HOLDER EMBEDDINGS OF A DISK INTO THE HEISENBERG
GROUP

PIOTR HAJLASZ AND ARMIN SCHIKORRA

ABSTRACT. We present a proposed construction of a Holder embedding of the closed pla-
nar disk into the first Heisenberg group, equipped with the Carnot—Carathéodory metric,
with exponent 1/2 + 1/1800. If verified, this construction would disprove Gromov’s con-
jecture that no such embedding exists with exponent greater than 1/2. The construction
is inspired by [11] and uses convex integration, proceeding through smooth embedded
approximations whose contact defects converge uniformly to zero.

The construction was developed through an extended collaboration with OpenAl’s
ChatGPT 5.6 Pro and GPT-6 Astra Max.

The calculations in this manuscript were carried out and written by GPT-6 Astra Max,
guided by ideas supplied by the human authors and repeated requests for further details,
explanations, clarifications, corrections, and simplifications. Repeated checks using GPT-
6 Astra Max on two separate accounts did not identify any errors. However, these
checks do not establish correctness: the calculations have not yet been verified
by the human authors. The manuscript also remains difficult to read and requires
further work to improve its exposition. It is therefore preliminary and is not yet ready for
submission to arXiv.

Preliminary status. This is an Al-assisted preliminary manuscript. The proposed proof
and its calculations have not yet been verified by the human authors.

1. INTRODUCTION

The Heisenberg group is a basic example of a space in which topology and metric regular-
ity place different restrictions on a map. As a topological space, the first Heisenberg group
H! is R3. Its Carnot-Carathéodory distance, however, measures motion in the central
direction differently from motion in the two horizontal directions. In particular, a smooth
Euclidean embedding defined on a neighborhood of a closed planar disk is 1/2-Hélder into
H' on that disk. The question is whether an embedding can have better regularity.

This question belongs to the program initiated by Gromov [5] concerning Holder maps
between Euclidean and Carnot-Carathéodory spaces. For a planar disk in H!, his non-
embedding theorem gives the upper bound o < 2/3. The conjecture usually associated
with this problem predicts the stronger bound « < 1/2. Hajtasz and Schikorra [7, The-
orems 1.1-1.2] gave a proof of the non-embedding theorem using differential forms and
obtained refinements involving both Euclidean and Heisenberg regularity. These results
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provide obstructions to embeddings; they do not identify the largest exponent at which an
embedding exists.

There is substantially more flexibility when injectivity is not required. Wenger and
Young [12, Theorem 1.1] proved Holder extension results into Carnot groups which, in H!,
allow every exponent below 2/3. Their constructions do not provide embedded disks. Thus
obtaining a continuous map with a good Holder exponent and obtaining an embedding are
separate problems. In an iterative construction this distinction appears at the limit: even a
sequence consisting entirely of embeddings can converge to a map which identifies distinct
points.

A useful analytic formulation was developed by Hajtasz, Mirra, and Schikorra [6, Theo-
rem 7.4]. For Euclidean Holder maps of exponent greater than 1/2, the contact equation
can be interpreted distributionally. Their Theorem 7.4 characterizes Heisenberg Holder
regularity by the vanishing of this distributional pullback. This formulation makes it
possible to approach the problem by correcting a differential form. In the present proof,
uniform control of the defects of smooth approximations permits an elementary signed-area
argument in place of the general distributional theorem.

The direct starting point for our calculations is Schikorra’s paper [11]. Its Theorems 1.4
and 1.6 develop extension and approximation constructions for a general class of Pfaffian
constraints. Applied to the Heisenberg groups, they give Holder extensions above 1/2 in
every dimension and embeddings above 1/2 of B"™! into H" for n > 3 [11, Corollaries 1.8~
1.9]. Our proposed construction concerns the remaining problem of an embedded planar
disk in H'. It adapts the oscillatory cancellation from that paper and supplies a different
mechanism for retaining injectivity throughout the construction and at its limit.

We write a for the Hélder exponent and B2 = {a € R? : |a| < 1} for the closed unit
disk. The contact form used in the construction will be denoted by A. Throughout, an
embedding is a continuous injective map whose inverse on its image is continuous. Our
proposed main result is the following.

Theorem 1.1. There exist an embedding F : B2 — H' and a finite constant C' such that

_ 1 1
‘ < _ « 2 = — — .
(1.1) doo(F(a), F(b)) < Cla=b*  (a,b€B?),  a=g+ o

More generally, for every exponent

1 4925 1 11

5 < <0830~ 2 " 10678’

there exist an embedding F : B> — H' and a finite constant Cy such that dec(F(a), F (b)) <
Cula — 0| for all a,b € B2.

The conclusion is a counterexample to the 1/2-threshold conjecture in H'. The gain in
the displayed exponent is small. It comes from deliberately generous bounds on derivatives
of the changing contact coordinates. The proof does not approach the upper bound 2/3,
and the final section explains which inequality prevents the present estimates from doing
SO.
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1.1. Injectivity and the role of dimension. The extra coordinates in H" allow Schiko-
rra to preserve injectivity directly. In suitable contact coordinates, the oscillations can
be confined to b horizontal pairs and the central coordinate, leaving 2n — 2b coordinates
unchanged [11, Theorem 1.6]. If at least n + 1 coordinates remain, choose n + 1 of them
to equal the domain coordinates aq, ..., a,1. For the resulting map G, projection 7 onto
these coordinates then satisfies

moG(a) = a.

This identity gives both injectivity and a continuous inverse on the image. It is the argu-
ment in the proof of [11, Corollary 6.2].

At least one horizontal pair is needed for the correction. Taking b = 1 leaves enough
unchanged coordinates precisely when

2n—2>n+1, that is, n > 3.

For example, in H? the correction uses three of the seven coordinates, while the other four
retain the four domain parameters. This is the precise sense in which higher dimension
makes injectivity easier in that construction. In H', one horizontal pair and the central
coordinate already exhaust all three coordinates. The same argument therefore supplies
no fixed projection that can recover the two domain parameters.

Our additional task is to replace this fixed inverse by estimates that remain useful
while every ambient coordinate is allowed to change. The proposed construction does this
by keeping contact coordinates around each corrected surface and controlling how much
they can distort distances. The point is to make the contact defect small, keep the Holder
increments summable, and prevent distinct parameter points from merging, with one choice
of iteration parameters.

