬁ%ﬁ?ﬁi?‘B@”mwy
- (ITA(x) — ITA(y —w)) _ (ITA(x) —I:A(y)) dw
= //( 2 —y+w"? o — g7 ) B(y) o]0 dy
|J)—Z|_m+7— _ |Z_y+w‘—m+'r |$—Z|_"L+T _ |Z_y|—7n+7' dw
:(///“( oyt - oy ) Bl) AR s B &=

So let us investigate the actual singularity of

(lo =27 =z =yt ™) (Jo= 27T = ey )
m+3 o m+

k(z,y, z,w) = [w| ™’

|z —y + w] |z —y|

We are going to show the following, for several sets X C R*™, which, as the union of these X is R*™, gives the
claim.

///Xx(a:,z,y,w) k(x,z,y,w) A(z) B(y)dw dz dy < (4.10). (4.11)

We are denoting ky, ko,

k(x,y,z,w) < ki(z,y,z,w) + k2,9, 2,w), (4.12)

where
(lo =27 = |z =y + w7

m+f ’

ki (,y, 2, w) o= |w] "
&~y +wl
(lo =217 =z =y ™)

m+p3

m—34

kZ(xvyasz) = |U}‘7 ‘.I‘—y‘

We split up the space (z,y, z, w) € R*™ as follows
A= @y, zw) R [z —y| <202 -yl A Jo—y| <20z 2]},
A = @y, zw) R o —y| <202yl A Jo—y|> 2z -z},

A3 = {(x,y,z,w)6R4m: |1‘—y|>2|2’—y‘ A |$_y| S2|$_Z|}7

By {(z,y,z,w) ER*™ : |z —y4+w| <2z—y+w| A |z—y+w <2z-—2z2},

By = {(z,y,2,w) eR™: |z —y+w| <2z—y+w A |x—y+w >2z—2z},
By = {(z,y,z,w) ER™: |z —y+w|>2z—y+w A |zx—y+w <2z-—2z2},
Cy = {(v,y,z,w) €ER™ ¢ |w| > 4|z —yl},
1
Cy = {(x,y,z,w)eR4m: 1|x—y|§|w|<4|x—y|},

C3 = {(x,y,z,w) € R4m : 4|w‘ < ‘.’K o y|}
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Note that

Ad (C1UC2)NB;y: First we observe that

I

m+5+3

/XClUC2(I7Zayaw) kQ(I,ZJ,Z,U)) dw S | |
r—y

Following the argument as in the proof of Lemma 4.2, we consequently have for a finite number L, some s, 5 > 0,
teyte € (0,7), S+t =sp +tp =7 — 58— 0, 8 < ¢, such that

L L
[ ] [ reweite ) kol zw) A) Bl)dw do dy 3 L AI@) 1, Bl(@) + Y- s (5,14 |Bl) o).
k=1 k=1
(4.13)
Moreover, for any e € [0, 1], since on By, |z — z| = |z — y + w|, we can use the mean value theorem and have

—m—4

X(ciuco)nB, ki, z,y,w) S |w max{|z — z|,|z —y + w|} "z —y + w\_m_BJrEX(clucz)mB1

Now,
‘.’ﬂ —y+ w|XC1 2 |w|Xcl Z |£L' - y|XCla
‘l‘ —y+ w|XC'2 5 |w|XC2 ~ |‘T - y|XC'2’
Consequently,
Cm—§ _ _ Cm—
X(C1UC2)NB; kl(xazvva) 5 |U}| " X|w|>|z—y| |:L'—Z| me 6|:E_y| e

|—m+‘r—6|

—m—3 —m—
+\x—y| m |$—Z x—y—f—w\ m 6+8X|x,y+w|5|z,y|

Integrating in w implies then for any 6 > 0, € € (5, 1)

m—90—pF+e | m+T1—¢

/X(clucg)mB1 ki(z,z,y,w) dw S|z —y|~ T =z )

thus if we choose ¢ € (6 + 5,7), s == 7 —¢, t := —d — 8 + ¢, together with (4.13), we have shown (4.11) for
X =(C1UC) N By.

Ad (C; UC3) N Ba:  Next, we consider X (c,uc,)ns, k:

m—+T

Wx(clu@mz < |w

|x _ Zl_ m+7—¢e

|—m—§ |J"_Z|_

—m—s
X(cruen)nB, ki@, y, z,w) < Jw|™™ s X(C1UC2)NBs

& —y+wl

Now one proceeds exactly as in the situation for By above and we have (4.11) for X = (C; U Cy) N (B U By).
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Ad (C; UC3) N Bs: Then, we have to consider x(c,uc,)nB,k

—m+T—€

m,5|2_y+’lU|

X(Clt_JCQ)ﬁngl(xvyasz) S |w|7 m+B—c X(C1UCQ)F‘|B;;7

[z —y +wl

Using that
X(Clucg)|w| 2 max{|r —y +wl, [z — y[} X(C1UC3)>

forany ey +eo =e <7

A

—m—0+e1 —m— —ma4r—
/X(C1UC2)QB3k1(x7ya z,w)A(z) dz |z =yl T g -y | / [z —y+w| "TTTEA(2) dz

2=y e~y w| TR Ay — w),

Q

that is for any €5 > f3,

/ / X(Croomnss ki (@9, 2 w)A(2) dz dw S |z —y[ 0 / &=y +w| " LAy — w)dw

o — y| / lo — @™ L A(d)dw

Q

o=y L Al)

Q

which gives for e5 > ¢ the claim (4.11) for X = (C; U Cy) N B3, where s =7 — 8 —¢; and t = ¢; — 0. Together,
(4.11) holds for X C Cy U Cs.

Ad C3: It remains to show the claim for Cj:
XC3 (LIZ’, Y, =z, w)|x - y| ~ XC3 (.’B, Y, =z, u])|"1j ) + w|

XCgm(A1UA2)(:E7y’Z7w)|Z - y| ~ XCgﬁ(A1UA2)(xayvz’w)|Z - y +'LU|

In this case, k1 and ko should not be considered independently, but we rather use the following

—m+ —m+
—m—5‘|xiz| " ",|ny| mT m+6 m+6
_ _ (4.14)
| |m5)| —y T ey T
+|w
o =y + w|™*’

Note that
Xcslr =y +wl 2 xes|r —yl.

XC3Q(A1UA2)|y —z+ ’LU| ~ XCgﬁ(A1UA2)|Z - y|

Thus, using (4.14) with the mean value formula or the conditions Ay for any e = &1 4+ 25 € [0, 1]

—mesmin{|z — 2|, [z —y[} 7Tz —y| +B—
XCsﬁ(A1UA2)k(x?yvz7w) < Jul " ’|x_y|2m+2ﬁ |x_y‘m ’ E|’w|EXC30(AlUAz)
—m—3 _ _
+|w|™ m |z —y| "7 “lw|*Xcyn(a,uas)
5 |£L' Z|—1’TL+T—8
—m— I I
N E 7y|m+5 lw|™* |z —y| 2XCgﬂ(A1UA2)
—m—6 _ —
+|w|™ |7 | |z — Y™ Xcsn(asuas)

—— |z -y
|z — g™’

27



Consequently, if we choose €1 € (6, + €/2), e2 € (8, 8 + €/2) such that ¢ = g1 + €2 < min{1, 7}, using that
/X03|w| m— 6+€1dw ~ |1. y|€1 5

we arrive at

m+T—e | m+e—5—p

/ Xeuntmoank(@yzw) do < o — 2| 2y

_m+T_E|ZC _ y|—m—s—6—ﬁ.

