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ABSTRACT: We study the mechanism of vacancy migration and phase transitions of 3D crystalline colloidal arrays (CCA)
using Langevin dynamics simulations. We calculate the self-diffusion coefficient of the colloid particles and the diffusion constant
for vacancies as a function of temperature and DLVO potential parameters. We investigate the phase behavior of several systems
with different interaction potential parameters using Voronoi analysis. Voronoi polyhedra tessellation, which is a useful method
for characterizing the nearest neighbor environment around each atom, provides an efficient and effective way to identify phase
transitions as well as geometrical changes in crystals. Using Voronoi analysis, we show that several neighboring particles are
involved in the vacancy migration process that causes the vacancy to diffuse.

■ INTRODUCTION
Dispersions of colloidal particles provide a useful model for
studying the fundamental physics of phenomena such as crystal
nucleation and growth, the glass transition,1,2 and melting
phase transitions at experimentally convenient length and time
scales.3,4 Colloidal crystals display phase transitions between
FCC, BCC, liquid, and gas phases. Prediction of the phases that
are stable for different electrostatic interaction parameters may
help in understanding the mechanisms and dynamics of
nucleation and melting and thus in controlling the equilibrium
structures of the system.
In this paper, we study crystalline colloidal arrays (CCAs),

highly ordered arrays of like-charged colloidal particles typically
self-organized into an FCC lattice. Among the most widely
experimentally studied CCAs are those comprised of
monodisperse negatively charged polystyrene spheres.5−8 The
complete CCA system consists of charged colloidal particles
(macroions), their counterions, salt ions, and solvent molecules.
The interactions between the charged macroions are modeled
via an effective DLVO pair potential. In DLVO theory
(introduced by Derjaguin and Landau9 and Verwey and
Overbeek10), the Coulombic repulsion between two macroions
is screened exponentially by the surrounding electrolyte ions
such that it gives rise to a Yukawa-like interaction:

κ σ
=

− −
U r W

r
r

( )
exp( ( ))

DLVO (1)

where r is the distance between the centers of the two colloid
particles, σ is the colloid diameter, κ is the inverse Debye
screening length (which depends upon the ionic strength of the
solution), and
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Here Z* is the effective charge on each colloid particle in units
of the elementary charge e, ε is the static dielectric constant of
water which is 78 at 300 K, and ε0 is the vacuum permittivity.
For a solution containing concentrations nj of zj-valent ions,
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where m is the number of ionic species and λB = e2/(4πεε0kBT)
is the Bjerrum length at absolute temperature T (kB being
Boltzmann’s constant). In a colloidal suspension with highly
charged colloid particles, the liquid layer surrounding each
colloid particle can be subdivided into an inner layer, termed
the Stern layer, where the counterions (with opposite charge to
the colloid charge) are strongly bound, and an outer layer,
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where the counterion association is weak (often referred to as
the “diffuse layer”). The thickness of the double layer depends
on the concentration of ions in solution. When the colloid
charge is very high, the counterions in the Stern layer reduce
the bare colloid charge to an effective charge, Z*. The effective
(or renormalized) charge and Debye length can be estimated
by numerically solving the nonlinear Poisson−Boltzmann
equation.11−14 Note that it is also useful to define the value
of the potential energy when the spheres are in contact15
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where β = 1/kBT is the inverse temperature. All other system
parameters being fixed, this contact potential is a surrogate for
Z*.
Three-dimensional CCAs have often been used as model

systems for interparticle interactions in solution.16−18 However,
little is known about the properties of vacancies that may
develop in a perfect CCA. Theoretical methods such as
molecular dynamics, Langevin dynamics, and Monte Carlo
simulations can help to shed light on these details.
The Langevin dynamics technique is a method for simulating

the dynamics of particles in a dissipative environment at finite
temperature. The Langevin equation is a stochastic differential
equation in which two additional forces, a frictional damping
force and a random force, are added to Newton’s second law.
The friction term approximates collisional effects of solvent
molecules that are not explicitly present in the system. The
random force is associated with the thermal motions of the
solvent molecules. Langevin dynamics provides a way to coarse
grain the fast modes that characterize the solvent, thus allowing
us to simulate longer time scales than would a molecular
dynamics simulation in which solvent molecules were explicitly
included.
In the first part of this paper, we use Langevin simulations to

investigate the mechanism of vacancy migration in three-
dimensional crystalline colloidal arrays whose particles interact
through a DLVO pair potential.9,10 In particular, we calculate
the diffusion coefficient of a single vacancy. In the second part
of the paper, we investigate the melting transition of the
colloidal crystals of the type used in our recent experiments (S.
Asher5−8) by varying the DLVO potential parameters.