1.2. The correction in the first Heisenberg group. We construct smooth embeddings
F,. : R? = R3 for which

FiA=dFl — FYdF* — 0,  \=dt—ydr,

uniformly on the disk. Superscripts denote components in the working coordinates (z,y, t)
introduced in Section 2. The algebraic starting point is the contact cancellation in [11,
Lemmas 3.3-3.4 and Proposition 3.5]: two horizontal oscillations of size ¢ and frequency
comparable to €72 produce an order-one quadratic term in the contact form. A central-
coordinate correction cancels its oscillatory part, leaving the desired reduction of the defect.
The issue here is to realize this cancellation by an embedded graph and to prepare coordi-
nates in which it can be repeated.

Each finite-stage map is written as
Fk:EkOLOPka L(S,U):(S,O,U).

Here ¢ parametrizes the vertical plane {y = 0}, P, = (Sk,Ux) : R* — R? is a smooth
diffeomorphism, and Z; is a contact diffeomorphism on a slab around that plane. Thus
the actual surface is the image of the vertical plane under =;. The planar map P, changes
its parametrization and need not take the disk onto itself. If Z;\ = up A, with py > 0, then

FiyX = my, dUy, My = g © L © P
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The defect has a single scalar phase Uy in these coordinates. In particular, a defect bound
|FEA| < 1 gives my|DU| < 11, which controls how fast the next oscillation varies on the
parameter disk.

We first adjust =5 and P, without changing F}. The vectors to be controlled are
By = 0,Z}(s,0,u),  Baoy=0,Zp(s,0,u),  Z@=(Z},Z]).

They are the horizontal components of the derivatives along the plane in the z-direction
and transverse to it in the y-direction. The contact identity fixes their determinant at
i (s, 0,u), but by itself does not bound either length: the vectors can be long and almost
parallel. A planar stretch makes the first length comparable to /p. A contact shear then
removes, up to a controlled error, the component of the second vector parallel to the first.
Proposition 5.1 proves that these changes give

|Byk| + | Box| < 8y/pu(s,0,u) ((s,u) € P.(B2)).

This normalization has a specific analytic purpose. The vectors B;, By multiply
the leading oscillations after composition with Z;. Their bound gives amplitudes of size
Cey/my,, while my|DUy| < r controls the phase. Together these yield a half-Holder bound
C'\/r, for the leading term, with a constant independent of the changing coordinates. In-
cluding the remainders, Proposition 3.2 and lemma 6.3 give

||Fk+1 - Fk”(;lﬂ(@) < C(\/ﬁ + gkri)-

Here ¢4, is the oscillation size, and 'y bounds the coordinate quantities specified in Defini-
tion 3.1, including derivatives, inverse estimates, and the reciprocal slab width. A separate
derivative estimate allows interpolation above 1/2. Controlling the growth of I'y, is essential:
small oscillations alone would not ensure summability of these stronger Holder norms.

For one correction, suppress the index k£ and choose a small reduction parameter 0 <
0 < 1/4. The vertical plane is replaced by

G(s,u) = (s +en(Lu), eo(Lu), ¥(w)), L= (1-0)/,

where 9(u) = u + £%yg(Lu) and the periodic profiles are constructed in Lemma 6.1. They
are chosen so that

' >T760/8 >0, G*\ = 0du — e(p(Lu) ds.

The second identity reduces the original defect du to a small multiple of itself and an error
of size €. The first ensures that the same correction remains an embedded graph over the
vertical (z,t)-plane, namely

y = eCo(Ly~(1)).

Thus the cancellation and embeddedness hold for the same profiles.

The corrected map in the ambient space is Fj 1 = Zx 0 G o P,. An explicit contact
diffeomorphism maps the graph back to the vertical plane; its inverse supplies contact
coordinates around the new surface (Lemma 6.2). Bounds on their derivatives, inverse, and
domain of definition ensure that the next graph fits inside this coordinate neighborhood.
Applying the stretch and shear again restores the normalization. This quantitative passage
from one embedded surface to the next is the main additional ingredient beyond the
oscillatory contact cancellation.
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Finally, inverse estimates for =, and P, give a concrete replacement for the fixed projec-
tion in higher dimensions. The iteration in Proposition 8.2 yields

|Fio(a) — Fr(b)] > T *la — ],
IF = Fill poe ) < CT37, [}, — 0.

For a fixed pair a # b, the second quantity is eventually less than half the lower bound
in the first line. All later corrections therefore move the two image points by too little to
identify them. The final injectivity argument is short; the work lies in producing these
separation and displacement bounds together with the contact and Holder estimates at
every stage.

1.3. Relation to convex integration. The method has its origins in the C'' isometric
embedding theorems of Nash [10] and Kuiper [9]. Its quantitative forms have led to much
finer regularity results. Examples include Isett’s resolution of the flexible side of Onsager’s
conjecture [8, Theorem 1], the C'' isometric immersions for o < 1/5 of De Lellis, Inauen,
and Székelyhidi [4, Theorems 0.1-0.2], and the more recent immersion constructions of
Cao, Hirsch, and Inauen [1, Theorem 1.1 and Remark 1.2], which in dimension two reach
a < 1/3. These achievements depend on the structure of the equation as well as on the
choice of parameters. Here the contact condition and the requirement of injectivity dictate
the particular corrections that we can use.

Three aspects of those arguments helped organize the present proof. Following De
Lellis and Inauen [3, Proposition 4.1 and Sections 6-8|, we state one complete correction
proposition before proving its ingredients. This makes explicit what the next stage needs
from the current one. The composition estimates in [4, Proposition 2.1] and [1, Lemma
A.1] also motivate retaining derivative orders separately. In our setting only two derivatives
of the ambient coordinates are needed. Finally, we choose coordinates before estimating
the new error. The particular stretch, contact shear, and phase coordinates used below
are derived directly for this problem; none is an application of an isometric immersion
theorem.

There is also a connection with the rigidity side of the isometric embedding problem. For
positively curved surfaces, the exponent 2/3 appears in a curvature and degree argument
involving the Holder Gauss map. In [2, Proposition 7.5, equation (63)], a quadratic com-
mutator of size /27! is paired with a differentiated test function of size ¢*~!, leaving an
error of order ¢3%~2. This is the relevant analogy with distributional-Jacobian obstructions
in the Heisenberg problem. We cite this rigidity argument for context; it is not a construc-
tion lemma in the proof below. The connection threshold 1/2 studied in [3, Theorem 1.2]
concerns a different question from this classical curvature threshold.