+[z — ¥

This implies for s :=7—¢>0,t:=¢c -3 — 5 € (0,¢), (4.11) for X = C3N (A1 U Ag):

/ / / Xesmaroan (v, 2 w) B(y) A(2) dw dy dz < LI A|(x) LIB|(x) + L(B| LIA| )(x).

Ad C3N Agz: The last case is C5 N Ag, where we have by (4.14)

—m+T
—m—90 |Z
XCgﬂAsk(may7Z7w) S |U)| e |x;|m+ﬁ |.Z’—y| XC3nAs
B e I
+|wl P XCsnAs
—m+T—¢
—m—ster |2 =yl
S | | " - |ar |m+ﬁ—62 XCsnAs
—m—b—e, 2=yl T =y T
+|w| |x y|m+B_€2 XCgﬁAe,

While the first term on the right-hand side behaves exactly as before, for the second term we need yet another
case study: If |w| < %|z — y|, we can proceed as in the cases before using the mean value formula. Note that on
the other hand,

X\w|>%|z—y|‘z —y+ w| < 3|U)|,

Consequently,
|Z _ y|—m+‘r _ |Z —y + w|—m+‘r
|w|7m75782 XC A
X|w\>%\z7y| ‘I y|m+5—€2 3NAs
< —m—5—eg |Z — y|—m+7'
~ XIz—y|<2|w|‘w| |$ |m+6752 XC3nAs
+7—€
e
FXz—ytwl<alw W] 0T @ — g XCsnAs
= I+1II
Since

Cm—6— _5—
/X|w\>%\zfy||w| " “dw ~ |Z - y| 627

we arrive at

— —d—e2
2=y~
/I dw = v y|m+/8752 XC30A3

so setting e = g1+ &9 € (B+ 6, min{l,7,8+0+¢€}), for e1 € (6,0 +¢/2), e2 € (B, 8+ €/2) gives the estimate (4.11)
for I, and as for I,

—m—§—¢ +s|z y+w|
Jheimre e

m-+T1—¢

e<T —m—0— —m—
A|(2) dz R |w] ey T LAy — w),
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5 — o — e1>0 o —
/'wl MO Iy g TR LAy —w) dw = e —y| T T L, Al(y),

and finally,
—m—B+te e2>f
o=y 7" (1, | AI) 1BIw) dy "R ey p((Tr-s5-c|A]) | BI) (@),
Thus, also IT has the required estimate and we have shown (4.11) for X = C5 N As. O

The following estimate should be compared to the estimates in [Cha82], who extended arguments in [CRW76]
from Riesz transforms to Riesz Potentials. Their estimates treat cases in which one of the involved functions b
belongs to BMO, which one usually uses in applications for estimates of that expression in terms of |V|*b. But if
one knows that |V|°b exists, then the following estimates are more precise than their BM O-counterparts in terms
of Lorentz space estimates.

Lemma 4.6. For any 6 > 0 such that s+ < 1 and any v € (s,s+ ), we have

IVICla, LBl < Cusy Lorss |IVI"*a| 1| LY)

+Csr min{17,5(|15b| IH(;,W“VP*%

)ttt 574

Proof. For 6 > 0 such that s+ < 1. Set

B:=1b, A:=|V|]"a.

Then,
Cla, )] = I((Ls+sA)(IVI"B) — [V*((Ls+5A) B)).
Now,
s I, sA(x) B(x) — I,4sA(y) B
|V| ((Is+5A)B>(£E> _ Cs/ +4 ( ) ( ) n+—:§ (y) (y) dy
o [z =yl
B(x)— B I sA — I 5A
= loAw) o [ BB gy, [ Lol ZLesA) g g,
|z -y ) e
—n+(s+9) —n+(s+9)
s z—x — |z =
=LA@ 91 B@) +eos [ [ B — |L+s d A(2) Bly) d= dy
R™ R™ Y
Let now v € (s,s+ ) C (0,1) and denote
—nt(s+8) —nt(s+5)
z—x — |z -
b,y 2) = 22 Iz~

|z -yl
Now we follow the strategy in [Sch11]. We decompose the space (x,y,z) € R3" into several subspaces depending
on the relations of |z — y|, |x — y|, |z — z|:
1< Xl(l‘, Y, Z) + Xz(l', Y, Z) + X3($a Y, Z) + X4('Ta Y, Z) for T,Y,z € Rma
where
X1 °= Xjz—y|<2]|2—y| X|z—y|<2le—z];
X2 = X|z—y|<L2|z—y| X|z—y|>2|z—2z]>
X3 = X|z—y|>2|z—y| X|z—y|<2lz—2| X|z—z|<2|z—y|-
X4 = X|z—y|>2|z—y| X|z—y|<2|z—2| X|z—2|>2|2—y|"
Then, by the mean value theorem

Xi(@,y, 2)k(@,y,2) S |z — 2| " |y — o T,
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Same holds for

_ §— o
Xg(x,y,z)k(m,y,z)—l—Xg(x,y,z)k(m,y,z),S|z—x| et |y—.’E‘ " S+’y'

Finally, 5
X4($,y,2)k($,y, Z) /S |Z - y|*n+5+ - |y - x|*n*5+7.

Note that 3

Xa(@,y, 2)le =yl < xalw,y, 2)e — 2| + xa(@,y, 2)|z =yl < Sxaz.y. )|z — 2,
and 1

Xa(@,y, 2)le =yl 2 xa(2,y, 2) | — 2 = xa(2,y, 2)|2 =yl 2 Sxa(z,y, 2)lw — 2],
that is

X4('T7ya Z)|$ - y| ~ X4($, Y, Z)‘.I‘ - Z|
That is,
Xa(@,y, 2)k(x,y,2) S |2 =yl 7" min{ly — 2| T, 2 — a2 TV

This implies,

[IVI*((Is156A4) B)(x) — Ly 5A(x) V[ B(x)]
< oy Lsvo—rylAl Iy—s|Bl + cs 54 min{I,_s(|B| Is15-~|Al), Iy—s(Is+5—~|B| |A])} .

It is a simple adaption, to show that in the claim, for both terms on the right-hand side, we could have chosen
different ~. O

For s = 0, a (non-trivial) version of Lemma 4.6, is the following result, for any Riesz transform R. Like Lemma 4.6
was related to Chanillo’s [Cha82], this estimate is related to [CRW76]. The proof follows by the same arguments
as the proof of Lemma 4.6, we leave the details to the reader.

Lemma 4.7. Then, for any § € (0,1) and any v; € (0,4), i = 1,2, we have

IC(a, R)IB]] < Crsq L5,

91| 6]+ Crosins T (Tsal [[91°a] ).

