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Abstract

In this paper, we present a new computation scheme for pessimistic bilevel optimization
problem, which so far does not have any computational methods generally applicable yet. We
first develop a tight relaxation and then design a simple scheme to ensure a feasible and optimal
solution. Then, we discuss using this scheme to analyze and compute linear pessimistic bilevel
problem and several extensions. We also provide demonstrations on illustrative examples, and
a systematic numerical study on instances of two practical problems. Because of its simple
structure and strong computational capacity, we believe that the developed scheme is of a
critical value in studying and solving pessimistic bilevel optimization problems arising from
practice.

1 Introduction

Bilevel optimization is a popular modeling and computing tool for non-centralized decision
making problems where two decision makers (DMs), i.e., the upper level and the lower level
DMs, interact sequentially. In this paper, we consider the pessimistic formulation (also known
as the weak formulation) of bilevel optimization [32], which can be represented in the following
mathematical form:

PBL : Θ∗p = min
x

max
y

F(x,y) (1)

s.t. x ∈ X (2)

y ∈ S(x) = arg min
{
f(x,y) : y ∈ Y(x)

}
(3)

where X ⊆ Rn and Y(x) ⊆ Rm for any x. We mention that x or y variables are not necessary
to be continuous and they can be discrete. The optimization problem defined in (1-2) is
referred to as the upper level DM’s (her) decision problem and the one appearing in (3) is
called the lower level DM’s (his) decision problem. Hence, S(x) represents the collection of
optimal solutions of the lower level problem for a given x.
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Note that if we simply drop the max operation in (1), i.e.,

min
x

max
y

F(x,y) ⇒ min
x, y

F(x,y),

the formulation in (1-3) becomes the optimistic formulation (also known as the strong formu-
lation). We adopt OBL and Θ∗o to denote the latter one and its optimal value, respectively.
It is worth noting that although both OBL and PBL are introduced and investigated in the
bilevel optimization literature, OBL is with an actual bilevel structure and PBL is indeed a
three-level formulation. Given that bilevel optimization is generally referred to OBL in the
mainstream of research literature, we use OBL and bilevel optimization interchangeably in
the remainder of this paper, and explicitly mention pessimistic bilevel or PBL when needed.

Clearly, if S(x) is a singleton for every x, PBL reduces toOBL, i.e., its three-level structure
reduces to that of OBL. Nevertheless, S(x) might be a set with multiple elements, which is
often observed in a few decomposition algorithms for bilevel optimization problem [33] (where
a mixed integer program is solved through computing its bilevel optimization reformulation)
and [42]. Given that, if the lower level DM is believed to be cooperative by always selecting a
solution from S(x) in favor of the upper level DM, we can adopt the optimistic formulation.
Nevertheless, if the lower level DM behaves non-cooperatively by taking a solution against
the upper level DM’s interest, we should employ the pessimistic formulation for modeling and
computing.

The origin of bilevel optimization can be linked to the development of Stackelberg leader-
follower game [39] on the investigation of market equilibrium in 1930s. Its first explicit math-
ematical formulation can be found in [11] in 1970s. Over the last 40 years, there is a great
amount of research developed on bilevel optimization, ([22, 7, 19]). Theoretically, it is recog-
nized that computing a bilevel optimization problem is not easy. Even for (optimistic) bilevel
linear programming (LP) problem where both upper and lower level problems are LPs, it is
NP-hard ([25, 6]). To address such challenge, many computational strategies and algorithms
have been proposed, developed and investigated (see [22, 7, 19, 42] and references therein), the
vast majority of which, however, is devoted to solving OBL formulation. As a result, those ad-
vanced and capable computing tools strongly support the real applications of optimistic bilevel
models in transportation planning and capacity expansion ([12, 35]), government policy mak-
ing ([8, 17]), revenue management ([13, 20]), electricity market ([27, 26]) and computational
biology ([37, 14]).

It is generally believed that PBL is much more difficult and requires deeper analysis and
investigations. Hence, PBLmodel and its variants recently have received a substantial amount
of attention. One way to attack PBL is to compute a sequence of optimistic bilevel models
that include a penalty term on the upper level objective value in the lower level objective
function ([32, 34, 9]). Similarly, when PBL is pure linear, a penalty method is developed
in [4], which solves PBL by a sequence of bilinear programs that penalize the difference
between the primal and dual of lower level problem. In a series of new papers, [29, 31,
30], more general inner regularization techniques have been proposed, which can be used to
systematically compute viscosity solutions for PBL and its variants with quasi-variational
or quasi-equilibrium constraints. Note also that [43] fixes a flaw in [4] and customizes the
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Kth-Best algorithm ([10]) to compute linear PBL. Very recently, [23, 41] study linear PBL

through its single level form obtained by using strong duality or the optimal value function.
A global solution procedure by enumerating appropriate basic matrices of the lower level
problem and a descent algorithm for local solutions are also presented in [23]. A heuristic and
iterative procedure is developed in [18], which directly computes relaxed pessimistic solutions
of a mathematical program with equilibrium constraints.

One type of bilevel problem with coupled pessimistic constraints, i.e., constraints must be
satisfied by the selected x and all solutions in S(x), is studied in [38, 40]. Authors argue
that it is a generalization of the standard PBL. For the case where the feasible set of the
lower level problem is not affected by the upper level variable x, which is referred to as the
independent PBL, an iterative procedure to compute ε-approximation solutions is developed.
Another modeling extension is the strong-weak bilevel problem, which is a weighted sum of
optimistic and pessimistic formulations [3, 16, 44, 2]. Clearly, by assigning different weights to
them, we can have a trade-off between optimistic and pessimistic models, which in turn can be
treated as two extreme situations of the strong-weak bilevel problem. In the aforementioned
papers, various analytical properties, theoretical insights, and regularized computing methods
have been developed for linear or nonlinear strong-weak bilevel problems in finite or infinite
dimensional cases.

Overall, we note that almost all the aforementioned solution methods for general PBL
are either iterative procedures that require a global solution at every update, or depend on
non-trivial enumerative subroutines. Hence, they currently provide little support to practical
PBL instances. It is worth mentioning that in [21, 24], various necessary optimality conditions
for continuous PBL are derived, which could be helpful to develop fast algorithms to compute
(local) optimal solutions.

In this paper, we focus on developing a new computing scheme for PBL formulation that
has an optimal solution, and also demonstrate its usage to deal with some extensions. Different
from existing research, our basic idea is to create and make use of a non-traditional bilevel
optimization relaxation of PBL. Specifically, we introduce additional variables and constraints
to directly describe the interaction between the upper and lower level DMs. Although it
increases dimensionalities of both upper and lower level problems, which are in a relatively
small scale, we obtain a tight bilevel relaxation to the three-level PBL, which then can be
effectively solved by many existing solution methods. Hence, through computing such tight
bilevel relaxation and a simple correction operation, an optimal solution to the original PBL
can be recovered. Indeed, with this new computing scheme, we are able to solve instances
of a couple of practical problems, where outputs from OBL and PBL could be significantly
different.

The remainder of this paper is organized as follows. In Section 2, we develop a bilevel
optimization formulation that is a tight relaxation to the general PBL, and present a two-
step computing scheme to derive a feasible and optimal solution for PBL. In Section 3, we
then discuss using this scheme to analyze and compute linear PBL and its several extensions.
In Section 4, we first provide numerical illustrations using simple examples, and then present
a systematic computational study on instances of two real applications. Section 5 concludes
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this paper.

2 A New Scheme for Level Reduction and Computation

In this paper, we make two rather standard assumptions: (a) functions F and f are continuous
over their domains, and (b) Y(x) is compact for x ∈ X. With those two assumptions, it is
clear that for a given x, the lower level problem is either infeasible or has an optimal solution.

2.1 A Tight Relaxation for Level Reduction

As mentioned, pessimistic bilevel problem in (1-3) is a three-level problem. Apparently, it is
more complicated than its bilevel optimistic counterpart OBL. Indeed, it is easy to see that
OBL is a relaxation and its optimal value provides a lower bound to PBL. Because such
relaxation is straightforward, we would say it is trivial. In the following, we first introduce
a set of new variables and constraints that replicate those in the lower level, and then use
them to directly capture the interaction between upper and lower level DMs, which leads to a
non-trivial bilevel relaxation of PBL.

Lemma 1. The following formulation R-PBL is a relaxation to PBL.

R-PBL : Θ̃∗p = min
x,y

max
y∈Ỹ(x,y)

F(x,y) (4)

s.t. x ∈ X (5)

y ∈ Y(x) (6)

Ỹ(x,y) =
{
y : y ∈ Y(x), f(x,y) ≤ f(x,y)

}
(7)

Proof. Consider a fixed x∗ ∈ X and y∗ ∈ arg max{F(x∗,y) : y ∈ S(x∗)}, i.e., solution
(x∗,y∗) is feasible to PBL. We set y∗ = y∗ and extend (x∗,y∗) to a 3-tuple (x∗,y∗,y∗). It
is easy to see that the latter one satisfies constraints in (5-6) and y∗ belongs to Ỹ(x∗,y∗).
Moreover, because y∗ = y∗ ∈ S(x∗), we have

f(x∗,y∗) = f(x∗,y∗) = min
{
f(x∗,y) : y ∈ Y(x∗)

}
.