1.4. Organization of the proof. We include the details needed to read the construction
without prior knowledge of convex integration. Section 2 fixes the metric and contact
conventions. Section 3 lists the coordinate data and states the main correction proposition.
The analytic estimates, normalization, and explicit graph are proved in Sections 4 to 6;
they are assembled in Section 7. Section 8 checks the numerical inequalities and proves
that the limit is injective. Section 9 supplies the Heisenberg Holder estimate. The final
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section discusses the limitations of the present estimates and the further ideas from convex
integration which would require new arguments here.

The reader may first read the main correction proposition and the iteration, then return
to the coordinate calculations. Within the longer proofs, a short explanation precedes each
calculation to indicate what that calculation is meant to achieve.

2. THE HEISENBERG GROUP AND ITS METRIC

The first Heisenberg group H' is R3, with coordinates (x,v,t), equipped with the multi-
plication
(2.1) (x,y,t)- ("¢, )= (e + 2 y+y, t +t +2(ys' — xv)).

The identity is 0, and the inverse of (x,y,t) is (—x,—y,—t). Bilinearity of the central
cross term proves associativity: both bracketings of a triple product have the same three
pairwise cross terms. The group operations are smooth, so this is a Lie group. Here z,y
are the horizontal coordinates and ¢ is the central, or vertical, coordinate.

The horizontal plane at each point is the kernel of the contact form
p=dt+2(xdy —ydzx).
It is spanned by the vector fields
X =0,+2y0, Y =0,-2z0,
which we declare orthonormal. A curve is horizontal when its velocity lies in this plane. The
Carnot—Carathéodory distance is the infimum of the horizontal lengths of curves joining

the two given points. These conventions agree with [7, Section 2.2]. The central rescaling
(xz,y,t) — (z,y,t/4) gives the normalization used in [11, Section 1, equation (1.1)].

2.1. The matrix model used in the proof. For the calculations we use an equivalent
model in which the contact form has only one product. Consider the upper triangular
matrices

M(z,y,t) =

OO =
o R,

t
x ) x)y7t€R
1

Their multiplication satisfies

M(x,y, )M (2", ¢/, t') = M(z+ 2",y + 9y, t +t' +ya').
Thus the matrix group H' is R? with law
(2.2) (z,y,t) © (2", ¢, ") = (e + 2"y + ', t +t' + ya').

We use the coordinate names (z,y, t) in both models; the symbols - and ® distinguish their
multiplications. The map

gb:]i:]ll —>H17 ¢($,y,t) = (m,y,4t—2:l7y)

has smooth inverse ¢! (z,y,t) = (z,vy, (t + 2zy)/4) and is a group isomorphism. Indeed,
the central coordinate of ¢(q ® ¢') is

A+t +yx') — 2(x + 2" )y +v') = 4t — 2oy + 4t' — 22"y + 2(y2' — xy/),
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which is the central coordinate of ¢(q) - ¢(¢'); the two horizontal coordinates agree as well.
In the matrix model put
(2.3) A =dt —ydz, X =0,4y0d, Y =0,

The fields X .Y span ker A and are declared orthonormal. The identity A A d\ = dt A dz A
dy # 0 verifies the contact condition. The two models have the same horizontal geometry:

¢"B = d(4t — 2xy) + 2(x dy — ydz) = 4(dt — ydr) = 4\

More precisely,

1 0 O
Dop=| 0 1 0
—2y —2x 4

gives DO(X) = X o and Dp(Y) =Y o ¢. Hence ¢ preserves horizontal lengths and is an
isometry for the corresponding distances. We henceforth identify the two metric groups

and use H' for the matrix model (2.2). Every subsequent ambient calculation uses (x,y, t)
and A =dt —ydux.

This model is also the first jet space J*(R): the coordinates (z,y,t) record the indepen-
dent variable, derivative, and function value. Its contact form is dt — y dx, and (2.2) is the
case n = k = 1 of [13, Section 2.2, equation (1)]. For example, the jet of a smooth function
is the horizontal curve z — (z, f'(x), f(x)).

2.2. Horizontal curves and distance. A piecewise C' curve (1) = (z(7), y(7),t(1)),
0 < 7 <1, is horizontal precisely when

(2.4) "= ya'

The prime here denotes differentiation with respect to 7. Since v/ = /X () + 'Y (v), its
horizontal length is

() = [ @R+ y(nRar

Write deo(p, ) for the infimum of these lengths over horizontal curves joining p to g. The
next lemma proves that every pair can be joined and that the resulting distance is a metric.

Left translation by (a,b,c) sends a curve to (a + z,b+ y,c+ t + bx). Horizontality is
preserved, because
(t'+bx") — (b+y)d =t —ya'.
The horizontal derivatives remain 2/, 1/, so lengths are preserved. Applying this also to the
inverse translation gives

dec(p,q) = dec(0,p7! ® q).

The inverse is (z,y,t)"! = (—z,—y,—t + xy). Consequently, for p = (74,¥a,t,) and
q= (l’b, Yb, tb)a
(25) p_l ®q: ($b_xa>yb_yaatb_ta _ya(xb_xa))-

The extra product in the central coordinate will combine with the contact equation in
Proposition 9.2.
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Equation (2.4) explains how a loop in the horizontal (z,y)-plane can produce a vertical
displacement. A square loop gives the elementary metric bounds needed in the proof.

Lemma 2.1 (Elementary bounds for the Heisenberg distance). In the matriz model (2.2),
let ¢ = (z,y,t) € H' and h = (z,y) € R*. Then

(2.6) max{[h], \/[t]} < doc(0,9) < |2] + |yl + 4/]t].

In particular dcc is a finite metric and induces the Euclidean topology on R3.

Proof. Let v be a horizontal curve from 0 to g, of length ¢. Its horizontal endpoint satisfies
|h| < ¢, and |y(7)| < ¢ along the curve. Integrating (2.4) gives

|t|—‘/ T)dr

Taking the infimum proves the lower bounds.

<e/ 2/ (7) dr < 2.