4.3. Fractional product rules in the Hardy-space via para-products — including the limit
case

In this section we introduce several commutators, and show how to use techniques developed by Da Lio and
Riviére in [DLR11b] in order to estimate their behavior involving the Hardy spaces H. For the case ;1 < 1 the new
contribution are the commutators themselves, the techniques for the proof of their behavior follows the arguments
of Da Lio and Riviere. In the case u = 1, these arguments have to be extended and more precise, in order to show
the same behavior for this limit case, which was unknown up to now. The essential commutator estimate is

IIVI*(R[R] 1ub — R[h L)y, < |[R]l2 [bll2 - whenever u € (0, 1]. (4.15)
From this we will conclude
ICC RNVl S VITfll2 [elBmo (4.16)
and
1Hu(e:9)lly S MV I*glly lelsao. (4.17)
as well as
V" Hyu(a, b)lly, S NIVI"ally [IVI7Dll,  for pe (0,1]. (4.18)

Note that (4.18) is already known for u < 1 [DLR11b], and we are going to prove it only for the new situation
p =1, when we will show that it follows from (4.15).
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Proof of (4.15). Let
T(h,b) := |V["(R[h] I,b — R[h 1,b])

We will follow the basic ideas of the proof of the commutator theorem in [DLR11b], which goes through without
great changes, if p < 1, and then point out where it fails if 4 = 1. In the latter case, we have make a precise
computation of the failing term, and show that in fact this term is essentially a commutator as in [CRW76] and
another good term. For a general reference, we refer the reader to the proof in [DLR11b], as we will sketch some
of the parts which behave no worse than in their case. In particular, the notion of Besov- and Triebel spaces and
their respective estimates are taken from [DLR11b] without too much changes.

The para-products and Littlewood-Paley decomposition

We need to control three parts of 7. We introduce the projections Iy, I, I3 defined via

T(f.9) = 3 T(f59 ),

JEZ
T(f,9) = > T(F7*9)),
JEZ
j+4
T(f,9) = > > T(f;9)-
JELI=5—4
Here, ' ‘
supp f1' C {[¢] € (2771, 27T1)},
and

supp(f7)" C {lg] < 271}
These terms come from the Littlewood-Paley decomposition. Note that then for k£ € Z,

k+3

T(f,9)k = Y T(fig (4.19)
j=k—3
k+3

T (f.9)k = Y T~ g5, (4.20)
j=k—3
oo Jj+4

WT(f k= > > T(f o (4.21)

j=k—5l=j—4

Estimates from [DLR11b]

Let us recall the following estimates, whose proof up to small adaptions can be found in [DLR11b], for a general
overview we refer to Tao’s lecture notes [Tao01]: First, denoting with M the maximal function,

sup ’2_7|V\7fk(m)| SMf(x) for any v > 0 and almost every x € R™. (4.22)
kEZ

Here, for v = 0, we set |V|0 :=1Id. In fact, for a suitable ¢ in the Schwartz class,
277H|V | fF(z) = 2tmm R /¢ 2"z — ) [V f(y) == 2" /(IVIW O)(2 (x —y)) f(y).
Now the argument follows the exactly the one of [DLR11b], using that

~ At lf )4 >O
v 14|z

TP if v =0, for any 8 > 0,

and we arrive at
o0

27KV () S MSf(x) Y 2™ sup

jeZ ‘Z‘§2j

IV["6(2)

9
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which is convergent if v > 0, but might be divergent for v < 0. This shows (4.22). O
Let N be a zero-multiplier operator with 0-homogeneous symbol n. We have (cf. [Tao01, Notes 2 for 25A, Lemma
1.1])

sup |27 NIV full S Cv Ifllgy, _ for 720 (4.23)
and thus also ' _
IV Nl S 279 fllg _ fory >0 (4.24)
A crucial role is played by
2
/ Z ‘Zj('Y*O‘)N\VFI_ij’Q S Ca—y Nl flly  whenever 0 < v < a. (4.25)

which follows from

. 12 <a
Lz lomwref ) E | [ X pemeaf)
ijZ m'

an argument which can be found in the commutator estimates in [DLR11b].

Nl
N

'Y

Estimate of Il
We have
IMLT(h,b)l;, < IVIPI(RIA] 1,b)[ly + IRV Iz (h 1.0)][l,,

~

S VIFTL(RIR] 1.0) [y, + [IVI* T2 (R L),
Let h:= R[h] or h, respectively. Then
IV Ta(h Lb)ly, =~ (IIV[*TIa(h Lub)l g,
~ ||Hz<~ LDl gy,
%
~ / 225 Tl (h 1) )
R'YL
2\ 2
4.20 .
( < ) / 22#k (h]74 Iubj)k
g \ kEZ j: -
1
2 2
< 22| (I 1)
~ / < krrzal%c}irj]nz ( nbi )k

Rm
1

/ (ZW i) 1w )
kEZ

Rm

N

Thus,

[N

B (4.22) B
[IVI* T2 (h L)y, S /Mh (Zf“’“lhbﬂz)

R keZ
< IRl ol
< lInly lbll

It is worth noting, that this argument holds for any p > 0.
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Estimate of II;

Now we treat II;T. For some 1), ||@Z)HBODO _ <1 we have
[Tl S 1T (D)5,
< / ILT(h, bY€) 4V (€) de
¢ Z// (€ m) BO() (PN (E —m) ¥ (€) d de,

JEZL

Fem) = (fm)u(ﬂ ) (4.26)

Note that by the support of the different factors, we only consider &, 1 such that |¢ —n| < 2773, 2971 < || < 27+
and thus 2772 < |¢] < 2772, In particular,

where

€ =] <1
7] 2
We can assume w.l.o.g. that if (4.27) is satisfied, following identity holds, and the right hand side converges

absolutely " o - l
Hew = (|§—n> D o) mle - 0 (5)

= Zl,ml n) m(€—n) € —nl""" jg* [~

(4.27)

(4.28)

where n;, m; are zero-homogeneous functions, and we will denote their respective operators with N;, M;. In fact,
one can check that this is true, if (4.27) is satisfied for 2=% on the right-hand side, for some L € N. If L is not 1,
then we need to replace for the decompositions IIy, Iy, II3 and use instead

T(f.9) == Y T(f9%"),

JEL
T(f.9) = Y T(F*"g)),
JEZ
J+3+L
T(f,9) = >, Y. T
JEZl=5—-3—L

Thus, for the sake of simplicity, we are going to assume that L = 1.

Estimates for I, if © < 1.

The expansion in (4.28) is precise enough, if u < 1, since then I — pz > 0 for all [ € N. Here (-); is the Fourier
cutoff on [¢] € (2F2,2k+2),

=1
||H1T(h,b)||7_[ < Zﬁ /MlIlh NZ‘V‘Z Ky —4 ‘v|#w
=1

= JEZ
(o)
1 l—n —uk L
< Zﬁ /Z|2]lMlIlh ‘ ‘Qj(u ”N|V| N 4‘ sqp||2 uk|v|xwk”m
1=1 jEL k
1 1
(423) =2 1 2 ’ 2) 4.29
A(n—1 il j—4) (u—1 l—pyj—4 .
<Y ey /mZWMﬂzhﬂ /m2’2<g =D N | [ (4.29)
=1 JET jez
1>1>p %)
(4.25)
,S C1—;¢ ch 24 —h Hh||2 Hb||2
=1
S Rl 16l
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The crucial point in the above estimate is the application of (4.25), and it was there that we used that p < for
all [ > 1, that is p < 1. In particular, if the summation on [ above had started with [ = 2, this estimate would
have been true for any p < 2. Also, note that for u = 0, this estimate still holds.