■ METHODS
Langevin Simulations.We utilized the stochastic Langevin

equation integrator proposed by Bussi and Parinello in ref 19 to
sample canonical ensemble equilibrium in our systems. Here a
dissipative force and noise are added to the Hamilton equations
of motion to model the dynamics of the massive particles in
their bath of (small) solvent particles. The Langevin equations
of motion for a particular Cartesian degree of freedom (x, y, z)
of a particular particle are
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where U(q ⃗) is the system potential energy and depends on all
system coordinates q ⃗, m is the particle mass, γ is the friction
coefficient, p is the momentum, and q is the relevant position
component of the particle under consideration. Furthermore,
η(t) is a Gaussian white noise time series with zero time
average, ⟨η(t)⟩ = 0, and obeying

η η δ⟨ ′ ⟩ = − ′t t t t( ) ( ) ( ) (7)

The first term on the r.h.s. of eq 5 is the deterministic force.
The multiple time step integrator developed in ref 19 was
shown there to be accurate even in the high friction limit.
Hydrodynamic interactions were neglected in our simulations.

Simulation Details. We began by studying a system of 499
particles in an FCC lattice with one vacancy and packing
fractions (the ratio of volume that is occupied by particles in
the unit cell to the volume of the unit cell) of 0.74, 0.6, and 0.22
to determine the mechanism of vacancy migration in three
dimensions. The particle diameter was 1000 Å. The system
became equilibrated after 106 to 5 × 106 time steps and the last
5 × 106 structures were analyzed. We used simulation times of
107 to 4 × 107 time steps of 5 fs at temperatures between 100
and 300 K. The Langevin friction constant chosen was 0.01
(time step)−1, the pair potential cutoff distance was 2.5σ (close
to half of the box length), κ = 5/σ (Å−1), and W = 850.0 to
1500 × 0.59227 × σ/298.0 ([kcal/mol]Å).
We subsequently investigated the dependence of the phase

transition behavior of a defect-free CCA of 2048 particles on
the interaction potential. This simulation system was

Figure 1. Three-dimensional computation of Voronoi cells. The number of faces associated with a given cell is indicated by the color of the central
particle (see right panel). The boxes are ∼10% of our simulation box (containing 256 particles) at different simulation times: the left box is close to
the start of the simulation, and the right box is a snapshot several time steps into the simulation. (Note: For plotting purposes, the ratio of particle
diameter to the unit cell length shown here has been set to be roughly 2 times larger than the actual ratio.) This figure was plotted using a Perl script
provided by ref 24.
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characterized by the following conditions: periodic boundary
conditions were applied, and an FCC lattice was constructed
with packing fractions of 0.05 and 0.1. The colloid diameter was
chosen to be 1000 Å at 300 K, and the Langevin friction
constant was set to 0.1 (time step)−1. Furthermore, the cutoff
distance for pairwise interactions was taken to be 8.0σ
(corresponding to a pair interaction strength of 10−9 kBT);
κσ ranged between 0.6 and 12, and Z* varied between 200 and
600, with the simulation time being 2 × 107 time steps.
Voronoi Analysis. The structures of these colloidal systems

were analyzed using the Voronoi diagram, a widely employed
tessellation method. The Voronoi diagram provides a way to
partition space. Each particle of the system is associated with a
single Voronoi cell. The Voronoi diagram of a set of particles
partitions the space into convex cells, in such a way that all
points within a Voronoi cell are nearer to the central particle
than any other particle. In chemistry and materials science, the
first studies that utilized the Voronoi analysis were by John
Bernal who studied the structure of molecular systems. Bernal
suggested that “many of the properties of liquids can be most
readily appreciated in terms of the packing of irregular
polyhedra”.20 Another application of Voronoi tessellation is in
crystallography,21,22 where it has been applied to calculate
atomic volumes in crystallographic structures of ribonuclease C
and lysozyme.23

