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Shifting

In this lecture we will discuss some basics transformations of

functions. Below we give the formulas for shifting the graph

of f(x) (the number of units will be denoted by c, a positive

number).

The graph of f(x+ c) is obtained by shifting the graph

of f(x) by c units to the left;

the graph of f(x− c) is obtained by shifting the graph

of f(x) by c units to the right;

the graph of f(x) + c is obtained by shifting the graph

of f(x) by c units up;

the graph of f(x)− c is obtained by shifting the graph

of f(x) by c units down.
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Two other elementary transformations are re�ections with

respect to the axes.

The graph of −f(x) is obtained from the graph of f(x)
via re�ecting the latter with respect to the x−axis.
The graph of f(−x) is obtained from the graph of f(x)
via re�ecting the latter with respect to the y−axis.

Example
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f(x) f(−x)
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Let c > 0 be a positive number.

The graph of f(cx) is obtained from the graph of f(x)
via stretching it horizontally by a factor of 1/c.
The graph of cf(x) is obtained from the graph of f(x)
via stretching it vertically by a factor of c.

Example
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y

−7 −6 −5 −4 −3 −2 −1 0 1 2 3 4 5 6 7
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f(x) f(x/2)
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Question

Let f(x) be a function with domain [−3, 6] and range [0, 5].
What are the domain and range of the function f(3x) + 2?
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De�nition

A function f(x) is called even if for any number c with both

c and −c in the domain of f one has f(−c) = f(c).

Example

x

y

−7 −6 −5 −4 −3 −2 −1 0 1 2 3 4 5 6 7

1

2

3

4

5

f(x) = |x|



Lecture 4

MATH 0200

Shifting

Flipping

Stretching

Even and
odd
functions

Even functions

De�nition

A function f(x) is called even if for any number c with both

c and −c in the domain of f one has f(−c) = f(c).

Example

x

y

−7 −6 −5 −4 −3 −2 −1 0 1 2 3 4 5 6 7

1

2

3

4

5

f(x) = |x|



Lecture 4

MATH 0200

Shifting

Flipping

Stretching

Even and
odd
functions

Odd functions

De�nition

A function f(x) is called odd if for any number c with both

c and −c in the domain of f one has f(−c) = −f(c).

Example

x

y

−7 −6 −5 −4 −3 −2 −1 0 1 2 3 4 5 6 7
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g(x) = 0.02x3
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Graphs of even and odd functions

The graphs of even and odd functions have symmetries.

The graph of an even function is symmetric with respect

to the y−axis (remains unchanged after re�ection about

the y-axis).

The graph of an odd function has rotational symmetry

with respect to the origin (remains unchanged after

rotation of 180 degrees about the origin).
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