MATH 3550 (ALGEBRAIC GROUPS) — HOMEWORK 2

k denotes an algebraically closed field.

1.

10.

Let G be an affine algebraic group, H < G a closed subgroup, and I = J(H) < k[G]. Show
that H = {g € G| g-I = I}. (The action of G on k[G] can be either the left regular, or the
right regular action.)

. Let 7 : G — H algebraic group morphism and X € g. Show that

m(X) 1 k[H] = k[H], 7(X) = (1d®mX.)omjy.
Compute the following Lie algebras
(a) Lie(Dy(k)), Lie(Uy(k)), Lie(By(k));
(b) Lie(On(k)); On(k) = {g € GLy(k) | ¢" - g = In};

(c) Lie(Spy,(k)); Span(k) = {g € GLan(k) | g - Jon - g = Jon}, Jon = [ 0 In:|

—I, 0|
Consider Ad : SL,, (k) — GL(sl,,)(k) and define PSL,, = Ad(SL,,). Show that

(a) As abstract group ker(Ad) = Z(SLy,(k)) = SLy (k) N (k- I,);

(b) Compute the Lie algebra of PSL,,(k);

(c) If char k = p divides n, then Z(SL,(k)) = {I,}, but SL,(k) and PSL,,(k) are not isomor-
phic as algebraic groups.

a 0 O
Letchark =p > 0andletG = { (O a? b) a # O} < GL3(k).
0 0 1

(a) Compute Lie(G);
(b) Show that {e} C Z(G) C ker Ad C G.

Let A be a commutative k-algebra, m : A ®, A — A the multiplication map, and I = ker m.
Show that

(@) Der(4,—): A—mod — k —mod, M > Derp(A, M), f+ fo—,isafunctor;
(b) Iis generatedby{a®1—-1®a|a e A}as A® A-module;
(€) Qayp = I/I?isan A-module,and d : A — Qu/p,d(a) = a®1—1®a+I?is aderivation.

Q 4/, is called the module of Kahler differentials.

Let A be a commutative k-algebra. Show that the functors Der(4, —) and Hom(£24 4, —) are
equivalent.

Show that U, (k) is nilpotent and B,,(k) is solvable.
Describe all algebraic actions of the group G, on the affine variety A! \ {0}.

Give an example of a closed subgroup of GL,, (k) which consists of only semisimple elements
but which is not conjugate to a subgroup of D,, (k).