Adaptions for IT; if ©=1.

Thus, if p = 1, we have to be more precise and actually need to find good controls of the Taylor-expansion for
=1

Kem 2 ke + Z% ) mE =) 16—l o™,
=2

where

—(& = )| + 0L (€ =)k

_ |€|<_f—n )
||77|| |€—77|+|77||77| |§ ) |
_ Efn &=m , m 11 —n

- Inl( ol " Te—a Tl T Tl Jé- nl)

NG Z|) prii * e ”')>
- '§'|;|'"'(—(|Z = n|) n2(7<|’7| e >>

(n 577) 7777( )
||(|77|+|§ ul +|77| Gl InlJr 1€ —n
3

- M'”' (€ — )+ € — ).

Now we define bilinear operators Tl, T, via

By the commutator arguments of [CRW76], T1(-,-) can be estimated
I3 (R, D)5, < (1Bl 110]l,-
Indeed, for some constants ¢y, co,
Ty (h,b) = c1(Rla] + R[b]) + ca(Re[RR&[a]] b+ RRy[a] Ri[b])
Thus,
T (hb) g < IT(T (R, 0) = Ta(h,b) = Ta(h, b))l + T Lo (R b)) g + [R5 (101l
= I+ 1T+ Al [bll,-

The term I can be estimated in the same manner as in (4.29) for p < 1, since the only term for which (4.25) was
not applicable is now cut away.

Thus it remains to estimate 1. Note that m is a finite sum of products of zero-order multipliers of n and & — 7,
which thus plays no role in our argument. The crucial point is, that by (4.27)

— — 1 -
St S ) s =) ol e =l
I=1"

so the exponent of |£ —n| is always strictly greater than zero. The estimate on IT follows then from along the
arguments in (4.29) for u = 0.
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Estimate of II;

It remains to estimate II3. Let Ny, Ny be a CZ-zero-multiplier operator (in this case or the identity or the Riesz
Transform R). In order to estimate II3T'(h,b) in the Hardy-space norm, it then suffices to control terms of the
form

IN1 [V TI5(Nah 1,0) |15,

Again, for some ¥, Y|l g0 <1,

N1V T3 (Noh L), S VI TIs(N2h 1)l

< IV TIS(Noh 1) | gy
s [ 191 1) o
_ /H3(N2h L,b) [V]"
j+4
D SD Sl RIS AL
JEZ 1=j—4
4 '
= Z Z /N2hj L.y |V |Hap? 6
JEZ 1=j—4
L |
D S Sl AL ANEATE I TP
GJEZ I=j—4 '
< INohllgg, [Tl
< IRl 1Bl
This shows (4.15) O

Then we are able to give the

Proof of (4.16). The estimate is a consequence of (4.15): Let ¥ € C§°, [|9||, < 1 such that

e RNV, < 2/C(f,R)[IVI“<P] 0

2 [(URIVPe) = RUIVI e

) / o IV (RIfY] - FRI).

Taking h := ¢ and b := |V|" f, one concludes the proof of (4.16) by (4.15). O

Proof of (4.17). If p =1, (4.17) follows from the following easy argument:
IH1(2.9)lly = c|RRiHy (0, 9)lly $ D IRiHi (0, 9)l-
Moreover,
RiHi(p,9) = gdip+wdig—Rilg [VI'¢] = Rilp [V|'g]

gRiIVI' el + eRi[|V]' gl — Rilg [V]'¢] — Rile |V]'9]

= Clg, RVl +Clo, R)VI'g].
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Consequently, by the [CRW76]-commutator theorem

1H1 (2 9)ll2 S Z Ic(g. ROV I e, + Z IC(e. RIVI'glll, S Z IC(g, ROIVI' @, + [elzaro 11V gl

and therefore we have reduced (4.17) to (4.16).
If 4 < 1, we show that for }
H,(a,b) = |V[*a b—a|V|'b—|V|"(ab)

we have the estimate .
1H,(a,b)[l5, < llally [1V]70]l,-

Use again the decomposition in II;, I, II3. We have for any p > 0,

IT(IV1* (ab) I3, + T (al VD) I3, + T2 ((1V]"a) D)l + [T2(al VI*D)ll;, < llally 1IVI"0ll,, (4.30)

Estimate of II;. We have,

~ (4.30) ,
ML Hy(a,b)ll,, < IIZ (V1" ap)b=* = [V " (a;t" =) 12 + llally [1[V]*0]|,-

Thus we have to estimate

> [ (TP ar - 9 ) v

j=—00

The respective kernel is

k(& m) = nl" = [¢" = Zczmz m(&—=n) "' = nl',

that is

>[9P app 9y ) v

_]_—OO

r=! 20124(“ Z / 21U (NI, ) 20— D=0 | =M 7| = Y5
=1 "

j=—o00
p<l u
S lally [1VIF0ll,
where for the last step we can just copy the remaining arguments from (4.29), since p < 1 <.
Estimate of II,. Since 3
Hy(a,b) = [V[*a b—2a|V["b + (a|V["b — |V|"(ab)),

we can
(4.30)

M2H,u(a,0)]l5, < IIZ V(a7 ™b;) = a?=*[V1"b;) 13« + lally [[V]*0]l,-

Since p < 1, as in the argument for IT;, we can estimate

1> (V1@ ~*0;) = = 1V1"b)) I < llally 119]70]l,.
j
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Estimate of II3. Finally, we have

~ (4.30)
M Hu(a,0)ll,, S 1D (V1" (a5)bi — a; |V 1"bi) |3 + llally 11V]"]l,,
J=i
and have to estimate
) j+4 4 [ j+4  j+6
ST (VI = ai V") 0+ > ST S (1] (ag)bi — ai |V bi)p =: T+ 11,
j=—oc0i=j—4 Jj=—ooi=j—4 k=j—6

The kernel here is (note that for & € supp(¥7=%)", n € supp(a;)", [£|/|n] < 3 which ensures convergence)

k(n,€) = Inl* — 1€ —nl" =" mu(€ —mm(©) )" Iel', (4.31)
=1

thus we have
I = Z Cy
=1
> e 27 sup 2 O Ny VO
k
=1

B oo
1l g D 2™
=1

S lsy  llally 11VI70ll,

) j+4

> X / MV ay b NV

j=—o0i=j—4
0o j+4

> 3 /’2<l*ﬂ>ﬂ‘Nl\V|“*laj’ |20,

j=—o0i=j—4
0o Jj+4

> 3 /’2<l*“>ﬂ‘Ml\V|“*laj’ |20,

j=—o0i=j—4

S
(4.24)
S

For II, where the expansion (4.31) might not be convergent, the situation is even easier,

co  j+4  j+6

s 3 33 [Vl 2 ] V) e

j=—o00 i=j—4 k=j—6

s, | | [ lreiwra ) ([ penf ]+ ([ial) ([ivens)
J J

el 5o, _llally 119178l

A

A

O

Proof of (4.18) for u = 1. We have (by the classical product rule, or equivalently expanding the symbols |€ |2 =
l€ —n)* + n]* +2¢ - (€ —n)). With Ry, we will by a abuse of notation call the linear operators with symbol &*/|¢|.
By the classical product rule for R;|V|" = ¢d;

