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1. Credit Default Models

(a) Structural (Value of Firm) Models.

X; - default index of " firm

dXZ = a,'dt + Uithi

(e.g., X; is the log of the value of the firm which satisfies a geo-
metric Brownian motion).

7; - (random) default time - the first time ¢ that X;(¢) falls below
a preassigned value b;(t).

u;(z,t) - survival probability density

wi(z,t)der = Prlz < X;(t) <z +dz |t <.



Kolmogorov forward (Fokker-Planck) equation

" guxx—aux, bt) <z <oo, 0<t<T
(,t) =0, z2=0(t), 0<t<T

(x,t) =0, x — 00, 0<t<T
u(z,0) = d(z — x), = > b(0)

g g g

Prir > t] = /b?; u(z,t)dr = P(t) survival probability

R.C. Merton - J. Fin 29 (1974)
F. Black & J.C. Cox, J. Fin. 31 (1976)

Inverse first crossing problem is a free boundary problem with
b(t), including b(0), to be determined.

M. Avellaneda & J. Zhu, Risk 4 (2001)
C. Zucca, L. Sacerdote & G. Peskir, preprint (January 2002)
Lan Cheng, X. Chen, J. Chadam & D. Saunders, SIMA 38 (2006)



Theorem: d! solution to the inverse first crossing problem.
Moreover, if Q(t) =1 — P(t), the default probability, satisfies

Q(1)
Ty

< o0

then

bt)
—4tnQ(t)

Numerical Scheme: I'(z,t) - Fundamental Solution

D(b(t).1) = /t D(b(t) — b(s), t — $)Q'(s)ds

SQ0) = Tu(b(0),0) — [ Tl ).t = $)Q/(s)ds

Solve F(x,t) = T'(z,t) — /Ot ['(z—b(s),t—s) Q'(s)ds for x = b(t)

using Newton-Raphson

bns1(t) = ba(t) —



Examples: zg=0, t~0
(a) Q(t) = At™, A, m >0, b(t) ~ —/—4dmtint

(b) Q(t) = A" A, m, i >0

—o0o m>1
b(t) ~ —pt ™2 L om=1 ast — 0
0 0<m<1

Example (b) with m = 1 is associated with the one case that has
an explicit solution:

b(t)=—b<0forallt>0

u(x,t) = F(az t) — I'(x + 2b,t)
(b—at /O’\/ﬁ _yg

\/_ / b—at /Uf dy

OPEN PROBLEM: Convexity of default barrier



Default Correlation

Simple model with two firms, no drift

dX; = o;dW/, X;(0) =0
E(dWrdW?) = pdt

Survival pdf, u(xy, z9,1) satisfies

2 2
o7 o

ut — ? uxlarl + p0102uI1$2 + 2

u(bv (t)7x2? ) =0= u(xlu b2( ) ) (t

u(0o, e, t) = 0 = u(xy,00,t), bt

Uy, bi(t) <x; <00, 0<t<T

) <wi<oo, 0<t<T
J<wmi<oo, 0<t<T
)

u(x1,2,0) = §(x1)d(22), b1(0) < ;7 < 00

where the default barriers by(t) and bo(t) are incorporated into
the joint survival distribution function

G( t) = Pr|n&m > t] through
/bl / 1'1,33'2, ded.Tl

One retrieves the single firm (marginal) survival probabilities,
P;(t), by taking limits b;(t) — —oo(j # 1)

bQEI{loo /bl(t) /bz(t) w(x1, T2,t; b1, be)drodry = Pyi(t); ie.,
U(xzy,t) = /_oo u(wy, x9,t;b1(t), —00)dxs
satisfies the 1 — D problem with
/ o Ular ydr = Pi(1)

OPEN PROBLEM: Correspondence between model and G(t,t), Py (t), Py(t).



For the explicitly calculable solution:

bi(t) —b < 0, constant:
b; /O-’L _y2
dy

== [
QD) 1= P(0) = erfe () - 2‘1’(@6@9

Pi(t

where & (x) e ¥"/2dy and G(t,t) can be computed

1 e
:\/g/_oo

explicitly as an infinite series

2 2

Gt = e %, 5 () e G e )

where [, is the modified Bessel function of order v

Oz:{tan(—\/ p?/p)if p <0
7+ tan~'(—\/1 — p?/p) otherwise

and, with ZZ = bi/Uia 1= 1, 2,
0y — tan_l[ZQ\/ 1— p2/(Zl — pZQ)] if [ : ] > 0
0 T+ [Zov/1 — p?/(Z1 — pZsy)] otherwise
o = ZQ/ Sin(eg).

G. Zhou, Rev. Fin. Studies 14 (2001)
S. Iyengar, STAM Appl. Math. 45 (1985)
A. Metzler, U. of Waterloo Ph.D. dissertation (2008)

G(t,t) = Prir&my > t] (related to) distribution of first exit
time F(t,t) = Prim or m» < t] =1— G(t,1).



