Chapter 1. Complex Numbers O
* The real numbers system:
Natural numbers
Zero and negative integers
Integer (whole) numbers
Rational numbers: n/m
Irrational numbers: solutions to Xt -2 =0
Transcendental numbers: sin 1
Algebraic numbers (solutions of polynomial equations with integer coefficients)

Graphical representation of real numbers:
the real axis (the x-axis), the number line

Real numbers are well ordered: I{Z O«?’fé fheV\
either a>46 or ac<é

Open interval: { XER : a<x«< g} =(a, £

{Xe/lez a<xebl=1La 4]

Closed interval:

a o =z 0O

)

: al| =
Absolute value: { I {-a, <0

We need an extension of real numbers to solve the following equations:

X2+I:O) SZVIX:,ZI QX:—~5/ etc.



The Complex Numbers System € @

Denote one of the sotutions #

X% +1 = O 5g ¢, i-e. t?+ 1 =0 or
(%=

[ is called the ima?[mowy Uit

Let o awnodd b Hbe real nwwmbers. We

write Z=a-l+ 4.0 = a+bi
where 1 (s the eal wunit.

Z is called « COVMpfzx newm Ber,

a = Re(z) = Re z is the ral par? of Z,

4 = Thn(z) = _Z—VVI Z i s Fhe [Vmajz'mar)/ /Oc{r‘f a/ =z
Z=Rez. .| +ITmz- L

7/’22 ng/tzgdé Z camn S"ILOLMO{ 7£0r~ 0LM/V of Comp%e)(
numbers . jl/\ 1%[5 case Z 1S calleod a COVM}OZQX
varia@f@: Z:Xal+>/-l‘ :X+)/z‘:><+z')/

I:f 2, =2, where Z, omd Z, cre Fuo Com/z}o/ey

nuwm bers cuol Z, = A+ h L Z, = c+odl Hheu
a=c 4 = o T oher M/Of“ﬁfs, z\yf 2 =Z,
Fhen Re z, = Ke =z, cavod o Z, = Jua Z,

Ex X+ 1y =2-7i <=> X=2 Y=-%7
[The nggo( in the expression A= 3
meons that two statenmeuds A aud B are
@ogica/%y zgulr/afem%,]



I:? Z= A+ 10 theu Z is o real nuwmtber @
I,ﬂ 2=0+%4 then =z [s O /Our'e L‘w/zafina/-)/
nuwmwber
Rc € ( The sed o;f rect wnuwmbers /s
subset of the se+t of conplex numbers )
:['ma(ezol/ 7?0;- Any real nuwwuber o , Zza+io

s compgey number

14 2= a+6: then Z=a-4i is callood the

complex Comjugaffe ‘o z

e Fuundamental Opera%z‘oms i

I Addidion : [(a<bi)+(c+di)=(arc)+(E8+d):
2. Subtraction : /a+g£)=-/c+0(£):/a—~6]+//—0(/z'
3. Wultiplication : (a+bi)(ctdi)=(oc-bd)+(ad +8c)
Tnoeed, (a+4i)(c+di)=ac +adi + Eci+ 80 ?

= ac +(ad+ be)i - £ = /ac~g¢//+/aa/+/c//

q. Division:
@+80)sfcvdi) = 2crbd , beoad

Clt? Cird®

5. _TTZ 2 =a+48. theu =22 =a?+¥é°

Fx Proo q
(ou—@i);fcfi(i) = o+ bt c-di :/a+éi}[c~0/£]
‘ c+di c-di feaoli)fc-dc)
_(ac+8d)+(be-ad):  ac+bd L, fc-ad
B R Y ct+o?

L

C 15 net an ordered set. Complex numbers caunol £e
positive  or mej‘czv‘zVe.



Ex. I (s+z2i)+(n-2¢)=(5+11)+(2-7): @
= 16 -5
2. B+ui) =(7+2i)=(3-2)+(9-2) = -4 +zi

3. (2+31)(1-21) = /2+5)+/~q+3)i =8~

(ze3i)e1oai) = 26 L B 4L ¥,
Checic: (~%+.§£)(/-22}:(-3§+—'§’)+{§ _7) =2+ 31

: Agso@wr% va e [mpp{(,(lucs) o% Z = 0(+fz'
IZl= la+4i] = Ja?+4?