Then, comparing the definitions of Ỹ(x∗,y∗) and S(x∗), it is clear that those two sets are
identical, i.e., Ỹ(x∗,y∗) = S(x∗). Hence, y∗ ∈ arg max{F(x∗,y) : y ∈ Ỹ(x∗,y∗)}. Therefore,
the 3-tuple (x∗,y∗,y∗) is feasible to R-PBL.

Finally, because they share the same objective function, it follows that R-PBL is a relax-
ation to PBL.

Indeed, it can be proven that this relaxation is tight.

Lemma 2. For a fixed x∗ ∈ X such that Y(x∗) is not empty, R-PBL has an optimal solution
(x∗,y∗,y∗) such that

f(x∗,y∗) = min
{
f(x∗,y) : y ∈ Y(x∗)

}
, (8)
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and Ỹ(x∗,y∗) = S(x∗).

Proof. We first define the following function to help reveal the interaction between the upper
and lower level DMs.

φ(x,y) = max
{
F(x,y) : y ∈ Y(x), f(x,y) ≤ f(x,y)

}
. (9)

Clearly, it can be seen that the larger value of f(x,y), the larger feasible set for the optimization
problem in the right-hand-side of (9). Noting that it is a maximization problem, we can
conclude that its optimal value, i.e., φ(x,y), is non-decreasing with respect to f(x,y), for a
fixed x.

On the other hand, for x∗, because f is continuous, Y(x∗) is compact, and by Weierstrass
theorem, we have that min{f(x∗,y) : y ∈ Y(x∗)} has a minimizer. Let it be denoted by y∗.
Then, by the fact that F is continuous, Weierstrass theorem again, and the aforementioned
non-decreasing property, max{F(x∗,y) : y ∈ Y(x∗), f(x∗,y) ≤ f(x∗,y∗)} can be achieved,
which is the minimum of φ(x∗,y) for y ∈ Y(x∗). It also follows that Ỹ(x∗,y∗) = S(x∗).

Consequently, the next result follows.

Proposition 3. (i) One optimal solution to R-PBL solves PBL, and (ii) among OBL,
PBL and R-PBL formulations, we have Θ∗o ≤ Θ̃∗p = Θ∗p.

This result suggests that we probably can compute the three-level PBL model by investi-
gating a bilevel R-PBL formulation. It is worth pointing out that such level reduction, i.e.,
constructing the bilevel R-PBL for the three-level PBL, simply uses the primal representation
of the lower level problem, which does not rely on the convexity, strong duality, or Karush-
Kuhn-Tucker (KKT) conditions of that problem. Given R-PBL’s bilevel structure, almost
all existing solution methods for mainstream bilevel optimization problems, including those
for discrete or non-convex bilevel problems, can readily be applied with minor modifications.
Hence, if a conversion procedure between a solution to R-PBL and that of the original PBL
can be developed, we will be able to first compute R-PBL and then to derive a solution for
PBL.

2.2 Computing PBL by R-PBL: A Complete Computational Scheme

Before we proceed to compute PBL, it would be worth examining that an optimal solution
(x?,y?) obtained for the trivial relaxation OBL is not feasible to PBL. Otherwise, we can
simply report it as an optimal solution to PBL. The examination can be done easily by the lex-
icographic method often used in multi-objective optimization. Specifically in the examination,
given that f(x?,y?) is the optimal lower level value with respect to x?, we compute

max F(x?,y)

s.t. y ∈ Y(x?), f(x?,y) ≤ f(x?,y?).

Clearly, if its optimal value is equal to F(x?,y?), (x?,y?) is feasible and optimal to PBL and
we do not need to implement any additional operation. Hence, in the remaining part of this
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paper, we assume without loss of generality that the aforementioned examination step is done
and it is necessary to compute PBL explicitly.

Although R-PBL is a tight relaxation, we point out that computing R-PBL may not
directly generate a feasible solution to PBL. It is possible that the computing procedure
for R-PBL produces a solution (x∗,y∗,y∗) that does not satisfy (8), which indicates that
y∗ might not belong to S(x∗). Actually, a trivial example can be found when F(x,y) = 0.
One optimal solution to its R-PBL formulation can be easily found with an x∗ and y∗ =

y∗ ∈ arg max{f(x∗,y) : y ∈ Y(x∗)}. Clearly, whenever max{f(x∗,y) : y ∈ Y(x∗)} 6=
min{f(x∗,y) : y ∈ Y(x∗)}, that solution is infeasible to its PBL. Next, we give a concrete
bilevel model that is less straightforward.

min
{
x− 3y1 : 0 ≤ x ≤ 10, (y1, y2) ∈ S(x) = arg min{y2 : y1 ≤ x, y1 ≥ 0, y2 ≥ 0}

}
(10)

By computing its R-PBL formulation, we obtain an optimal solution (x∗, y∗1, y
∗
2, y
∗
1 , y
∗
2) =

(0, 0, 2, 0, 2), which violates (8) and does not render (x∗, y∗1 , y
∗
2) feasible to its PBL.

Nevertheless, such issue can be easily addressed by the following simple two-step operation,
which we refer to as the Relaxation-and-Correction computational scheme for PBL.

(1) Relaxation: Compute the tight relaxation R-PBL and derive an optimal solution (x∗,y∗,y∗).
If

f(x∗,y
∗
) > θ(x∗) = min

{
f(x∗,y) : y ∈ Y(x∗)

}
, (11)

perform the correction step. Otherwise, report (x∗,y∗) as an optimal solution to PBL.

(2) Correction: Compute

max F(x∗,y)

s.t. y ∈ Y(x∗), f(x∗,y) ≤ θ(x∗)

and derive an optimal solution y′. Report (x∗,y′) as an optimal solution to PBL. �

According to Lemma 2 and Proposition 3, the relaxation step produces the optimal value
and an optimal upper level decision. Note that equation (11) is to verify Ỹ(x∗,y∗) = S(x∗).

If not, the lexicographic method is implemented in the correction step, which guarantees an
optimal pessimistic response from the lower level DM. Hence, the correctness of the Relaxation-
and-Correction scheme is clear. Indeed, we can reduce the occurrence of correction step
through replacing f(x∗,y

∗
) by f(x∗,y∗) in (11). Regarding the example listed in (10), we

note that the correction step is needed to derive a complete solution of its PBL, which yields
(x∗, y′1, y

′
2) = (0, 0, 0).

Within the Relaxation-and-Correction scheme, it can be seen that the essential computation
of the original three-level formulation PBL reduces to that of a bilevel problem R-PBL.
Compared to the optimistic counterpart OBL, in particular, the size of R-PBL does not
increase much. Its lower level problem just has one more constraint than that of its optimistic
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counterpart, and its upper level problem just has one replica of the lower level variables
and constraints. Hence, we believe that solving R-PBL might not demand drastically more
computational expense.

Another critical observation, as shown in the following, is that the lower level problem in
R-PBL is often a well-structured optimization problem.

Corollary 4. If F is concave, f is convex with respect to y, and Y(x) is a convex set for
x ∈ X, the lower level problem in R-PBL, i.e.,

max
{
F(x,y) : y ∈ Y(x), f(x,y) ≤ f(x,y),

}
,

is a convex optimization problem with respect to y.

One great advantage of this property is that if F and f are continuously differentiable
and certain constraint qualification with Y(x) is satisfied, we can adopt KKT reformulation
method, i.e., replacing this lower level problem by its KKT conditions. Hence, one more reduc-
tion of level can be achieved, which ultimately leads to a single level equivalence of R-PBL.
As such single level optimization problem can readily be solved by a typical optimization
package or a specialized solver for mathematical programs with equilibrium constraints, this
computational scheme provides a remarkable convenience for practitioners. It is very different
from a traditional understanding that those methods might not be able to solve PBL.

For PBL problems whose optimal solution may not exist, it has been proposed to compute
their ε-approximations [32, 40] where y ∈ S(x) in (3) is relaxed to

y ∈ Sε(x) =
{
y ∈ Y(x) : f(x,y) ≤ θ∗(x) + ε

}
. (12)

One benefit is that compared to the original PBL model, the ε-approximation could have
an optimal solution, although not guaranteed. Another significant advantage is that the ε-
approximation provides a modeling flexibility. It can be used to capture the upper level DM’s
safety margin consideration to hedge against deviations from the expected lower level DM’s
decision [40]. Also, we note it can describe the lower level DM’s tolerance level when he makes
a non-cooperative decision against the upper level DM. So, an interesting study is to evaluate
the impact of ε on the upper level DM’s decisions and her objective function value. Even
for the case where S(x) is always a singleton for every x, i.e., the pessimistic formulation
coincides with the optimistic one, we can make use of this modified PBL model to perform
the sensitivity analysis on the upper level decisions for different ε. As shown in a practical
study on bilevel gene knockout problem [5], it can be used to derive or evaluate an upper level
gene knockout solution with respect to ε, where ε is interpreted as the modeling error of the
lower level problem.

