The proof is from the book “Groups and characters” by Larry C. Grove.

The simplicity of PSL(n, q)

If V' is n-dimensional vector space over a field F' then GL(V) denotes the general linear group of
V. Choosing a basis for V' provides an isomorphism of GL(V) with the group GL(n, F) of all
invertible n x n matrices over F.

The determinant is a homomorphism from GL(V) onto the multiplicative group F*; its kernel is
the subgroup SL(V'), the special linear group.

The center of GL(V) is Z(GL(V)) = {al : a € F*} and the center of SL(V) is Z(SL(V)) = {al :
a € F* a" =1}

If F is finite, with g elements, the the matrix groups are denoted by GL(n,q) and SL(n, q).

If 0 # v € V write [v] for the line Fv = {av : a € F} through the origin spanned by v, and call
it a projective point. The set of all distinct projective points [v] is called the projective space of
dimension n — 1 based on V, and is denoted by P,_1(V), or P(V). There is a natural action of

GL(V) on P(V), given by 7[v] = [rv] for all 7 € GL(V), [v] € P(V). The kernel of the action is
Z(GL(V)), and likewise that the kernel of the action of SL(V') on P(V) is Z(SL(V)).

Define the projective special linear group on V to be
PSL(V) = SL(V)/Z(SL(V)).

This group acts faithfully on P(V).
Our goal is to show that except for PSL(2,2) and PSL(2, 3) every PSL(V) is a simple group.

To accomplish this we’ll use Iwasawa’s theorem. But before we formulate and prove this theorem,
the definition of primitive group action is needed.

Let a group G act on a set S. For x € G and s € S we will write s* to denote the result of the
action of  on s. With that convention we have s! = s and s* = (s%)”. Define a block to be a
subset B C S such that B # S, |B| > 1, and if z € G then either B®* = B or BN B* ={). If G is
transitive on S and has no blocks we say that G is primitive on S.

Theorem (Iwasawa) Suppose that G is faithful and primitive on S and G =@G. Fizse S and
set H = Stabg(s). Suppose there is a solvable subgroup K < H such that G = (U{K?* : x € G}).
Then G is simple.

Proof. Suppose that 1 # N < G. We will show that in this case N = G and therefore G has no
proper normal subgroups.

Step 1. N is transitive on S.

Since G is faithful on S and N # 1 there is an N-orbit in S having more than one element, say
B = Orby(a) and |B| > 2. If € G then B® = a™* = a*" (since N < G). Thus B* = Orby(a®).
Since S is partitioned into its N-orbits we have either B® = B or B* N B = (). But G is primitive
on S hence we must have B = 5, or else B would be a block for G. Therefore Orby(a) = B =S
and this means that N is transitive on S.

Step 2. G = Stabg(s)N for all s € S. In particular, G = HN.

If z € G then s* = s¥ for some y € N since N is transitive on S. Thus s = s, 50 xy~ ! €
Stabg(s) and x € Stabg(s)y C Stabg(s)N. Hence G = Stabg(s)N.

Step 3. G = KN.

G=HN = NH (since N<aG),and G = (U{K®”:2x € NH}). K <H, hence forn e N and h € H
we have K™ = nhKh™In™! = (K")" = K". Thus G = (U{K" :n € N}). Every g € G can
be written in the form g = k{'*k3? .. kI = nlklnflngkgngl ..nyk.n;t. Since N < G we have
partial commutativity kn = nk hence g = kn for some k € K and n € N. Thus G = KN.



Step 4. N =G.

Since K is solvable K(™) =1 for some m.

(KN)(D = <{k1n1k2n2n1_1k1_1n2_1k2_1 cki,ke € K, ny,ng € N}>
= ({kikoki'k3'n ki ko € K, n€ N}) < KN,

Using induction we obtain that (KN)() < KON for all I. Since G = GV we have G = G"™) =
(KN)™ < KM N = N. Therefore N = G and this ends the proof.