For the upper bound, first move from 0 to (z,0,0) and then to (z,y,0). Both segments
are horizontal by (2.4), and their total length is |z|+]|y|. For the counterclockwise boundary
of the square [0,a]? in the horizontal plane, direct integration gives §ydz = —a?. Its
horizontal lift starting at 0 therefore ends at (0,0, —a?) and has length 4a. Reversing

orientation gives central displacement a?. Choose a = /|t| and the appropriate orientation,

and left translate the lifted curve to (x,y,0). It ends at (x,y,0)®(0,0,t) = (z,y,t), proving
the upper bound. When ¢ = 0 the loop is unnecessary.

Finiteness for every pair follows by left translation. Reversing curves proves symmetry,
and concatenating curves and taking infima proves the triangle inequality. The lower
bound applied to p~! ® ¢ shows that distance zero forces p = ¢. Finally, (2.5) shows that
p ' ®q — 0 precisely when ¢ — p in Euclidean coordinates. The bounds in (2.6) therefore
prove that the metric and Euclidean topologies agree. O

These bounds also justify the observation at the beginning of the introduction. If f
is smooth near a closed disk, then Df and fY are bounded there. For a,b in that disk,
(2.5) gives horizontal increments bounded by Cla — b| and a central increment bounded
by Cl|a — b|. The upper bound in (2.6) therefore gives doc(f(a), f(b)) < Cla — b|*/?, after
adjusting C' for the diameter of the disk. Injectivity is needed only to call this map an
embedding.

The square root explains the stronger estimates needed below. To prove that a map
is a-Holder into H!, we will bound the horizontal coordinates of its group differences by
Cla — b|* and their central coordinate by Cla — b]**.

2.3. Contact defects and the vertical plane. For a smooth map F = (F* FY F")
from a planar domain, its contact defect is the one-form

F*\ =dF' — FYdF*.

It vanishes precisely when DF' takes values in the horizontal planes. We construct embed-
ded smooth surfaces whose defects tend uniformly to zero while their Euclidean Hoélder
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norms stay bounded. Proposition 9.2 converts these bounds into Heisenberg regularity of
the limit.

A smooth ambient diffeomorphism = is contact if Z*\ = p for a smooth nowhere-zero
function p. We use positive factors p throughout. For every p and v,

A=) (DE(p)v) = p(p)Ap(v).
Thus D= maps each horizontal plane onto the horizontal plane at the image point. It also
implies
EXAAAN) = pEA A dA, det D= = 12
For the first equality, differentiate =* A = uA and note that the term containing A A du A A
vanishes. The second uses A A d\ = dx A dy A dt.

Superscripts x,y,t on a vector-valued map denote its components, and d,, 9,, 0, denote
coordinate derivatives. Thus Z" = (2% =¥) is the horizontal projection of Z. The Euclidean
coordinate vectors e, ey, e; are distinct from the horizontal vector fields X ,}7. Thus «
denotes a Holder exponent, § denotes the contact form in the original group model, and
A = dt — ydx is the contact form used in every subsequent calculation.

The starting surface is the vertical plane {y = 0}. Using planar parameters (s,u), we
parametrize it by
t(s,u) = (s,0,u).
Thus s is a horizontal parameter and u a vertical parameter, and (*A = du. The ambient
coordinate t is kept separate from these parameter names. The plane contains the central
t-direction, which is why it is called vertical. Corrections move off the plane, so the ambient
coordinate maps are defined on the slabs

Us =R x (=4,§) xR, d > 0.

Every ambient triple in the construction is ordered (x,y,t).

2.4. Notation for the estimates. All derivatives in the construction are ordinary Eu-
clidean derivatives. A map described as smooth on the closed disk B? is the restriction of
a smooth map on an open neighborhood of the disk. Derivative norms are supremum op-
erator norms on the indicated domains. The norm of a one-form on the parameter domain
is the Euclidean norm of its two coefficients; this specifies, in particular, the norm used for
the contact defect.

For a Euclidean-valued function f on B2, we write

v M lles = 11 llse + [fla-

Unless the Heisenberg target metric is specified, Holder norms in the proof refer to this
Euclidean norm. A CY norm includes the function and its derivatives through order j;
when only derivatives are being bounded, they are written explicitly.

Constants C, ¢ are independent of the iteration parameters and may change between
estimates. We write A < B when A < C'B for such a constant. After small fixed constants
have been chosen, later constants may depend on those choices.
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3. THE COORDINATE DATA AND THE MAIN CORRECTION

3.1. What is retained from one stage to the next. The map P = (S,U) : R? — R? is
a smooth diffeomorphism of the parameter plane. The contact diffeomorphism = is defined
on an ambient slab and maps the vertical plane {y = 0} onto the current surface. The
parametrization is the composition

F=Z010P, a— P(a)=(S(a),U(a)) — (S(a),0,U(a)) — F(a).

Thus the coordinates describe an entire neighborhood of the surface. This neighborhood
is needed because the next correction moves off the plane before it is mapped by =.

Here is a guide to the notation used in one correction.

Symbol Meaning and role

a € B2 A point in the original parameter disk.

(s,u) = P(a) Parameters in the current plane; ¢(s,u) = (5,0, u).

(x,y,t) An ambient coordinate point in the slab Us.

= The ambient diffeomorphism and its positive contact factor,
defined by =*\ = pA.

m(a) The factor on the surface: m(a) = u(e(P(a))).

T An upper bound for the contact defect |F*\| on B2.

A common upper bound for the coordinate quantities listed
below. During a calculation the individual derivative bounds
are retained.

O,e, L The principal defect reduction, the oscillation size, and its
frequency L = (1 — 0) /%
=K' B The ambient graph coordinates and the change of planar pa-

rameters, constructed in Lemma 6.2.

In the normalization proof, m(s,u) = pu(s,0,u) is a function on the unparametrized plane.
It becomes the preceding m(a) after composition with P. The planar stretch in that proof
is denoted by L, and its inverse by J.

Evaluating Z*\ = pu on the three coordinate vectors gives the scalar equations

0,28 — EY0,=% = —py,
(3.1) 0,=" —2Y9,=" = 0,

9=t — ZYO,ET = pu.

Pulling this identity back by ¢ o P gives F*A\ = mdU. Therefore, if the contact defect
satisfies ||F*)\||Loo(@) <'r, then

(3.2) F*X=mdU, m|DU| <.

