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Abstract. These are the notes for a talk at the MIT-Northeastern seminar for graduate students
on Double Affine Hecke Algebras and Elliptic Hall Algebras, Spring 2017.
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2 BORIS TSVELIKHOVSKY

1. Introduction

The shuffle algebras were introduced by Feigin and Odesskii. These algebras are unital

associative subalgebras of C @@ C(z,..., 2,)°" with multiplication defined by
’VLEZ>()

e m) k(e zm) = Sym | Fere g ozam) ][] # (—) |
i€{1,...n}

je{n+1,..n+m}

for some function p. In the work of Schiffmann and Vasserot [SV] it was shown that subalge-

bras in Hall algebras of vector bundles of smooth projective curves generated by 1p;.a(x) =

S L, where Pic?(X) is the set of line bundles over X of degree d are isomorphic to
LePicd(X)
subalgebras of S, generated by elements of degree 1. For a smooth projective curve of genus

g
g, one takes i,(x) = 297142 [](1 — ayz ™) (1 — @z t), where ; are the roots of the numer-
=1 ’
. | . e
ator of the zeta function of the curve, i.e. (x(t) = exp(} #X(F)5) = g This
=1

isomorphism was made more explicit in case of elliptic curves (elliptic Hall algebras) in [Neg].
The latter paper will be the primary reference for this talk.

. The action of shuffle algebra on the sum of localized equivariant K-groups (with respect to the
T = C* x C* induced from the action on C?) of Hilbert schemes of points on C? was provided
in [FT).

In Section 2 we show that the Hall algebra of locally free sheaves (vector bundles) on pro-
jective line is isomorphic to shuffle algebra with p(z) = m_lll;anl and formulate the general
isomorphism of Schiffmann and Vasserot.

Section 3 recalls the definition and basic properties of the elliptic Hall algebra (EHA) and
Sections 4 and 5 are devoted to speculations on the isomorphism of EHA and the corresponding
shuffle algebra and their Drinfeld doubles.

2. Shuffle Algebras vs Hall Algebras of Genus g Curves

2.1. Hall Algebra of the Projective Line. The goal of this section is to show that the Hall

algebra of vector bundles on P*(F,) is isomorphic to the shuffle algebra S, with the function
1-qz

:U'(I) = -1

Proposition 2.1. The shuffle algebra S, is generated by € Sqy1, the ideal of relations is gen-
dez
erated by the following relations of degree 2 (in @ Saz2)
e

(2.1) 2w 2 g2 2T = g™k T
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Proof. We notice that the vector space generated by monomials z™ ... % 2 i; € Z forms an

ideal inside C[2, ..., 25"]%". Indeed, f(z1,...,2,)2% % ... % 20n = 2 Fi 5 | % z0ntin swhere
f(z1, . zn) = Sym(2 % ... % 2) is in C[zi, .. ., 251 S0,

The next step is to show that the ideal @Sd,l * ...k @&m has no common zeros and
deZ dez

g

n
therefore must coincide with S, (we use that S,, = C[2f', ..., 2% is finitely generated over
C and, therefore, any maximal ideal must be vanishing at a point). Suppose that all functions
from the ideal vanished at a point with coordinates (s, ..., ;). It is not hard to show that
this implies that there exist aj, = qaj, = ... = qoy, = qoy,, i.e. aj, = ¢"a;,. But neither
aj, = 0 nor ¢* = 1. This completes the proof of the first claim.

. Exercise. Alternatively, show that 1*1*...x1 = c[[ £ = c[n],!, where ¢ € C is a
—— ;

n
constant. This implies that 1 € @Sd,l * ...k @del, unless ¢ is kth root of unity (k < n).!
deZ deZ

-
n

J/

The relations (2.1) can be checked directly. They allow to rewrite every monomial 2" *. . .x 2%
in such a way that i, < i, +1Vm € {1,...,k}. Indeed, if ¢, 1 > i, + 1, then using (2.1)
for z'm x z'm+1 we see that the other three summands have the difference 4;, ; —i;, — 1 strictly
less than i,, 11 — ¢, — 1. In case i,,41 = 4, + 1, (2.1) becomes

qz +qz

and allows to swap the two factors. This implies that there no relations, other then those
generated by (2.1), as otherwise taking the limit ¢ — 1 we would obtain relations between
monomial symmetric Laurent polynomials, which are known to be independent. U

To describe the Hall algebra H; s (P') of vector bundles on P! (F,), we first recall the Grothendieck

theorem: every vector bundle V' of rank k on P! splits as a sum of line bundles V = @ O(3;).
j=1

The result holds over fields of char = p as well. Therefore, the only indecomposable objects

are the line bundles O(37).