Ex =% =/=z/°. Z?z/aug[}/a«&‘/
= [a*+ 62) +[—aé+aé):a2+52:/2/2

-Pr’o;oer%ie_s of absolute vatue :

l- {Z( Zgz — /?c//zz/ 3 [Zl+22.1 < /21/+/?2/
2. %/ = II?Z‘[[ 4. lz,«2,1=2]2]-/2.]
Z /2//?:/'_/22//
Lx., 2,=3+2. , 6 Z,= 5-¢
() /22,”322/:/6’+4—/i—-15+3c'/:/-?+?[/:[/<?/+ 79
= JI30O
(4 = (3-21)" = ((3-2i)°[

)
(a+8i| = (a?-£°) + 208i | (a-4i)=[a*-4?)-2ad:

z" = (s-124)% = (25 -199) —120i = - 11a-120:
z'2! = (22)"=(2.2]) = (l21") = 13°= 1649



- Properties 0f comjocga?‘es @
(2.4-22_) = §x+§z ) ZZ(~217: 2—’?2.
r§L

- (Z]-2
2, Z,
Ex 50@\/(:’ M a?u,avéiamz Zz—~‘/2+5 =0

Quedratic fo;’mufa 2 =24+ 4-5 = 2+1¢
two sobludions: Z,=2+1 Z,= 2-1t

£ 4, = §

)

Alternative solution: Let 2=a+8: ﬂém
Z2-qz+5 = a*- 4% +2abi —qya-446i +S =0 =0+0;
Eqmoa&@e read auocl z‘ma;’/[z/zary /Oary/s !
a*~-¢'-qa+s =0 , zab-y€=z26/a-z)=0
(1) gJOI & is any real nuwmber
or (2] a=2, g s My/‘e@/mamger
O) {=0 ‘ Wnem at-ya+5 =0 . Mo real fa&mé"ong
(2) a=2 . Then Y-42-8+5 =0 gZ://Z:t/
Heuce z=2+1

. . 2+ 3¢
E [— 2 = = Z= -_ % Z
X ( )Z 2+ 3 > o T+ /éz%é)

Ex Z24+(4+3l)z+2+60 =0
Quad ratic iformu.fa: Z =
Z = 5’(—%3& t [16-9+24i -8 -
z2=L(-y-30-i)=-2-21 ) Z,=4/-y-3i+i)=-2-1

Ex 2%+(6-4i)z +5-13( =0
z=L(-6+Yi + [36-16-4gi-20+52i /:Zf/~5+z/if(qg)




£

il

Ll-e+vix2[T) What is [i 7 @

- Geowmetric rz,,ore.Se I/L«{-cmL[OIA J?Z COWI/o/ZX
numbers. Com/of,ex plane.
7z = >(+iy€ C (X,y)é,/EZ => C <= JR%

The com}afzx plone (5 « 2-of ,DZQMZ.

i R°: A(z1)  B(-32)

1
t
]
\
1
(
1
«

A e 2+0 €C

_‘3 _‘2 _lr © , 2 3 X Re 2 3 e ~3+20 €C

...|+

Vector im-Per}or’evL&%iom Of camwﬁex nurbers :
241 corregpovm'{s 4o v%Le vector 0—/4? - (2, 1)

-3+2¢ Corr'es/)ol/wfs Jo V/ﬂe vector O/3 :(—2/2>

Their Sum 1§ (2+i)+[~3+2[) = =]+ 31
Cor—res}pomdls Jo the vector OC = (—/, 2>

- Polar Form of Comerx N bers

Iz
__________ 7—’—X+t’)’ Z= X+1Y
§
1 —_ 2 2 _
r ;y:rsim@ ,.,__& t Y "/?/
& i X:l"COSQI >/S7’$L'Vl5)
TS Rez tan € = X/}/

r iy modubies  or absolute value of z
F is +he ar’?wmemr‘ of Z

Z= X+1y = rlcos @ +isnd) = [z]cis &



The Lost %Ur’wz s called a polar &
%orm of the com/afey nuwmber 7Z = >(+z‘)/.

The Ocrgc/u/msz i$ maultivalieed : &+ 27k
%ﬂ‘ any iwf-egzr/ K 1S also awm aryumenv‘,

Notation : g = arg Z

A particdor choice of am interval of vhe
&mg%\ af 2Tt %or arg 2 is calleA Jhe
principal range. A value of O iuside e
inderval s calleo ite princi}oaf vabie  or
principal ar’?umem%.

