Chem 1410: Solutions for Hand-1n Probl ens.

1) (2 points) Consider XpF(X)= X_E OZ(X)
| X

(i)
Now consi der :

BxF (%) ﬁ%%{”ﬁ%* F(x)} (i)

Subtraction (i)-(ii), we obtain: [Xp—pPX|F(X) =iaF(X), CQED.

2) a)(2 points) The Gaussian f(X) is an even function (symetric about

x=0); sin(jx) is an odd function (antisymetric about x=0). The product
of an even and an odd function is an odd function. That is, f(x)sin(jXx)
is an odd function. [Plot it if you have doubts!] The integral of an

odd function over any interval positioned symmetrically about x=0 is O.

That is the case with the integral which defines b,. Hence b =0.
b)(2 points)If o<<m, then the Gaussian function f(x) has decayed for

all practical purposes to O by the time x=zm. Thus, the integrand f(x)

is identically 0 from [/f;0] and from [-o,—77], and hence extending I_n to

I_m does not change the result. [Note: these argunents are also valid

when f(x) is replaced with f(x)cos(jx), since |cos(x}< 1]

c)(2 points)i) Using the integral identity with paraneter y=0, we see
t hat

Imdﬁ(x):1, and hence aozzi.
- T

ii) Using the integral identity with parameter y=j, we see that
[~ o (9 cos(ix)= exptj?0? /2, and hence ¢ ==exp(-j’? /2).
oo T

d) (2 points) Results for f,(X), fs(X) (showing the periodicity of the
Fourier expansion on an interval of 27) are conpared to f(X) (on the
interval [-777) in Fig. Al for the case that ¢=0.5. Note that f,(X)
(i.e., N=2 in the Fourier expansion) is not fully converged w.r.t. f(x),

but f,(X) is. (Plots of f ;(X), N>6 [not shown] are indistinguishable from
the N=6 case.)



e) (2 points) Results for f,(X), fs(X) (showing the periodicity of the
Fourier expansion on an interval of 277) are conpared to f(X) (on the
interval [-7;,71]) for the case that 0=0.25 Note that neither f,(X)

nor f,(X) is fully converged, but by N=10-15 the Fourier series does

converge (cf. Fig. A3). This behavior is expected: as the Gaussian f(X)

becones nore narrowWy localized in space, it takes a w der range of
wavevectors in the sine/cosine expansion to build up the Gaussi an near

x=0, and to sumto zero (by destructive interference) for [X>0.

[Note: This is an allegory for the Hei senberg Uncertainty Principle,
since the eigenfunction of the nomentum operator P corresponding to

momentum val ue p is the plane wave exp(px/h), i.e., a cos/sin wave
correspondi ng to wavevector p/#.]
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Fig. Al: Plots of f,(x),f,(x),f(x) for
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Fig. A2. Plots of f,(x),fs(x),f(x) for

0=0.25
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Fig. A3. Plots of f,(x),f(x) for 0=0.25.




2’,5.) g] Show (hat a-+ib _ac+ hd + :'(b(_" = (;d)_
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2 ) Dctermine in each of the following cases if the function in the first column 1s an
eigenfunction of the operator in the second column. If so, what is the eigenvalue?

; ; )
a) sinfcos@ ——
dg
27 | o
lﬂ g 3 =
xdx
. sinfl d
¢)sinf? —
cos@ df
: _ d
a) sinfcos¢ —
do
(§ . 0 . . - -
?sm G cos@=—sin@sing. Not an eigenfunction
ot
P l {f
by e /2 il
xidx
l (f’ —Lfi 2 "1,\[ 3 A = i
g 1 =g % Eigenfunction with eigenvalue —1
xdx
; sinf d
¢) sinf —
cos @ dO
sin d . _ = . iy b
—sin@ =sind Eigenfunction with eigenvalue +1

cosf do

) 7 RS - - = - - .
2.1S Be==m®) \Which of the following wave functions are eigenfunctions of the operator

o [y 2 1 they are eigenfunctions, what is the eigenvalue?

alae b hes® By el5? sl ; _ il
' V) s c)e d) cosax e) e ™

2 3¢ 3ik)
d? (ae™ + be™*

a)l ; =Qae™r —9bhe"
dx

Not an eigenfunction

b d®sin® x .
)) —————=-28m x+2cos x

— Not an eigenfunction
{1'?2 LJ_“
C —_— —X Py, ~ - - -
) T e Eigenfunction with eigenvalue —1

2
dcosax .
—— ==yl C0Sa X

I Eigenfunction with eigenvalue —a”
(:I': J_"(‘I v 3

\.'J L = _-':,! ,ohe - 4 2 . ix" 5 - "
= x‘e Not an eigenfunction



P2.18) _

) Find the result ol operating with —[{—T -4 x?
ey

2

on the function ™™ . What must
the value of a be to make this function an cigenfunction of the operator?

=Y = Jga

__J_J—.n" L e PR = )
—dxe +aa e =-Pger y 4((13 —-]]-Y'c-"“

For the function to be an eigenfunction of the operator,

vamsh. This is the case If g =41,

22)
é) Normalize the set of functions ¢ (0)=e", 0<0<2x T

murllph the ﬂlf’tb[lﬂlH by a so-called normalization constant N so th

NN -J'Q (9 (6)d6=1 for m=n

the terms containing x*¢ ™ mus

o do so, you need to

at the integral

‘i Ir

VAN | e e"dG = NN Ja’@ =27 N N' =1 Thisis satisfied for N =

l
. N = and the
k- N2

normalized functions are ¢, (@)= e, 0=@<om

P2.30) . 1
BES) | o [ }uul [ ' ] represent the unit vectors along the x and y directions,
0 |

‘cost —sind o - |
respectively. The operator | effects a rotation in the x-y plane. Show that
’ smé  cosd

N
o

l 0 . o
the length of an arbitrary vector [ = a[{)}b b( IJ’ which is defined as Ja® +b%, is

]
A

unchanged by this rotation. See the Math Supplement for a discussion of matrices.

(cos@ —sinB\(a)| [(acosé—bsind)
|\ sin¢/ cos@ J\ b - Lu siné + beos HJ

The length of the vector is given by

\f[u cos @ —bsin @) + (asin@ +beos0) = (¢ cos® 0+ b” sin® @ ~ 2absin 6 cos 6

= . /2
+a’ sin® @+ b* cos® @+ 2absin 0 cos 6)"

22 . 2 2 3 3 ik
= Ja" [cos” @+ sin® 8) +b* (cus &+ sin ()) =a +b
¥

['his result shows that the length of the vector is not changed.
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