Math 0230 Calculus 2 Lectures

Chapter 8 Series

Numeration of sections corresponds to the text

James Stewart, Essential Calculus, Early Transcendentals, Second edition.

Section 8.1 Sequences

A sequence is a list of numbers written in a definite order. It also can be treated as a function
defined at the integer numbers only. A sequence can be finite or infinite.

Notation: ay, ag, as, ... , an, ... {a1,a2,as,...} {an} {an}
{as, as, as, ...} {an}Zi4

117 1 11 1
Ezample 1. (a) { — anp = —, Loy =
n n 2°3 n

n=1

(b){ ™ }00 . V3 V3 g

sin? L an :sm?, 0,7,7,0, .,sm?,
—1)" 2 ) °© —1)" 2 2 —1)» 2
(o [V o, = 2 [y 9y 259 (=)t
2n e 2n 8 32716 2m

(d) The Fibonacci sequence { f,,} cannot be represented by a formula and is defined recursively:

fl = 17 f2 = 17 fn - fnfl + fn72 for n > 37 {17 1727375787 137217 }

4 5 2 7
Ezxample 2. Find a formula for a general term of the sequence {1, 9’97 27 9437 }

2
Solution: a, = n;:

As we can see the terms of this sequence are getting smaller and smaller closser to 0.

Definition A sequence {a,} has the limit L:

lim a, = L
n—oo

if the terms a,, can be made as close to L as we like by taking n sufficiently large. If the limit
exists, then the sequence is called convergent, otherwise it’s called divergent.

If lim f(z) =L and f(n) = a, when n is an integer, then lim a, = L
n—00 n—00



Definition lim a,, = co means that for any positive number M there is a positive integer N
n—o0

such that if n > N, then a,, > M.

Limit Laws
If a,, and b,, are convergent sequences and c is a constant, then

lim (a, + b,) = lim a, + lim b,
n—oo n—oo n—o0

lim (a, — b,) = lim a, — lim b,
n—oo n—o0 n—oo

lim ca,, = ¢ lim a,
n—oo n—oo

lim c=rc
n—oo

lim (a, - b,) = lim a, - lim b,

n—oo n—oo n—o0
a lim a,
lim — = 27% if lim b, # 0
n—oo b, lim b, n—00
n—oo

p
lim a? = [lim an] if p>0 and a, >0

Squeeze Theorem If a,, < b, <¢, for n > N and lim a, = lim ¢, = L then lim b, = L.

n—oo n—oo n—oo

such that if n > N, then a,, > M.

If lim |a,| =0, then lim a, =0
n—o0 n—o0

1
Ezxample 3. Find lim nt

n—oo 3n — 2’

Solution:  Divide numerator and denominator by the highest power of n that occurs in the
denominator and then apply the Limit Laws

lim 1+ lim 1/n

. n+1 . 1+4+1/n o0 e300 1+0 1
lim = lim = — ’ = = —
nso3n—2 n-03—2/n lim3—-2lml/mn 3-0 3
n—oo n—oo
R G
Ezxample 4. Find lim )
n—oo N 4+ 1
—1)" 1
Solution:  lim (=1) =
n—oo | M + 1 n—oon + 1
1 1 . .1
0< < —whenn>1. lim 0=0, lim — =0.
n _|_ n n—00 n—oo N,
—1)»
Then by Squeeze theorem lim =0 and lim (=1) =0.



Continuity and Convergence Theorem If lim a, = L and the function f is continuous at
n—oo
L, then lim f(a,) = f(L).
n—oo

The sequence {r"} is convergent if —1 < r <1 and divergent for all other values of .

lIlmr=0if —1<r<l1

n—oo

Definition A sequence {a, } is called increasing if a,, < a, 11 for all n > 1. It is called decreasing
if a,, > a,4q for all n > 1. A sequence is called monotonic if it is either increasing or decreasing.

Definition A sequence {a,} is bounded above if there is a number M such that a, < M for
all n > 1.

A sequence {a,} is bounded below if there is a number m such that a,, > m for all n > 1.
If it is bounded above and below, then {a,} is a bounded sequence.

Monotonic Sequence Theorem Every bounded monotonic sequence is convergent.