The Voronoi method is also very useful for the analysis of a
system comprised of a number of separate sites (occupied by
ions, molecules, ...), by dividing the space between the particles
according to their nearest neighbors, since the properties of the
system depend on the positions of the particles and their spatial
distribution. An FCC lattice gives a rhombic dodecahedra
tessellation of space, while a BCC lattice gives truncated
octahedra. For an illustrative system and its Voronoi cells, see
Figure 1. To plot this figure, ∼10% of the simulation box of one
of our CCA systems, with packing fraction = 5%, Z* = 425, and
κσ = 3.3, was used and a Perl script provided in refs 24 and 25
was employed.
In our system, the time evolution of a vacancy created by

removing one particle located at the center of the simulation
box from the periodic lattice at time t = 0 was tracked using
Voronoi analysis. At each time step, we monitored the number
of nearest neighbors surrounding each colloidal particle. We
computed the number of edges, the number of faces, and the
total surface area of the Voronoi cells. Furthermore, for each
cell, we monitored the cell centroid, the cell volume, and the
number of neighboring particles that created each face of the
cell. As discussed below, we found that vacancy migration
involves several neighboring particles which are dislocated (i.e.,
not positioned at crystal lattice sites) during the diffusion of the
vacancy. By tracking the Voronoi cells and their properties
(number of faces and volumes), we were able to extract the
trajectory of the vacancy, and gain insight into the mechanism
of vacancy migration and the role of neighboring particles in
vacancy diffusion. The Voronoi analysis was performed using
the voro++24 code, version 0.3.1.
In this work, we use the Voronoi cell volumes to determine

the positions of the vacancies. The vacancy volume is shared by
neighboring particles. Therefore, by averaging the particle
positions with the largest Voronoi volume (eq 8), we can
calculate the location of the vacancy centers, rv, and follow the
vacancy diffusion. Specifically, we compute
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Here the integer i indicates the ordering of the Voronoi
volumes (i = 1 labels the largest volume, with ri being the
position of the centroid of the ith Voronoi volume) and N is
the number of particles with Voronoi volumes significantly
larger than that of the bulk. Typically, we utilized N ≤ 6. The
average for each particle can be calculated by subtracting the
Voronoi volume of a particle from 1/4 of the FCC lattice unit
cell volume. For 2D systems,26 the vacancy configuration is
usually identified according to the number of sides of the
polygons in the Voronoi construction. For an ideal 2D
hexagonal system, all particles have a coordination number
(number of nearest neighbors) of six. In the presence of
vacancies, the coordination number of the neighboring particles
will differ from six. The vacancy is localized at the center of
particles with coordination number zi ≠ 6. However, our 3D
system is more topologically complex than its 2D analogue, and
hence the coordination number (in 3D the number of Voronoi
faces) does not provide a convenient measure of the vacancy
position and the participation of neighboring colloidal particles
in the vacancy migration. In an ideal FCC system, the number
of nearest neighbors for each particle is 12. It is rather
complicated to track the particles with zi ≠ 12 and find their
geometric center. A more effective procedure is to follow the
particles with the highest Voronoi volume.

■ RESULTS AND DISCUSSION CONCERNING
VACANCY MIGRATION

Vacancy Migration in a Colloidal Crystal Array. The
vacancies pass through various distinct configurations between
lattice sites due to thermal fluctuations, as illustrated in Figures
2 and 3, which treat a system having a packing fraction of 10%

with Z* = 510 and κσ = 5. For a system of 499 particles, we
analyzed the system configurations and calculated the vacancy
positions every 5000 time steps. In Figure 2, a three-
dimensional trajectory is projected in the x−y plane and the
simulation time is encoded with color along the t axis, while, in
Figure 3, the same trajectory is projected onto a two-
dimensional plane. It is clear particularly from Figure 3 that
the vacancy typically hops from a crystal lattice site to the
midpoint between two lattice sites; then it hops backward or
forward to a lattice site. Thus, the midpoint position between
lattice sites appears to be a metastable minimum in the effective

