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P 5.3 HEB) The force constants for Hy and Bry are 575 and 245 Nm™, respectively.

: . i 1, e~ .
Calculate the ratio of the vibrational state populations — and — at I'= 300 K and
JIU JIU

T=1000 K.

5y g 1 { 1 ke
The vibrational energy is given by £, 2(}1 + ?] v =( n+—|h v

Chem 1410
Problem Set 5
Solution Key
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PEL)
BERE) The '11°°Cl molecule can be described by a Morse potential with D, = 7.41 »
107" J. The force constant & for this molecule is 516.3 N m™ and v = 8.97 < 107 57",
a. Caleulate the lowest four cnergy levels for a Morse potential using the formula

I -“,V 2 2
E,,:lw(n-f-— L) .=z+l _
2) 4D 2

b. Calculate the fundamental frequency v, corresponding to the transition 7= 0 —s 1 = |
and the frequencies of the first three overtone vibrations. How large would the relative
error be if you assume that the first three overtone frequencies are 3v,, and 4v, 7

[ R
2,

(6,626 107 5%8.97x10%5™ )|

)
2%,

) ( 3 :
() [u-i"n];] =6.626107" 1 $x8.97<10%s™ 'x[ n+

4D,

|-
. )

4y 741107
£, =5~944><10‘1"><[ H+HJ—1.1=)2:<1(;1'-"><[ m-éJ I

2ZYUERIT T
=8.647x107°7J
=141 1x1072 7

o

13

E; =1.934%107" ]
E—E _8.647x107%J-2942x107°) _ ]
Wi = = WY = T —=3.61x10"3
h 6.626 107 J g
E ~E 4.1 1% 107 ] 29425107
Wi =t Lo l b B =1.69% 10" 5™
/i 6.626< 107" ] s
oo i T ) =20ig A9 w1120
g, . 5 £ —E, _19.34x10 _J 3_?4: x {7 | 5
h 6.626%10*Ts



' 2
% il o Sl
) = s =l — ] BOuyg
Error(v,_,) = e
(J=2
Vi_n BDH_] A 570/
= : s ! =—4.57%
Error(v,. ;) = v e
{12

PE 17) M) An infrared absorption spectrum of an organic compound is shown in the
following figure. Using the characteristic group frequencizs listed in Section 19.6, decide
whegher this compound is more likely to be ethyl amine, pentanol, or acetone,

bsorbtion Intensic
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Wave numbers |cm'1}

The major peak near 1700 cm ' is the C=0 stretch and the peak near 1200 em ™ is g
C-C—C stretch. These peaks are consistent with the compeund being acetone. Ethyl
amine should show a strong peak near 3350 cm™ and pentenol should show a strong peak
near 3400 cm . Because these peaks are absent, these compounds can be ruled out.

Pg. ,q ) M The rotational constant for "*'I "By determined from MICrowayve spectroscopy
1 3 " s e 127 1 79 s =3
is 0.1141619 cm™. The atomic masses of 2 [ and Brare 126.904473 amu and
& . - " - 2? ’fl'{ .
78.918336 amu, respectively. Calculate the bond length in "*"I""Br to the maximum

number of significant figures consistent with this information.
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~[n Problem P19.19 you obtained the result J,, =—

s

P&.20) [

—I—i. Using this

fi

result, estimate 7" for the simulated 'H”’Cl rotational spectra in the following figure. Give
realistic estimates of the precision with which you can determine 7" from the spectra.
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For the upper spectrum, Jyue = 2 in both the P and R branches.

5% 5 (1.054%1077 5’

= 2 5 =
d3¢ 1.007834.9687 amux1.1.661%10 " kgamu™ ><( [.2746 ><10_mm)_ % 1.3807x 10721 K™
1.0078 + 34,9689 '
T=190 K

Setting Jyae = | and 3 gives temperatures of 68 K and 372 K. Given an uncertainty of
0.5 in Jauy a reasonable estimate of the temperature in the upper spectrum is
190 K70 K.

For the lower spectrum, ./, = 3 in both the £ and R branches. giving 7= 372 K. Sctting
Jmae = 2 and 4 gives temperatures of 190 K and 616 K. Given an uncertainty of £0.5 in
Jimar, @ Teasonable estimate of the temperature in the lower spectrum is 372 [K£ 120 K.

Evaluating the intensities for all values of /and not just /... would reduce the uncertainty
considerably. The spectra were caleulated using values of 150 KK and 320 K.