RiHi(a,b) = aR|V|'b+bRi|V|'a — Ri(a|V|'b) — Ri(b|V|"a)
= L(IV['a) Ri|VI'b+ L(IVI'0)R:|V['a — Ri(1(|V|'a) |V]'b) — Ri(11(|V]'b) |V['a)
= L(V]'e) Ri|VI'o = Ri(L(V]'a) [V|'D)
+L(VI'D)Ri|V] e — Ri(L(|V]'D) [V]'a)

Thus, R;|V|"Hi(a,b) can be estimated via (4.15), and as this holds for any i € N, we have (4.18) for y=1. O
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5. Energy approach for optimal frame: Proof of Theorem 1.6

In this section we construct a suitable frame P for our equation, transforming the antisymmetric (essentially)
L%-potential Q[] into an L?1- or even better in an I, H-potential QF[]. Here, H is the Hardy space, and with the
previous statement we essentially mean that

/Qp[f] < Car |fll2,00): or /QPHVI”@] < Car |l¢llpymos  respectively, (5.1)

where BMO is the space dual to H. This is an improvement, since for the non-transformed €2, we only had the
estimate

e <ca i, 5:2)

For motivation of the arguments presented here, let us recall the classical setting [Riv07], where we have the
equation (usually for w' := Vu® € L?(R™,R?))

—div(w?) = Qi - w',

for Qi = —Q; € L>(R™,R?), and we look for an orthogonal transformation P € W2(R™ SO(N)), SO(N) C
RNV*N being the special orthogonal group, such that

/Qi -V =0, (5.3)

where
Qf; = PikVP,;‘I; + Pikflklpg, or equivalently, — div(Pﬂwl) = sz - Pt

Also in this case, the estimate (5.3) is an improvement from the estimate for the non-transformed Q

[a-ve<cq 194l

philosophically similar to the improvement (5.1) from the starting point (5.2).

For the construction of P such that (5.3) holds, there are two different arguments known: Riviere [Riv07] adapted
a result by Uhlenbeck [UhI82] which is based on the continuity method (for the set €, ¢t € [0,1]) and relies on
non-elementary a-priori estimates for QF which also needs L?-smallness of Q. In [Sch10a] we proposed to use
arguments from Hélein’s moving frame method [Hél91]: Then the construction of P relies on the fact that (5.3) is
the Euler-Lagrange equation of the energy

BQ) =99, Qe SON), ae., (5.4)

the minimizer of which exists by the elementary direct method.

Both construction arguments have been generalized to the fractional setting for 2[] = Q- a pointwise multiplication-
operator [DLR11a, Sch11]. In our situation, where €[] is allowed to be a linear bounded operator from L? to L*,
we adapt the argument in [Hél91, Sch10a, Sch11], and minimize essentially the energy

E(Q) := sup /QQ[z/JL Q € SO(N), ae..

While the construction of a minimizer of F, see Lemma 5.5, is not much more difficult as in the earlier situations
[Hé191, Sch10a, Schll], when computing the Euler-Lagrange equations, see Lemma 5.6, we have several error
terms, which stem from commutators of the form fQ[g] —Q[fg], which are trivial if Q] is a pointwise-multiplication
operator Q[] = Q-. In Lemma 5.7 we then show that these error terms all behave well enough, if we take the for
us relevant case of Q] being of the form AR]].

5.1. Preliminary propositions

Here we recall some elementary statements, which enter the proof of Theorem 1.6. Proposition 5.1 and Proposi-
tion 5.2 are simple duality arguments for linear, bounded mappings between Banach spaces. Proposition 5.4 is a
quantified embedding from L! into BMO.
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Proposition 5.1. For any s > 0 there exists Ao, Cs > 1 such that the following holds: Let f € L*(R™), |V|*f €
L?(R™) and assume f =0 on R™\B, for some B, C R™. Then for any A > Ao,

IV flop By, < Cs A5 IV fll2,Ba,
Proof. Using Corollary B.2,

VP fllo s, SATETNIVIS

2By, AT [V S|

2)BA’V'.
Thus, if A > Ay for a Ay depending only on s, we can absorb and conclude. O

Proposition 5.2. Let A : L*(R™) — LY(R™) be a linear, bounded operator. Then there exists g € L*(R™),

lGll2rm =1 such that
sup /A[w] :/A[g].
[[]l2,mm <1

In particular (taking instead of A the operator A := A[xp-|, for any D C R™ there exists gp € L*(D), |gplla.p < 1,

suppg C D, such that
s [ Al = [ algo).
[l%]l2,rm <1,supp »C D

Proof. As f* € (L2(Rm))* for
£rw) = [ A

is a linear bounded functional, there exists a unique f € L%(R™) such that

[ 4= [ o, (5.5)

IFllogn =  sup /mw

1¥]l2,rm <1

and

On the other hand,
- — —(5.5) -
1715 = [ 77 [ i)

which in turn implies that for g := H]FH;1 .fa

swp [l = |f

Ill2,rm <1

o R = /A[Eﬂ-

Proposition 5.3. Let A : L?>(R™) — LY(R™) be a linear, bounded operator. Then there exists a linear, bounded
operator A* : L®°(R™) — L?(R™) such that

O

/gAUFj/fAWﬂfWawféL%WﬂﬂeLmﬁm)

Moreover, g = ||A(1)||;* A*(1) for the g from Proposition 5.2.

Proof. For any g € L>°(R™), we have
T,()= [ g Al € (LR™)',

thus there exists a unique A7 € L?(R™) such that

T,[f] = /A; f forall f e L2(R™).
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For A1, A2 € R and g1,¢2 € L*, and any f € L*(R™)

[ A F=0 [ Al [ At =x [, 1+ [ 40

which implies that A*[-] := A* is linear. As for boundedness, note that

[A%[g]ll2,em = sup /A*[g]f: sup /gA[f] < lglloo [[All L2 L1,

1 £ll2em <1 1 £ll2rm <1

that is
A" oo s r2 < [|AllL2 10

Jio® [aw = [ame,

which - given that it holds for any ¢ € L2(R™) - implies f = A*[1]. O

Finally, we have that

Proposition 5.4. Let ¢ € C5°(B,), then

lelly < Cm ™ [@lBMmo-

Proof. Let A > 0, then

| B |
- ||80||1,B,,.a

-1
el s, <lle = 1Barl™ [0l +
B, Ar

and consequently for, say, A = 2,

-1 m —1 —1 m
Il 5, < 2lle - [Bad / Al S (A Bl o = | B / Al 0" elowo.

r Ar

5.2. Energy with potentials
Let Q% : L2(R™) — LY(R™), 1 < 4,5 < N be a linear bounded Operator. And set
Q1= (IV"(@Q ~ Dix) QF; f + QuulQF 11,
for supp(Q — I) C By, |V|*Q € L2RV*N) and Q € SO(N) almost everywhere. For ¢ : R* — RV*N | we write
Q9] = (IVI"(Q = Dix) Qij Yis + QueSualQib35),

Having in mind (5.4), we then define the energy

€Cge (B, (x) ENXN QQ if —1)C B, s
Q) = Byops2(@) = SUP vecqe sy, o) )Rj;( Y] if supp(Q — 1) (z) 56)

00 else.