The second inequality will control differentiation of the oscillation.
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Definition 3.1 (Coordinate data and normalized coordinate data). Let I' > 2. A set of
coordinate data of size at most I' consists of a number § > 0, smooth diffeomorphisms
=: Us — Z(Us), P=(SU): R — R?
and a smooth positive function p : Us — (0,00). They must satisfy the following four
conditions.
(i) Slab width and contact identity.
rt<eo<i, =N =p\ on Us.
(ii) Bounds for the ambient coordinates and contact factor.
0 IDZ iy ST, [ D*Emy <T
' <pu<T onUs, | Dl ooy < T
(iii) Bounds for the planar coordinates.
|DP|| poorzy < T, sup |P(a)| <T.
acB?
(iv) Inverse estimates for every pair of points.
p—ql <TIE(P) - 2] (p.q € Us),

(3-4) o = 0] <T|P(a) — P(b)] (a,b €R?).

These data represent the map
F=Zo010P:R* — R t(s,u) = (s,0,u).

Thus P supplies coordinates on the vertical plane, and = maps that plane onto the
parametrized surface. The bound on the values of P is required only on B2; its deriv-
ative and inverse estimates hold on the entire plane. We impose no bound on the values
of = on its unbounded domain.

Normalized coordinate data. The data are called normalized if they also satisfy

(3.5) 10.2"(5,0,u)| + 10, (5,0, )| < 8/1u(s,0,u)

for every (s,u) € P(B?), where Z" = (=¥, Z¥). All four conditions above remain part of
the definition of normalized data.

The inequalities for pairs are essential: a uniform limit of embeddings need not be
injective. In these coordinates each finite stage satisfies

(3.6) [F(a) — F(b)] > T - b].

The proof will compare this separation with the remaining corrections. Indeed, applying
the two inverse inequalities successively gives

[F(a) = F(0)] = T7'«(P(a)) = «(P(b))] = T~'|P(a) — P(b)| = T~*|a —0].
The equality uses the fact that ¢ preserves Euclidean distances.

The additional condition (3.5) controls the two derivative vectors that multiply the
leading oscillations. The contact identity fixes their determinant at (s, 0, u); this is proved
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in (5.5). The normalization bounds both lengths by a constant times {/u(s,0,u). In the

correction, this produces amplitudes of size C'y/m. Combined with m|DU| < r, it gives
the term C'y/r in the half-Hélder estimate. Lemma 6.3 proves this estimate when m varies
along a segment.

3.2. The main correction proposition.

Proposition 3.2 (One correction and the coordinates for the next step). There are con-
stants ¢ > 0 and C' > 1, depending only on the fized profiles and cutoffs used below, with
the following property. Let (0,=, P, i) be normalized coordinate data of size at most I' > 2,
and put F=Zo010 P. Suppose 0 <r <1 and

sup |F¥(a)| <1, [E A oo my < 7
acR?

Choose parameters
0<0<1/4, 0<e<cl2

Then there exist a smooth embedding G : R?*> — R3® and normalized coordinate data
(04, =4, Py, puy) such that
G=Z,010P, onR%.

They have the following quantitative properties.

(i) Bounds for the new coordinate data. All conditions of Definition 3.1, including normal-
ization and the inverse estimates for every pair of points, hold with a bound I'y satisfying

22
(3.7) r, <or# (5’2 + 5’10’2) :
If ¢ < 62, the same output data have a bound satisfying
(3.8) I, <Cr#@e 4,

(ii) Defect, displacement, and half-Holder estimates. Without any additional condition on
g,0,r, one has

|G™A| oo g2y < 20 + Cel?,
(3.9) |G — F[eere) < CTe,
G~ Fllewss, < O+ %),

The displacement estimate holds on the whole parameter plane; the defect and Holder esti-
mates are required only on B2.

(iii) Estimates above exponent 1/2. If, in addition, eT* < /1, then

(3.10) I1D(G = F) e 2y < C

rv I
.

Under this same additional hypothesis, for every 1/2 < a < 1,

2a—1
r
(3.11) |G — Fllgu gz < Ca (re + o <\/_> ) .

£
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Here C, may also depend on «. All constants are independent of the input maps and of
I'r,0,e.

What the proposition gives. Part (ii) bounds the new defect and the displacement. In
the iteration, we choose € and ¢ so that the defect decreases and the displacements are
summable. Part (iii) gives the stronger Holder estimate. Part (i) supplies the coordinate
maps, contact factor, and slab needed to apply the proposition again. The bound |GY| <1
is not part of the output: in the iteration it will follow by summing the global supremum
estimates from Fj = 0.

The construction behind the proposition consists of four explicit operations. We first
replace the plane by the embedded graph G of Lemma 6.2, and then place it in the old
coordinates:

G=Z=Z0GoP.

The same lemma constructs K, B with K o G = 1 o B, so the corrected surface can be
rewritten as

G=(EocK ' oito(BoP).

Finally, Proposition 5.1 normalizes these coordinates without changing G. Put W = &2 +
71072, Here a coordinate bound means the common bound in Definition 3.1. Flattening
and normalization give these successive bounds:

T flattening CTW normalization CF22W22.

The useful compatibility condition ¢ < #? makes W < 2¢72. It will be checked explicitly
in the iteration. This explains the otherwise unmotivated powers in (3.7); both estimates
are proved below.

What must be checked in the infinite construction. Let F) be the maps obtained by apply-
ing the proposition repeatedly. There are three independent limiting requirements:

ZHFk+1_FkHCa(@) < 00, Tk—>0,
(3.12) g . _2
for every d > 0, some k satisfies 2 ) || Fj41 — Fill poozy < T 7d.

Jjzk

The first gives a Euclidean C* limit. The second permits the metric argument in Proposi-
tion 9.2. For the third, apply the triangle inequality to any pair |a — b| = d and use (3.6);
their images remain distinct in the limit. Section 8 checks these requirements with explicit
parameters.

4. ELEMENTARY ESTIMATES USED BELOW

We record the elementary analytic estimates, including their proofs, so that the later
coordinate calculations have no unstated regularity requirements. Keeping the derivative
orders separate is the practice used in [4, Proposition 2.1] and [1, Lemma A.1]. For this
construction the following second-order formulas suffice.
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For smooth maps f, g whose composition is defined, the chain rule is D(f o g) = (Df o
g)Dg. Differentiating in directions v, w gives

D?*(f o g)[v,w] = (D*f 0 g)[Dg v, Dgw] + (Df o g) D*glv, w].
Taking supremum norms on the domain of ¢ and its image yields

ID(fog)ll < IDfIIDg],
ID*(f o )l < IID*fIIDgl* + [IDSIND?g]l-
For a scalar function v bounded away from zero,

D(v™) = —v?Du, D*(v™h) = 207*(Dv)? — v 2D?v.