Section 8.2 Series

1 1 1 1 1 1

Ezample 1. /2 = 1.41421356... =14+ 4- — +1-— 44— 42— 4+1.— 13.

zample 1. /2 R TR TR T A T TS Ty A T
1 1

5 6T

It is an infinite sum (series) of numbers.

In general, if we have a sequence {a,} -, then we may want to add its terms:
ar+as +az+ -+ a; + Zan

This expression is called an infinite series (or just a series).

To define a value of a series consider its partial sums:
S$1=ai, Sg=a;+az, S3=a;+ax+as, .., S,=a+tax+---a,= E a;,

where s, is called nth partial sum. The partial sums form a new sequence {s,} -,

o0

If the sequence {s,} -, is convergent and lim s, = s, then the series Z ay, is called convergent
n—oo
n=1
and Z a, = s. The number s is called the sum of the series.
n=1
If {s,} -, is divergent, then the series Z a, is called divergent.
n=1
Special notation: 2 ay, = nh_)n;o Z a;
n=
o
Geometric series: Z ar"l = Zar", a
n=1 =
[e.¢]
. . . . - a
It is convergent when |r| < 1. In this case its sum is Z ar' =g Ir| < 1.
-7

n=1

If || > 1, then the geometric series is divergent.

Example 2. Represent the number 3.46 as a ratio of integers.

o 46 46 46 46
Solution: 3.6 = 3.46464646... = 3 + —
oruton 700 T 1002 T 1008 T 1000 T

—y O L Ly L —3+Z ’
100 1002~ 100° 1007 100 100)




46 1
It is a geometric series with a = — and —1 <r=— < 1.

100 100
— 46/100 46/100 46 297+ 46 343
Therefore, 3.46:3+/—:3 /100 _ 5, 46 297446 _ 343
1—1/100 99/100 99 99 99
E. le 3. "= if x| < 1.
Tample Zaz — 1 ||
2
Example 4. Show that the series Z ——— is convergent and find its limit.
n(n + 2)
2 1 1
Solution: ————%=————.
nn+2) n n+2
The partial sum is
- 2 (1 1
> =2 (-m3)
_1 1 N 1 1 1 1 1 1 1 1 1 1 1 1
S 3 2 4 3 5 4 6 —2 n—1 n+l n n+2
IS S 1 P 1 n 1 11 1 1 1 1
2 3 4 -2 n—1 n 3 4 n n+l n+2
g 1 1 1
N 2 n+1 n+2
= 2 a 2 1 1 1 3
Theref —— =1 —— =1 14— —- =—.
eretore ; n(n +2) nggO; n(n +2) ninolo( L n—|—2) 2
— 1
Harmonic series: Z — is divergent.
n=1 n
Theorem If the series Z a, is convergent, then lim a, = 0.
—1 n—oo
Test for divergence If lim a, DNE or lim a, # 0, then the series Z a,, is divergent.
n—oo n—oo
n=1
o0 2
Example 5. Show that the series Z ﬁ is divergent.
n=1
3 2
Solution:  lim o 3 # 0. By the test for divergence the series is divergent.



Section 8.3 The Integral and Comparison Tests

The Integral Test Suppose a, = f(n), n > ng where f is a continuous, positive function

on [ng, 00) decreasing on [m, co) for some m > ng. Then the series E a, is convergent if and

n=ng

only if the improper integral / f(z)dz is convergent. In other words:

n=ng

If / f(z)dz is convergent, then Z a, is convergent.

n=ng n=no
If / f(z) dz is divergent, then Z a, is divergent.
n=ng n=no
. . ) = 2 -3
Example 1. Using the Integral Test determine whether the series Z ﬁ is convergent
n(n —
=3

or divergent.