Obviously, @ = I is admissible and E(I) < co. Thus there exists a minimizing sequence, and one can hope for a
minimizer:

Lemma 5.5. For any u > 0 there exists Ag > 1 such that for any A > Ag, the following holds: There exists an
admissible function P for E such that E(P) < E(Q) for any other admissible function Q. Moreover,

IV Plly, gy, ) + AENVIPllygony sy, @) < Cr 1901251, Bar(a)- (5.7)
Here,

19]l2-1,p := sup 12041l
PECT (D, RNXN) 4], <1
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Proof. Take Ay from Proposition 5.1 and assume A > Ag. We have for any 1 € C5°(Ba,, RV*N) ||4]l2 < 1

Y

EQ) / (V@ — 1) QT)istoy + / QQIQ™ Y]

/ (V@ — 1) QT)is iy — 19215,

Y

which (taking the supremum over such 1) implies
[IVI(Q = Dll2,Ba. < E(Q) + [1Ql2-1,B4, -
According to Proposition 5.1, this implies (as @ = I on R™\B,.),
IVI"(Q = Dll2zm < Cp (E(Q) + [|Q|21,B,,.)-
Consequently, for a minimizing sequence Py,

V1" (P = Dll2zm < Cu |9l251,B4,»

and up to taking a subsequence, we may assume that there is an admissible function P such that |V|" P converges
L?-weakly to |V|"P and P, converges pointwise and strongly to P.
Then, for any fixed ¢ € C§°(Ba,), [[¢|l2ryxy <1

B(R) > [@Fl+ [ @M - ol

We claim that
[ omw - 0w =0, (5:8)

which, once proven, implies that
inf B(-) > /szp,
which by the arbitrary choice of ¢ implies that P is a minimizer. In order to show (5.8), note that
QP[] - QP[] = V"B (P = POy + |V[* (P — P) PTy + (B, — P)YQ [P Y] + PQ (P — PT)y]
= L+ 1l +11I;+1V.

k—o0

Since | Py, |P| < 1, all terms of the form (PL — PT)y) === 0 in L?, by Lebesgue’s dominated convergence. Thus,
[ I+ [ TVi, 222 0. By the weak L2-convergence of |V|" Py, also [ IT “=% 0. Since PT4) — PT4 in L2(R™),

k—o0

also Q2 [P,;;T 1/1] LaniccN Q[PT4] in L' and in particular pointwise almost everywhere. Then also [I1I, —=0. O

Lemma 5.6. Let P be a minimizer of E(-) as in (5.6), and assume that
Q5[] = —Qul] 1<4,j<N. (5.9)
Then for any ¢ € C°(B(x)),
1
- feruera = 5 [HAP-LPT -1 VP
- [ sotPete. ) [PTE o, )
+ / s0(QPxp, PH, (¢, PT — 1))
- [ st P
+ [ 2= )9

Here, we denote for a matriv A € RN*N | the antisymmetric part with so(A) = 27Y(A — AT), and for a mapping
g:L? — L', we denote § as in Proposition 5.2.
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Proof. We set D := B,.(z) and Dy := Bp,(z). Let ¢ € C§°(D), w € so(N). We distort the minimizer P of E(-)
by
Q.:=e¥*P=P+epwP+ole) € H? (D,SO(N)),

that is we know that

E(Q.)—E(P)>0 (5.10)
We compute
IVI"(Qe = 1) Q"
= VP -1) P" +ep(w |V"(P—I) PT - |V|"(P—1) P" w) +¢|V['pw+ew H,(p,P— I)P" +o(e),
(5.11)
and
Q0 [QI] = P[P ] +e(p w PQ[PT] — PQ[PT wy]) +o(e). (5.12)

Together, we infer from (5.11) and (5.12) (denoting the Hilbert-Schmidt matrix product A : B := A;; B;;)
Q9] = QP[] + e(pw Q7[¥] — QF [wip]) +e|V["p w: ¥ +e w Hulp, P = 1) P : 4 + o(e)[¢].
Thus, for any € > 0, ¢ € C§°(Da, RNV [|4]|, < 1,
BQ)-Br) = 1 [or-E)

+ [ (oo 0701 - 07 o)

+ [191pwv

+/WHM(<P7P_I) Py

+o(1).

Let ¢ € L*(Dy) such that E(P) = [QF[¢)] (cf. Proposition 5.2), this implies for the choice ¢ := 1)

(5.10) 1
>

(EQ)-E(P) 2 [ (w07 - 0 [wii])
+ [ 191w

+/wHM(gp,P—I) PT .4y

g

+o(1).
Letting € — 0, we then have
- [9rew: 2 [ow0t@l- 0 Wi
+/w H,(p,P—1)PT .9
which holds for any ¢ € C§°(B,). Replacing ¢ by —¢, we arrive at
- [IVFew:T= [ 0" - 0" el + [ B, P 1) P, (5.13)
Now we need to be more specific about the characteristics of 1. We have

E(P) = s / Q"] = sup / IV P PT, 55 + PSPy
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Let Qf, : L=°(R™) — L?(R™) be the linear bounded operator such that (cf. Proposition 5.3)

/ 9lf] = / Onlg) . for any f € L2(R™), g € L=(R™).

R™ R™
Set then,
(@7)7) U1 == V1" Puc IS + Q4 fPu] P € L(R™),
and - .
(QP>Z_J_ = ((@") )ij[l] € L*(R™).
Since
[o@) 0= [ (@) o toraifer@m),ge =@,
we have

E(P):sip/szwpr:c/QP:QPXDA :c/QP[FXDA],
for some normalizing constant c¢. That is,
(BP) = [ (@), 0,273,

and we can assume 1) = cxp, QF = cxp, QF for some normalizing constant c. Now,

—/IVI”WJ:JZ —c /IVI”w wijX Dy U5 = —wij /QZHWH@] +/w QP [(1 = xp,)IVI"e].