Observation. If m < n + 1, then Ext'(O(m), O(n)) = 0.

Proof. Using that wp = O(—2) and Serre duality, we conclude Ext'(O(m), O(n))* = Hom(O(n), O(m—
2)), which is zero for m <n + 1. O

Definition. We introduce v = /g and define the Euler form to be (M, N) = dim(Hom(M, N))—
dim(Ext' (M, N)). The product of two elements [O(n)] and [O(m)] € H;;(P') is defined to

Hint: the degree of the polynomial is zero, hence, it is enough to evaluate it at a single point. One convenient
choice is the point (&,€2,...,&"1, 1), where £ = /1 is the primitive root of unity (use induction on n). Also,
compare to formula (7) in Theorem 10 of [BK].
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be [O(n)] * [O(m)] = y<M’N>ZPg(n)’O(m)[R], where R is a vector bundle of rank 2 and

R LO(n) O(m)
P@(n)’o(m A0 Autom) Wlth L ),0(m equal to the number of SES
O—>O(m)—>R—>(9(n)—>0

The next lemma shows computations of some structure constants in H;r(P') (see also The-
orem 10 in [BK]).

Lemma 2.2. The following relations hold in H,;p(P'):
(2.2)

[Om)[O(m)] =v™ " | ¢" ™ ([O(m) (¢" = Dg" " O(m+5)@O(n—3s)]) |, n>m

Proof. We notice that for a nontrivial extension
0—O(m)— O(p)®O(q) - O(n) -0

to exist, we must have min(p,q) > m, max(p,q) < n and p + ¢ = m + n, these are precisely
the summands of the sum in the r.h.s of (2.2). To compute the coefficient with which [O(m +
s) @ O(n — s)| appears in the product, we notice that it is equal to the number of pairs of
coprime polynomials of degrees s and n —m — s. Indeed a pair of such polynomials (1, ¢2)
defines a map ¢ : 0 - O(m) — O(m + s) & O(n — s) and coker(¢)) is locally free (has trivial
support) whenever (¢1, ¢2) are coprime. The number of such pairs of polynomials is computed

in the next proposition, which completes the proof of the lemma (one also needs to use that
|AutO(n)| =q—1Vn € Z). O

Proposition 2.3. The number n(a,b) of pairs (J, L), consisting of coprime homogeneous poly-
nomials in F,[x,y] of degrees a and b, respectively, is given by

{n(a, b) = (q— 1)(¢**' —1),a=0 orb=0

2.3
23) n(a,b) = (¢g—1)(¢* = 1)¢"" 1 a>1andb>1

Proof. The first assertion follows from the fact that the space of homogeneous polynomials of
degree s in two variables is of dimension s+ 1 (the number of nontrivial linear combinations of
vectors from the basis is ¢*** — 1 and the other polynomialal is a nonzero constant).

The second claim is verified by induction on min(a, ), using that the number of all possible
pairs of polynomials in F [z, y] of degrees a and b can be expressed as
min(a,b)
1 _1)(q b+l qu 1

——na—d.b—d.
— 9~

(q

Corollary 2.4. The following relations hold in H,s(P'):
(2.4) Om+1)%xO(n) —qOn)«O(m+1) =qO(m)*O(n+1) — O(n+ 1)« O(m).
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Proof. We check (2.4) for m > n. Then
O(n) * O(m + 1) =™ ""20(n) & O(m + 1);
On+1)«O(m)=v"""0(n+1) & O(m);
==t
O(m)*O(n+1) = """ (g™ "O(m)DO(n+1)+ Z (=1)g" " 2[O(n+s+1)BO(m—s)));

s=1

I_m_2n+1J

O(m+1)x0(n) = V" "(¢" " O(m+1)@0m)+ 3 (@ =1)q" "[O(n+s)®O(m—s+1)))

and we get the desired equality.