When an optimal solution exists, the Relaxation-and-Correction can easily be employed to
compute the ε-approximation with some minor modifications: (i) in (7), replace f(x,y) ≤ f(x,y)

by f(x,y) ≤ f(x,y) + ε; (ii) in (11), replace f(x∗,y
∗
) > θ(x∗) by f(x∗,y

∗
) > θ(x∗) + ε;

and (iii) in the optimization problem of the correction step, replace f(x∗,y) ≤ θ(x∗) by
f(x∗,y) ≤ θ(x∗) + ε.
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In the following, we apply our new computational scheme on the basic linear pessimistic
problem and its extensions. Because the correction step is rather standard and easy to imple-
ment, we mainly consider the relaxation step, i.e., their associated R-PBL formulations and
computation.

3 Linear Pessimistic Bilevel Optimization Problems

In the remainder of this paper, we will focus on linear pessimistic problems where all constraints
and objective functions are linear in x and y. We first consider the basic linear PBL where
the lower level problem is an LP and present its single level reformulation. We then extend our
study to: linear mixed integer PBL where the lower level problem includes discrete variables,
bilevel problem with coupled pessimistic constraints, and strong-weak bilevel problem.

3.1 Basic Linear PBL Problem

Consider the following linear pessimistic bilevel problem

Linear−PBL : min cx + max d1y (13)

s.t. A1x ≤ b1, x ∈ Rnc
+ × Znd

+ (14)

y ∈ S(x) = arg min
{
d2y : B2y ≤ b2 −A2x, y ∈ Rm+

}
(15)

where n = nc + nd, A1,b1,A2,B2,b2, c,d1 and d2 are of appropriate dimensions. Let X =

{x ∈ Rnc
+ × Znd

+ : A1x ≤ b1} and

Ω =
{

(x,y) ∈ Rnc
+ × Znd

+ × Rm+ : A1x ≤ b1, A2x + B2y ≤ b2

}
.

Unless explicitly stated, it is assumed in this paper that Ω is a non-empty compact set. Hence,
for a given x, set Y(x) = {y ∈ Rm+ : B2y ≤ b2 −A2x} is closed, if is not empty.
Remark: It is shown in [4] that if x are continuous, i.e., nd = 0, the aforementioned
assumption ensures the existence of an optimal solution. Indeed, through Branch-and-Bound
method, this result can easily extend to a more general case where x are mixed integer variables,
i.e., nd ≥ 1.

Next, because of the convexity of linear functions and Corollary 4, we can easily develop
the following result using KKT reformulation. Note that superscript t is used to indicate
matrix transpose operation, and (u, π) are dual variables introduced for KKT reformulation.

Corollary 5. For Linear−PBL problem, its tight R-PBL relaxation is

min cx + d1y

s.t. A1x ≤ b1, A2x + B2y ≤ b2

x ∈ Rnc
+ × Znd

+ ,y ∈ Rm+
y ∈ arg max

{
d1y : B2y ≤ b2 −A2x, d2y ≤ d2y, y ∈ Rm+

}
.
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Then, this tight relaxation is equivalent to the following single level formulation

min cx + d1y

s.t. A1x ≤ b1, A2x + B2y ≤ b2

0 ≤ y ⊥ (Bt
2u + dt2π − dt1) ≥ 0, 0 ≤ u ⊥ (b2 −A2x−B2y) ≥ 0

0 ≤ π ⊥ (d2y − d2y) ≥ 0

x ∈ Rnc
+ × Znd

+ ,y ∈ Rm+ .

The last formulation is a mathematical program with linear complementarity constraints
(MPCC). As previously mentioned, it can readily be solved by an optimization package special-
ized in this type of problems. Or, those linear complementarity constraints can be linearized
using additional binary variables [6], which convert the whole formulation into a mixed integer
program (MIP) that can be easily handled by widely adopted professional MIP solvers. Similar
to using KKT reformulation strategy, another approach is by taking advantage of its minimax
structure and the strong duality of the lower level problem, R-PBL can be converted into
a single level optimization problem, whose objective function is bilinear and constraints are
linear.

Sometimes, a bilevel problem involves multiple independent lower level DMs that have
their own objective functions and constraints. It makes no difference to treat them as a single
DM in the optimistic model as the resulting KKT reformulation still has a block structure
where one block corresponds to one DM [15]. Nevertheless, when studying pessimistic bilevel
problem, aggregating them into a single DM to build a single lower level problem may hide
the nature of multiple lower level DMs. Indeed, we would rather treat them individually in
R-PBL formulation as follows

Ai
2x + Bi

2y
i ≤ bi2, and, y

i ∈ arg max
{
di1y

i : Bi
2y

i ≤ bi2 −Ai
2x, d

i
2y

i ≤ di2y
i, yi ∈ Rm+

}
,

where superscript i is used to indicate the ith lower level DM’s parameters and variables.
It more accurately reflects decisions made by individual lower level DMs. Note that KKT
reformulation can be applied to individual lower level problems, which preserves the block
structure that is friendly to decomposition algorithms.

3.2 Mixed Integer PBL Problem

Consider the general mixed integer PBL where the lower level problem has discrete variables.
Let y = (yc,yd) where yc and yd are continuous and discrete variables of y with mc and md

being their dimensions respectively. Then, we represent the corresponding expressions in (13)
and (15) as

min cx + max (d1cyc + d1dyd),

and

S(x) = arg min
{
d2cyc + d2dyd : B2cyc + B2dyd ≤ b2 −A2x, yc ∈ Rmc

+ ,yd ∈ Zmd
+

}
. (16)
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We also denote the whole formulation as MIP−PBL.
As mentioned in Section 2.1 that the construction of R-PBL relaxation does not rely on

the convexity of the lower level problem, we next provide that tight relaxation of MIP−PBL.

Corollary 6. For MIP−PBL problem, its tight R-PBL relaxation is

min cx + d1cyc + d1dyd (17)

s.t. A1x ≤ b1, A2x + B2cyc + B2dyd ≤ b2 (18)

x ∈ Rnc
+ × Znd

+ ,yc ∈ Rmc
+ ,yd ∈ Zmd

+ (19)

(yc,yd) ∈ arg max
{
d1cyc + d1dyd : (20)

B2cyc + B2dyd ≤ b2 −A2x, d2cyc + d2dyd ≤ d2cyc + d2dyd (21)

yc ∈ Rmc
+ ,yd ∈ Zmd

+

}
. (22)

For the aforementioned bilevel R-PBL formulation, because of the existence of discrete
variables in the lower level problem, it is not feasible to apply the popular KKT reformula-
tion method to derive a single level equivalent model. Indeed, even for the less complicated
optimistic bilevel MIP, it may not have any optimal solution [28]. Nevertheless, by making a
few modifications on this formulation, the resulting structural properties allow us to employ
the recent reformulation and decomposition method to compute an exact or strong approxi-
mate solution [42]. In the following, we describe R-PBL and details of those modifications
on R-PBL. For minimizing the distraction and also self-contained purpose, the tailored re-
formulation and decomposition procedure is presented in Appendix 1.

By taking advantage of the minimax structure in the objective function (17) with respect to
(20), we first equivalently modify it as min cx+ η, and convert the set membership restriction
in (20) into the following inequality

η ≥ max
{
d1cyc + d1dyd : (21− 22)

}
.

As a result, the whole R-PBL in Corollary 6 can be simplified as

min
{
cx + η : (18− 19), η ≥ max{d1cyc + d1dyd : (21− 22)}

}
. (23)

We note that the aforementioned simplification reduces variables and constraints, which could
provide a nontrivial computational advantage over the standard one in Corollary 6.

A sufficient condition ensuring the existence of an optimal solution to bilevel MIP problem is
that the lower level problem has the relatively complete response property [42]. In the context
of bilevel MIP in (23), this property is that for any possible (x,yc,yd,yd), the remaining lower
level problem defined in (20-22), which is its LP portion, has a finite optimal value. However,
in our case such property does not hold in general. Specifically, according to Lemma 2, for
a fixed x∗, R-PBL has an optimal solution with (y∗c ,y

∗
d) being an optimal solution to the

original lower level problem in the MIP−PBL model. So, for such (x∗,y∗c ,y
∗
d) combination,
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it is the most case that the lower level problem of (23), i.e.,

max
{
d1cyc + d1dyd : (21− 22)

}
,

does not have the aforementioned property. The reason is that due to the second constraint
in (21), the LP portion of the lower level problem could become infeasible when yd 6= y∗d.

To address this issue, we need to introduce artificial variables, which are to be penalized
with big-M coefficients, that allow constraint violations in (21) to avoid the infeasible situa-
tion. Explicitly, we modify the lower level problem in (23) as the following, where 1 is the
l-dimensional all-ones row vector and I is the l × l identity matrix.