2z — 3 2z — 3
Solution:  Consider the function f(z) = ’ =7 . Define its domain as x > ng = 4
z(r—3) 2?-3z

on which f is continuous and positive. Is it decreasing there? Take its derivative
f(x) = 2(x? — 3x) — (21 — 3)? _ 2% — 6z — 42? + 122 — 9 _ —22% 4+ 62 — 9
(2% — 3z)? (2% — 3x)? (x? — 3x)?
The denominator is always positive inside the domain. The descriminant of the numerator is

D =9—-18= -9 < 0. When z = 0 the numerator is —9 < 0. Hence, it is negative for x > 4.
So, the function is decreasing.

t

/f(x) dx :/ v dr = lim ro 9 dx
4 4

2 — 3z t—oo | 12 — 3x
4

u-sub: v = z? — 3z,, du = (22 — 3) dx, u(4) = 4, u(t) = t* — 3t.
123t
U 123t
= lim — = lim [lnu} = 00
t—o0 u t—oo 4

4

So, the integral is divergent and hence the series is divergent.
=1
The series E — is called the p-series. It is convergent when p > 1 and divergent when p < 1.
n
n=1

1
Ezxample 2. Show that the series p-series Z — Is convergent.
n

n=1



1
Solution: ~ We apply the Integral Test and consider the function f(x) = — with the domain
x

defined as > 1. On the domain f is continuous, positive, and decreasing.

o9 t . ) .
/f(ﬂf) dr = lim | —dx = lim [——} =1
1

t—o0 332 t—o0 €T 1
So, the integral is convergent and hence the series is convergent.

The Copmarison Test Suppose that Y a, and > b, are series with 0 < a,, < b, for all n.
Then
If > b, is convergent, then Y a, is convergent.

If > a, is divergent, then > b, is divergent.

2
Example 3. Using the Comparison Test determine whether the series Z ﬁ is convergent
n

n=>5
or divergent.

2n 2n 1
Solution:  Consider the function 0 < —— < — = 2. —. The last series is the p-series
(n+1)3 = n? n?
. . ) ) > 2n .
with p = 2 and hence it is convergent. By the Comparison Test the series Z — is
“—~ (n+1)°
convergent an so is i 2n
Vi e
8 —~ (n+1)°

The Limit Copmarison Test Suppose that ) a, and ) b, are series with positive terms.

a
If lim - = ¢, where ¢ > 0 is a finite number, then either both series converge or both diverge.

n—oo n

[e.e]

. e 542" .
Ezxample 4. Determine whether the series Z Qp = Z an is convergent or divergent.

n=1 n=1
(o] [e.e] 2 n
Solution:  Consider the geometric series an = Z (—) which is convergent because
9 n=1 n=1 3
=-<1
"73
lim dn _ lim o2 -3—: lim ot 2 =1.
542"

By the Limit Copmarison Test the series I is convergent.

n=1



Section 8.4 Other Convergence Tests

The Alternating Series Test If the alternating series 2:(—1)”_1 by, b, > 0 satisfies
n=1
(1) bpr1 <0y, for all n
(2) limb,=0

n—oo

then the series is convergent.

Ezample 1. Determine whether the series g (—=1)"! sin (f) is convergent or divergent.
n
n=3

B m
Solution: It is an alternating series (note sin (—) > 0, when n > 3). sinx is increasing

function on [0, 7/3]. Hence, sin ( T
n—+

1) < sin <z) and the condition (1) holds.
n

Also, lim sin <Z) = 0 and the condition (2) holds.

n—0o0 n

By the alternating series test the series is convergent.

Alternating Series Estimation Theorem If s = Z(—l)"’1 b, is the sum of the

n=1
alternating series that satisfies

(1) 0<bpy1 <by for all n
(2) limb,=0

n—oo

then
|Rn| = |3 - 3n| < bpi1

Ezxample 2. How many terms of the series Z(—l)”’l sin (Z) we need to add in order to find

n
n=3

the sum to the accuracy |error| < 0.0037

Solution:  The condition |error| < 0.003 is equivalent |b,11| = sin (%) < 0.003. Then
n

nj— - < sin~1(.003) = 0.003. We need to solve this inequality for n?: n+ 1 < —0303 =

1047.2. Hence, n + 1 < 1047 and n < 1046. Answer: 1046 terms.

we get

Absolute Convergence A series Y a, is called absolutely convergent if the series > |a,|
is convergent.



A series Y a, is called conditionally convergent if it is convergent but not absolutely convergent.

If a series Y a, is absolutely convergent, then it is convergent.

