Rational Exponents

If a is a real number and n is a positive integer, we sometim
speak of theith root of a If it exists, it should be some number b
whose th power is equal to a. That is, we should haVe la, and
then it seems reasonable to write bl#.a

If a is a positive real number and n is a positive integer, th
principal rih root of ais the positive real number whos® power is

equal to a. We denote the princip&t root of a by usiné as an
exponent and we write

To avoid any ambiguity, use the principah noot of a to calculate
al/n'

If a is any real number and n is a positive integer;

a>Q a<o0 a=0
al/nis a positive g n even alln=0
real number
alinisanegative alnisnota
real number real number

Examples: Simplify the following expressions. Use Mathematics
Writing Style!

a) 162 b) 125973 c) 84
d dl 61/2 P73 o 1lais
) 5] ® f8] N E3z
_4 _ 3 1
-5 -2 -2
g) a4/3 h) g-2/3 i) (_4)—1/2
= (8U3¢ = (8Y9)2
=24 =22
_1
4
D 25-3/2 k) 25312 ) 3. 165/4
= (251/2)—3 = _(251/2)—3 =3 (1@./4)—5
= 5—3 = _5—3 =3 2—5
1 _ 1 _a.1
=125 = 7125 =33
_ 3
- 32

More Rational Exponents

If a is any real number, m any nonzero integer, and n a positi
integer such that'd is defined. Then we have

am/n - (alln)m - (dn)lln

To calculate &, you should take the root first!!

am/n = (alln)m )

Radicals

If ais a real number, and n is a positive integer such #ixisa
defined, then we have
n

Vva= @M

Thus we also have
n
an = Hal' = Tam

Again, to calculate™®", you should take the root first!!

Ral .

am/n -

ve

Examples: Simplify the following expressions. Assume that all
variables are positive.

= 23 (xl3)3 = y(@7+30m) = 12412+ 1/3)

= 8%
x2/3 (xL/4y1/2)3

d s €)  uz-ia

= x(3-1/4) x3/4y3/2

_— T xUzy-14
[= 512 ]
= x(3/4 - 12y(3/2 + 1/4)
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Simplifying Radicals

A radical expression is considered to be simplified when:

1. The radicand has no factors with an exponent
greater than or equal to the index of the radical,

T = Ty = Tl = o By

2. No radical contains a fraction,
N 712x2 _ J12e
'\/2x4 B 8x6 T 2x2

3. No denominator contains a radical, and

2 _ 2(1 + 3/x)

_2(1+3/x)
1-3x (-1 +Ix

1 - 9x

4. The index and the power of the radicand have
no common factor except 1.

V6 = e

Properties of Radicals

Remember that if no index is shown, then it is by default 2

2 - . . .
Thus+v/x meansy/x. The properties of radicals come directly from
the definition and the properties of exponents. In particular, w

have
Property Example
Va+b = Ya-¥b Vexiz= Vg Yxi2= 2
Vi o= Ve “r16 _ V16 _ 2
b = 81 = =3
Vb Lot
o
Via = ™a Vix = I

Absolute Value Again

Recall that the absolute value can be defined in terms of t
square root. More generally, even if we don’'t know the sign of
we have for any positive integer n:

%’XZn = |X|

4%

Examples: Simplify the following expressions. Assume that all
variables are positive. Use Mathematics Writing Style!

9 V8 Ime o VA3 g Ve
=V49 .2 5\17_
_ T4972 =8 7 =813 _ f))((z
VeVt =VmVs o
= 2%/7 = 3%/3 — 2

) 7@ Doy o
9y ":7?2x 8y’

_ 7TGX~9f 3 e _ 7375 .2y
81y4 - - 8y7 ° 2y

‘\37§2x 57?x2

TR e -3
%4x3 ) @
_ 322 2
9) -\a/%/x —
= &y




Examples: Simplify the following expressions. Assume that all

variables are positive. Use Mathematics Writing Style!