(0) a) In region Il (inside the box), the Schrodngq. reads:

) _

om o #(%) [Regionl]

The solutions to this diff. eq. are (modulo norraation factor)exp(k (E )x),exptik E )x; or,
equivalently,sin(k (E)x), cosk (E)x;, with k(E) =v2mE/#.

In regions LIl (outside the box), the Schrédingey. reads:

_h_azzp(x)+
2m 0x?

Vo (X) = Bp(X [Regions 1III]

The solutions to this diff. eq. for E<V, are (modulo normalization factor)

expk (E)x),exptk E X, with k(E) =/2m(\, - E) /7.

Now, in region lll, theexp (E )x) term must be disregarded (it blows upxas ). In region
Il, thecosk (E)x) must be discarded, since we are seeking odd-paotytions. Thus
Y, (X) =sin(kx). (We can choose the scale factor in front ofdimefunction to be 1, since we

are not concerned here with the overall normalratiof the eigenfunction.) And:
Y, (X) = Ae“. [Note: the scale factdk is not arbitrary in this region, but must be chosen

that ¢/(x) is continuous atx=a/2.] Finally, in region I, theexp(« (E)x) term must be
discarded (it blows up as— -»). Thus we obtaig, (x) =—A€™. [Note: If a particular
constantA “works” for the matching of solutions at=a/2, then—A will work at x=-a/2,

and the overall eigenfunctiafi(x) will have odd parity.]
b) Matchy,dy [ dx atx=a/2:

() w(al2): sinka/2)= Aexptkal2

(i) dg(al2)/dx: kcoska/2)=-«k Aexptkal2

Dividing (ii)/(i) leads to the equationcot(ka/2)= -« /K.

o N : N /V -E
Then, utilizing the definition ok, noted above, we obtaincotf Zg;an): - OT QED.

[Note: performing the same matching processxata/2 leads to the same quantization
condition.]



c) Converting the quantization condition obtained) to the dimensionless form

—cot(’—ZTJE )=,/% [A1]

(see the PS statement for the definitiorvgf, we plot the I.h.s. vs. the r.h.s. of this equatior
v, =30 in Fig. Al:
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Fig. Al L.h.s. of Eg. Al: solid black line; r.h.s. of BAL:
dotted blue line. [Dashed green lines indicate \takies
£ =4,16.] Note maximum abscissa valueis 30.

From Fig. Al, we see that there are 3 intersectadribe I.h.s. and r.h.s. of Eg. Al in the range
0< <y, and thus there are 3 odd-parity eigenfunctiomdiced within this bos.



(1) Basic Principles of Rotational Spectra

Pg.19)
Because the intensity of a transition to first order is proportional to the

population of the originating state, the ./ value for which the maximum intensity is

observed in a rotational-vibrational spectrum is not generclly J= (. Treal./ in the

o o ”J = ;g..’ "“:Ij-f;qr]/::'f' — (2 —.l'|'IJI_ i '--E],-"I.'.f.{'a" P e o R t 1\
equation —====¢ i ={2d4T)e as a continuous variable.
M S

a. Show that
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20 kT
d[.i’i]
2 g F1) 1
b) Show that setting ——22 = () gives the equation 2 T ) 0
g 2L &Y

d[ LJJ
251V B/ s
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d/ 20T
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20T

cancelling ¢

3. 2

o , o 1| [41kT
¢) Show that the solution of this quadratic equation is .J__ e \/ s l]
2 fi

27+ 1) W, 22K
( T W2

2-= =l = JE == J = 2=0
20kT 1kT kT IkT
s _ . 1, N2 20T
Solving this quadratic equation, J, =——%t—. ]|
7 =T 2 2V A

Only the + solution gives./ >0
1| [dLkT
*max 2 h:




Ps'_ é,) (2) Quantum Mechanical Tunneling through a 1D Potential Energy Batrrier:
a)

I SR,
wlx)=de "% +Be VI = et s gk Region |
N E!.-ul’ JT—T'J_ 5 IIETE]:TJ
f 2 i ‘ | R —_,:;_T’__ ' S N o - T o .
wlx)=Ce" ¥ +De =C e+ De Region 11
. 2mE [2mE
( Sy B e W + pk v =ikR .
wlej=Fe """ +Ge Y = [le +Ge Region 11

Alx = 0, the boundary between regions | and 11, set the amplitudes of the wave functions equal.
A+B=C+D
Differentiate the wave functions and set ¢ = 0.
ikd —ikB=—xC+xD
A~ B=—E(_c4p)
k