The conclusion of the section is the following result.

Theorem 2.5. The map Y : z* = O(i) extends to an isomorphism of algebras S, and H,(P').
O

2.2. General Result. Let X be a smooth connected projective curve of genus g over some
finite field F,. Let (x(t) € C(¢) be its zeta function:

Cx(t) = exp( #X () )

d>1

Example. For a smooth elliptic curve £ we have
1 — a,(E)t + gt?
(1=1)(1 —qt)

e

(1—ait) (1—ait)

. It is known that (x(t) = ”(I_tw

polynomial in the numerator are such that || = g2, 80 QT = q.

is a rational function of ¢ and the roots «; of the

g
We choose f14(z) = 2971222 T](1 — ez ™) (1 — @z ~!) and denote the corresponding shuffle
i=1

algebra by S,. For d € Z, let Pic?(X) be the set of line bundles over X of degree d, define

].picd(X) = Z L.

LEPicd(X)

In [SV] it was shown that the map 1p;.a(x) — 2* extends to an isomorphism
TX : U; — Sl,

where Uy stands for the subalgebra of H;;(X) generated by 1p;.(x) and S; denotes the sub-
algebra of S,, generated by C[z%!].
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3. EHA: a Reminder

We recall the presentation of the elliptic Hall algebra £ via generators and relations.

Definition. A triangle with vertices X = (0,0), Y = (k2,d2) and Z = (ky + k2, d; + d3) on
the lattice Z? is said to be quasi-empty, if the following properties hold:

.k17 k2 € Z>0;

e There are no lattice points inside the triangle and on at least one of the edges XY, Y Z.

If the first two conditions hold and there are no lattice points on both XY and Y Z, the
triangle is called empty.

The positive half €T is by definition generated by the elements ug 4 (here £ > 1 and d € Z),
with relations:

(3.1) [ty r 5 o ] = 0,
whenever the points (k1,dy), (ke, ds) are collinear, and:

0
(3.2) [Uky dy s Uky.dy] = %’
1

whenever the triangle with vertices (0,0), (kq,d2) and (ky + k2, dy + ds) is quasi-empty. Here

(@7 — gz —1)(¢g" — 1)

(3.3) a, =

and 6 is given by the generating function

oo 00
(34) Z ena,nbtn = eXp(Z anuna,nbtn)u
n=0 n=0

where ged(a, b) = 1.
The proof of the following result can be found in [SV]
Theorem 3.1. The map uy 4+ 2% extends to an isomorphism of algebras
YT:£F =S,

where S is the subalgebra of S, generated by D Sai-
dez

4. Shuffle Algebra and EHA

We consider the shuffle algebra depending on three parameters q1, g2, q, s.t. ¢1g2 = q. This is
an associative graded unital subalgebra S of the graded space of symmetric rational functions
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in infinitely many variables endowed with the product

1 Zi
F(z1, o0 20)%G (21, . ooy 2m) = mSymSHm F(z1, .y 20)G(Znaty - s Znim) H 0 (—) y
o ie{l,..n}
je{n+1,..n+m}

and Symg, (H(z1,...,2k)) = >, sgn(o)H(zsq1), - -, 2(k)). Each

€Sk

rz—1)(z—
where u(z) = =560

component S,, consists of rational functions

fCz,eoz) T (i —25)?

1<i<j<n
(4.1) F(z,...,2n) = :
I (i —@z)(z — @22)
1<i#j<n
with f(z1,...,2,) - a symmetric Laurent polynomial, satisfying the wheel condition.
Definition. A symmetric Laurent polynomial f(z1, ..., z,) satisfies the wheel condition if

Z; Z; Z 1
(4.2) f(21,...,2,) =0 when = = q, 2 = ¢ and £ =~

Z; Zk Zi q

q2
Zj

()
4

Zi

1/q

Figure 1. Wheel condition.

Next we verify that S is an algebra.
Proposition 4.1. S is closed under the product (x).