Figure 2. A typical trajectory of the vacancy. The 3D trajectory is
projected onto the x−y plane, and the simulation time is encoded with
color along the t axis. The system is in a crystal phase with packing
fraction 10%, Z* = 510, and κσ = 5. We analyzed the system
configurations and calculated the vacancy position every 5000 time
steps.
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potential energy surface that governs the motion of a vacancy.
Direct hops of the vacancy from one lattice site location to an
adjacent lattice site are not observed in our simulations,
indicating that they occur only rarely or not all. Again, this
points to the existence of accessible midpoint states lying
between crystal lattice site positions.
For a system initially comprised of a single vacancy, we

observe that a split-vacancy configuration (SV), i.e., two
vacancy regions separated by a dislocated particle, is stable,
and indeed is the configuration most frequently seen in the
simulations. At the beginning of the simulations, all particles
reside at their FCC site positions and the initial vacancy volume
is shared by all 12 nearest neighbors. After the simulation starts,
these neighboring particles move toward the vacant site to
lower the total potential energy of the system. We often see
that one particle moves to the midpoint between its lattice site
and the initial vacancy lattice site. In this case, the Voronoi cell
volume that belongs to this particle increases (Figure 4). We
find that there are typically one to three neighboring particles
around the vacancy that have the highest Voronoi volumes (the
particles that moved toward the vacancy), whereas the rest of
the neighboring particles have Voronoi volumes close to that of
the normally packed bulk particle Voronoi volume.
Figure 4 shows the changes in the values of the first and

second highest Voronoi volumes of particles that are nearest
neighbors to the initial vacancy, as a function of the simulation
time. At the beginning of the simulation, Voronoi analysis
shows that the vacancy volume is equally divided among the 12
nearest neighbors. During the course of the simulation, the
neighboring particle/particles move toward the vacancy; the
vacancy volume is now divided among the particles that are
closest to the vacancy center. When the difference between the
two highest Voronoi volumes of the nearest neighbors is large,
it means that one particle has moved toward the vacancy and
the Voronoi cell containing that particle has the highest
volume. Therefore, the difference between the highest volume
and the second highest volume increases. This configuration is
the so-called split vacancy configuration. Similarly, Figure 5
shows the largest and second largest number of faces as a

function of the simulation time. We see here that the Voronoi
volume is a more informative measure than the number of
Voronoi faces because the Voronoi volume is a continuous
variable and follows the time evolution in a simpler manner.
The FCC crystal with a single vacancy appears to be in a

stable, equilibrium state; i.e., the vacancy remains present
throughout the simulation. This stands in contrast to systems
consisting of hard cubes with extremely high equilibrium
vacancy concentration.27−29 In such systems, new vacancies can
appear spontaneously, as the system can lower its free energy
by forming vacancies.

Particle Self-Diffusion. Colloid particle self-diffusion
coefficients were calculated at various temperatures in longer
simulations (4 × 107 time steps) by employing the Einstein
relation, which relates the diffusion coefficient to the mean
square displacement of the particles. The appropriate relation-
ship for a 3D system is
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Figure 3. A typical trajectory of the vacancy. The system properties are
the same as Figure 2. The same 3D trajectory shown in Figure 2 is
projected here in the x−y plane in 2D. Nodes along the dashed lines
indicate crystal lattice sites. (Recall that this 2D plane represents a
projection from 3D, so the indicated lattice positions here represent
FCC lattice sites that occur at different z values in 3D.)

Figure 4. Comparison of the first and second largest Voronoi volumes
for a 499 particle CCA having packing fraction = 0.219 with W = 1500
at T = 100 K, measured every 500 time steps. When the difference
between the first and second highest Voronoi volumes is large, i.e., at
time ∼450−550 (time step × 500) and 750−950, only one particle is
significantly displaced toward the vacancy center (split vacancy
configuration), while at times ∼150−250, 650−750, and 1000, two
or more particles are displaced to fill the vacancy.

Figure 5. Comparison of the first and second maximum number of
faces in Voronoi polygons for a system with packing fraction = 0.219 at
T = 100 K, measured every 500 time steps. See the Figure 4 caption
for further details.
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where Nm is the number of colloid particles, t is the time, and
(rj(t) − rj(0)) is the vector distance traveled by particle j over
the time interval. The term (1/Nm)⟨∑j=1

Nm [rj(t) − rj(0)]
2⟩ is the

mean square displacement averaged over the total number of
particles Nm. The angled brackets in eq 9 indicate an ensemble
average, which we implement here by averaging over all
possible time origins. We calculated the self-diffusion coefficient
for the system having a packing fraction of 0.74, with κ = 5/σ
(Å−1) and W = 1678 ([kcal/mol]Å) at different temperatures
from 100 to 300 K (βε from 2.83 to 8.5). Figure 6, upper panel,
shows that the colloid particle self-diffusion coefficient increases
nearly linearly with temperature.