(4.1)

The second formula denotes a bilinear map, with (Dv)? = Dv ® Dv. The coordinate
estimates below use these rules through order two. Higher derivatives of the auxiliary
scalar functions will be obtained from smoothing and estimated separately.

If V is convex, integration along a segment gives

(4.2) [f(u) = f) < IDfl[Leqylu=v| (v €V).
Also, for 0 < v < a < 1 on the disk,
(4.3) [fla < A/ O D g a0,

Indeed an increment at distance d is bounded both by [f],d” and by ||D f||cod. The mini-
mum of two positive numbers is at most their weighted geometric mean. Choose the weights
making the power of d equal to a. The same argument gives [f]i/2 < (2| f]lco[|Df|lo0) "%

Lemma 4.1 (Smoothing with an absolute or relative error). Fiz a nonnegative function
¢ € C*(R?), supported in the unit ball and of integral one. For € > 0, set pi(r) =
(2p(x/l). Let a € CY(R?%;R) have bounded value and first derivative, and put A = a * @y.
Then A is smooth and

”A — aHLoo(Rz) S g”DaHL‘”(RZ);
HDA”LOO(R2) S ||Da||Loo(R2),
| D7 Al| oo (m2) < CjélﬂﬂDaHLw(Rz) (7 >1).

The constants C; depend only on j and the chosen mollifier. If m < a(x) < M for every
x, then m < A(xz) < M for every x. For any constant a,, one also has

supp(A — a,) C {z : dist(z,supp(a — a,)) < ¢}.
If, in addition, a(z) > 0 and |Da(x)| < Lsa(z) for every x € R?, where L, > 0, then
(4.4) e Fola(z) < A(x) < elta(x), |IDA(x)| < L,A(x).
In particular, L,0 <1 implies |A(z) — a(x)| < 2L.0a(z) for every x.
Proof. Integration along a segment gives |a(z —ly) —a(x)| < lly|||Dal|«. Averaging proves
the first estimate. Put one derivative on a and the remaining j — 1 on the mollifier, whose

corresponding L' norm is C;¢'~7. This proves the derivative estimates. The value and
support assertions also follow from averaging.
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For the relative estimate, |Dloga| < L,. Consequently |loga(x — fy) — loga(x)| < L,¢
for |y| < 1. Exponentiate and average to get the two value bounds in (4.4). Also |[DA| <
|Dal * ¢y < La(a* @p) = LyA. Finally e — 1 <27 for 0 <7 < 1. O

The relative estimate is useful when the function to be smoothed can be small: the
smoothing error is compared with its value at the same point, instead of with its smallest
value on the whole plane.

Lemma 4.2 (A Taylor remainder using only two derivatives). Let V. C R"™ and Q C
R? be open, f € C*(V;RY), and u,w € CY(Q;R™). Suppose | D[y < My and
u(a) +Tw(a) € V fora e Q and 0 < 7 < 1. Define the remainder by

R(a) = f(u(a) + w(a)) — f(u(a)) = Df(u(a))w(a).
Then R € CY(Q;RY), and at every a € 2,

(4.5) R < Molwl?,  |DR| < Myfw|(2|Dul + | Dw).

Proof. The first inequality follows by integrating the second derivative along the segment.
For a unit direction v, differentiate the difference defining R:

DR[v] = [Df(u+w) — Df(w)]Dulv] — D*f(u)[Dulv], w]
+[Df(u+w) = Df(w)] Dwlv].
The difference of the first derivatives has norm at most Ms|w|. Bound the three terms sep-

arately to obtain (4.5). The derivative estimate loses one power of |w|. This is acceptable
in our application and avoids asking for a third derivative of f. O

All smooth bumps and cutoffs in the proof can be obtained from b(7) = e~/ for 7 > 0,
extended by zero for 7 < 0. Its derivatives at zero vanish, because any polynomial in 1/7
times e~'/7 tends to zero. The function b(7)/(b(7) + b(1 — 7)) is a smooth transition from
zero to one. Products, translations, and dilations give the cutoffs used below. Normalizing
a nonnegative radial bump gives the even mollifier above.

Lemma 4.3 (A small perturbation of the identity). Let h : R — R™ be smooth with
|Dh|pee@ny < 1/4, and set H(x) = x + h(xz). Then H is a smooth diffeomorphism from
R™ onto R™. For every x,x’ € R",

3 D
o — 2 < H(@) - H@) < o=

Its inverse J = H™1 satisfies

4
If | D*H|| oo rny < 00, then also
2 4 ° 2
D2 iy < (5) ND?Hluoweny

Proof. The point of the small derivative assumption is that solving for the inverse requires
no bound on the displacement h itself.
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Fix a target vy, take zop = y, and define x;1, = y — h(z;). Integration along a segment
gives
21— 2] < gloy — 2] <47e =@ (G 21).
For m > j, the triangle inequality therefore bounds |z,, — z;| by the tail of a convergent
geometric series. The sequence converges in R” to a point z; continuity gives z = y — h(x),
or H(x) =y. If H(x) = H(z'), then |z — 2’| = |h(2") — h(z)| < |z — 2'|/4, so x = 2’. This
proves global existence and uniqueness of the inverse.

For arbitrary points the same estimate gives
|H(z) — H(@')| > |z — /| — [h(z) — h(z)| = Jlv — 2|.

The upper bound follows from the triangle inequality and |h(z) — h(2')| < |z —2'|/4. The
lower bound shows that the inverse J is Lipschitz with constant 4/3. Here is also a direct
check of differentiability, so no local invertibility assertion is left implicit. Put x = J(y)
and Az = J(y + Ay) — J(y). Differentiability of H and its inverse identities give

Ay = DH(z)Az + o|Ax]).

We already know |Az| < 4|Ay|/3. Also |[DH (x)v| > 3|v|/4, so DH(z) is invertible and its
inverse has norm at most 4/3. It follows that

Az = (DH(x))" Ay +o(|Ayl),  DJ(y) = (DH(J(y)"

This formula makes DJ continuous. Since matrix inversion is smooth where the determi-
nant is nonzero, repeated differentiation proves that J is smooth.

