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Modular curve

X = PSLy(Z)\H.

Representation Theory,

DISTRIBUTION OF CLOSED GEODESICS

FIGURE 2. The distribution of Gg77 projected on the fundamental

domain of SLy(Z)\H, note that h(377) = 1.
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Introduction

X : Riemannian surface with negative curvature. 1,72 C X closed
geodesics.
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Introduction

X : Riemannian surface with negative curvature. 1,72 C X closed
geodesics.
Question: What can we say about v N7
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Introduction

Choose a closed geodesic v, of length at most L at random...
N(7L) : the number of self-intersections.
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Introduction

Choose a closed geodesic v, of length at most L at random...
N(7L) : the number of self-intersections.
Lalley 2004- Suppose that X has constant negative curvature
Jk >0,
N(yL) — KL
L
converges in distribution as L — oo.
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Introduction

[Pollicott-Sharp 2006] Distribution of angles of self-intersection in
the negative curvature is

sin(0)d6.
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Introduction

[Pollicott-Sharp 2006] Distribution of angles of self-intersection in
the negative curvature is

sin(0)d6.

Mirzakhani [2008] proved that there are about L°8~+2" number of
closed geodesics of length at most L on X that do not intersect
themselves.
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Modular curve

X = PSLy(Z)\H.

Representation Theory,

DISTRIBUTION OF CLOSED GEODESICS

FIGURE 2. The distribution of Gg77 projected on the fundamental

domain of SLy(Z)\H, note that h(377) = 1.
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Modular curve

Let d >0 and d =1,0 mod 4 and d is not a square.
Cy : class of primitive binary quadratic forms

Q(x,y) = ax® + bxy + cy?,

where gcd(a, b,c) = 1 and b? — 4ac = d.
Class number h(d) = #Cy.
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Modular curve

Let d >0 and d =1,0 mod 4 and d is not a square.
Cy : class of primitive binary quadratic forms

Q(x,y) = ax® + bxy + cy?,

where gcd(a, b,c) = 1 and b? — 4ac = d.
Class number h(d) = #Cy. Let

where tg — dug = 4 is the fundamental solution of Pell's equation.
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Modular curve

Let d >0 and d =1,0 mod 4 and d is not a square.
Cy : class of primitive binary quadratic forms

Q(x,y) = ax® + bxy + cy?,

where gcd(a, b,c) = 1 and b? — 4ac = d.
Class number h(d) = #Cy. Let

where tg — dug = 4 is the fundamental solution of Pell's equation.
#(Q) gives a one to one correspondences between primitive binary
quadratic forms and the oriented primitive closed geodesics.
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Let 8, be a compact geodesic segments on X. For
0 <61 <6 <m, let Iy, 9,(B3,7) be the number of intersection
between 3 and ~ with angle between 6; and 65.
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Let 8, be a compact geodesic segments on X. For
0 <61 <6 <m, let Iy, 9,(B3,7) be the number of intersection
between 3 and ~ with angle between 6; and 65.

Theorem (J.Jung, N.T.)

Then we have

lo, 0, (B, Cq) 3 /92 : _2%
00030 =d) S [T G 0de + O, (d-mete)
1B)I(Ca) 7w Jo, ( )

uniformly in 5,01, 60>, under the assumption that
25
0y — 01 > d 7168

and that

I(B) > d~iss.
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Theorem (J.Jung, N.T. )

The following estimate holds uniformly in dy,d> > 0, and
0 < 0y < 02 < 7 such that 0, — 01 >> (dyd>) 3072

lo, 0, (Cays Cay) 3 /92 . %
— = — — 0do . | (d1d ‘).
1(Ca)I(Can) 2 Iy, sin + O (( 1dp) 6142 )
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Automorphic Intersection Kernel

For § > 0, ks, 0, : SH x SH — {0,1} is given by

ks,0,0,((21,&1), (22,82)) = 1

if the geodesics segments of length § starting from z; and initial
angle &; intersect with an angle between 6; and 65, and 0
otherwise.
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Automorphic Intersection Kernel

For § > 0, ks, 0, : SH x SH — {0,1} is given by

ks,0,0,((21,&1), (22,82)) = 1

if the geodesics segments of length § starting from z; and initial
angle &; intersect with an angle between 6; and 65, and 0
otherwise.
We identify SH with PSL>(R) by sending g € PSL>(R) to
g.(i,m/2) € SH.

k(g1,82) = k(gg1, 882)-
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Automorphic Intersection Kernel

For § > 0, ks, 0, : SH x SH — {0,1} is given by
k5:91,92((217£1)7 (22752)) =1

if the geodesics segments of length § starting from z; and initial
angle &; intersect with an angle between 6; and 65, and 0

otherwise.
We identify SH with PSL>(R) by sending g € PSL>(R) to
g.(i,m/2) € SH.

k(g1 &2) = k(gg1, 882)-

We define
K((z1,61),(2,6)) = Y kso0.((21,61),7(22,£2))-

Y€SL2(Z)
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Automorphic Intersection Kernel

Let 5d1, C~d2 C SX be the corresponding lift. We have

loy,0, (Caps Ca) = 6~ / / Ks(s1, s2)ds1dsy
Cay 7 Cay
and

loy.0, (B, Ca) =672 /ﬁ/c Ks(s1,s2)ds1dsy + O(81(Cy)).
d
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Duke's theorem

Duke's theorem: Cy becomes equidistributed in PSLy(Z)\H as

d — 0.