Vacancy Diffusion Constant. The position of the vacancy
is either very close to a lattice site or between two lattice sites,
the latter case corresponding to what we call a split-vacancy
configuration (SV). Increased temperature results in faster
motion of the vacancy. Vacancy diffusion proceeds primarily
along the major CCA symmetry axes, in agreement with
previous 2D simulation results (see Figure 3 of ref 26). We
observed that the vacancy diffusion constant is nearly the same
(isotropic) in all three Cartesian dimensions.

We calculated the temperature dependence of the vacancy
diffusion constant for the system with a packing fraction of 0.74
and κ = 5/σ (Å−1) and W = 1678 ([kcal/mol]Å). Analogously
to eq 9 above,
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where rv is the vacancy center position computed from eq 8. To
implement eq 10, we ran one long trajectory (out to t = 4 × 107

time steps), and then used linear regression to extract the value
of D. The diffusion constant increases roughly linearly with
temperature (Figure 6, lower panel), in agreement with the
analogous 2D system studied by Libal et al.26 (see Figure 8 of
ref 26). Comparison of the particle diffusion coefficients
(Figure 6, upper panel) with the vacancy diffusion constant
(Figure 6, lower panel) indicates a larger diffusion for the
vacancies, especially at higher temperatures.
As explained earlier, vacancy displacement occurs via a

complex mechanism which involves several neighboring
particles. As described above, the location of the vacancy is
determined by averaging the positions of the few particles (N ≤
6, and often N = 1−3) that have unusually high Voronoi
volumes. These particles, being surrounded by a relatively large
amount of free volume, are relatively mobile, leading to a
relatively high vacancy diffusion constant. In contrast, the
remaining particles in the lattice, which are not in the
immediate vicinity of the vacancy region, are relatively
immobile. The particle diffusion constant values reported in
Figure 6 (upper panel) are obtained by averaging the diffusion
constants calculated for all particles in the system. By virtue of
this definition, the net particle diffusion constant is reduced
relative to the corresponding vacancy diffusion constant at the
same temperature.

■ PHASE TRANSITION

In the second part of the present study, we examined the
dependence of the phase behavior of defect-free FCC colloidal
crystals of 2048 particles at 300 K, as we varied the effective
colloid particle charge and the inverse Debye screening lengths
guided by the Poisson−Boltzmann cell model of Alexander et
al.14 Voronoi analysis proved to be useful in these endeavors.

Average Number of Voronoi Polygon Faces. The
distribution of the number of Voronoi polygon faces was
calculated for all colloidal particles and averaged over the total
simulation time. This distribution provides a convenient
measure of the deviation of the particle positions from their
original crystal site locations.
When the system is in a perfect FCC crystal, the distribution

is sharp, while in the liquid phase it is broad. The distribution of
the number of Voronoi polygon faces is shown in Figure 7,
focusing on the effects of Z*, the effective colloidal charge,
upon the stability of an FCC crystal. Upon increasing Z* from
200 to 600 at constant κσ = 5 (corresponding to a 20 nm
Debye length) and packing fraction 0.1, the distribution of the
number of Voronoi polygon faces sharpens (note that the Z*
values 200, 250, 300, 380, 450, 510, and 600 at 300 K and κσ =
5 correspond to βε = 46.35, 72.43, 104.3, 167.34, 234.68,
301.43, and 417, respectively). The maximum probability
occurs at a value close to 14 faces, instead of the value of 12
expected for an FCC lattice, due to the topological instability
that results from thermal fluctuation. When particles execute
thermal fluctuations about their equilibrium lattice sites, the