1 n—1
Example 3. Determine whether the series Z 3—)1 is absolutely convergent, conditionally
n JR—
convergent, or divergent.
‘ . : : 1 .
Solution: It is an alternating series. Denote b, = 3 T Then b, > 0 if n > 1,
n —
1 1
bpy1 = 312 < r— = b,, and nh_}rgo b, = nh_}rgo a1 = 0. By the alternating series
test the given series is convergent.
o S| EDT s
Now consider — = .
— | 3n—1 ; an—1
1 1 1 11 1
s _1-3 71 73 > 3 The series ; - is divergent harmonic series. Hence the series
i ! is divrgent
“—~3n-1 sent-

The given series is conditionally convergent.

The Ratio Test

(1) If lim Intl| _ < 1, then the series > a, is absolutely convergent.

n—00 | Gy

Ap+1
G,

(2) If lim @1l L > 1or lim

n—o0 | Gy n—00

= 00, then the series > a, is divergent.

a
(2) If lim |[—*L| = 1, then the Ratio Test is inconclusive.
n—00 Qp

(=95)"

Ezample 4. Determine whether the series Z is convergent.

(3n —1)!
_5)n
Solution: a, = ﬁ
n+1 —1)!
lim | 22| = fim 2 BV L —0< 1.
n—oo | ay, n—oo (3n + 2)! 5n n—oo 3n(3n + 1)(3n + 2)

By The Ratio test the series is absolutely convergent, and hence convergent.



The Root Test
(1) If lim {/|a,| = L < 1, then the series > a, is absolutely convergent.
n—oo

(2) If lim {/|a,| =L > 1or lim {/|a,| = oo, then the series > a, is divergent.
n—oo

n—oo

(2) If lim {/|a,| = 1, then the Root Test is inconclusive.
n—oo

Example 5. Determine whether the series g ( 3n2 +71L
n2 —
n=1

on? + n)n

n
) is convergent.

Solution: a, = (3n2 —

on?+n 2
li Vla,| = i = - < 1.
Jim §/lan| = lim = = 7

By The Root test the series is absolutely convergent, and hence convergent.

10



Section 8.5 Power Series

oo
A Power Series centered at a is a series of the form Z Cn(x—a)?

n=0
(Here we assume that (z — a)? = 1 even when z = a).
[e.o]
Ezxample 1. For what values of x is the series Z n!z" convergent?
n=0

Solution:  We use the Ratio test: a, = n!z",

(n+ 1)l gt
nlzn

Qp+1
G,

lim

n—oo

= lim
n—oo

=lim(n+1) |z] =0 if x #0.
n—oo

Hence, the series is convergent only when x = 0.

o o 5 n

Example 2. For what values of x is the series Z (x— convergent?
2n n3
=1
_ 5"
Solution:  The Ratio test: a, = u,
2nn3
-5 n+1 on 3 3 -5

T Rl A0 P TR P TR k| DI P IOY

n—oo |27l (n41)3 (x —5)"| n—oo2(n+1)3 2
Hence, the series is convergent only when |z — 5] <2 or3 <z < 7.

If x =3 or x =7, the Ratio test gives no information. Consider these cases separately.

—(—D)m-2n (1)
r=3 x—5=-2=(—1)-2. The series becomes ZL:Z( )

2n n3 n3
n=1 n=1
: . . : : .1
It is an alternating decreasing series with b, = — and lim — = 0.
n3 n—oo N3
By the Alternating Series test it is convergent.
N 1
xr =7 x—>5=2. The series becomes Z o Z et
n=1 n=1

It is the p-series with p = 3 > 1 and is convergent.

Therefore, the given series is convergent when 3 < z < 7.

o0

For a given power series Z ¢n(z — a)" there are only three possibilieties:

n=0
(1) the series converges only when = = a.

(2) the series converges for all x.

(3) there is a positive number R such that the series converges if |x — a| < R and diverges if

11



|z —al > R.
In the last case (e — R,a + R) is called the interval of convergence and R is called the radius
of convergence. An addition work is required to determine if the endpoints a — R and a + R of

the interval of convergence are included.