Differentiating H o J = id twice gives
D?*J = —(DH o J)"Y(D*H o J)[DJ,D.J].

The inverse matrix and both factors of DJ have norm at most 4/3. Taking supremum
norms gives the stated second derivative bound. O

5. NORMALIZING THE CONTACT COORDINATES

Proposition 5.1 (Normalization of the coordinate representation). There is a constant
C' > 1, independent of the input data, with the following property. Let (§,Z, P,u) be
coordinate data of size at most I' > 2, as specified in Definition 3.1. Then there exist
normalized coordinate data

(57 E? P7 /’1)
of size at most T = CT22 which represent exactly the same map:
Soi0P=Z010P on R?.

The new data satisfy all four conditions in Definition 3.1, with I replaced by T, and the
normalization inequality (3.5) on P(B?).

The estimate for T uses only the quantitative bounds explicitly listed in Definition 3.1.
In particular, the input derivative bounds required are those for

D=, D%z, Dy, DP.
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Although all coordinate maps are smooth, no quantitative bounds on higher derivatives of
the input maps are required.

The normalization changes the description of the surface, not the surface itself. Its
geometric purpose is to balance the two columns that multiply the leading oscillations.
Their determinant is fixed by the contact factor, but their individual lengths can be very
different. A planar stretch first gives the first column length comparable to y/m. A contact
shear then removes the part of the second column parallel to the first. The determinant
identity controls what remains.

The proof has two quantitative issues. The planar stretch must extend to a contact
diffeomorphism of a whole slab, and both this extension and the shear must have usable
inverse bounds. We establish the shear first, then construct the stretch and apply the shear
with its precise amplitude and derivative bounds. The resulting coordinate maps are

Z,=Z0T7', E=5,00, P=LoP
Here T extends the planar stretch £, and © fixes the plane. These identities will also show
directly that Zoro P = F.

The original data provide only two derivatives of = and one of . We smooth the scalar
rescaling and shear coefficients before asking for their second and third derivatives. At
each step the tables summarize the calculations immediately preceding or following them:;
their powers are not extra hypotheses.

5.1. A contact shear with separate amplitude and derivative bounds. The shear
must subtract a possibly large multiple of one column from another. That large coefficient
affects its first derivative. The width on which the map is used, however, is determined by
derivatives of the coefficient. Keeping these two quantities separate saves many powers.

Lemma 5.2 (A contact shear fixing the vertical plane). There are constants ¢ > 0 and
C > 1 with the following property. Let g € C°(R?) and 1 < M < K satisfy

lallemey < M, [[D7qlpeee) < K7 (1< 5 <3),
and put d = ¢/K. Then there exist a smooth diffeomorphism © : R3 — R3 and a smooth
positive function k : R® — (0,00) such that ©*\ = kA on R3.
At every point (z,0,t) of the vertical plane, the map and its differential satisfy
O(z,0,t) = (z,0,1), k(z,0,t) =1,
DO(z,0,t)e, = e, DO(x,0,t)e; = ey,
DO(z,0,t)e, = e, — q(x,t)e,.

Thus the map fizes the plane pointwise and changes its transverse derivative by the pre-
scribed shear. On the whole space,

DOy @sy < CM,  [[D?*O||oo(msy) < OMK,
(5.1) DO Lo 2y < CM,
C_l S K S C, ||DI{||Loo(R3) S C.
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In addition, ©(Uy) C Usq. The constants depend only on the fized cutoff used in the proof;
they are independent of q, M, K and of the size of suppq.

Proof. Step 1: the formulas.

The coefficient ¢ should appear in the derivative transverse to the plane, while the
map itself fixes the plane. We use a function which vanishes to second order there. The
remaining components are chosen to make the unwanted transverse differential cancel in
the contact form.

Fix p € C((—2,2)) equal to one on [—1, 1], and put
f)=3v’ply/d),  H(y) =yf'(y) - fv)-
For an input (z,y,t) define, with ¢ = ¢(x, 1),
— [z Yy— f(y)QS<x7t)
A1) = ( 1+ f(y)qu(:c,t)’t> |
Bla,yt) = (v = f'(y)a(e.t),y.t — H(y)g(x, 1)),

Here ¢, and ¢, denote differentiation in the first and second arguments of ¢, respectively;
those arguments are (z, ) in this formula. We will set © = Bo AL, The choice H = yf'— f
is useful because H' = y f”.

(5.2)

Step 2: the first map is close to the identity.

Every derivative of f satisfies |f)| < C;d*7%; the same bound holds for H®. For f’
the exponent is 1 — . These functions vanish outside |y| < 2d. The middle component of
A—id is
—fas —yfau

1+ fau
The denominator lies between 3/4 and 5/4, since |fq,| < Cd*K = Cc*/K. For a derivative
of total order j < 2 of fq,, put ¢ derivatives on f and the other j — ¢ on ¢,. Its bound is

Cd2fiK1+jfi — CcQ*infll

Terms from —yfq, have an additional power of d. In order one these bounds are C'c or
Cc?; hence the first derivative of (5.3) is at most C(c + ¢?). For completeness, write the
numerator as £ = —fq, — yfq, and put v = —fq,. The preceding product estimates give

(5.3)

‘ value first derivative second derivative
E|CP/K Cle+c?) CK
v | CP/K Clc+c*) CK.
For example, a second y derivative of fq, has size CK, one y and one base derivative have

size CdK? = CcK, and two base derivatives have size Cd?K? = C'c? K. The denominator
is handled by

D(1—v)"' = (1—-v)"2Dv, D*(1—v) ' =2(1-v)2Dv® Dv+ (1 —v)2D%.

Applying the product rule to F(1 — v)~' now shows that its first derivative is at most
C(c+ ¢*) and its second derivative is at most CK. Hence

IDA-1I||<1/4, |D*A| <CK
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when c is sufficiently small. The constant in the second derivative estimate may depend
on the fixed choice of ¢, but not on ¢, M, K. By Lemma 4.3, A is a global diffeomorphism,
and

(5.4) |IDA7Y| < C, |D*A7Y < CK.

Step 3: the second map is inverted on each plane of fixed y.