Figure 6. Upper: Temperature dependence of colloid particle self-
diffusion coefficient (×10−5 cm2/s). The simulation time was 4 × 107

time steps, each time step being 5 fs. Lower: Vacancy diffusion
constant as a function of temperature. The diffusion constant is given
in units of (×10−5 cm2/s). These diffusion constants pertain to the
motion of the vacancy center, computed as discussed in the text.
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number of particles which share a small face is spuriously
increased and therefore the number of particles identified as
nearest neighbors is increased.
Theoretical as well as numerical simulations studies for

Lennard-Jones, hard spheres, and hard disks30−32 show that
slight perturbations of position transform a vertex of a Voronoi
polyhedron into a Voronoi surface. As a result, polyhedra with
12−18 faces coexist in our system, with a mean value at
14.30−32 The distribution of Voronoi polygon faces changes
dramatically with Debye length at constant Z* = 510 and
packing fraction = 0.1; cf. Figure 8. The broadening of the
distribution results from the melting of the FCC lattice, as is
clearly evident in Figure 8B.
Average Voronoi Polygon Volumes. Figure 9 shows a

three-dimensional surface plot of the distribution of the
Voronoi polygon volumes, while Figure 10 shows a two-
dimensional contour plot representation of the same quantity.
The CCA melting transition can be monitored via changes in
the distribution of the number of Voronoi polygon faces or the

distribution of Voronoi volumes. The Voronoi volume
dependence, which can be calculated as a function of Z* or
κσ, shows similar properties as the Voronoi polygon face
dependence. As Z* decreases from 600 to 200 at a constant
Debye length, the FCC crystal melts, resulting in a broadened
distribution for Z* < 380 (Figure 9A). Just as was found with
the distribution of the number of Voronoi faces, changes in
Debye length also have a strong effect on the distribution of
Voronoi volumes; cf. Figure 9B. Both measures (Voronoi face
number distribution and volume distribution) indicate that the
melting transition occurs when κσ is ∼6.
In a previous study on Voronoi polyhedra volume

distributions31 for a system characterized by a Lennard-Jones
12-6 pair potential, the normalized volume distribution was
found to be rather sharp and nearly symmetric for the
crystalline CCA. In the melted state, this distribution was
broader and the reduced volumes were less symmetric (ranging
from 0.55 to 1.85), but the maximum occurred at the same
volume as for the solid. The gas phase was characterized by a

Figure 7. The percent distribution (%) of the number of Voronoi faces averaged over the simulation time when κσ = 5 (corresponding to a Debye
length = 1/κ = 20 nm) and packing fraction = 0.1, shown from two different viewing angles in panels A and B.

Figure 8. The distribution (%) of the number of Voronoi faces for Z* (effective charge) = 510, shown from two different viewing angles in panels A
and B.

Figure 9. (A) Surface plot of the distribution (%) of Voronoi volumes in 3D (divided by (V/N) where V is the volume of the simulation box and N
is the number of particles) averaged over the simulation time for κσ = 5.0. (B) Distribution of Voronoi volumes averaged over the simulation time
for Z* = 510. The packing fraction is 0.1.
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very wide, almost flat Voronoi volume distribution.31 Our
results show similar behavior for the distribution of the Voronoi
volumes in the FCC and liquid phases. For both the volume
and the face number distributions, we observe large differences
in the distribution widths for κσ > 6 and Z* = 510. For Z* <
380 and κσ = 5.0, the system starts to lose its FCC lattice
structure. This is seen clearly in Figure 10, which shows 2-D
contour plots of the distribution of Voronoi volumes at
constant κσ = 5.0 (A) and at constant Z* = 510 (B).
In ref 15, the phase diagram of colloidal particles with a

mesoscopic diameter (i.e., including the effects of a hard core)
was studied, and in ref 33 the phase diagram of a point Yukawa
system was investigated. Our colloidal system can be
considered as a point Yukawa system in the low packing
fraction or highly charged colloid limit, while in the low charge
or high density limit a hard-core repulsion between colloid
particles should be included. In ref 15, the phase behavior of
hard core Yukawa particles has been systematically studied. The
authors concluded that the phase diagram of hard core
repulsive Yukawa particles for contact potential values
sufficiently higher than βε = 20 can be calculated from the
phase boundaries of the point Yukawa system. They calculated
the phase diagram for four contact values, βε = 8, 20, 39, and 81
(see Figure 5 in ref 15).
Our colloid system falls in the low packing fraction, high