As noted by Luo-Rudnick-Sarnak (2008) corresponding lift Cy also
becomes equidistributed as d — oc.

In particular for any sufficiently nice continuous function f on
PSL>(Z)\H, we have

MdN(f) = Ni f(s)ds :/ fdv.
1Cal  |Cal Je,
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Proof for fixed 3

Take
f(g) = 5‘2[15(s,g)ds.
B

Then

fd(vol) = c(01,62)1(B)
M\H

for some constant c(61,602) > 0 indepndent of § and I'. By taking §
arbitrary small, we obtain

. oo, (B,Cq) 3 /92 .
lim 22 -2 — = sin 6d0.
d—oo  1(B)I(Cq) w2 o
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Spectral theory-(proof of Duke's theorem for SX)

We consider the Hilbert space

F € [2(T\SH) = [*(T\PSLy(R)).
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Spectral theory-(proof of Duke's theorem for SX)

We consider the Hilbert space

F € [2(T\SH) = [*(T\PSLy(R)).

F(g):;;/s g1dg1+ZZZ<F J’SX (g)

m>0 j=1 [€2Z
2|m |I‘>m

+Z /<FE< +/t>>SXEm<g,;+it>dr,

me2Z
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Period integral formulas

Let s+1
Vs ok(g) == y(g) 2 e(2k0)

where g € PSL,(R) and we identified g with (x(g),y(g),0) € SH.
Note that ¢ is invariant by the action of the unipotent upper
triangular matrices. Let

Ear(g:s) = > ¥s2x(78)-

YEM o\l
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Period integral formulas

Let

0 0
+y .
dn(E™) = £2k + 2y (:l:lax + 8y> )

It is easy to check from the above that
dm(E™)Eax(g,s) = (—2k + 1+ s)Ex-2(g, ),
drn(E")Ezi(g,s) = (2k + 1+ 5)Exxi2(g, 5).-
We have
1d(Ex(g,s)) = n(2k, s)uq(Eo(g, s))
where for 2k > 4, 2|k,

(1-5)5-5) - (2k—3—35))
B+s)(7T+s)--(2k—1+s))’

1(2k, s) = n(—2k,s) = (1)

and 7(2k, s) is identically 0 if k =1 (mod 2).
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Period integral formulas

By classical result of Hecke,

pd(Eo(g, s Z / Eo(g dt—L<542rl,Xd)C<SJ2rl>-

dics(q

The period bound follows from the sub-convexity bound on
L(3 + it, xq), where s = i2t. [Heath-Brown 80]

L(s,xq) <e ((|[t]| +1)d)3/ 16+,
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Period integral formulas

Similarly, period formulas proved by Waldspurger for holomorphic
and by Svetlana Katok and Sarnak Maass cusp forms. By
combining the above and smoothing the Intersection kernel we
prove

191 6> (ﬁ, Cd) 3 /02 . _ 25
L2 AP T 2 sinfdf + O, (d 3584 1€ ,
1(B)I(Cq) 72 Jo, ( )
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Proof for varying Dy, D,

1)The intersection kernel is not L2 integrable.
2) Smoothing the kernel (using majorant and minorant) and
reducing the problem to small frequencies.
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Selberg's pre-trace formula

K (g1,82) / / (g1,82) dg1dg>

+ZZ Y. h(komnmf) 6f, (g1) of , (g2)

e>0 j=1 m,ne2Z
2le |m|,|n|>e

1 1
Z / (k,m,n,t) E, <g1,2 + it) Em <g27 5 + it> dt,

m,ne27

where 77 is the irreducible unitary representation of PSL; (R)
associated to géj‘?.
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generalized Selberg-Harish chandra transform

Let M;(m, n)(g) := (w(g)fm, f») be a matrix coefficient of 7.

b (ko m, ) o= (60 K x5 = /P o K D, )
2

(05 K 5 05 ) <n=nyan, (1 |m)) N1+ )2 k| ywa.
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generalized Selberg-Harish chandra transform

We have
h(k,m,n t) = / km7,,(g)y%+"te_’.’"9dg.
PSL,(R)
and

h(k,m,n,t) <n,c (1+[m))M (L + [n]) M (L4 [¢) =" k]l oo

for any Ny, N, N3 > 0, where N = Ny + No + N,
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generalized Selberg-Harish chandra transform

We have
h(k,m,n t) = / km7,,(g)y%+"te_’.’"9dg.
PSL>(R)
and
—N —N> —Ns
h(k,m,n,t) <y (1+|m])"" (1 + [n[)7™ (1 + [t])" Ikl ww.oo
for any Ny, N, N3 > 0, where N = Ny + No + N,
27 27
km,n (g) = 4 / Renge) —ind’ _’medelde (2)
2

Note that ' .
km.n (Ro,8Rs,) = €™ km.n (g) €™, (3)

Representation Theory, L-functions, and Arithmetic Intersecting geodesics on the modular surface



Thank you!
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