Consequently, (5.13) reads as

_/w LQP(V]g] = /QDWik (QP)M[(W)UXDA] —(27),, [wir (QT)kjw]
Jr/wH#((p,PfI) pPT. QP

+/w LQP[(1— x|V,

Note that, since ¢ € C§°(R™) C L*,

o / (@), 1(97) 61 = / (97),, (97) =70,

By the same argument,

ai [0 (0F) bon (F7) J=wn [0 @), 0, () = wa [ (@7),,1(77) o

(5.14)

and
an [ ¢ @),(77) xo,
. / ((QP)*)MM (STP)M XD
= e (@) 1 (@), o [ (@) 0 (07, 14) () v,
" [o(@)) 0 (@), e [ ((077), 0 (@), 1) (), xon
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where we denote the commutator C
CODf]=bTf—T(bf).
Thus, we arrive at
f/w : so(QPHV‘#@DU = Wk /C(go, (QP) )[(QP) XD4)

/ H 907 ) PT QPXDA

+ [ w070 - x0 )91,
One checks, that
C(<p, (), )[(QP) XDa) = PuC(e, Q) [PL (W)MXDA]

Next, (and here the antisymmetry of 2, (5.9), plays its role)

.1 1 .
so(QF[[VI*¢])i; = so(IVI"(P = 1) P)y; [VI"¢ + 5 P[Pyl VI" o] — 5 Pk Pul V")

2
1 1
so(|V"(P 1) P");; |V|"o + Qﬂ'kﬂkl[leWWsD] + §lele[Pik\V|“¢}

- so(|V|“(P 1) PT)iy (9164 5 PaSulPalVI" 6] + 5 P Padl| V)"
]lc( Pk, Q) [V "]
= 80(|V|M(P—I) P1)ij V"o + PSPl V")
43 PaC(P Qa1 = 3 PaC(Pa )91 ol + [ 07101 = xp, IVl
and
o9 (P~ 1) PT) = J[VJ(P—1) PT — SPI9I(PT ~ 1)

= VPP 1) P (|91 (P~ 1) P PIVI*(PT - 1))
= |v|*(P-1) PT + %(IW“(PPT) —|V|"(P—1) P" — P|V|"(P" - 1))

1
= |VI*(P-1) PT + S Hu(P =1, PT —1)

This implies finally (going with w;; € {—1,0,1} through all the possible matrices with two non-zero entries)

—/QP[|V|”cp] = %/H#(P—I,PT—I) V"
+ [ so(pete. ) [PTRP" o, )
+/so(STP><DAPH#(s0,PT - 1)
- [ sole(p V1P
+/QP[(1—XDA)IVM~

O

Then, using the commutator estimates in [CRW76], (4.16), (4.17), and (4.18), we have shown the following Lemma,
which implies Theorem 1.6
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Lemma 5.7. Let P be a minimizer of E(-) as in (5.6), Lemma 5.6. Assume moreover, that Q0 satisfies (1.6).
Then for any ¢ € C§°(B;)

_m_, m_ lelBrmO if p € (0,1],
*/QPHVWW] SATE R Al [plemo + ||A||§ {|||V|M<p| ifu>1
(2,00) :

Proof. By Lemma 5.5 and Lemma 5.6,
197l + 19221l + IV 1“Plly S 192015-51 S [1All2,

and by Lemma 5.6 we need to estimate

/HM(P—I,PT — 1) |VI*e (5.15)
[ sotpete. ) [P1O7 v, ) S 14l et R) [PTR x, (5.16)
| [ 50@P o, PH, (6. P = D)I S [0 (0, P = Dl | (5.17)
| [ sole@ (Vo] S 4l IERRIT I, (5.18)
[ 710 = xo IVl S 197 oy 10 = X0Vl (5.19)

The estimate of (5.15) is immediate from (4.18), for the estimate of (5.16) we apply [CRW76]. For the estimate
of (5.17) we use (4.17), for (5.18) we have (4.16).
It remains to estimate (5.19), which follows from

L

.B.1
IVl ax <

M8

It =xp)IVI"elll, S

P5.4
<
~Y

> @R Ar)TE gl

k=1

(ZkAr)_%_“rm [¢]Bro-

M¢T

=~
Il
_
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A. Some facts on our fractional operators

The fractional laplacian A3 is usually defined via its Fourier-symbol —|¢|®. Here, we will mostly use the negative
fractional laplacian (—A)2 = |V|® (which here plays the role of the gradient, or the divergence and rotation in
the classical settings), defined via its symbol |£|®. These operators are defined for s € (—m,m), if s < 0, we write
A% = I|S‘.

Most of the time, we will use the potential definition: For Schwartz functions f,

f(x) = fy)

m-—+s

IV|°f(x) = cs lim

dy for s € (0,2).
=0 jo—yl>e |2~y

The inverse is the Riesz potential,

fly)

m—s

I;f(z) =¢s lim

dy for s € (0,m).
20 ja—y|>e |z =y

We refer, e.g., to [SKM93, Lan72] on hyper-singular operators, generalizations, and different representation for-
mulas.

Next, we state some useful facts about the fractional laplacian, which we are going to use throughout our paper,
as standard repertoire.

We have the standard Poincaré inequality, for a proof, we refer, e.g., to [Sch10b].

Lemma A.1 (Poincaré inequality with compact support). Let s € [0,m), p € (1,00), q € [1,00], then for any
B, CR™, and any f € C§°(B;)
1Al < Co IV Fll oy

The (scaling invatiant) Sobolev inequality takes the form

Lemma A.2 (Sobolev inequality). Let s € [0,m), p1,p2 € [1,00), g € [1,00], for any f € S(R™),
1 lepr.ay < NVEFllps 090

where
1 1 S
=4 =
D2 b1 m

For p; = oo, we have the following limiting version of Sobolev’s inequality:

Lemma A.3 (Limiting Sobolev inequality). Let s € (0,m). For any f € S(R™),
1£lloe < V£l 1)

Also, we have the following Hélder-like inequality
Lemma A.4 (Holder inequality). Let s € [0,m), then for any p1 < pa2, for any B, C R™, and any f € C§°(B,)

IV E iy sar) < Coprpe 77072 VI Fll y.00)
Proof. Let A > 2, then

m m

|||V|Sf||(p1,q1)7BAr 5 Cs,pl,pmA TH p2 ||‘V‘Sf||(p27oo)
On the other hand, for some 6 > 0, by Lemma B.1, Lemma A.1,

IVE Ny 2, S AT W N 1) S AT NVE oy

For sufficiently large A we can absorb the latter term into the left-hand side, and obtain the claim. O

From the Lemmata before, we also have

Lemma A.5 (Poincaré-Sobolev inequality with compact support). Let s € (0,m), p1,q1 € (1,00), then we have
s <t, for any B, CR™, and any f € C§°(B,)

m o

mogy ¢
|||V|Sf||(p1,q1) < CP17Q1,P2,¢12~,S¢ re e |HV| f||(p27q2)7
where pa € (1,00) such that

1 1 s—t
<+

P2 P1 m
and qs = oo if the above inequality is strict, else g1 = q2.
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A very important ingredient in our arguments is the boundedness of the Riesz potential on Morrey spaces.
Lemma A.6 ([AdaT75]). Let s € [0,m), p1,p2 € (1,00), g € [1,00], A € (0,m], such that
1 1

_3
poop2 A
Then for any f € S(R™),
||ISf||(p17q)>\ 5 ||ISf||(p2,q))\'

The following is an easy equivalence result, recall (1.17).