charge regime. We can compare some of our results to theirs;
namely, the values of Z* = 200, 250 and κσ = 5 in our system
correspond to βε = 46.35, 72.43, respectively. We find that the
phase behavior of these two (βε) data points corresponds to a
melted state, in agreement with ref 15. The rest of our data
points (Figures 9A and 10A for Z* > 250 at constant κσ = 5
and Figures 9B and 10B for 1 < κσ < 12 at constant Z* = 510)
correspond to higher βε values and thus cannot be compared to
results obtained in ref 15. However, they can be compared to
the point particle Yukawa phase behavior reported in ref 33:
after appropriate unit conversion, all of our data occur in the
phase predicted in the Yukawa model (cf. Figure 5 in ref 33).
Lindemann proposed34 that crystals melt when the root-

mean-square displacement of the lattice vibration is relatively
high (ca. 10%) compared to the nearest neighbor distance.
Calculation of the ratio of the average amplitude of thermal
vibrations to the nearest neighbor distances (i.e., L/√2 for an

FCC lattice, where L is the cell size) of the colloid particles in
the CCA at different effective charges (Z*) and inverse Debye
lengths shows that the melting point we calculated using the
Voronoi distribution of the number of Voronoi polygon faces
and volumes is in very good agreement with the Lindemann
criterion; cf. Figure 11 for fixed κσ = 5 and packing fraction =
0.1, the same system considered in Figure 10A.

Self-Diffusion Coefficient. Figures 12 and 13 show the
colloid particle self-diffusion coefficients of the systems studied
calculated over 2 × 107 time steps. The diffusion coefficient
decreases upon either increasing the effective charge or
decreasing κσ.

■ SUMMARY
In the first part of this paper, we studied via Langevin dynamics
the migration of a vacancy in a 3D colloid crystal array (CCA)
configured in an FCC lattice, assuming that all pairs of colloid

Figure 10. Contour plot of the information depicted in Figure 9. Distribution (%) of Voronoi polygon volumes in 2D (divided by (V/N)) (A) at
constant κσ = 5 and packing fraction = 0.1 and (B) at constant Z* = 510 and packing fraction = 0.1.

Figure 11. The ratio of the root-mean-square displacement to R = L/
√2 (ref 35), where L is the cell size as a function of Z*. The system
parameters are the same in Figures 7 and 9A. Melting occurs when the
root-mean-square displacement increases above 10−12% of R,
indicated by dotted and dashed lines. The bracketed range of the
effective charge at which the melting transition occurs is consistent
with results obtained via Voronoi analysis, as described in the text.
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particles interact via a DLVO potential. The time evolution of
the vacancy was tracked using Voronoi analysis. The number of
nearest neighbors and the volume of each Voronoi cell were
calculated for each colloidal particle. We calculated both the
self-diffusion coefficient of the colloid particles and the diffusion
constant of the vacancy as a function of temperature.
We found that during the vacancy migration process several

neighboring particles dislocate and cause the vacancy to diffuse,
without simply hopping in a manner where the neighboring
particles remain frozen in their original position while only one
particle hops into the vacant position.
We observed that the vacancy is positioned either close to a

lattice site or between two lattice sites. The latter configuration
is in fact the most often seen in the simulations, consistent with
experimental results previously obtained for analogous 2D
systems.26 We also observe dislocation of three or more colloid
particles, even at lower temperatures and far from the crystal’s
melting point.
In the second part of the paper, we examined the phase

behavior of a perfect (defect free) CCA at different packing
fractions with different effective particle charges and Debye
lengths. For a system with a fixed effective colloid charge, we
observe FCC crystal melting at larger values of κσ. Melting of
the FCC also occurs at a constant Debye length as the effective
particle charge decreases. We also calculated the colloid particle
self-diffusion coefficient as a function of the interaction

potential. At a constant Debye length, the self-diffusion
coefficient increases upon decreasing the effective colloid
charge. As expected from the behavior of a system which
shows a phase transition from crystal phase to liquid phase,
upon increasing the inverse Debye screening length, κσ, the
diffusion coefficient also increases rapidly. The work reported
here establishes a foundation for future examination of the
behavior of two or more vacancies in a CCA, and thus,
ultimately, for understanding both mechanisms and rates of
nucleation phenomena in these systems.
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