η ≥ max
{
d1cyc + d1dyd −M1ya −Myf : (24)

B2cyc + B2dyd − Iya ≤ b2 −A2x, d2cyc + d2dyd − yf ≤ d2cyc + d2dyd (25)

ya ∈ Rl+, yc ∈ Rmc
+ , yd ∈ Zmd

+ , yf ∈ R+

}
. (26)

Clearly, the new lower level problem in (24-26) has the relatively complete response prop-
erty. As a result, the extended reformulation of the bilevel mixed integer R-PBL model in
Corollary 6 is

min
{
cx + η : (18− 19), (24− 26)

}
, (27)

which can then be solved by the reformulation and decomposition method in [42], a procedure
that is easily implementable with an optimization package for MPCC or an MIP solver.
Remark: It has been shown in [42] that if the bilevel MIP model has an optimal solution,
it can be found by setting M to a large value in (27). Otherwise, an ε-optimal solution can
be derived by adjusting the value of M . One example of the latter case can be found in
Section 4.1.

3.3 Bilevel Problem with Coupled Pessimistic Constraints

One type bilevel problem with coupled constraints studied in [38, 40], under the linear settings,
is formulated as

CP : min cx (28)

s.t. A1x ≤ b1, x ∈ Rnc
+ × Znd

+ (29)

f ix + giy ≤ ti, ∀y ∈ arg min
y

{
diy : Qiy ≤ hi −Pix, y ≥ 0

}
, i = 1, . . . , p (30)

where f i and gi are row vectors (like c in the objective function (28)) for all i. The optimization
problem defining y in (30) is called the ith lower level problem. Different from the conventional
concept in optimistic models that the coupled constraints over x and y, which appear in the
upper level problem, should just be satisfied by some selected optimal y, constraints in (30)
are rather pessimistic as they must be satisfied by all optimal y of the associated lower level
problems. In this regard, CP’s solution is just in x space, not in (x,y) space.

As mentioned, it is argued in [38, 40] that this type of formulation generalizes the standard
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PBL in (1-3). Also, for a special independent case where Pis are missing in those constraints,
an iterative solution procedure using semi-infinite programming tools is developed [38, 40].
Next, by using the technique developed in Section 2, we show that the general dependent CP

model can be reformulated into a format that is directly computable by many off-the-shelf
packages or solvers.

Assume that Yi(x) = {y ∈ Rmi
+ : Qiy ≤ hi −Pix} is a non-empty compact set for x ∈ X

in this subsection. Instead of using “∀” operation to describe the ith coupled constraint in
(30), we can represent it through pessimistic bilevel optimization as the following:

f ix + max
y∈Si(x)

giy ≤ ti, (31)

where Si(x) = arg min{diy : Qiy ≤ hi − Pix, y ≥ 0}. As a result, using arguments similar
to those presented in Section 2.1, we have the next result.

Lemma 7. For a fixed x∗ ∈ X, it satisfies the ith constraint in (30) if and only if there exist
yi∗ ∈ Rmi

+ and yi∗ ∈ arg max{giy : Qiy ≤ hi−Pix∗, diy ≤ diyi∗,y ∈ Rmi
+ }, and they satisfy

the following constraints

Qiyi∗ ≤ hi −Pix∗, (32)

giyi∗ ≤ ti − f ix∗. (33)

Proof. First, we prove the “⇐” direction. Consider a particular yi∗ such that

yi∗ ∈
{
y ∈ Rmi

+ : Qiyi ≤ hi −Pix∗
}
.

Clearly, we have

Si(x∗) = arg min
{
diy : Qiy ≤ hi−Pix∗, y ≥ 0

}
⊆
{
y : Qiy ≤ hi−Pix∗, diy ≤ diyi∗,y ≥ 0

}
.

Then, it follows that

max
y∈Si(x∗)

giy ≤ max
y∈{y:Qiy≤hi−Pix∗, diy≤diyi∗, y≥0}

giy.

Let yi∗ be an optimal solution to max{giy : Qiy ≤ hi − Pix∗, diy ≤ diyi∗, y ∈ Rmi
+ }. So,

if (33) is valid, we have

f ix∗ + max
y∈Si(x∗)

giy ≤ f ix∗ + giyi∗ ≤ ti,

which shows x∗ satisfies the ith constraint in (30).
Next, we prove the ⇒ direction. Note that if (31) is satisfied by x∗, the next inequality

follows naturally.

min
{
f ix∗ + max

y∈Si(x∗)
giy
}
≤ ti. (34)
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Using the strategy in Section 2.1, we construct the following relaxation to the left-hand-side
of (34).

f ix∗ + min
y

max
y

giy (35)

s.t. Qiy ≤ hi −Pix∗, y ≥ 0 (36)

y ∈
{
Qiy ≤ hi −Pix∗, diy ≤ diyi,y ≥ 0

}
(37)

According to Lemma 2, the problem in (35-37) achieves its minimum when y is an optimal
solution of min{diy : Qiy ≤ hi − Pix∗, y ≥ 0}. Let y∗ be a such optimal solution. Then,
according to Lemma 2 and (34), the next inequality is satisfied.

f ix∗ + max{giy : Qiy ≤ hi −Pix∗, diy ≤ diyi∗,y ≥ 0} ≤ ti (38)

Denote an optimal solution to the maximization problem in (38) by yi∗. We have

f ix∗ + giyi∗ ≤ ti,

which, together with the selection criteria of yi∗, gives the desired results.

We mention that superscript i is used in yi and yi to indicate that those variables and
associated constraints are introduced specifically for the ith coupled constraint. So, if multiple
coupled constraints exist, this equivalence result should be applied constraint-wise. Based on
Lemma 7 and its proof, and using KKT reformulation, we can convert the CP model into a
computationally friendly formulation.

Corollary 8. The CP model defined in (28-30) is equivalent to the following single-level
formulation.

min cx

s.t. A1x ≤ b1

Pix + Qiyi ≤ hi, f ix + giyi ≤ ti, i = 1, . . . , p

0 ≤ yi ⊥
(

(Qi)tui + (di)tπi − (gi)t
)
≥ 0, i = 1, . . . , p

0 ≤ ui ⊥
(
hi −Pix−Qiyi

)
≥ 0, 0 ≤ πi ⊥

(
diyi − diyi

)
≥ 0, i = 1, . . . , p

x ∈ Rnc
+ × Znd

+ , yi ∈ Rmi
+ , i = 1, . . . , p.

Remark: (i) The reason we say that the aforementioned formulation is equivalent to CP

is that the x portion of its optimal solution and its optimal value are optimal to CP. (ii)

Note that we can deal with the nonlinear complementarity constraints in the aforementioned
formulation by Branch-and-Bound or by enumerating the implied linear constraints, both
of which are finite. Hence, it can be inferred that this formulation, as well as CP, either
has an optimal solution, or is infeasible. Again, it can be directly computed by an MPCC
optimization package or by any professional MIP solver, after linearization. (iii) If the non-
empty assumption on Yi(x) for x ∈ X is not satisfied, similar to the modifications made in
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(24-26), we can include artificial variables with big-M coefficients so that (33) is of a very
negative left-hand-side value (through the help of artificial variables) whenever x causes set
Yi(x) empty.

3.4 Strong-Weak Bilevel Problem

Noting that the solution to the lower level problem might not be unique, the strong-weak
bilevel optimization problem, also known as partially cooperative bilevel model, has been
proposed and investigated in [3, 16, 44, 2]. It integrates the optimistic and pessimistic for-
mulations through a weighted summation, where the weight coefficient can be interpreted as
the cooperative probability of the lower level DM. Hence, knowing that the lower level DM
just cooperates partially or stochastically, the upper level DM, instead of being completely
optimistic or pessimistic, solves the strong-weak bilevel problem to derive an intermediate so-
lution. Actually, it is interesting to observe that there exist situations where the lower level
DM achieves his best interest by being partially or stochastically cooperative [16]. We believe
that the strong-weak model has its significance in modeling and analyzing real situations.

Let β represent the weight parameter. The formulation of the strong-weak bilevel opti-
mization problem is

SW −PBL : min cx + βf1 + (1− β)f2 (39)

s.t. A1x ≤ b1, x ∈ Rnc
+ × Znd

+ (40)

f1 = min
{
d1y : y ∈ S(x)

}
, f2 = max

{
d1y : y ∈ S(x)

}
(41)

where S(x) is defined as in (15).
Remark: It is shown in [16, 44] that SW −PBL has an optimal solution if x are continuous,
i.e., nd = 0. Again, through Branch-and-Bound argument, this result extends to a more general
case where x are mixed integer variables. Also, we would rather say its solution is simply in
x space as the lower level DM’s decision is not certain in general.

To solve SW −PBL problem, a couple of penalty methods have been developed in [16, 44],
which iteratively adjust penalty coefficients and compute the resulting relaxations to ensure
the convergence to an optimal solution. Next, we provide its tight R-PBL relaxation and
the computationally friendly single level reformulation. Variables yo and yp are introduced to
represent those in optimistic and pessimistic parts, respectively.