Tt i$ common Jo wuse e interval [-7 7]
as the principal ronge. An alternative: [0,2%).

Ex =-3(3 - 31 [2]=/2%+2 = &
coSs Q:-_?Liz V3 ¢ 9:.__2:_

= )

N |

Principal romnge [0,2’/7) ! Z= 6 66‘5/5577
Pr’imc,i}oolf Vamge [-73/ 7?_7 N Z= 6bciS /—g—gﬁ}
- De Meoivre's Theorew

Let = =x+iy, =r(cso, + isin b )

andd ZZ:X2+‘1>/Z: /cosez—fis[zxzéz)

Thew  z,2,= rir, (cos(6+0,) + isn(§+8,))
EL = _':r/i [COS[Q,——QZ)—I- ZISL'VI/Q"—?QZ_))

Z2 2



Generalization :

22, - Z2,=~NL--T, [&95/€/+6’Z+---+ 9,,,}—1— i §c'1/1/9,+92+-~-+9”/)

n

2" =r" (ws(no)+isn(ng)) if 2=rlwsp+isnd)
Ex Prove of the product.
£,2, =

Fo(wose, +isind) In(ws@,+isin 8, )

=rn ([COS 0,056, —sinm 9} St 92)4- 1:/6055,9[14921"60552_9[0!6/})
=N [ COS/Q,’%@L) + i&im/&,h@&))

Ex 2z =

= -2z + 2021 =4 s £ %
Z,= 1431 = 2 cis X
.13
2,2, = Bcisow z >

. 3 _ .
, Z_chSEﬁ zZ, =8cis7

L
J

"

2,2, = (-20z2 +202i) (14 13i) =2V2 (- 1+ i)(1+/2])
=20z (-1-13 +/1—-1f§)[/ = -202-2/¢ +[20z-2/¢)/
- Roots

-&

of complex numbers

W ois called o ot oo+ csf 2 if w'h= 7z
!
Motedion: w=2" ="z

hn

oo
Sk MCLS/6’+M27U<)

k=012 ..

Fromm De Moiver's Th

., -l
Therefore, there are n oifferent n™ roots
of c complex number.

Ex Find ol 4™ roois of

96[/&\ WL'::



: : T
K= \/‘452“5—5%:-1@2—+ 21 Wi [T ew, @
K =2 wzzzcasgfn:—‘/’i—fz"z N
. LURN Re
K=3: Wg:ZCiSZW:F—f,’ZL /
q o o
W, W

Ex Find \},Z-f‘i

Sl : 2+t = (5 ce$ 9) wWhere @ is guchﬂmﬁ’&

2 . /
cos 8 == senm @ = —=
Vg /S
%2 A +2kT
[hew [2-+1 :(2+1) = 57. ¢cis —5% , K=o,
K=0: WD:S’[/"(cosg—Fi&img)
co 4 2
cos? & _ 1*+co88 cos-— ,//+ ¢ _ 4 \@
Z =2
= [Vs + 2 /
2 T sy
2 _ I-cose . _ oy [s-2 1
3‘”2“2_ = s =T > %
. g .
O is om a/mgz& i e ch(ram*f "Z'_' s A
5‘4"14—-2@?0

am?,&/m He 151 Wadr&mf => 4052.5-’

)
/s - /
=>ws—§ 'E’LZ. L hmé:/iz'gﬂ

g
Heumce /S+2 uf—2
)
i
K=[: W = "as/z—ﬁb‘/t)*-s"wgf - Wy

/ —2
Aldernotive So&c%iom: Neeo o find 7 cuct

Hhot 22=2+1 . lLet z=x%+iy. Thew
(x+iy)2=,2+£ = XEP-yrts 2, 2xy=



= X2 _ 1 =2 yxt-1=&x? @
2 _ Yt Jlb+y _ 425

L 2
X —&X° — | = 0O X" =
Y g 1 ) v -
2 _ Vs 2 _ 2 _‘/E
XT= 1t 2 x"zo0 = X" =]+
x=t 1+ =2 ff5rz o 0 o[ 2
2 2 2 2X 2 VVs +2
y:i-_,. < . Vs -2 = =+ ! 2([}3:’_2) :_,_/: /s -2
ZVWs+2  \(fe-2 N ARy 2

-1 Z=rcisO dJhen Z=rcis/-8)

_ 12 [T 12 12
Ex (‘E L) :/205( 6)) :(cis(—%ﬁ-) = Ci;[,qﬁ):/

I3+ 2cis(Z)

. The IAH‘ Foot 0% u.miqu
Solutiowns Df Z20=1 , n EN, are calle

He n*™ root of [/Lmi71'>/

[ = ¢cis O => z:cisz;“‘

/

.. 2T’ ‘ h -
Set w=cisZE Then <o isan n™ root of wnity.