Atx = g, the boundary between regions II and IIL. set the amplitudes of the wave functions equal.
g™ g™ = F grks
Differentiate the wave functions and set + = «.
—KCe™ "+ el = etk

ik

_CE—\'::__'_D ew«'a = Fc-ﬂk.:
A

b) We begin by el iminating B from the set of equations.
Solving ik A—~ik(C+D—A)=—-xC+xD for A gives

(fkfh‘)C+[ffc+f()D

2ik

2 I‘_fficu ___De-l-a'a

e

Rewriting Ce™ + De™ = F ¢ in the form C=

and substituting this result into — xCe™ + & D™ = f o/t gives

=, o e N Lt O o A 2T
e™MatxrDe™ =k Fe™ or

—xa
&

K-(Fer'ku — Dgtte 3
~KF ™ +2kDe™ =ik Fe*
resulting in an equation relating D and #

. it i} ika
ike™ +xe™t |
D e _—__,______j-f

B e
2xe

Torelate C and £ we begin with the two equations



Cots D™ =Fe™* and ~xCe "+ xD &> =ik Fe™*
Salving the second equation for ¢ and using our result for D,
we obtain

ik elkn + A’E“m
N . ~ _tikn K + Kir
. KkDe —ikFe 2Ke

5 =
“\a —Kd

Xe Ke

F] eu:a _I;kFe--Hn -

#ikao

. La
. —ike" " +xe
C= Yie "
Xeo

I

¢) We now use the expressions for ¢ and D in terms of F to express A in terms of F.
(ik—x)C+(ik+x)D

We substitute these expressions for C and D into A = 3
ZI1K

giving

tika . j‘uka o +ika
(ik - &) Fa(iken) L 2EE

e 2xe¢ " 2xe "
’ 2ik

—ike'™ v xe

. . A -
d) To ebtain the railo—];, we proceed as follows.
y

eﬂkn _ _ .
pik A= [(ik—-&)(=ik+x)e™ +(ik+x)(ik+Kx)e™ |F
e S ik )it ) )ik )]

wlka

e g . . 3 e A
2ik A= , (k-e ko ik ke — P +2ikxe™ v e ]f*

X' -
. . : et —e™t e +e
Using the definitions sinh.x = and coshx = =
s

F dikxe ™t ~ dikrxe ™

rs (& uxl](e“"’ —e““’)+2:'k x(e*“ —e'“’) 2(!{2 -—r’)sinh xa+4dikxcoshka

F* . dikxe™ ~4ikxet
A 2(!{2 m}.")sinh xa+dikxcoshka 2(k2 s a‘*z)si.nh xa-4ikxcoshxa
F? 16(k &)’ B 16(kx)

Ve 4[k2 —zc”’)sinh2 xka+16(k ;1\’]1 cosh? Kd 4(!1:1 £ .&’z)s'mhz xa+16(k »'c')2 (1-&* sinh’ A'n)

> Inthe last step, we have used the r-::lal.i'o%inh2 x +cosh? x =1




Chapter 16/The Particle in the Box and the Real World

Our final result i1s a rather compact equation.

16(xk) !
4 -

(k) + [4(;’(1 - K J +16(kk) isinh" (ka) " {k3 + &7 ) sinh® (x°a)
‘ 4(xk)

1

. Fl i
¢) Plotting l-—f- as a function of £, we obtain the following graph. By replotting the data

&

over a smaller interval near £ = 1x 107 J, we find that |—| = 0.1 for E=1.5x 107" J

and 0.02 for E=1.1x 107" J.
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f) The transmission probability as a function of the barrier width is shown below. The
probability is 0.2 for a width of e =32 < 10" m
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For xa>1, sinh(xa)=cxp(ka)/2 . Thus:

(k* + K2) exp(24a)

The final approximation follows since
FR o ToTow 16k°&°

> for xa>1. QED.

A plot of the exact vs. the approximate transmission probability formulae is provided in Fig. A2
for one set of system parameters. Note that the approximate formula works well except when the
system energy is nearly equal to the barrier height. (Why?)

0.2 T T T T
— Pex(E)
==+ Pap(E)
0.15[
0.1
0.05[
0
0
E
Fig. A2. Plot of exact transmission probability
formula, Pex, vs. approximatec transmission
probability formula, Pap, as function of energy E.
System parameters are:m=h=1,a=1,V,=10.