Corollary 9. For SW −PBL problem, its R-PBL model is

min cx + βf1 + (1− β)f2 (42)

s.t. A1x ≤ b1, x ∈ Rnc
+ × Znd

+ (43)

A2x + B2y ≤ b2, y ∈ Rm+ (44)

f1 = d1y
o, yo ∈ S(x) (45)

f2 = d1y
p, yp ∈ arg max

{
d1y

p : B2y
p ≤ b2 −A2x, d2y

p ≤ d2y,y
p ∈ Rm+

}
,(46)

14



which is equivalent to the following single level formulation

min cx + βf1 + (1− β)f2

s.t. A1x ≤ b1, A2x + B2y ≤ b2, f1 = d1y
o, f2 = d1y

p

0 ≤ yo ⊥ (dt2 −Bt
2v) ≥ 0, 0 ≥ v ⊥ (b2 −A2x−B2y

o) ≥ 0

0 ≤ yp ⊥ (Bt
2u + dt2π − dt1) ≥ 0, 0 ≤ u ⊥ (b2 −A2x−B2y

p) ≥ 0

0 ≤ π ⊥ (d2y − d2y
p) ≥ 0

x ∈ Rnc
+ ×Z

nd
+ , y ∈ Rm+ .

Proof. Replacing f1 and f2 by their corresponding expressions, and according to the optimistic
nature regarding f1, the original SW −PBL can be equivalently written as

min cx + βd1y
o + (1− β) max

yp∈S(x)
d1y

p (47)

s.t. A1x ≤ b1, x ∈ Rnc
+ × Znd

+ (48)

yo ∈ S(x). (49)

By treating (x,yo) as the upper level decisions, the formulation in (47-49) is actually a pes-
simistic bilevel problem as PBL in (1-3). Next, by using the strategy in Section 2.1, we derive
a relaxation as the following

min cx + βd1y
o + (1− β)d1y

p

s.t. A1x ≤ b1, x ∈ Rnc
+ × Znd

+

A2x + B2y ≤ b2,y ∈ Rm+
yo ∈ S(x)

yp ∈ arg max
{
d1y

p : B2y
p ≤ b2 −A2x, d2y

p ≤ d2y, y
p ∈ Rm+

}
,

which, according to Lemma 2, is a tight relaxation to the formulation in (47-49).
Then, using f1 and f2 to replace associated terms in the aforementioned formulation, it

leads to the desired R-PBL model. Finally, by applying the KKT reformulation method to
describe S(x) and arg max

{
d1y

p : B2y
p ≤ b2−A2x,d2y

p ≤ d2y,y
p ∈ Rm+

}
respectively, we

have the equivalent single level formulation of R-PBL.

Remark: (i) Again, the equivalent single level formulation can be directly computed by
an MPCC optimization package or by an MIP solver. We observe in numerical experiments
that, instead of imposing equality restrictions, it often has computational advantage to employ
f1 ≥ d1y

o and f2 ≥ d1y
p, which, when an optimal solution is derived, are actually satisfied at

equality. (ii) Another equivalent single level formulation can also be obtained if we explicitly
impose the optimality requirement with respect to d2y on y, and link optimistic and pes-
simistic parts by f1 ≥ d1y, which enables us to eliminate variables yo and related constraints.
Nevertheless, we prefer the single level formulation presented in Corollary 9, whose structure
allows optimistic and pessimistic parts to be computed independently for a given x. Indeed,
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for the situation where the optimality requirement is not directly available, e.g., a strong-weak
formulation with an MIP lower level problem, we still can make use of the primal information
of the lower level problem represented by y to effectively compute the pessimistic portion,
which is independent of the solution quality of yo.

4 Numerical Study

In this section, we apply the developed computing scheme to compute instances of linear
PBL and its extensions, and demonstrate its computational efficacy. Note that there are a
large number of bilevel optimization algorithms and methods that can be used to solve their
bilevel tight relaxations. To provide a rather standard computational platform, a commercial
solver, i.e., Gurobi 6.50 with default settings, is adopted to solve (linearized) KKT conditions
based single level formulations of tight relaxations. In addition, all experiments are performed
on a PC with Intel Xeon E5-1620 3.60GHz CPU and 32GB memory.

Our computational study contains two parts. In the first part, simple examples of PBL
(and its extensions) with detailed parameters are used to illustrate steps of our computing
scheme. In the second part, a systematic computational study on random instances of two
practical models are reported, which shows the strength of this computing scheme in addressing
real problems.

4.1 Simple Illustrative Examples

In this subsection, we first consider one simple linear pessimistic bilevel example appearing
in [16]. Then, we extend it to have more general structures as in Sections 3.2-3.4. For those
simple instances, we do not report their computational times as they are negligible.

Example 1. Consider the following linear pessimistic bilevel problem adopted from [16].

min −8x1 − 6x2 + max(−25y1 − 30y2 + 2y3 + 16y4) (50)

s.t. x1 + x2 ≤ 10, x1, x2 ≥ 0 (51)

(y1, y2, y3, y4) ∈ S(x1, x2) = arg min
{
− 10y1 − 10y2 − 10y3 − 10y4 : (52)

y1 + y2 + y3 + y4 ≤ 10− x1 − x2, −y1 + y4 ≤ 0.8x1 + 0.8x2 (53)

y2 + y4 ≤ 4x2, y1, y2, y3, y4 ≥ 0
}
. (54)
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According to Corollary 5, the associated R-PBL model is

min − 8x1 − 6x2 − 25y1 − 30y2 + 2y3 + 16y4

s.t. x1 + x2 ≤ 10, y1 + y2 + y3 + y4 ≤ 10− x1 − x2
− y1 + y4 ≤ 0.8x1 + 0.8x2, y2 + y4 ≤ 4x2, x1, x2 ≥ 0, y1, y2, y3, y4 ≥ 0

(y1, y2, y3, y4) ∈ arg max
{
− 25y1 − 30y2 + 2y3 + 16y4 :

y1 + y2 + y3 + y4 ≤ 10− x1 − x2, −y1 + y4 ≤ 0.8x1 + 0.8x2, y2 + y4 ≤ 4x2

− 10y1 − 10y2 − 10y3 − 10y4 ≤ −10y1 − 10y2 − 10y3 − 10y4, y1, y2, y3, y4 ≥ 0
}
.

By solving its single level KKT reformulation in the form of that in Corollary 5, we obtain an
optimal solution with x∗1 = 10, x∗2 = 0, y∗j = y∗j = 0 for j = 1, . . . , 4, and the optimal value
equal to −80. Because we have

− 10y∗1 − 10y∗2 − 10y∗3 − 10y∗4 = 0

= min
{
− 10y1 − 10y2 − 10y3 − 10y4 :

y1 + y2 + y3 + y4 ≤ 0, −y1 + y4 ≤ 8, y2 + y4 ≤ 0, y1, y2, y3, y4 ≥ 0
}
,

we can conclude that the y∗-portion is optimal to the lower level problem and the correction
step can simply be ignored. Finally, we report (x1, x2, y1, y2, y3, y4) = (10, 0, 0, 0, 0, 0) as an
optimal solution to the original pessimistic problem.

As demonstrated next (as well the example in (10)), it is not always the case that we can
neglect the correction step.

Example 2. Consider a modification of (50-54) where the objective function in (50) is changed
to min 0x1 +0x2 +max(−2y1−3y2−2y3−16y4). By repeating the same solution procedure, we
obtain an optimal solution with x∗1 = x∗2 = 0 and y∗j = 0 for j = 1, . . . , 4, and y∗1 = 10, y∗j = 0

for j=2,3,4. Note that

− 10y∗1 − 10y∗2 − 10y∗3 − 10y∗4 = 0

> −100 = min
{
− 10y1 − 10y2 − 10y3 − 10y4 :

y1 + y2 + y3 + y4 ≤ 10, −y1 + y4 ≤ 0, y2 + y4 ≤ 0, y1, y2, y3, y4 ≥ 0
}
,

which suggests that (y∗1 , y
∗
2 , y
∗
3 , y
∗
4) might not be optimal to the lower level problem. Hence,

according to (11), we perform the correction step and derive an optimal solution (which is
identical to (x1, x2, y1, y2, y3, y4) = (0, 0, 10, 0, 0, 0)) for this pessimistic bilevel problem. Cer-
tainly, as discussed after the relaxation-and-correction scheme, we can compare the value of
−10y∗1 − 10y∗2 − 10y∗3 − 10y∗4 and the optimal value of the lower level problem, which may allow
us to ignore the correction step for this instance.

In the following, we solve a modification of (50-54) that is a mixed integer PBL instance.
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Example 3. Consider an instance extended from (50-54) with a new constraint on (x1, x2)

in the upper level and an integer variable restriction on y3 in the lower level. So, the lower
level problem is a mixed integer program.

min −8x1 − 6x2 + max(−25y1 − 30y2 + 2y3 + 16y4)

s.t. x1 + x2 ≤ 10, 2x1 + 5x2 ≤ 13, x1, x2 ≥ 0

(y1, y2, y3, y4) ∈ S(x1, x2) = arg min
{
− 10y1 − 10y2 − 10y3 − 10y4 :

y1 + y2 + y3 + y4 ≤ 10− x1 − x2, −y1 + y4 ≤ 0.8x1 + 0.8x2

y2 + y4 ≤ 4x2, y1, y2, y4 ≥ 0, y3 ∈ Z+

}
.