In order to apply Iwasawa’s theorem to PSL(V') we must show that PSL(V) is primitive on P(V),
PSL(V)®) = PSL(V), and there exists a normal solvable subgroup in Stabpgr,v)([v]) whose conju-
gates in PSL(V') generate PSL(V'). To achieve this goal we will introduce transvections and prove
some results for them.

A hyperplane in V is any subset of codimension 1. If 1 # 7 € GL(V) then 7 is called a transvection
if there is a hyperplane W such that 7|y = 1y and 7o —v € W for all v € V; W is called the
fized hyperplane of T.

If 7 is a transvection with fixed hyperplane W choose a basis for V' consisting of first some v; €
V' \ W and then a basis {v,...,v,} for W. It is clear from the matrix representing 7 relative to
this basis that det 7 =1, so 7 € SL(V).

Proposition 1 The inverse of a transvection is a transvection. Suppose that V is a subspace of a
space Vi, that v € V1 \ 'V, and that T is a transvection on V with fixed hyperplane W, then T can
be extended to a transvection T on Vi whose fixed hyperplane W1y contains v.

Proof. If 7 is a transvection then 7w = w for all w € W. Multiplying both sides of this equality
by 77! # 1 we obtain w = 77w for all w € W. Also we have 7v—v = w € W, hence v — 7" 1v = w,

and we obtain 7 v —v = —w € W. Thus 77! is a transvection.

Now prove the second part of the proposition. Let {vq,va,...,v;} be a basis for V' such that
{va,...,vx} is a basis for W. We can choose a basis for V] consisting of the following vectors
{v1,v2,..., Vg, k41 = V,..., 0, }. Consider a hyperplane W; spanned by {vs,...,v,} and extend 7
on Vi by setting 71|y = 7|y, 1iv; = v; for all ¢ > k. Then 71|w, = lw, and v; — vy = Tv1 —v1 €
W C Wi. So 1y is a transvection with fixed hyperplane containing vg11 = v.

Proposition 2 Ifu and v are linearly independent in V then there is a transvection T with Tu = v.

Proof. Choose a hyperplane W in V with w — v € W but uw ¢ W, and define 7 by means of
Tlw = lw, Tu = v. lf € V write © = au 4+ w, where a € F and w € W. Then 72 — z =
av+w—au—w = alv—u) € W, so 7 is a transvection.

Proposition 3 Suppose that W1 and Wy are two distinct hyperplanes in V and that v € V \
(W1 UWs). Then there is a transvection 7 with TW; = Wy and Tv = v.

Proof. Note that W + Wy =V, so dim Wi N Wy = dim W 4 dim Wy — dim(Wy + Ws) =n — 2
and W = W1 N Ws + Fv is another hyperplane. Write v = x 4+ y, with x € W7 and y € W5. Then
x & Wy, so W1 = WiNWsy+ Fa, and likewise Wo = Wi NWo+ Fy. Thus V. =W NWy+ Fa+ Fy.
It follows that « ¢ W, or else y = v — x is also in W and hence V' C W, a contradiction. Define
Tvia 7l = 1y and T = —y. If z € V write z = ax + w, where a € F and w € W. Then
Tz—z=—ayt+w—ar—w=—aly+x)=—av € W. So 7 is a transvection, Tv = v since v € W,
and 7W; :T(W1QW2—|—F33) =WiNWy— Fy=W,.

Theorem 1 The set of transvections generates SL(V).



Proof. Fix p € SL(V), then choose a hyperplane W in V and choose v € V' \ W. If v and
pv are linearly independent then by Proposition 2 there is a transvection 7 with mpv = v. If v
and pv are linearly dependent then first choose a transvection 7y so that v and 7ypv are linearly
independent, then a transvection 74 so that 7{m9pv = v, and set 71 = 77p. Thus in either case we
have 71 pv = v and 71 is a product of transvections. Note that v ¢ 71 pW (since v € V' \ W and
Tipv = v). If TipW = W set 7o = 1y. If 71pW # W apply Proposition 3 to get a transvection
To with 7o pW = W and 7ov = v. Set 0 = 7o71p. Since o € SL(V), cW = W, and ov = v it
follows that o|w € SL(W). Now use induction on n = dim V. If n = 2 then o|w = 1w (since
SL(W) = 1y when dimW = 1), so 0 = 1 and p = 77 ‘7, . Proposition 1 implies that p is a
product of transvections. If n > 2 then by induction oy is a product of transvections on W, each
of which extends to a transvection fixing v on V by Proposition 1. Thus ¢ is the product of the
extended transvections, and p = 7, 172_ 1o, a product of transvections.