2 31
0) p)
a) V10 —6710 b) V32X +VISx ) V12 +V18 +V27 4-372 6+V5
. e oy = Tan T o _ 2(4 + 32) _ 31(6-V5)
'V:ZX;@ZX '7_33*;92?3 (4 - H2)(4 + F2) (6 +75)(6 ~V5)
= 4/2x + 3/2X = 24/3+3/2+3/3 _ —
_ 24+32) _ 31(6 -V5)
24+ %2 31(6 —V5)
= 16 -18 31
d) V5+v45-V15 e) V8x-—3/2x +V18x _ 2(4+32 = 6-5
= -2
= V5 +V95 V15 = VAe2x — 3]2x +92x
= V5 + 35 -V15 = V2 = -a+32) |
= - = X — 3/2x + 3/2x
1
D o7~ 57 N gig:
D VSK-YADX @) VNKT4XBLS ) YRy ez . MATEH) (24753 +75)
= ¥5x —¥85x = Vi3 VB8 = xyz + Az V7 =V RIT + 32) (3 -V5)(3+V5)
_ AT+ 32 6 +5/5+5
= %—5)( - 2%'5)( = X#X?’ + 3)(#)(3 — 5Xy25/2 4e7 — Qo2 = 9-5
- AT+ 3V2 11 + 575
= sx = 4V 28 — 18 =T
N7+ 32
= 10
) (V7 -2)§7+3) ) (V6-2A/5)(6 +V5) ) 42 ) VX = 755
= NTR+HNT-HN7-6 = 6 +730 — &730 — 2+5 2V2 + 3 " e
=74 - _ 4H2(N2 - 3) - (x=35)Vx+V9)
—7+\f7—6 —6—730—10 = (2V2+3)(Z_/2—3) (\/X—VS)(\/X"’VS)
a2 152 x-5)Fx+75)
= 42_9 X —
16 - 14/2
k) (V2 + 5){/2 - 5) ) (V3 +V2) = 8-9
= (V2§ - (5% =3+ /3V2+2 _ 16-1%2
=2-25 =3+2/6+2 -1
= -16+1%32 |
m) (3 +V2)? n) (6 +v2)?
=32+ 2:3/2+2 = (V6 2+ N6V2 + {/2)?
=9+6/2+2 =6+A12+2
=6+ 23 +2




e) 372x+1+1:3

When we solve equations with radicals, sometimes w

oD
B

exponentiate both sides of an equation to get a second equation.
There may be solutions of the second equation that are not solutiohs 2x+1 =2
of the first. We call them aaextraneous solution@nd it must be
thrown out. Therefore, when you solve equations with radigals, (f]ﬁ+ 18 = 28
must check your solution in the original equation
2x+1=8
2x=7
Solving Equations With One Radical

Step 1. Put the radical on one side of the equation by itself.

Step 2. Raise both sides to the power corresponding to the
index of the radical. (2Vx+4y = (x + 1F

4(x+4) = ¥ +2x +1
4x +16 = X +2x +1

Step 3. Solve the resulting equation.

step 4.Check your answers into the original

equation and discard all extraneous solutions. 0=>-2x-15
0= (x-5)(x+3)
x=5,-3
Step 0. If there are two radicals (same index) do this first:

el

a. Isolate the more complicated radical on one side 0
the equation.
b. Raise both sides to the appropriate power.

fy V2Xx-9+4=3

2Xx—9 = -1
(V2x - 9P = (-1p
2x—-9=-1
2x =8

g) Wx+4=x+1 h)Vx-V2x-14=1

Ux—1=y2x-14 DV3X+1+1=Vx
(x-1p=(2x-14p V3X+1=Vx-1
x—x+1 = 2x—14  (V3x+1P= (Vx - 1f
~2x=x-15 Bx+l=x-2/x+1
(2x)2 = (x-15¢  2x=-A/x