Proof. The shuffle product of F(zy,...,2,) € S, and G(z1,...,2,) € S, can be written as

[T (zi—2)

1<i<j<ntm
F(z1,. . 20) *G(21, ..o, 2m) = :
II (2 —az)(z — @)
1<i#j<n+m
1 (zi — q2))(zi — @125) (2 — @27))
——Symg . | f(21-- 5 20)9(Zngt1s -5 Zngm) e . 2.
n!m)! + ( 1§i§n1;[§n+m (zi — 2j)

The rational function on the second line of the expression above does not have poles, as the
only possible poles are at z; = z; and those are simple. However, as the function is symmetric
it cannot have poles of odd order and, therefore, is regular. It remains to check that the
conditions (4.2) are satisfied. Indeed, if the indices of all three variables are in either {1,...,n}
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or {n+1,...,n+m} simultaneously, this follows from the wheel conditions for f or g. Otherwise
I (2i—q2j)(zi—q125) (zi —q22;)

(zi—25)

the product vanishes. 0

1<i<n<j<n+m

The shuffle algebra S :=C & S, is bigraded by the degree and the number of variables
deZ,n>0
in f.

The next definition will be of great importance for the proof that S and £* are isomorphic.
Definition. An element F'(zy,...,2,) € S is said to have slope < p (u € R) if the limit

lim E€218zis2ix1,020)
£—o0 g

exists and is finite for all 7 € {1,... ,n}.

The subspace of elements of S;,, with slope < p will be denoted by S%. Notice, that we
have inclusions S§ C S4, for u <y and Sy, = URSQL .., thus, an increasing filtration on the
I b ue b

infinite-dimensional vector space Sy,. It is also true that S* = C Sg ,, 1s a subalgebra.
keZ,n>0

One advantage of considering the subspaces S is that they are finite dimensional, the next
proposition provides an upper bound on the dimension.

Proposition 4.2. The dimension of Sg,n does not exceed the number of unordered tuples (the
order between pairs with n; = n; is disregarded) of pairs (ny,dy), ..., (ns, ds), such that

n—+...+tng=n
dlgunZVZE{l,,n},

where t,n; € N and d; € 7.

Proof. Let p = (nq,...,ns) be a partition of n. We consider the map
@p: St = Cly™, oy
Po(F (21, s 20) = Flayn @y 0y, qva, o 6%, aye, e 6" e)

and define

b .
Sam = N ker @,
’ pi=p

where > stands for the usual dominance order on partitions, and set S’ ;(L") = Sfif .- Then the
subspaces S5? form a filtration of S | i.e.

p=p =S4 c s
We take [' € Sy and notice that the wheel condition implies ¢,(F), vanishes, if
(4.4) Yi = @2q" ya € {1,...,n; —1},be {1,...,n;} or

(4.5) yi = qq" ya e {1, n;—1},be{1,... ,n;},
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for i < j as, for example, (4.4) guarantees that there are z; = ¢“™'y;, z; = ¢2q“y; and 2z = ¢“y;.
As ¢,(F) also belongs to S}, it vanishes, whenever
(4.6) yi = ¢" "My or y; = ¢ Py;, where b€ {1,...,n;},
with ¢ < j, as well. We conclude that the Laurent polynomial ¢,(F) is divisible by

n; n; n;—1
pr= ] (H(yj — g —q ") [T T W — aaa*Pwi) (v _Qanbyi)> :

1<i<j<t \b=1 b=1 a=1
a polynomial of degree
deg(Dr) = 2271]—1—2 —QanJ—n —Zn
i<j i<j
and of degree in each variable y; equal to

deg,(Dr) = ZQn n; —anZnJ =2n;(n —ny).
J#i J#i

. As follows from the definition of elements of S in (4.1), deg(f) = deg(F) +n(n — 1) =
d+n(n — 1), and we obtain

deg(pp(F)) = deg(f) = d+n(n —1).

Next we use that the slope of ¢,(F') is not greater than p. This and (4.1) provide an upper
bound on the degree of ¢,(F):

deg; (¢, (F)) — (ni(n; — 1) + 2ni(n — ny)) < png

deg;(¢,(F)) < 2nn; — ni(n; + 1) + pn;.