Proposition 4 If 71 and 72 are transvections on V' then they are conjugate in GL(V). If n > 2
they are conjugate in SL(V).

Proof. For i = 1,2 write W; for the fixed hyperplane of 7;, choose z; € V \ W;, and set
w; = 1ix; — x; € W;. Choose bases {wy, us, ..., u,} for Wi and {ws,vs,...,v,} for Ws. For each
a € F* define o, € GL(V) by setting 0,21 = 22, cqw; = wa, oqu; = v; for 3 < i < n—1,
and, if n > 2, o,u, = av,. Then o,m10,  (22) = 0um1(71) = 0u(z1 + W1) = T2 + Wy = To(72),
oamio; H(wa) = 0am1(w1) = oaw1 = wy = Ta(ws), and o,m0, (V) = ouTi(U;) = TLup = v; =
T2(v;). So 0,10, ! and 75 agree on the basis {2, ws,vs,...,v,}, and hence o,10, ! = 7.

If n > 2 we may set b = (det o1)~! and obtain o}, € SL(V).

Proposition 5 Suppose that dimV = 2, and let {v1,v2} be any basis for V.. Every transvection

O:|,CLEF*.

is conjugate in SL(V) to one whose matriz relative to {v1,va} is of the form [ (ll 1

Proof. If 7 is a transvection with fixed hyperplane W choose v € V' \ W and set w = 7v —v € W.

0 } If M is the matrix that

Relative to the basis {v,w} the matrix representing 7 is [ 11

represents T relative to {vy,va} then there is a matrix B in GL(2, F) with BT'MB = [ 1 (1) }

a O

If det B = a~! we may set A = [ 0 1

} Then BA € SL(2, F), and

a 1

(BA)lM(BA)—Al[i HA— [ L 0].

Theorem 2 Ifn >3 and G = SL(V) then G = G, and also if G = PSL(V) then G = G.

Proof. If we exhibit a transvection in G(*) then all will be done since by Proposition 4 all
transvections are conjugate in G, hence G(Y) will contain all transvections, and by Theorem 1
transvections generate SL(V).

Choose a basis {v1,...,v,} for V and define 11,75 via
Ty U] v — U, v; — v, if 2 <4 < n,

To 1 U1 b U1, Vg > Uy — 03, v; — v; if 3 < i < n.

Then
717271_172_1 tvp > v — g, v v if 2 <4 <n,

SO TlTQTfngl is a transvection in G(1).



PSL(V) = SL(V)/Z(SL(V)), hence

y _ SLOVWZESL(V))  SL(V)
LY ==&ty ~ zeLay oY)

Theorem 3 Ifn =2, |F| >3, and G = SL(V), then G = G.

Proof. Choose a basis {vi,v2} for V and choose a € F*, a # +1. Define 0 € SL(V) via
o(v1) = atvy, o(vg) = avy, and for each b € F* define 7, € SL(V) via 7,(v1) = v1 + bvg,
7p(v2) = va. Then om0~ 17, ! is represented by the matrix

at 0 10 a 0 1 01 1 0
0 a b 1 0 at b 1| | bala—at) 1
The theorem follows from Theorem 1 and Proposition 5, since b € F* is arbitrary.

Proposition 6 Ifn > 2 then SL(V) is primitive on the projective space P(V).