4x = 2— 30x+225 X ==X
0=x—34x+225 (x)2 = (=/x)2
0=(X—-9)(x—-25) x2=x

c. Simplify. You should have only one radical left. X=9,25 x2-x=0
X(x—=1)=0
Examples: Solve the following radical equations: x=0 1
a) x+3=/x+5
(x +3P=({/x + 5)2 b) VyZ-10y-11=1+y
X2+6X+9=x+5 (VyZ =10y — 113 = (1+ypP
X2+5x+4=0 y2—10y —11 =1+ 2y +%
x+4)x+1)=0 —12y =12
x=—4, -1
c) Vx+4=V3x-2 d) V3x+13 + 3 = 2x
(VX + 42 = (V3xX — 2) 3X+13 = 2x — 3
Xx+4=3x-2 (V3x+ 13P = (2x — 3%
—2x=-6 3x+13 =4R—12x+9
0 = 4x-15x-4
0 = @x-=-1Dx-4)
x=1/4, 4




Complex Numbers

D -2i8-1) ky (B6+3)2-7) 1) (@2+4)A+i)
Recall that if x is any real number, theh is nonnegative. On = —6i + 2F =12 - 36i — 2R = 2+ 6i + 47
the other hand, #7—1 is defined, then its square equals —1. Hence = —6i + 2(~1) = 12 — 36i — 21(~=1) = 2 + 6i + 4(-1)
V-1 is not a real number. We now expand our number system by . . .
including such numbers. =-6i-2 =12 -36i+21 =2+6i—-4
=33-36
Definition: Wedefine i =V—-1 to be the complex unit. It
follows that £ = —1.
Definition: We define a complex number to be any number of
the form
X = a + bi,
where i is the imaginary unit and a and b are real numbers. In this m) (3 - 2if n G2-ip 0) (4 + 3i)(4 - 3i)
case we call a the real part of x and b the imaginary part of x.
= 9-12i+4¢ =2 W2+ R = 16 — 9F
= — i _ _ =16 -9(-1
9 — 12i + 4(-1) = 2 2W2+ (1) (-1)
=9-12i-4 _ =16+9
=2-2y2-1
v
=1-2y2
If you remember that?i = —1 and otherwise treat i like any
other variable, then you can do arithmetic with complex numbers |in
the usual way. No expression containing i raised to an integer
power is considered simplified. In some sense, i can be considered
to be a radical, so we never want to leave i in the denominator of|a
fraction.
Perform the indicated operation and /or simplify: 1+ 4
P 5 _ 3 9 -1-5i
a) V=25 by V=16 ¢ V-24 d) V=45 1+ )2 + 3i) _ 4(~1 + 5i)
= Y25 = V16 = V24 = {745 (2 - 3i)(2 + 3i) (=1 - 5i)(-1 + 5i)
— — - - _2+5i+3P _ 4(-1 + 5i)
[=5 ] [=4 ] |=2w6] [ =3W5 | =" a_92 T 1-252
_2+5i-3 _4(-1 + 5i)
- 4+9 - 1+25
_9i _9i — - -1 + 5j _ 4(-1 + 5i)
e) (6-2i)+(1-2i) f) (~4-N2)-(-4+72) =713 = 26
=6-2i+1-2i - -
i i =4-y2+4-7/2 1 5. _ £+L0i
[=7-40 ] - =—-13%13! - 713713
7+ 6 + i
_ - - N 2-i s) i
g) 3-2)+@+i3) h) 3(-7 +/3) + 2(5 - 2i)
B (7T + )2+ _ (6 +i)(-i)
=V3-2i+1+73 = -21+3i/3 +10 - 4i T(2-i)(2+1i) ()]
[= @ +V3) + (2 +3)i | [= 11+ (33-4)i | S 14+ 0i+ P - =6 2
4 — =
_14+9i-1 _—6i+1
T 4+1 -1
i) 8(4+i)—5(5+2i) 13 + 9i
= 32 + 8i — 25 — 10i 0

I,
5

[6;1[(e]




B

V2 + i
2 + i
(V2 +i) (/2 - i)
(V2 + )2 - i)

_2-2§2-1R

2 -2

—2-2VW2 +1
2+ 1
-1-2W2
3

V2.
3 I

1
-3~

5
W 3+ 4i

_ 5(3 - 4i)
= (3 + 4i)(3 - 4i)

_ 5(3 — 4i)
T 9-167

_ 5(3 — 4i)
= 9+ 16

_ 5(3 - 4i)