One can also obtain the joint cuammulative survival distribution

function (J. Huang, B. Shi & L.-K. Tsui; A. Metzler, section 2.4
of thesis)

G(tl,tg) = PT(Tl > 1 and Ty > tz), (tg > 11 say)

[ (%) F(r,0,t,) dr df

in terms of the survival pdf

F(r,0.1)) = T ) 2 io: sin(nﬂe) Sin<n7'('(90> | <7"7“0)

aty n—1 «Q «Q o 11

(solution of 2 — D problem with constant boundaries).

The associated joint survival pdf

g(tl,tg) = PT(tl < <t + dtl,tg < Ty <9+ dtg) = —h(tl,tg)
T Sin o ( 7“8 ty — t1 cos 2« )
= — exp (——
202\/t1(ty — t1)V/to — t1 cos? 2ty (ta —t1) + (to — t1 cos 2q)

00 7 2(ty —
< 5 sin(MT0) e (ol t/h )
n=0 Q 2o 2(t2 — tl) + 2(t2 — 11 Ccos 204)

Note: Joint default probability,

PT[TQ < tl& To < tz] = H(tl,tg) =1- Pl(tl) — Pg(tz) + G(tl,tg)
= Q1(t1) + Qa(t2) — 14+ G(t1, t2)



(b) (Gaussian) Copula Models

U; = Qz(tz) = P?“(Tl < tl) : (O, OO) — (0, 1)
U; = Q;(7;) is a uniform random variable.

Gaussian copula for the joint default probability with given
marginal default probabilities is

Hy(ty,t2) = <I>p(<I>j11(Q1(t1)), <I_>1—1(Q2(t2))
. /‘I’ (@) /‘I’ Qb)) - (u3+u3-2punuz) 2(1-2)
2my/1 — p? /oo

—00

du2du1

Note:

Hg(tb OO) - (I)p(q)il(Ql(tl))a OO)
@71 101 2
/ (Q1(t1)) e~ /de — Ql(tl) as req7d



2. Comparison of Structural vs. Copula Models
(a) Tail dependence (P. Schonbucher, p. 332).

Hy(t1,t2) = @,(271(Q1, (1)), @1 (Q2(t2)))
= ®,(P (), P (uz)) with u; = Q;(¢;)

= C’(ul, UQ)
C(u,u .
hrr(l) (u, 1) = Az, lower tail dependence parameter,
uU— U
1+ C(u,u) — 2u .
hn} * i ) = Ay, upper tail dependence parameter
u— — U

For copula models this is independent of the marginals and de-
pends only on the copula chosen; for the Gaussian copula with
—1<p<l1

)\L =0 and >\U =0

Gaussian copulas are tail independent; extreme events occur al-
most independently of each other.

In the structural model

H(t, Q' (@) _ . H(Qr (Qa(1)), 1)

ME T T Q.
\y = 1 CEQIQD) _ o GQ (1))
t=oo 1 —Qq(t) t=oo 1 —(Qt)

which clearly depend on the marginals.
In the simplified model with —1 < p < 1

Open Problem: Behavior at next, non-trivial, order
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(b) Calibration to (Simple) Credit Default Swaps (CDS)

D. Brigo and E. Errais, preprint (June 2005)
J. Hull, M. Predescu and A. White, preprint (November, 2006)
J. Hull and A. White, J. Derivs., 14 (2006)

Pr(m or mp <t)=Pr(m <t)+ Pr(nn<t)— Pr(n &n<t)
F(t,t) = Qu(t) + Q1) — H(t,t) =1 - G(X, 1)
(i) Merton single horizon pricing
A first-to-default credit default swap, FtD CDS, pays $1 when
either name defaults. In the Merton, single time horizon version,
if either fails to redeem a $1 bond at its maturity 7"

Price of FtD CDS is present value of contingent cash flow

MW = e=T F(T,T)
=e ' (1-G(T,T))

Calibrate correlations to get same prices; i.e.,

MY (p,T) = MV (p,T) & G (T, T) = Gy p(T, T)

(ii) Dynamic model (barrier crossed)

M<1>:/ << t))dt

0
- / d t,t))dt
= —(e MG, t))\o —r /0°° e G(t, t)dt
—1—r [" e Gt t)dt
MO (p,r) = MO (p,r) & [7 e TGy (t,0)dt = [7 e Gy ot 1)t

S

11



(c) Default clustering
Serial correlation of defaults but not contagion which might re-
quire feedback.

i)P’f’(TQ :/t2’T1 = tl) = PT(TQ = t2,7’1 = tl)/PT(Tl = tl)
= h(t1,12)/Q1(t1)

/Oooh(tl, t1 + S)dtl s> 0
(PG == 5) =
/0 h(tz — S, tg)dtg s<0

(447) Tanax = Max (7T, T1), Tnin = Min (72, 71).

PT(Tmax — Tmin = 5) = /Ooo[h(t, t+ S) + h(t + s, t)]dt

12



Open (Numerical) Problem: Repeat above comparisons for
arbitrary marginals.

Open Problem: Structural models with jumps, stochastic volatil-
ity or regime switching.
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