The extended formulation of its tight R-PBL relaxation with artificial variables is

min −8x1 − 6x2 + η

s.t. x1 + x2 ≤ 10, 2x1 + 5x2 ≤ 13, x1 + x2 + y1 + y2 + y3 + y4 ≤ 10

−0.8x1 − 0.8x2 − y1 + y4 ≤ 0, −4x2 + y2 + y4 ≤ 0

x1, x2 ≥ 0, y1, y2, y4 ≥ 0, y3 ∈ Z+

η ≥ max
{
− 25y1 − 30y2 + 2y3 + 16y4 −Mya1 −Mya2 −Mya3 −Myf :

y1 + y2 + y3 + y4 − ya1 ≤ 10− x1 − x2, −y1 + y4 − ya2 ≤ 0.8x1 + 0.8x2

y2 + y4 − ya3 ≤ 4x2, −10y1 − 10y2 − 10y3 − 10y4 − yf ≤ −10y1 − 10y2 − 10y3 − 10y4

y1, y2, y4, ya1, ya2, ya3, yf ≥ 0, y3 ∈ Z+

}
,

whereM is set to 5, 000 in our numerical study. Using the procedure described in Appendix 1 to
compute the aforementioned bilevel mixed integer program, we obtain an optimal solution with
x∗1 = 6.005, x∗2 = 0, y∗1 = 3.995, y∗2 = y∗3 = y∗4 = 0, y∗1 = 0.995, y∗2 = y∗4 = 0 and y∗3 = 3, and
the corresponding optimal value is −66.915. Then, deriving the optimal value of the original
lower level problem given (x∗1, x

∗
2) and comparing it with respect to −10y∗1−10y∗2−10y∗3−10y∗4,

it can be seen that the correction step is not needed.

The close proximity of x∗1 to an integer value indicates that the solution is ε-optimal and
this PBL instance does not have any exact solution. Indeed, it is the actual case, which
is confirmed by an analytical study presented in Appendix 2. It is worth mentioning that,
interestingly, the optimistic counterpart of this instance has an optimal solution with x1 = 0,
x2 = 2, y1 = y3 = y4 = 0 and y2 = 8, and the corresponding optimal value is −252.

Next, we construct an instance based on (50-54) that has a coupled pessimistic constraint.

Example 4. Consider the following problem

min −8x1 − 6x2

s.t. x1 + x2 ≤ 10, x1, x2 ≥ 0

2x1 + x2 − y1 − y2 − y3 − y4 ≤ 0, ∀(y1, y2, y3, y4) ∈ S(x1, x2)

where S(x1, x2) in the coupled constraint is defined as in (52-54). Note that Y(x1, x2) =
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{(y1, y2, y3, y4) ∈ R4
+ : y1+y2+y3+y4 ≤ 10−x1−x2, −y1+y4 ≤ 0.8x1+0.8x2, y2+y4 ≤ 4x2}

is a non-empty compact set for any feasible (x1, x2). Then, according to Lemma 7, we can
reformulate the whole bilevel problem as

min −8x1 − 6x2

s.t. x1 + x2 ≤ 10, y1 + y2 + y3 + y4 + x1 + x2 ≤ 10

−y1 + y4 − 0.8x1 − 0.8x2 ≤ 0, y2 + y4 − 4x2 ≤ 0

2x1 + x2 + max
(y1,y2,y3,y4)∈Ỹ(x1,x2,y1,y2,y3,y4)

(−y1 − y2 − y3 − y4) ≤ 0

x1, x2, y1, y2, y3, y4 ≥ 0

where Ỹ(x1, x2, y1, y2, y3, y4) = {(y1, y2, y3, y4) ∈ R4
+ : y1 + y2 + y3 + y4 ≤ 10−x1−x2, −y1 +

y4 ≤ 0.8x1+0.8x2, y2+y4 ≤ 4x2,−10y1−10y2−10y3−10y4 ≤ −10y1−10y2−10y3−10y4}. By
solving its single level reformulation in the form of that in Corollary 8, we obtain an optimal
solution x∗1 = 0 and x∗2 = 5.

Finally, we extend (50-54) into an instance of the strong-weak bilevel problem.

Example 5. Consider the following instance of the strong-weak bilevel problem, which has
been solved by iterative algorithms developed in [16, 44].

min −8x1 − 6x2 + βf1 + (1− β)f2

s.t. x1 + x2 ≤ 10, x1, x2 ≥ 0

f1 = min{−25y1 − 30y2 + 2y3 + 16y4 : (y1, y2, y3, y4) ∈ S(x1, x2)}

f2 = max{−25y1 − 30y2 + 2y3 + 16y4 : (y1, y2, y3, y4) ∈ S(x1, x2)}

where S(x1, x2) is defined as in (52-54). According to Corollary 9, its R-PBL model can be
written as

min −8x1 − 6x2 + βf1 + (1− β)f2

s.t. x1 + x2 ≤ 10, y1 + y2 + y3 + y4 ≤ 10− x1 − x2, −y1 + y4 ≤ 0.8x1 + 0.8x2

y2 + y4 ≤ 4x2, x1, x2, y1, y2, y3, y4 ≥ 0

f1 = −25yo1 − 30yo2 + 2yo3 + 16yo4, (yo1, y
o
2, y

o
3, y

o
4) ∈ S(x1, x2)

f2 = −25yp1 − 30yp2 + 2yp3 + 16yp4

(yp1 , y
p
2 , y

p
3 , y

p
4) ∈ arg max

{
− 25y1 − 30y2 + 2y3 + 16y4 :

y1 + y2 + y3 + y4 ≤ 10− x1 − x2, −y1 + y4 ≤ 0.8x1 + 0.8x2

y2 + y4 ≤ 4x2, −10y1 − 10y2 − 10y3 − 10y4 ≤ −10y1 − 10y2 − 10y3 − 10y4,

y1, y2, y3, y4 ≥ 0
}
.

Again, we can compute its single level reformulation in the form of that in Corollary 9 to
derive optimal solutions and values for different β. For instance, if β is set to 0.2, an optimal
solution is with (x∗1, x

∗
2) = (10, 0) and the optimal value is -80. If β is set to 0.5, an optimal
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solution is with (x∗1, x
∗
2) = (0, 0) and the optimal value is -115. Results of both cases agree

with those reported in [16, 44]. Moreover, by using the method of [44], we can easily consider
a small number of values for β and depict the complete relationship between the optimal value
and β.

4.2 Instances of Practical Problems

In this subsection, we investigate the computational performance of our computing scheme on
deriving pessimistic solutions of two practical bilevel optimization models, i.e., bilevel network
design model for vehicle sharing program (VSP) [36] and bilevel model for gene knockout to
achieve microbial strain optimization [14], which are referred to as bilevel network design model
and bilevel gene knockout model, respectively. Note that those models are initially presented in
optimistic forms, and optimistic solutions of instances with practical or random data, derived
by KKT reformulation or strong duality based methods, have also been reported.

We mention that by using the computing scheme developed in this paper, pessimistic
solutions for instances with actual data of the second model are provided in [5], which have
revealed critical and interesting biological insights. Because our purpose here is to demonstrate
the computational performance, rather than to provide economic or biological analysis, we
generate instances of random parameters and of different sizes (available at [1]), and report
computational results for their pessimistic bilevel forms.
Case 1: Computing Bilevel Network Design Model. We next present the pessimistic
bilevel model for network design problem with a brief description. Detailed information re-
garding vehicle sharing program, modeling motivation, and the optimistic bilevel formulation
can be found in [36]. We intentionally keep notations and representations same as those in [36],
which minimizes the difficulties to appreciate this pessimistic model.

max
x,y,z

min
v,w∈S(x,y,z)

∑
k∈K

∑
(i,j)∈As

rijvijk

s.t.
∑
i∈Vs

(Csxi + Cpyi + Cvzi) ≤ C

Uxi ≥ yi, zi ≤ yi, yi ≤ yub, ∀i ∈ Vs
xi ∈ {0, 1}, yi, zi ∈ Z+, ∀i ∈ Vs

S(x,y, z) = arg min
v,w

{∑
k∈K

(
∑

(i,j)∈A

cijvijk +
∑
i∈V

wik) :

∑
j:(i,j)∈A

vijk −
∑

j:(j,i)∈A

vjik = Dik, ∀i ∈ V, k ∈ K

vijk ≤ fijwik, ∀(i, j) ∈ A\A, k ∈ K

Uxi ≥
∑
k∈K

vijk, Uxj ≥
∑
k∈K

vijk, ∀(i, j) ∈ As∑
k∈K

∑
j:(i,j)∈As

vijk ≤ zi,
∑
k∈K

∑
j:(j,i)∈As

vjik ≤ a(yi − zi), ∀i ∈ Vs

wik ≥ 0, ∀i ∈ V, k ∈ K; vijk ≥ 0, ∀(i, j) ∈ A, k ∈ K
}
.
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In this formulation, the upper level DM seeks to maximize her overall revenue that depends on
aggregated traffic flows from the lower level DM. She makes decisions on the construction of
vehicle sharing station at candidate site i (denoted by binary variable xi), the capacity of that
station (denoted by integer variable yi), and the number of vehicles at i (denoted by integer
variable zi) in the transportation network, subject to the total budget (denoted by C), and
capacity upper bound restrictions (represented by parameter U). The lower level DM, facing
the system with vehicle sharing stations, selects an optimal route to minimize his traveling cost
(for every origin-destination transportation pair k ∈ K), subject to flow balance constraints,
capacity restrictions and waiting time estimations. Note that the pessimistic upper level
objective function, i.e., maxx,y,z(minv,w

∑
k∈K

∑
(i,j)∈As

rijvijk), takes into consideration the
non-cooperative behavior of travellers.

