Math 0031 Sample Exam 2

Spring 2017 Solutions

1.

2.

Find a polynomial function f(x) of lowest degree with rational coefficients that has the
numbers 1+4 and /3 as its zeros.

Solution: Since the coefficients are rational, the conjugates of 14+ and /3 are also zeros.

These conjugates are 1 —i and —+/3. Then

/()

= (@ —(1+9))(@— 1 =)@ - V3)(z - (-V3))

=((@-1) =)z 1) +i)(@ - V3)(z +V3)

I4

(x—1)2 —i%)(z® — (V3)?) = (2> — 20 + 1+ 1)(2® — 3) = (2% — 22 + 2)(2? — 3)

— 203+ 222 — 322+ 62— 6

Answer:  f(z) = z* — 22° — 2% + 62 — 6.

Consider the function f(z) =

(a)

34 x? — 2
x2—-1

Determine the domain of the function.

Solution:  This is a rational function. Therefore it is defined everywhere except
points where the denominator is zero: 2> —1=0 < (z+1)(z—-1)=0 <
r=—1,z=1

The domain of the function is D = (—o0, —1) U (—1,1) U (1, 00).

Determine the vertical asymptotes of the graph of the function, if any.

Solution:  We factor numerator and denominator and try to simplify the function:

f) v +2—-2) zx+2)(zr—1) z(z+2)
€Tr) = = - .

(x4 1)(x —1) (x+1)(x—1) r+1
The graph of the function has vertical asymptotes when the denominator is zero, i.e.
x4+ 1=0. Therefore x = —1 is the vertical asymptote.

Determine the horizontal asymptotes of the graph of the function, if any.

2 242
Solution:  After simplification f(z) = x(le ) =2 —:_ 1x.
X xXr
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The degree of the numerator is not the same as the degree of the denominator.
Therefore the graph of f(x) has no horizontal asymptotes.

Determine the oblique asymptotes of the graph of the function, if any.

Solution:  The degree of the numerator is 1 greater than the degree of the denominator.
Therefore the graph of f(z) has an oblique asymptote. We use synthetic division to
find the quotient:

2
2
fla) = = @+ 20) 5 @+ )
-1/1 2 0
-1 -1
1 1) -1

1
Therefore f(z) =z +1— 1 and y = x + 1 is the oblique asymptote.
x

[ An alternative solution:

42 *+2x+1-1 (z+1)2-1 1
r+1 r+1 r+1 z+1

]

Sketch the graph of the function f(z). Draw all asymptotes. Mark the asymptotes
and points outside the domain, if any.

Solution:
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Figure 1: Graph of the function f(z).
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r—4 x+2
3.  Solve the i lit < )
olve the inequality T3S 71
—4 2 —4 2
Solution: x <ac—|— x T <0

<:> J—
+3 -1 r+3 x-—1

(r—=4)(x—1) = (x+2)(x+3) 22 —5x +4 — (22 + 5z +6)

<0 <0
(x+3)(x—1) - (x4 3)(x — 1) -
2 —br+4—a2>—5xr—6 —10x — 2
< & <0
(x+3)(x—1) (x+3)(x—1)
—10(z 4+ 0.2) <0 o z+0.2 >0
(x+3)(x—1) (x 4+ 3)(x—1)
sign — + — +
Zero -3 —0.2 1
o Y o
multiplicity 1 1 1

Answer: z € (—3,—0.2] U (1, 00).

4. Using the definition of one-to-one function show that h(x) = x*+22%—5 is not one-to-one
function.

Solution: Let a =1 and b= —1. Obviously a # b. On the other hand
h(a)=h(1)=1*+2-1-5=1+2—-5= -3,
h(b) =h(=1)=(-1)*+2-(-1))=5=1+2—-5= -3 = h(l) = h(a).

So we found two numbers a # b for which h(a) = h(b). By the definition of one-to-one
function if a # b then h(a) # h(b). Therefore h(z) is not one-to-one function.

—1
5. The function f(x)= x—+2, x > —2 is one-to-one. Find its inverse when f(z) < 1.
x
-1 -1
Solution: 1. y= ‘ 9. z=2__
T+ 2 y+2
3 vl ) 1 +2 1 2% — 1
Lr=—, =y—1 = r=y—1, zy-y=-2r—-1,
Y2 Y Y Y Y y—y

20+ 1
r—1

(x—1y=—-2z+1), y=
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4. f~lx) = —2;j11, r <1

6. Find
(a) logs Solution:  logs 5= = logy 373 = —3.
(b) logg, 4 Solution:  logg, 4 = logg, 64'/% = 1.

(c) log+/100,000 Solution:  log+/100,000 = log V105 = log 10°/? = 3.

log- 81
(d) % Solution:  Using the Change-of-Base formula:
085
log; 81
= log; 81 = logy 3* = 4.
logs 3 083 083
7. Simplify
(a) logs(ss - 135) Solution:  logs(z= - 15z) = 1085 55 + 1085 15z
= -2+ (-3) = —5.
b) log#® + log — Solution:  log# +log - — log L% _ 1og 13/
(b) log —l—ogt\—/]_f olution:  log —i—ogm—ogm—og x
= %logt + log x.
(¢) 4lna®? +51n /42 Solution:  4Ina®? +51ln Y/y2 = 4lna®? + 51ny?/°
=4- %lnx+5-§lny:61nx+21ny.
8. Solve equations
(a) 3*8 =9 Solution:  3**78 =97 & 38— PO o

20 —8=4—-2z & 4dr=12 & x=3.

(b) In(2z —2%) =0
Solution: 2z —2?)=0 & 2r—2°=1 & 22-2x+1=0
& (r—1)%2=0 & z=1 isa possible solution.

Domain: 2z —2*>0 & z(2—-2)>0 & 1z€(0,2).
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9.

P40) = Re'"=2P & =2 & 40r=mln2 & r=

Answer:  The exponential growth rate is r =

Answer: x = 1.

(c) logs(z +6) — logs(z + 2) = logzx

6
Solution:  logs(x + 6) —logg(z +2) =loggx < loggm—j_Qzloggx
x
r+6 9 9
=7 & r+6=2(r+2) & r+6=2"4+2r & 2°+r—-6=0.
x

< (r+3)(x—2)=0 & x=-3 or z =2 are possible solutions.

Domain: z+6>0, t+2>0,and >0 < 2z € (0,00).

Answer: x = 2.

A country’s population doubled in 40 years. What is the exponential growth rate? Leave
your answer in exact form.

Solution:  Let r be the exponential growth rate, ¢ - time, and P(t) - population.
Then P(t) = Pye™, where P, is the initial population. We have

In2
40
In2
40