This is how R can be found: By the Ratio test the inequality

lim |2 = Ji | |z — a| < 1 must hold.
n—oo (07% n—oo Cn
It is equivalent to the inequality |z — a| < lim = R.
n—=00 | Cpy1
= (2x +3)"
Example 3. Find the radius of convergence and interval of convergence of the series Z —
n=0 5
= 2243 S22+ 3/ -2 . o

Solution: 25—n—z5—n—2—n-(x+3/2), Cn = 2o

n=0 n=0 n=0

n VAU 5 5
R=lim |- | = lim = > = lim - = =

n—00 | Cpy1 n—oo H  Qn+l n—oo 2 2
. 3 5

Hence, the series is convergent only when |z + 3 < 3 or —4<x<l.

2 +3)"  (=5)" C
r=—4 ( 1:54; ) = ( 5n) = (—1)". The series becomes Z(—l)” which is divergent.

n=0
2z 43)" 5" .

r =1 % = = 1. The series becomes Z 1 which is divergent.

n=0

5
Therefore, the radius of convergence is R = 5 and interval of convergence is (—4,1).

12



Section 8.6 Representing Functions as Power Series

Example 1. —— = Z |z| < 1.
n=0
1
Ezxample 2. Find a power series representation and the interval of convergence for Fr i3
x
1 1 1 1 1
Solution: = = - =
Sv4+3 3+5r 3(1+2z) 3 1-(-2ux)
I/ 5 \" <« . L, b"
33 () e s g
" 5m 3nt2 3 3

The radius of convergence is R = lim “ | = lim . = lim - = —.

n—00 | Cpy1 n—00 3n+1 5”+1 n—oo H 5

. . 33
The interval of convergence is e
Ezample 3. Find a power series representation and the interval of convergence for 23:_ 1
x
Soluti x x? 22 x? 1
olution: = = - .-
w2 +4 442 4(1+12%) 4 1-(—1a?)

PG C

It is a geometric series and it converges when

2

<1,o0rz* <4, or |z <2

The interval of convergence is (—2,2).

Differentiation and Integration of Power Series

If the power series > ¢,(z — a)™ has radius of convergence R > 0, then

(1) % [Z cn(x — a)"] = chn(x —a)" !

(2)/[2%(1;—@ C+ch — )™

The radii of convergence of the powers in (1) and (2) are both R.

Example 4. Find a power series representation for

b
(1- 56)2'
) 1 d 1 d

13




Ezample 5. Find a power series representation for In(5x + 3) and its radius of convergence.

| 1 AR LA
Solution:  In(5x + 3) = 5/ 5x+3d$ =/ [Z(—l) I+l z ]

n=0
N 5 +1 S 1 9"
=C H" i — O I L
+n§< ST +;( Ay
5TL
= -1 n—1
e = (=) o
n n+1 1 1
The radius of convergence is R = lim = lim LA 3 (n+1) = lim 3 R §
n—00 | Cpy1 n—oo 3" N 5n+l n—oo H n 5

14



Section 8.7 Taylor and Maclaurin Series

Taylor Series If f has a power series representation at a:

f(z) = icn(x —a)", |x —a|l <R, then ¢, = f(”)(a)' So,

n!

& (n) a "(a e
@) =3O oy = o)+ e —a)+ L -0+ El D —apr

Maclaurin Series The Taylor series of f centerd at 0 is called Maclaurin Series:

o (n) " " )
£ =3 e~ g0y 4 o+ L0 ¢ Z0 sy

S

Ezxample 1. Find the Maclaurin series for f(z) = sinx.

: : £ (0)

Solution:  We need to find coefficients ¢,, = T
n!
1! 0 oo 0

co=f(0)=sin0=0, ¢; = f'(0) =cos0 =1, ¢ = f2(‘ ) = s21n =0,

f"(0)  —cos0 1 f40)  sin0 0 f5(00)  cosO 1
Y 3! 3 Tl 41 » T sl 120 5

. T 0 g
Hence, 51nx:x—§+§—ﬁ+-~:n2:;(—l) m
The nth-degree Taylor polynomial of f at a is T),(x) = ci(r —a)’.
=0

Then f(z) = lim T,(z).

n—oo

The remainder of the Taylor series is R,(z) = f(z) — T,(x).

£(2)

(z — a)"*, for some z strictly between x and a.
(n+1)!