The above allows to conclude

deg(p,(F)/Dr) = Zn

deg;(¢,(F)/Dr) < ni(n; — 1) + pn,.

The basis for such polynomials consists of monomials

ni(n1—1)+di ng(ne—1)+de
1 PR 7yt )

with dy +...+d; = d and d; < pun,. To complete the proof it remains to notice that if n; = n;,
then ¢, (F) is invariant under the transposition (i), so the respective order of d; and d; can
be disregarded. O

Corollary 4.3. The subspace of Sq,, consisting of elements F', s.t.

hm F(le,...,fzi,...,fzn)

£ 00 5% :OVZE{L...,TZ}

1s at most one-dimensional.
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Proof. In this case = 4, s0 d; < ¢ an;and dy + ... +d; < %nl +...+ %nt = d. Thus, we must
have that each d; = nl On the other hand, for the limit above to be zero, the inequalities
d; < ;nz must be strict. Therefore, the only possibility is ny = n and d; = d. O

In [SV] it was shown that the map u; 4 — 2¢ extends to an isomorphism
Y: & — Sl,

where S; is the subalgebra of S, generated by C[z,27!]. This allows us to conclude that the
map £t — S (which we also denote by T) is also injective and the next proposition shows that
it is surjective as well.

Proposition 4.4. The map T : ET — S is surjective.

Proof. We denote by &, 4 C €T the subspace of elements of bidegree (n,d) and

d/
Er = { sums of products of u, ¢ with — < ,u} C &Ena
: n

The dimension of Sﬁf’ 4 €quals to the number of convex paths in Conv* with slope < u and
such paths are in bijection with the pairs of tuples from proposition 4.2 (see lemma 5.6 of [BS]).
Therefore, the dimension of S}, does not exceed the dimension of £ ; and (due to invectivety
of T) it is sufficient to show T(c‘f“ ) C S},- The verification of this can be found in the proof
of proposition 3.5 in [Neg]. O

. We introduce Py 4 := T (ugaq)-

Corollary 4.5. S is generated by the first graded component, i.e. C[z%1].

5. The Double of Shuffle Algebra

We start with the general construction. Suppose (A, *,A) is a bialgebra (we assume that
A is coassociative and the product and coproduct are compatible in the sense that A(a xb) =
A(a) * A(b)) with a symmetric non-degenerate form

('7') A®A%C7
satisfying
(5.1) (axb,c)=(a®b,Alc)) V a,b,ce A

Definition. The Drinfeld double DA = A“”? @ A (A® has the same product as A,
but the coproduct is opposite) is a free product of algebras with both A~ = A“? @ 1 and
At =1 ® A being subbialgebras, subject to the relations

Z oV b§2)+(al(-2)_, b§1)+) = Z b§1)+ * aZ@)_(aEl)_, bf”), where

(2
1,
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Ala) = a"" ®@a® and A0) = 0T @tPT Vae AT, be A
g J

The bialgebra structure on DA is determined uniquely.

Our next goal is to endow the Shuffle algebra S with a coproduct. For this we will need to
consider a slightly larger algebra S. It is generated by S and the set of elements h;,7 € Zx
with the following relations

[hi7 h]] =0

(5.2) F(z1,...,2n) % h(w) = h(w) * <F(21, ) HQ (g)> 7

where h(w) := > h,w™" and

n>0

(5.3) QO(z) = H (5) _ (z—q )x—q)(z— qQ)) — exp (_ Zanl’_n> .

we)  @E—ge—gHe—g' w1

We understand (5.2) by expanding the r.h.s. in negative powers of w and setting the corre-
sponding terms equal. Now we can define the coproduct on S (we skip the proof and refer to
the Appendix in [Neg]).

Proposition 5.1. The following formulas define a coassociative coproduct on S:

A(h(w)) := h(w) @ h(w)

B F (21,2 ® 21, )

—~
o
N

S~—
3

Y

NF(z1,. .., 20)) = 4 = I M(@)

a<i<b

. The r.h.s of the second line above should be understood by expanding in nonnegative powers
of z—: for a <14 < b, obtaining an infinite sum of monomials. Then in each summand all h;’s are
moved to the left, followed by powers of 2, ...,z to the left of ® and powers of z;11,..., 2, -
to the right. A typical summand looks like

S1 Si Si4+1 S
Prgr - P, 200 2 @ 202

here A(F(z1,...,2,)) belongs to the completion S®S.

