Math 0290 Midterm Exam 1

Spring 2016 Solutions

1.

2.

(a) (15 points) Solve the initial value problem ' =1+ z tant, z(0) =5

Solution:  x' — (tant)x = 1. Tt is a first order linear equation.

The integrating factor is u = e~ Jtantdt _ pln(eost) — cog¢,

sint
(Note: — [tantdt=— [ cost dt and use the substitution v = cost to evaluate the integral).
cos

Then (cost)z’ — (sint)xz = cost, ((cost)z) =cost, (cost)z =sint+c
So, the general solution is z(t) = tant + csect.

IC: z(0) =c=5.

Therefore, z(t) =tant + 5sect.

(b) (5 points) Find the interval of existence.

Solution:  The solution is undefined for all ¢ where cost = 0. That means t = § + mn,
where n is an integer number.

Because the initial condition is defined at ¢ = 0 the interval of existence is (—%, g)

(15 points)  Solve the initial value problem y’ = Sg;x, y(m) = —2.

Solution: It is a separable equation.

d .
d—y = s12nm, 2udy =sinzdr, [e¥dy= [2xdr, [2ydy= [sinzdr, y?>=—cosz+C.
£z Y
Then general solution has two branches y(z) = —v/—cosz + C and y(z) = v—cosz + C
The initial condition y(7) = —2 says that for a particular solution we have to choose the negative

radical. Then
y(r) = —v—cosm+C=-2, V1+C =2, C=3.
Therefore, the particular solution is y(z) = —v/—cosz + 3.

(15 points) Consider a simple RLC circuit with R =2, C = 1 F, E = 12V and there is no
inductor. Find I(¢) if I(0) =2A.



5.

Solution: ~ We have the IVP 2 % +4Q =12, I(0) =2.

d
It is a first order linear equation d—cf + 2@ = 6. The integrating factor is u(t) = el 2dt — o2t

Then (thQ)/:6€2t = Q=34 +C = Q1)=3+Ce™™

[ An alternative solution:

%z—Q(Q—‘S), Qd?g =-2[dt, n|Q—-3|=-2t+c, Q—3=Ce 2, Q=3+ Ce?"]
.

Then I(t) = T 2Ce

I0)=-20=2 = C=-1. I(t) = 2e 2.

(15 points) For the initial-value problem

find an approximate value of y(1.2). Use Euler’s method with the step size h = 0.1. Simplify
your answer.

0.1
Solution: — Euler’s Method:  ynt1 = yn + f(tn, Yn)h = yn + ?—”(0.1), Yn+l = Yn (1 + t)
n

_ _ 5, Yo 5, 2 _
yo=2,1t =1, y(l.l)%y1—2+t—-0.1—2+1-0.1—2.2
0

2.2
ty=to+h=11, y(1.2)%yg:2—}-3;—1-0.1:2—|—ﬁ-0.1:2.2+0.2:2.4.
1 .

A 2-kg mass when attached to a spring, stretches the spring to a distance of 4.9 m.
(a) (5 points) Calculate the spring constant.
mg  2kgx9.8 m /s>

Solution: k= P 19m =4 kg/s%

(b) (10 points) The system is placed in a viscous medium that supplies a damping constant
1 = 6 kg/s. The system is allowed to come to rest. Then the mass is displaced 2 m in the
downward direction and given a sharp tap, imparting an instantaneous velocity of 1 m/s in
the downward direction. Find the position of the mass as a function of time.

Solution:  IVP: 2y" 4+ 6y +4y =0, y(0)=2, ¢/(0)=1
Characteristic equation: 2X\2 +6A+4=0, A2 +3XA+2=0, A+2)(A\+1)=0

AM=-2 d=-1 = y(t)=cre? +coe”! is a general solution.
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y'(t) = —2c1e™2 — coe™!
ICs: y(0)=c14+c2=2, ¥Y(0)=—-2¢c1—ca=1 = ¢1=-3, ca =5.

y(t) = —3e~2t + 5e7t

6. For the equation 3" — 4y’ — 5y = 12e~".

(a)

(5 points) Find the fundamental set of solutions of the corresponding homogeneous equation.

Solution:  Homogeneous equation is y” — 4y’ — 5y = 0.

Char. eq. is A2 — 4\ —5=0. It has distinct real roots A\ = —1 and Ay =5.

FSS: yi(t) = e, ya(t) = ™.

(10 points) Find a particular solution by using the method of undetermined coefficients.

Solution:  Since the function e™! in the forced term is in the FSS we are looking for a trial
solution in the form y,(t) = ate™".

Then y, =a(l —t)e™" and y) = a(—2+t)e™".
yy — 4y, —Byp = a(—2+t —4+4t —5t)e = —6ae™t =12¢7". = a=-2.

Hence y,(t) = —2te™".

(c¢) (5 points) Find the general solution.

Solution: y(t) = cayr + coy2 +yp = cre”t + et — 2te™t = (c1 — 2t) et + coe®

bonus problem (15 points extra) Suppose y(x) is a differentiable nonnegative function with y(0) = 0.
Find y(x) if the area under the curve y =y(z) from 0 to = (x > 0) is always equal to one fourth
the area of the rectangle with vertices at (0,0) and (z,y(x)).

Solution: ~ We have [ y(t)dt = Lxy.
0

After differentiating both sides with respect to = we get y = % (y+zy') or zy = 3y.

d 3
It is a separable equation W_2 de, Iny=Inz?+C.
x

Y
3

y(z) = ax®, where a is any positive constant.
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