“The com/a«&%e set O’7f nth Fo o7 ofl/wu'%)/ /S
I, w, w* . W

Geome%rzca{(«j v"i‘wy re/oresemf n vertices of a

r’egu,@m’ poﬁ«jgom 9% n sides inscrided into

the unit circle [Z]=1 with one of the

ver ficee ot v’ﬁz/ooimvl Z =1,

Ex 2= = DO:cis—g—[
s T o 2 cis T cis I Lo BT
Al roots cre |, cis B cisF cis T, cis T cis 2



« Sets tw the Com}oZ@c Ploie @

A COMA}A@X number z re/oreszm%s a /001‘1/:71 [ 7%.5
complex 2z - plone (fﬂpfame)

Circle : Llet 2z, e a %[Xe&/ COM/!/?ZZX e ber
ond a b a fa’Xe%/ /Oosffh‘ve real o ber
Then [z-2.l=a is
the e?,z,wu(-iom of a
circde of radius Q

centereo at Z, .

DI:SKS T A 0O
) ad
[z-2.]<a is he Wﬁam i\///’z,/f Adicre
of o opeu olisk.

[2-2.1 ca is he eguation Vi closed
of a closed disic. disic

v A Lo s
a <lz-z]¢b
a<lz-2]¢6
a ¢ |2-2,]<b
ac2-2,]<¥b

Locuws Im\ ~[¢Re242 ’:?//

i///////(/ee




. A migh@orkooo( of radins r of o poiut 2z, @
is the set of all points inside the circle [z-2,[=r
These points satisfy the ineguality [z-2,/<r.

. A deleved mig&@orhood of Z, of radius r s e
set of oll points =z ga%is%yim? O<[Zz2-2:/ <1

. Au open set [or clomain) is oune every point sf
which  has o mighéorhood Hat M;Lil/?»% Cies iuside
He set.

. A éouwto(a/ry 0% a set s a collucdion af/ﬁoimls
whose every w%@orlxmoo{ comfaing  at &asvz oné
poiut of the sef awnd one pOiMYL not g@fam?/z‘m; Yo
the et

B osed et i aset that condains all ivs
goumdcu*y points

- An e,m;o%y set hoas  no /001'M7LS /axa ma//%f/

- A connected set is one in which any vYwe points
can be joineo @7 o path that @mﬂ‘reéy Ges in
the set

. A dowmain 1y am OJo en couneted set.

- A region is a domain  that ymay containn  som€ of
vhe boundary points.

- A set s called bounded /‘/ it cam fe enclosed gf
a circle 0{ & #iwi%e redius . Ofherwise the set
55 called wunbounded. As o e)(cu/m/& C kez>3



. l—mgawi\%)/, Riemoanun nmurnber sphere . @
S+ere0gra/ohic Projec\sz‘on.

The Riemonn nuwnber Spohere s a spheve in fhe
XYW- space , where X y-plane is z2-plane. It

has raobiws 1 ool "
5 /\//010/[)

center at He Jooin t

_ _ _ ]z
X =0, >/_-O/ U= > W/\
Lts ypole N has v
coordinates X=0 \,2
Y=o, u=I X

There s o owe -fo-pne

correspondence between

ol points ou Yhe 2z ~plocne  cvndf ypoint oun Ve
Sphere except N . To mare Hiis corregpovdens
720;— oun y cowt[pﬁ@( nuwmber Z i fthe 2~/0Z&2/A2

we draw a Line Wk counects i with NV
Then the bie intersect e Spherve a @(&cv‘% one poiut
Hat we lobel 2. z' 15 the projection of 2 on the
sphere. Thewm N is a projec Hou of z‘m/[m‘%)/
(2=#0) in the comyplex ploe.
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