Taylor’s Formula R, (z)=

Example 2. Find the Maclaurin series for f(z) = (1 + z)*, where k is any real number.
Solution:  f(z) = (1+x)k, f(0) =1

f'(x) = k(1 + )" f(0) =k

f'(@) = k(k = 1)(1+2)*2, f(0) = k(k — 1)

f"(x) = k(k = 1)(k = 2)(L+2)3, f(0) = k(k — 1)(k - 2)

15



f0)=k(k—1)(k—2)---(k—n+1)
We obtain

. . . k - k n
The Binomial Series (1+z)" = Z x

n
n=0

— ' , Kk is any real number and |z| < 1.
n!

e (k> (k= 1)(k—2) - (k—n+1)

n
. . . . 1 :
Ezample 3. Use the Binomial series to expand the function f(x) = - 3 as a power series.
—x
Find its radius of convergence.
-1/3 1 N\ -1/3
Solution: — (8- —1/3:(8(1—5» :—.(1——) .
olution:  f(x) = (8 — z) 3 ) 5
1

Using the Binomial series with k = —3 and with z replaced by —%, we have

1 (1 x>—1/3_1 = (—1/3 < x)n
/8—x 2 8 24\ n 8
Ll (-2)+ (=2) (=5) (_5)2 L (22) (59) (D) (_§>3

2 2 8 2! 8 3! 8
po CDEDED o) oy

n! 8

L1, 13 5 135 135 @n-1)
= — — X €T €T RS T o ..

2 16 21162 31163 n!16m

x
The series is convergent when ‘—g‘ < 1, that is, |z| < 8. So the radius of convergence is R = 8.

Several Special Series see page 484.

. = I" T
622%—': +F+§+§+
o g R
Y Lt
o0 o R S R
Cosx:z%(—l) (Qn)!_1_§+ﬁ_§+

16



and etc.

Ezample 4. Find the Maclaurin series for f(z) = e* cosz.

2 3 g 2
- -1 st Tttt
Solution:  f(x) o+ 9 T 6 +24Jr ] [ 2 +24

2 3 2 3 g4 gl 7t

T T
-1 e T A T | 4.
tet Sty s Tttt tr-g -t

17



Section 8.8 Applications of Taylor Polynomials

Recall
The nth-degree Taylor polynomial of f at a is T,,(z) = ci(x —a)'.

Then f(z) = lim T,(x).

n—oo

Approximating Functions by Taylor Polynomials f(x) ~ T,,(x).
The remainder of the Taylor series is R, (z) = f(z) — T, (z).

£ (z)

CESY , for some z strictly between z and a.
n !

a)n—i—l

Taylor’s Formula R, (z)= (x —

Alternating Series Estimation Theorem |R,| = |s — s,| < b1

Ezample 1. (a) What is the maximum error possible in using the approximation

2?2 2t

~]l— —+ —
cos T 2—1-24

to find cos ;—O when —0.2 < x < 0.27 Use this approximation to find 008210 correct to five

decimal places. Notice, that 210 < 0.2.

(b) For what values of x is this approximation accurate to within 0.00017

Solution:  (a) We can apply the alternating series estimation theorem if we consider the given
2 4 6

series as an alternating series with by = 1, by = x—, b3 v by = %0 Then |R3| < by.

2 Y

0.2)¢
If —0.2 < x < 0.2, then the maximum value for by is (723 ~ 0.000000089 = 8.9 x 1078,
Hence the error is smaller than 8.9 x 107% and the approximation gives an estimate correct to

five decimal places.
( 1 )2 ( 1 )4
207 2207 .98769.

2 24

The estimate is cosz ~ 1 —

6
(b) The error is smaller than 0.0001 if by = %0 < 0.000L.

We have to solve this inequality: z® < 720-0.0001, 2% < 0.072, |z| < v/0.072 ~ 0.6449936.

18



So the given approximation is accurate to within 0.0001 when | x| < 0.6449936.

f(G)(Z) 6

6

If we used the Taylor’s formula then we would get Ty(z) = T5(z), Rs(x) =

where |f©(2)| < 1, since |f©®(2)| is either | cos 2| or |sin z|.
Then the Taylor’s formula gives the same estimate for the error as the alternating series does:

| f©)(2)|28 2
== 7 < —
|R5({L‘)| 6! - 720
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