In Table 1, we present detailed performance data of our computing scheme for different
instances, where columns “Nodes” and “Arcs" list the number of nodes and arcs in the trans-
portation network; column “C” gives the overall budget; columns “DV” and “CV” provide the
number of discrete variables (appearing in the upper level) and the number of continuous vari-
ables (appearing in the lower level); column “Const. (U/L)” displays numbers of constraints
in upper and lower problems, respectively; column “Obj.” reports the optimal value; and col-
umn “T(sec.)" gives the solution time of our computing scheme in seconds. We mention that
instances of 5 nodes are based on the 5-node network given in [36] and other instances are
randomly generated with GRID structure defined in [36].

Table 1: Computational Result of Pessimistic Bilevel Network Design Model
Nodes Arcs C DV CV Const.(U/L) Obj. T(sec.)

5 14 10 12 38 13/30 0 0.02
30 12 38 13/30 4 0.44
50 12 38 13/30 10 0.23
100 12 38 13/30 20 0.18

12 38 50 15 150 16/128 12.5 0.37
100 15 150 16/128 25 1.68
200 15 150 16/128 25 1.38
400 15 150 16/128 25 4.84

17 56 50 21 219 22/155 15 0.57
100 21 219 22/155 30 5.41
200 21 219 22/155 30 3.19
400 21 219 22/155 30 3.68

22 77 50 27 198 28/156 15 1.45
100 27 198 28/156 27 234.19
200 27 198 28/156 27 203.38
400 27 198 28/156 27 118.54

To demonstrate differences between optimistic and pessimistic models, we compute optimal
values of both models for a 17-node instance over budgets ranging from 0 to 400, which are
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presented as OBL and PBL curves in Figure 1.

Figure 1: Optimal values of optimistic and pessimistic models

Case 2: Computing Bilevel Gene Knockout Model. In the following, we present
the pessimistic bilevel gene knockout model with a brief description. Detailed information
regarding gene knockout, modeling motivation, and the optimistic bilevel formulation can be
found in [14]. Again, notations and representations are same as those in [14].

max
z

min
v∈S(z)

vchemical

s.t.
∑
j∈M

(1− zj) ≤ K

zj ∈ {0, 1},∀j ∈ M

S(z) = arg max
v

{
vbiom :∑

j∈M

Sijvj = 0, ∀i ∈ N

vglc = vglc_uptake, vbiom ≥ vtargetbiom

vminj zj ≤ vj ≤ vmaxj zj , ∀j ∈ M
}

In this formulation, the upper level DM seeks to maximize the cellular production of a particu-
lar chemical by removing up toK metabolic reactions (denoted by binary variable yj) to modify
the connectivity of metabolic network. Given that updated metabolic network, the lower level
DM maximizes its cellular objective function, which is biomass formation, by determining
reaction fluxes (denoted by continuous variable vj) in the network, subject to fluxes balance
requirements and bound restrictions. Again, the pessimistic upper level objective function,
i.e., maxz minv∈S(z) vchemical, takes into consideration the impact of non-cooperative behavior
of the cellular organism.

As mentioned, the aforementioned pessimistic bilevel model has been studied in [5] to
generate biological significant solutions and insights. Different from that, we modify instances
to have random data and different sizes to understand our solution scheme’s computational
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capacity. Specifically, on top of the E.coli metabolic network, we randomly do: (i) perturb
vminj and vmaxj by up to 25%, (ii) add 6 reactions (i.e., arcs in the network) to have 120
reactions in total, and (iii) define a subset of reactions as removable ones for knockout. Note
that the whole network is rather sparse, given that it has 77 nodes and 120 arcs. In Table
2, which is in the same structure of Table 1, detailed computational results are presented,
where column “Rmvbl. Rct.” gives the cardinality of the subset of removable reactions in
the network, which determines the number of binary variables in the upper level; column “K”
defines the upper bound on the number of reactions to be removed.

Table 2: Computational Results of Pessimistic Bilevel Gene Knockout Model
Nodes Rmvbl. Rct. K DV CV Const. (U/L) Obj. T(sec.)

77 60 3 60 120 1/319 0.31 14.79
5 60 120 1/319 13.76 17.59
10 60 120 1/319 18.91 15.07
20 60 120 1/319 18.91 16.74

77 80 3 80 120 1/319 9.08 46.68
5 80 120 1/319 79.27 16.68
10 80 120 1/319 85.64 7.38
20 80 120 1/319 85.64 6.97

77 100 3 100 120 1/319 110.19 10.46
5 100 120 1/319 127.69 5.28
10 100 120 1/319 129.00 11.62
20 100 120 1/319 129.00 4.12

77 120 3 120 120 1/319 110.47 8.46
5 120 120 1/319 129.50 15.34
10 120 120 1/319 131.58 5.04
20 120 120 1/319 131.58 11.59

Observations on Computational Performance. Based on results presented in Tables 1-2
and Figure 1, we note that (i) the computing scheme presented in this paper demonstrates a
very strong solution capacity to deal with practical instances. This is more clear for bilevel gene
knockout model. Although it has hundreds of variables and constraints, its sparse structure
definitely reduces the computational burden. To the best of our knowledge, we have not
seen such scale instances have been computed in the literature. Indeed, we are not aware of
any substantial computational investigation on other methods or algorithms for pessimistic
bilevel optimization problems, except for a systematic study presented in [40] on an iterative
procedure to solve instances with a special independent property. Hence, our computing
scheme is probably the most general and also capable tool to solve practical pessimistic bilevel
instances. (ii) Nevertheless, we also observe that our computing scheme could be sensitive to
the size of instances. In Table 1, when the number of nodes increases from 17 to 22, there is a
non-trivial increase in the computational time. It indicates that if the problem is less sparse, its
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size could have a great impact on the algorithm performance. Hence, one future direction is to
develop various enhancements so that it can scale gracefully with respect to the problem size.
(iii) In terms of model’s outputs, there could be a significant difference between optimistic and
pessimistic ones. As can be seen in Figure 1, the optimal value of an optimistic model could be
very much higher than that of its pessimistic counterpart. Within an optimistic environment,
i.e., travellers are co-operative, one would anticipate that expanding a vehicle sharing program
with a larger budget, up to 200, would always lead to a better revenue. However, under the
pessimistic environment, the benefit from a larger budget might be much less significant or
soon have a zero marginal value. With such an observation, either a more accurate model to
describe travellers’ behavior is needed, or a strong-weak bilevel optimization can be employed
to derive a solution with the desired trade-off.

5 Conclusion

In this paper, we develop a tight relaxation of PBL and then design a simple computing
scheme that helps us derive a solution being both feasible and optimal to PBL. We also
discuss using this scheme to compute linear PBL and a few extensions. Then, we illustrate
our computing scheme on several simple PBL examples, and perform a systematic numerical
study on random instances of practical problems to demonstrate its effectiveness. Given that
this scheme has convenient interfaces to existing research on bilevel problems and displays
a strong computational capacity, we believe that it should be practically useful in solving
pessimistic bilevel problems arising from real systems. One future research direction is to
develop fast heuristics and problem-specific customizations to support this scheme so that it
is scalable to large-scale instances.
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Appendix 1: Reformulation and Decomposition Method for
MIP−PBL

We first provide the complete extended reformulation of R-PBL for MIP−PBL.

min cx + η :

s.t. A1x ≤ b1, A2x + B2cyc + B2dyd ≤ b2

x ∈ Rnc
+ × Znd

+ ,yc ∈ Rmc
+ , yd ∈ Zmd

+

η ≥ max
{
d1cyc + d1dyd −M1ya −Myf :

B2cyc + B2dyd − Iya ≤ b2 −A2x, d2cyc + d2dyd − yf ≤ d2cyc + d2dyd

ya ∈ Rl+, yc ∈ Rmc
+ , yd ∈ Zmd

+ , yf ∈ R+

}
.

Let Y = {y1
d, . . . ,y

|J|
d } be the collection of all possible values of yd. Then, by enumerating

yjd, j ∈ J, the last inequality can be equivalently written as

η ≥ d1dy
j
d + max

{
d1cyc −M1ya −Myf :

B2cyc − Iya ≤ b2 −A2x−B2dy
j
d, d2cyc − yf ≤ d2cyc + d2dyd − d2dy

j
d

ya ∈ Rl+, yc ∈ Rmc
+ , yf ∈ R+

}
∀j ∈ J.

Note that every constraint for j ∈ J can be reformulated through KKT reformulation method,
which eliminates max operation and leads to a single level representation of the extended
reformulation of this R-PBL. Clearly, for a real problem, such single level representation
could be extremely large. Nevertheless, a single level representation based on a subset of
J, e.g., the MP in the following decomposition algorithm, provides a relaxation and a lower
bound. Moreover, by dynamically expanding that subset with a critical yjd, which is determined
by solving SP in the following decomposition algorithm, we can have a tighter relaxation and
a stronger lower bound. Note also that a better feasible solution provides a stronger upper
bound, which can be done by comparing solutions from SPs. Hence, through iteratively
computing MP and SP, convergence to the optimal value can be achieved.