Proposition A.7. Let A > 2, 0 > 0. Then,

Z 2*]“7 ||f||(p7q)7A,’r? S C<7||f||(p,q)7BAr + 227]“7 ||f||(p7q),AkT
k=Ky k=0

Proof. Let ko := [logo A| > 1, then
2M < A < 2kot!

‘We have

27 R £ S 2770270 1|, 0,

7hgl=1p

—ok l
Ak, 2T 2% Nl gy, ar,
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B. Quasi-locality

In this section we gather some facts which quantify the quasi-local behaviour of operators like fractional laplacians
|[V|“, Riesz transforms R, and Riesz potentials I,. With “quasi-local” we mean the following: Let A C R™ be
some domain and assume that supp f C A. If we take T' to be any of the above mentioned operators, then there
is no reason why suppT'f C A, nor suppT'f C BsA for some § > 0. Nevertheless, if we take a domain B C R™,
dist(A, B) > € > 0, then T'f € C°°(B). In fact, in this case

Tf(z)=kx f(zx) forze B,

where k is a kernel of the form k(y) = h(y/|y|) |y|”""® for some s € (—m, m), h some smooth function on S™~1.
Since supp f C A and € B, we can replace

where k(y) = (1 — n(y))k(y), and 5 € C$°(B:(0)), n =1 on B./2(0). Obviously, k € C°(R™), and consequently
so is T'f. In fact, by the usual Young-inequality, we have

ITflloo5 < NElle 1F1ly < 1ol o5 0) 1112 < Cini, €77 1l

That is, although we cannot ensure that Tf = 0 in B (as it would be, e.g., the case for local operators like V), we
can at least quantify that the farer away B is from A, the less is the norm of T'f on B. In particular, we have

Lemma B.1 (Quasi-locality (I)). Let p1,p2,q1,q92 € [1,00], s € (—m,m) and Q1,Qs C R™ be disjoint domains
with d := dist(Q1, Q) > 0 and with positive and finite Lebesque measure. Then, for any f € S(R),

HAg(fXQz)H(pl#h),Ql < d_m_s|91|1/p1|Q2‘1_1/p2”fH(;Dz,qz),Qz?

where we set

|V|® if s >0,
A% :={IdorR ifs=0,
I|s‘ if s <O0.

Often we will use the above also for {27 or 25 to be a complement of some ball B,.. This is valid, since R™\ B, =
Urz, AF, recall (1.17). Then

oo
XR™\B, = E XAk
k=1

and for each A* we have the correct estimate, so that for s € (—m,m) the sum on k is convergent. Consequently,
as a special case, using also Poincaré inequality (cf. Section A), we have

Corollary B.2 (Quasi-locality (II)). Let p1,p2 € (1,0), q1,92 € [1,00], s,t € [0,m). Then, for any B, C R™,
feSMR), A > 1, whenever

m m m

Aimis+P1 rPL E7S+t”|v|t(XBrf)”(;D’z,ln)vBT'

H |V|S(fXBr)H(Ply‘]l)R’"\BAr < CS,Pl»Pmth

Lemma B.3 (Quasilocality (III)). Let f,g € S(R™), Q1,Q2 C R™ be disjoint domains with d := dist(y,Q2) > 0
and with positive and finite Lebesgue measure.

IVIP((A2 fxa)gxe)l pr.a) S sup a7  fxan I VI (9x@2) gy an)
e )

S
for any t € (—m,m), s € (0,m).
Proof. By the disjoint support, pointwise almost everywhere,
t —m—
(A fxa) gxanle) = [ o= " )0, o) go)xes (@) dy.

Let n=n € C*([0,00)), n =1 on [1,00), n =0 on [0, 1], and set

Kia(z) = 2|7 n(z/d) € LP(R™) N L®(R™) N C>®(R™) for any p > max{ ", 1}.
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It is worth noting the scaling behaviour of K; 4 in d,
Kia(2) =d " 'Ky 1(2/d). (B.1)

We have .
(A% fxa,) gxa, = (Kta* fxa.) 9xa.-
Now we know that
IVI°K¢q € C®(R™),

and on the other hand
IVI" Ky a(z)| S Cq x|,

so together
VI°Kya € LP(R™) N LO(R™) N C®(R™),  for any p > max{ 4, 1}

By the scaling (B.1), we also know the exact dependence on d:

V1" Kl g = "7 75 IV Kl

Consequently,
VI (Kt = fxe)lle S 1xedl-

Then our product rule, Lemma 4.2, tells us that we essentially have to estimate

VIV Fxa)gxes) g, o

sup [|[[V[*Kra* fxa,l IV (9xa.)

AN

lpr.00)

a€l0,s]

S osup [[|[VITKa* fxaullleo VI (9x) (1.1
a€l0,s]

S osup [[IVISEeall N fxell TIVE(9x0) ) a0
a€l0,s]

S osup AT | xan s VI (9x@ )l gy -

a€l0,s]
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C. Left-hand side estimates

Lemma C.1 (Left-hand side estimates). For a uniform constant C, and any s € [u,2p), p < %,
ol =ye . [e1vr
V|| _m < sup v - ®
(3225,00),B5-1, pecge (B VT @l o o)
+C AFT™ Hv|| _m o).B,
+C AFTT sz<~—m> vl
k=0 e
More generally, for a € (0, p],
G - < ¢ s ! v V|4
(= °)By-1, = ocCo (B, «

+C AF™ mta—p H,UH(

o0),Br

m— n’

1O AF-mta—p Z2k(n m4a—pu) ||UH(%,OO),AI:-
k=0

< 1 such that

H— oc
m’oo /|V|

Decompose for the usual cutoff 1,/ € C5°(Bzx),

Proof. Let f € C§°(Bp-1,,RY),

IVl

= V" (g Lo f) + V" (1 = n5) 1o f) = V%91 + V" g2.

As usual, using Lemma 4.1 (for 8 = 0) as an approximate product rule, for finitely many s; € [0, o],
BRI

As for go, for a usual decomposition unity n; € C5°(Bai,.\ Bai-2,.)

V|%go = ZlVl (mlaf) = ZIVI

==2 ==2

V1% gall

y Ma—sil flll 1y S M1F1-

700

and with the help of Lemma B.3,

IVl 1y S @A) 852 f < (21A)

and for k > 1,

< Af—mta—p 2k:/-c+max{kl}( m—p)+la ||f||

N1 Gl (2 1y, 8,0 \Byr, S

fomm—

Consequently, for any k € Ny,

I1V71" gl

(2,1),Ak S (2kA)R_m+a_“ |

So we conclude using

o 19002 S el e 5, 1191920515, £ ol ey pe 1191200
k=1
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D. lteration

Lemma D.1. Let g € (0,1), K > 1, € > 0 and assume

1
2K | ¢ < = D.1
e+q + T 16 (D.1)
Let moreover ¢, ® : (0,00) = (0,00), ¥ < ®, and ® monotone rising. Assume that for all X € (0,1]
275N e d(N) +e> g v(2"N). (D.2)
k=0

If there is G < oo so that for all X € (0,1)
> d" vk <G
k=0
Then, for all X € (0,1),
B(N) < 32 A7E (B(1) + G).

For a proof, we refer, e.g., to the arxiv-version of [Schll], or [BRS12].
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