Proof. Take [v1] # [v2] and [w1] # [we] in P(V), so {v1,v2} and {wq, ws} are linearly independent
sets in V. If n = 2 they are bases. If n > 3 set V; = Fuvy + Fvy and Vo = Fwy + Fws. Then either
Vi = Vo # V orelse V1 # Vs, in which case V3 UV5 is not a subspace — in either case ViUV, # V. If
vz € V '\ (V1 UV,) then both {v1,vs,v3} and {wq, we, w3} are linearly independent. The argument
may be repeated to obtain two bases for V', {v1,...,v,} and {w1,...,w,}. For any b € F* define
7 € GL(V) via v1 — bwi, va — we, v; — v; for 3 < ¢ < n. If w; = >, a;;v;, j = 1,2, then
det 7, = b(aj1ase — a12a21). Choose b so that det, = 1; then 7, € SL(V), and it carries [v1] to
[wi], [v2] to [ws].

Suppose B C P(V), with |B| > 1 and B # P(V). Choose [v1],[v2] € B and [w] € P(V) \ B. Then
choose T € SL(V) with 7([v1]) = [v1] and 7([v2]) = [w]. Then [v1] € 7(B) N B so 7(B) N B # 0,
and [w] € 7(B) \ B, so 7(B) # B. Thus B is not a block for SL(V'), hence SL(V') has no blocks

and it is primitive.

Proposition 7 If 0 # v € V and A = Stabgy,v)([v]) then A has an abelian normal subgroup B
whose conjugates in SL(V') generate SL(V').

Proof. Choose a hyperplane W with v ¢ W, so V. = W 4+ Fv. If 0 € A and w € W write
ow = o'w+ ayv, with c’'w € W and a,, € F. Let x = aw; + bws then o(aw; + bws) =
o'(awy 4+ bwy) + azv and o(aw + bws) = ac(wy) + bo(ws) = ac’wy + bo'wy + (6w, + by, )v.
Therefore o’(aw; 4+ bwy) = ac’wy + bo’ws since v ¢ W. Also we have ov = ¢’v + a,v, on the
other hand ov = a,v since ¢ € A = Stabgy,([v]), so o’v = 0. o tw = (67Yw + by,v, hence
w = o ow) = (67 (ow) = (671 (0c'w + a,v) = (671)o'w. Analogously o'(c71)w = w,
therefore o' € GL(W). Consider a map ¢ : 0 — o¢'. (0102)w = (0102)'w + a,v, (o102)w =
o1(oaw) = o1 (0yw+by,v) = 01 (05w)+agy.,v, hence (0102)" = 003, therefore ¢ is a homomorphism
form A into GL(W). Thus B = ker ¢ is a normal subgroup of A.

Choose a basis {wy,...,w,—1} for W. For any b € F* define 7, € A via vy — wy + bv, w; —
w; for 2 < i < n—1, and v — v. Then 7, is a transvection (with hyperplane spanned by
{wa, ..., wyp_1,v}), and if w € W then yw = w + bv, so 7}, = 1y and 7, € B. If n = 2 the matrix

representing 7, relative to the basis {ws,v} is [ 2 (1) } and b € F* is arbitrary. It follows from

Theorem 1 and Propositions 4 and 5 that the conjugates of B generate SL(V) for all n > 2. If
o € B then ¢/ = 1y, so cw; = w; + a;v. Thus, if 01,09 € B, their representing matrices relative
. e 1 I .
to the basis {w1,...,w,_1,v} have the partitioned form [ v ? } and [ v (1) } , where I is the
1 2
(n—1) x (n — 1) identity matrix and u;,us are 1 X (n — 1) matrices. Since
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we see that B is abelian.
Theorem 4 FEzcept for PSL(2,2) and PSL(2,3), every PSL(V) is a simple group.

Proof. Choose v # 0 in V, and take A = Stabgr,y)([v]) and B < A as in Proposition 7. Write
Z = Z(SL(V)) and set H = A/Z = Stabpgr,v)([v]), K = BZ/Z < H. We have that PSL(V)
acts faithfully on P(V). It is also primitive on P(V') since by Proposition 6 SL(V') is primitive
on P(V). K < H = Stabpgy,v)([v]) and K is abelian, hence it is solvable. The conjugates of K
generate PSL(V'). Then all the conditions of Iwasawa’s Theorem are met, and PSL(V) is simple.