Based on the aforementioned reformulation strategy, we next describe the customized de-
composition method, i.e., the column-and-constraint generation algorithm [42], to compute the
extended reformulation of R-PBL for MIP−PBL. Let UB and LB be the upper and lower
bounds respectively, k be the iteration index and ε be the optimality tolerance. Note that in
the following MP formulation, yjd are constants for all j.

Column-and-Constraint Generation Algorithm for Bilevel MIP

Step 1: Set LB = −∞, UB = +∞, and k = 0.

Step 2: Solve the following master problem
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MP : Θ∗p = cx + η

s.t. A1x ≤ b1, A2x + B2cyc + B2dyd ≤ b2

η ≥ d1dy
j
d + d1cy

j
c −M1yja −Myjf , 1 ≤ j ≤ k,

0 ≤ yjc ⊥ (Bt
2cu

j + dt2cπ
j − dt1c) ≥ 0, 1 ≤ j ≤ k

0 ≤ yja ⊥ (M1t − Iuj) ≥ 0, 1 ≤ j ≤ k

0 ≤ yjf ⊥ (M − πj) ≥ 0, 1 ≤ j ≤ k

0 ≤ uj ⊥ (b2 −A2x−B2dy
j
d −B2cy

j
c + Iyja) ≥ 0, 1 ≤ j ≤ k

0 ≤ πj ⊥ (d2cyc + d2dyd − d2dy
j
d − d2cy

j
c + yf ) ≥ 0, 1 ≤ j ≤ k

x ∈ Rnc
+ × Znd

+ ,yc ∈ Rmc
+ ,yd ∈ Zmd

+

Derive an optimal solution (x∗,y∗c ,y
∗
d,y

1∗
c ,y

1∗
a , y

1∗
f ,u

1∗, π1∗, . . . ,yk∗c ,y
k∗
a , y

k∗
f ,u

k∗, πk∗), and
update LB = Θ∗p.

Step 3: If UB−LB ≤ ε, return UB and the corresponding (incumbent) solution. Terminate.
Otherwise, go to Step 4.

Step 4: Solve the following lower level problem for given (x∗,y∗c ,y
∗
d), which serves as the

subproblem.

SP : ϕ(x∗,y∗c ,y
∗
d) = max d1cyc + d1dyd

s.t. B2cyc + B2dyd ≤ b2 −A2x
∗

d2cyc + d2dyd ≤ d2cy
∗
c + d2dy

∗
d

yc ∈ Rmc
+ , yd ∈ Zmd

+

Derive an optimal solution (y∗c ,y
∗
d), and update UB = min{UB, cx∗ + ϕ(x∗,y∗c ,y

∗
d)}.

Step 5: Set yk+1
d = y∗d, create variables (yk+1

c ,yk+1
a , yk+1

f ,uk+1, πk+1), and add the following
constraints to MP. Set k = k + 1 and go to Step 2.

η ≥ d1dy
k+1
d + d1cy

k+1
c −M1yk+1

a −Myk+1
f

0 ≤ yk+1
c ⊥ (Bt

2cu
k+1 + dt2cπ

k+1 − dt1c) ≥ 0

0 ≤ yk+1
a ⊥ (M1t − Iuk+1) ≥ 0, 0 ≤ yk+1

f ⊥ (M − πk+1) ≥ 0

0 ≤ uk+1 ⊥ (b2 −A2x−B2dy
k+1
d −B2cy

k+1
c + Iyk+1

a ) ≥ 0

0 ≤ πk+1 ⊥ (d2cyc + d2dyd − d2dy
k+1
d − d2cy

k+1
c + yf ) ≥ 0

�
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Appendix 2: Analysis of Mixed Integer PBL in Example 3

The following formulation is the mixed integer PBL instance in Example 3.

min −8x1 − 6x2 + max(−25y1 − 30y2 + 2y3 + 16y4) (55)

s.t. x1 + x2 ≤ 10, 2x1 + 5x2 ≤ 13, x1, x2 ≥ 0 (56)

(y1, y2, y3, y4) ∈ S(x1, x2) = arg min
{
− 10y1 − 10y2 − 10y3 − 10y4 : (57)

y1 + y2 + y3 + y4 ≤ 10− x1 − x2, −y1 + y4 ≤ 0.8x1 + 0.8x2 (58)

y2 + y4 ≤ 4x2, y1, y2, y4 ≥ 0, y3 ∈ Z+

}
. (59)

We first consider the lower level problem defined in (57-59) for any feasible (x1, x2). Because of
the connection between its objective function and its first constraint, we note that an optimal
solution can always be obtained by setting y1 = 10−x1−x2 and the associated optimal value
is −10(10 − x1 − x2). Hence, the three-level PBL in (55-59) can be simplified as the next
bilevel problem

min −8x1 − 6x2 + η

s.t. x1 + x2 ≤ 10, 2x1 + 5x2 ≤ 13, x1, x2 ≥ 0

η ≥ max
{
− 25y1 − 30y2 + 2y3 + 16y4 : y1 + y2 + y3 + y4 = 10− x1 − x2

−y1 + y4 ≤ 0.8x1 + 0.8x2, y2 + y4 ≤ 4x2, y1, y2, y4 ≥ 0, y3 ∈ Z+

}
.

Moreover, comparing y1 and y2’s roles in the objective function and constraints, it follows
that y2 = 0 in any optimal solution, and constraints in the lower level problem can be further
modified to

η ≥ max
{
− 25y1 + 2y3 + 16y4 : y1 + y3 + y4 = 10− x1 − x2

−y1 + y4 ≤ 0.8x1 + 0.8x2, y4 ≤ 4x2, y1, y4 ≥ 0, y3 ∈ Z+

}
= max

{
2y3 + ω :

y3 ≤ 10− x1 − x2, y3 ∈ Z+

ω = max{−25y1 + 16y4 : y1 + y4 = 10− x1 − x2 − y3, −y1 + y4 ≤ 0.8x1 + 0.8x2

y4 ≤ 4x2, y1, y4 ≥ 0}
}
.

We separate y3 from other variables as its possible values can be enumerated. In case that
y3 ≤ 10 − x1 − x2 is violated for a particular y′3, we can set the corresponding objective
function value to −∞ by convention. Otherwise, the linear program problem defining ω is
feasible. The feasible set and the optimal solution is displayed in Figure 2, where two critical
points A and B are intersections of the first and second constraints, and the first and third
constraints, respectively. Their analytical expressions are (y1, y4)A = (5 − 0.9x1 − 0.9x2 −
0.5y3, 5− 0.1x1 − 0.1x2 − 0.5y3), and (y1, y4)B = (10− x1 − 5x2 − y3, 4x2). The one with the
smaller y4 coordinate, along with the line segment Q − P , defines the feasible set, which is
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the bold line in Figure 2. Noting that the dot line represents an iso-profit line and the arrow
represents the increasing direction to maximize ω, it is clear that either point A or B will be
the optimal solution, which leads to

ω = −45 + 20.9x1 + 20.9x2 + 4.5y3, or ω = −250 + 25x1 + 189x2 + 25y3.

In either case, we can, without changing y3’s feasibility (or infeasibility) status, always decrease

Figure 2: Solution of (y1, y4)

x2 and add the decreased quantity to x1 to achieve the same or a better (i.e., smaller, in terms
of the upper level DM) value for ω. So, it is sufficient to fix x2 = 0 for the upper level, which
actually renders point B as the optimal solution and ω = −250 + 25x1 + 25y3. As a result,
the original PBL in (55-59) further reduces to the following problem

min −8x1 + η

s.t. x1 ≤ 10, 2x1 ≤ 13, x1 ≥ 0

η ≥

{
27y3 − 250 + 25x1, if x1 + y3 ≤ 10

−∞, otherwise

for y3 = 0, . . . , 10.

With this formulation, the interaction between x1 and y3 and the resulting objective function
value can be easily analyzed. Let x1 = k + ε with k ∈ 0, . . . , 6 and 0 < ε ≤ 1 (noting that
ε ≤ 0.5 if k = 6). Then, feasible values for y3 are 0, . . . , 10−k−1 and the associated objective
function value is −250+17x1 +27 max{0, . . . , 10−k−1} = −7+17x1−27k = −10k−7+17ε.
Clearly, the best possible objective function value is achieved when k = 6. Moreover, the
smaller ε, the better (i.e., less) objective function value, which causes the infimum to be −67.
However, this infimum cannot be achieved. When ε > 0, feasible values for y3 are {0, 1, 2, 3},
while when ε = 0, feasible values for y3 become {0, 1, 2, 3, 4}. For the latter case, the objective
function value equals −250 + 17 ∗ 6 + 27 max{0, 1, 2, 3, 4} = −40. With the aforementioned
analysis, it can be confirmed that this mixed integer PBL does not have any exact solution.

Note that when ε = 0.005, the associated ε-optimal value is −66.915, which matches the
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pessimistic result computed for Example 3 in Section 4.1.
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