0290 DE Final Exam - Name: 50&(410 ns

(9 problems, 100 points)

functions: t*, e®, e cosbt, t"a®, 1, sin at, e* sin bt, cosat
n! 8 1 s—a n! a 1 b
(s —a)*tl’ s2+ a2’ s—a’ (s—a)2+ ¥ s’ 524025’ (s —a)? + b2

Laplace transforms:

Useful formulas: L[e®f(t)}(s) = F(s —¢), L{t"f(£)](s) = (—1)"Ft)(s),
and L{H{t — ¢)f(t — c)](s) = e~ *F(s).

1. (10 points) The given equation is not exact. Multiply it by the given integrating factor, check
_that the obtained equation is exact and solve it:

y+1
x4

After yaultiplication i 3(y+) X dx - 2(y+)xPely =0

3(y+1)dz—2zdy=0, up(r,y)=

p= 3yt )P x| -gi;; = g/y+) X"

A= -2(y+)x> —@;@: o)y )x Y = el X
;g |

2P _ 90 _ exact
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oY IX
= [alyi) X dx = 20 [X =305 )

Lory) = = ()X ely)
F, = 2l T @ly) = Q=AY H)X ’
=> cp’(y/::() = cP(y) = /a cam_sfamr‘/
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2. (15 points) For the given nonlinear system

'zSé:-—yg
y = —6y + 6z°

(a) find both equilibrium points (one of them has x=2),
(b) use the J acobian to classify each equilibrium point (saddle, spiral sink, etc.). Determine stability.
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3. (10 points) For the given second order differential equatior.i find

(a) the characteristic equation and its roots,
(b) the fundamental set of real-valued solutions (FSS). Prove that these two solutions are linearly

independent on the interval of their existence (use Wronskian) and hence they form FSS,
{c) the general real-valued solution

y' —6y +45y =0

(2) DP-6X+US =0 A= 3F6l

() v,=e%coset | y,=e¥ rnét ‘
v/= e (3056t —6sinét ) >/Z/I€37L/w‘mé%+écasé7‘_}

i

/f:o | 51:6#0 = Y &Y, aue LI

’ > ey forut FSS
interval of existence [~e5,20)
€) |V(t)= 83*/6, coset + (o wﬁﬁ




4. (10 points) Find the general solution to the equation

¥ +y = cost
C&fw’e.?: Nyl =0 = A=
Y,zeost , Y=sut , W= /COS* W"t/:coszﬁs«‘u?f =/

—gmt ot
v, = J-costtsint di = [uzcost, dus-suddd | = fuldu=
= —l’g :—é— cos3t
Vy = [costt costat = [ussiut , du=costddt {= [ (1-u?)du
= u-du= s/rm%-ﬁs«“m?%
Vo= ViVt Yo Ve = Leostt 45t - su't -
=1 (s’ f—gimli’)/wézf'# w2t )P s’ T = ELcosZ%-—Jz- st
+ein?t = gttt g sin?t = o (g2t +26008 ) =

= .% (cos? £+ 62 4+ 4in 24 )= ,é_ [ I+ &n? 71)

vp = 4 (1+5intt)
W)= 1 20 for awy t . Heute y, andy, are L[
and %MFMA the FSS.
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5. (5 points) Find the temperature u(x,t) in a rod modeled by the initial/boundary value problem

Up = DUy, for t>0, 0<z<2m, K=5
u(0,t) =u(L,t) =0, for t>0,
u(z,0) = —4sin 2z + Tsin 3z, for 0 <z < 27 > L. =27
2.2
(You may use the expressions _I szt and nza: Note: by = 0 since L is not ).
Z
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leeacﬁy—gwta}e fan Us(x) Saﬁs#c‘e;: e = O

Us (0)=Us(27) =0

2
PUs o 5 U zax+ €. Ulo)=€=0

X Uy (2r)= 2T +6 =0 = a=9.
Homce Us(X)=0. f
= -5 T fax
Ulxd) = Us(x )+ VI ) = Vixt)=Z 6,€ sin(% )
“neg — M:_Mzﬁ?‘g%: S
L* (21 )* o
V(%0)= = by siu =, Vo) g(x)=¢lx) ~Us (X)
n=1i

= e 2X + 253 X
. OO \ \
Homce = v w.'ig-: 4 sin Xt by iux + Grndx

+6y siazx+ s L Sy Gy 53X 4 = HunIXTE 3 X
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bu=0 forany v exceplt  N=49 gH;"L//-éMZ%:-zm‘

n=6, =7, - Lntt=-4st
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6. (15 points) For the system

yi = 8y1 + 3.
Yo = —6y — 2

find the type of the equilibrium point using TD diagram and determine is it stable, unstable or
asymptotically stable. Find the eigenvalues. Associated eigenvectors are (1,—2)7 and (1, -1)7.

Sketch the phase portrait.

L@#y[] »4_.5__,]W>/ =AY

T=g-1=7, D= §+§=10 , T?~4D=49-40-9 >0

Wa( foa‘)
A= [ im] [?+3] , 2=2, %5




7. (10 points) Use LT to solve IVP:

0, for 0<t«]1
y+y=75@), y0) =0  where f(t)={5, for t>1
f]
ol 3 N B
o ! ¢
S+ = @ﬁs = = -5 5
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8. (10 points) Find the general solution of the system

yi = =5y + 12
Yo = =2y — 2y

ek VL5 [, A=[T 5] Thew 75247
T=-7, D=1l0+2=12 :é’[TTJTQ-L(DZ
d=4 , k=3 (evabues)

D pean)i= [ 75
o oye | |

|
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9. (15 points) Use the LT to solve the IVP y" + 16y = cos4t, y(0)=0, ¢(0)=8

L [y"+6y] =L [cosut]

_ s
SEY -8 4167 = s21-(6

, e Y
Y—T = + g ) V/H—"L ,[(STS{(Z?ZJ’"ZA 5

[st+18)?  StHl6
/ T Y /_ ___g__s___
LH&MW]: -Fls) = ’Ls?ﬂg ] B (Szﬂé)Z
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