Finally, the bialgebra S has a pairing, given by:

(h(v), h(w™) = 2 ()
(5.5) (F.C) = aiff | /: F(zl,...ll[zn)i((zilz_:.).,i)DZlszn

1<iAj<n
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for F,G € S, 4 with Dz := 51— and we define the normal-ordered integral : [ : by
(5.6)

k1 k 1 1
(Sym (zlflsz" II M(j—)) ,F) :J / ! ( L ”)Dzl...Dzn.
1 Zi

- j Zi
1<i#j<n |z1|<<]z2]| << .. << 2 | H K (Zj)

1<i#j<n

This sufficient to define the pairing on S since any clement can be written as a linear com-
bination of monomials 2** x ... % 2% by the corollary of proposition 4.4.

We refer to [Neg| for the proof of the next proposition.

Proposition 5.2. The formulas 5.6 above produce a well-defined pairing on bialgebra S:

S X S — C(ql;q2)'

We denote the Drinfeld double of S with respect to the pairing 5.6 by DS.

Next we slightly expand the elliptic Hall algebra £ by adding the commuting elements
{uo,|i € Z} and a central element ¢ with relations

[Uo,cb Ul,d’] = U1,d+d Vd € Z, d e Zi~o

and denote the is algebra by .

The coproduct is given by

A(uga) =g @1+ 1®ugq, A(urg) =wa®1+ CZ Oo.n @ UL g—n,
n>0

where 6 ,, are computed according to 3.4. It remains to define a pairing on &+, which is done
by setting
1

1
(Uo,d; Uo,d) = a—d, (U1,d, ULd) = 04_1'

Theorem 5.3. The morphism of proposition 4.4 can be extended to Y : Et =8 by
Y(c) = ho, and Y(upq) = pa,

where p1,pa, ... are obtained from the series

h(w) = hoexp (Z anpnw”> )
n=1

Thus extended Y preserves the coproduct and bialgebra pairing and, therefore, induces the iso-
morphism of Drinfeld doubles:

YT:DET — DS.

Proof. First one needs to show that the formulas above indeed extend the isomorphism defined
in proposition 4.4, i.e. respect the relations between elements added to the algebras. Next, we
need to check that T preserves the pairing. It is enough to show this for generators, provided
it satisfies conditions 5.1 (this is shown on page 24 of [Neg|). For example,
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1 1 2dyd
d _d 171
(21, 21) = — 5= dz = — = (U1,4,u1,q)
aq 211 21 1
|21‘<1
O
References

[BK] Baumann, P. and Kassel, C. The Hall algebra of the category of coherent sheaves on the projective
line. J. reine angew. Math, (533):207-233, 2001.

[BS] Burban, I. and O. Shiffmann, O. On the Hall algebra of an elliptic curve. Duke Math. J., 161(7):1171—
1231, 2012.

[FT] Feigin, B. and Tsymbaliuk, A. Heisenberg action in the equivariant K-theory of Hilbert schemes via
shuffle algebra. Kyoto J. Math., 51:831-854, 2011.

[Neg] Negut, A. The shuffle algebra revisited. Int. Math.Res.Not., 22: 6242-6275, 2014.

[SV] Schiffmann, O. and Vasserot, E. Hall algebras of curves, commuting varieties and Langlands duality.
Math. Ann., (353):1399-1451, 2012.

Department of Mathematics, Northeastern University, Boston, MA 02115

E-mail address: tsvelikhovskiy.b@husky.neu.edu

Department of Mathematics, Northeastern University, Boston, MA, 02115, USA

E-mail address: tsvelikhovskiy.b@husky.neu.edu



	1. Introduction
	2. Shuffle Algebras vs Hall Algebras of Genus g Curves
	2.1. Hall Algebra of the Projective Line
	2.2. General Result

	3. EHA: a Reminder
	4. Shuffle Algebra and EHA
	5. The Double of Shuffle Algebra
	References