The map induced by B on (z,t) is the identity plus (—f'q, —Hgq). Its derivative in these
two variables differs from the identity by at most C'(d* + d)K < 1/4. It is therefore a
global diffeomorphism for every fixed y. Here is a verification that these planar inverses fit
together smoothly. Denote the planar map by F,(v), where v = (z,t), and its inverse by
Jy. Its inverse Lipschitz constant is at most 4/3. Moreover

ayFy(U) = <_f/,(y)Q(x7 t), _H/(y)Q(xa t), |8yFy(U)| <CM.

Comparing F,(J,(w)) = w and Fy, (J,(w')) = w' gives
[ Jy(w) = Ty ()] < §(jw = | + CMy —y/|).

Thus the inverse is jointly continuous and locally Lipschitz. The difference-quotient argu-
ment in Lemma 4.3, now with the parameter y included, gives

Dy Jy = (DyFy o Jy)_la OyJy = —(DyFy o Jy)_l(ayFy o Jy).
Both right-hand sides are continuous. Differentiating these formulas repeatedly proves
smoothness in all variables. Their bounds show ||DB™!|| < CM on R3.

Direct differentiation of (5.2) gives
IDB|| < CMK™ (1<j<2).

For example, if all j derivatives of f’q fall on f’, the bound is CMd'~7 < CMK’'~!. If
j —1i > 1 derivatives fall on ¢, the bound is Cd' K7~ < CK’~!, up to a fixed power of
c. The central component has an extra power of d and is no larger. Composing with (5.4)

proves the two derivative bounds for ©. Since ©~! = A4 o B!, it also proves the inverse
bound.

Step 4: the contact identity and the slab.

The formulas were chosen so that the dy terms cancel. Keeping those terms visible gives
B\ =d(t—Hq) —yd(z — f'q)
=dt —yde+ (—H +yf")gdy+ (—H + yf') dq
=dt —ydx+ fdq.
We used H = yf” and H — yf' = —f. Thus
B'A=(1+ fau)dt — (y — fgs) dv = (1 + fqu) A"\,

so k = (1 + fq,) o A™'. Before composition its first derivative has bound C: apply the
derivative calculation in Step 2 with ¢, in place of ¢s. After composition, (5.4) gives the
same bound. Positivity is already known. At y = 0, we have f = f' = H = H =0
and f” = 1. Thus A and B fix the plane, DA = I there, and DBe, = e, — qe,. Their
differentials fix e;, e,. This proves the stated differential of © and also gives kK = 1 on the
plane. Finally (5.3) has size at most Cd*K < d/4 after decreasing c. If A(x,y,t) has
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middle coordinate of absolute value less than d, then |y| < 5d/4. The middle coordinate
of Bis y, so O(Uy) C Usg. O

5.2. Proof of the normalization proposition.

Proof of Proposition 5.1. Step 1: choose and smooth the relative rescaling.
On the old plane put
Bi(s,u) = 0,Z"(s,0,u), Ba(s,u) = 3,Z"(s,0,u), m(s,u) = p(s,0,u).

Differentiate the first equation of (3.1) in y and the second in x, subtract, and evaluate at
y = 0. The mixed derivatives of Z' and =% cancel, leaving

—(0,2¥)(0:E") + (0:5Y)(0,=") = —p.

Multiplying by —1 gives
(55) det(Bl, BQ) =m.
In particular, if b; = |By|, then b; > m/T" > I'"2. The desired rescaling is ag = b /+/m.
Direct differentiation gives
(5.6) 32 <ayp<T%2  |Dao| <CT"?  |Dag| < CT3a.
The value bounds retain the relation between b; and m:

vm_ b T .

r = Vm ™~ ym

Since '™ < m < T, these are the two value bounds in (5.6). For the derivatives, | Db | <
|DB;| <T, so

|Dag| < Tm ™2 + Lbym™=? Dm| < CT"/2.
For the relative derivative,

| Day| < | Db, | L | Dm|

<I?+1ir2
Qo b1 2m + 2

Only first derivatives of By, m have been used.

Let ¢ equal one on [T, T']?, vanish outside [—2T", 2T'|?, and satisfy 0 < ¢ < 1, |D¢| < C/T.
Set a = 14 ((ap — 1). Its values and its absolute first derivative have the bounds in (5.6).
The relative derivative of a also satisfies [Da| < CT3a. To see this, use a > Cag for the
term (Dag, and use

|DC| |ag — 1] < CTY? < CT?%a

for the other term, since a > I'~3/2.

We smooth at scale ¢ = ¢;I'~3. By Lemma 4.1, choosing ¢; > 0 sufficiently small gives
for A = ax* gy

(5.7) |A —a| < a/16, |IDA| < CT3A.
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In particular, 15a9/16 < A < 17a¢/16 on P(B?), and globally A < C(1 + ag). Positivity
and the bounds for a are preserved exactly by averaging. The needed derivative bounds
are

quantity ‘ A A' DA D?A D3A
power of I' | 3/2 3/2 7/2 13/2 19/2.
Here and below a table entry means an upper bound by a fixed constant times that power.
For j = 2,3, the bound for D7 A is C;¢*~7T7/2. The relative estimate (5.7), rather than the
absolute minimum of a, is what allows the smoothing scale I'=3.

(5.8)

Step 2: integrate the rescaling and control its inverse.

Define .
h(s,u) = s+ /_OO(A(ﬁ,u) —1)d¢, L(s,u) = (h(s,u),u).

The function A — 1 is supported in a square of side CT'. For each fixed u, the integral
therefore involves an interval of length at most CT'. Thus

|h— s| < CT*?,

(5.9) _ 1 2 3
|07 h| power 9/2 15/2 21/2
|D7h| power if an s occurs | 3/2  7/2 13/2.
The first row integrates a derivative of A over length CT'; the second uses hy = A. Since
hs > 0 and h — s is bounded, h(-,u) is increasing and onto for every u. Write J = £}
as J (& u) = (k(&,u),u). Before differentiating the inverse, we check its continuity. The
lower bound hs = A > I'"3/2 and the mean value estimate in u give

k(& u) = k(€ u)| < T¥2(1€ = €]+ [[hulloclu — ) < CT|(& ) = (&, ).
For the first inequality, compare h(k(¢',v'), ) with h(k(&',u'),u") = £ and then invert the
increasing function h(-,u). The equation h(k(&,u),u) = £ now gives
ke=(AT)oJ,  ku=—(hufA)oJ.
Indeed, expand the inverse equation at (£, u); the Lipschitz bound just proved controls the
remainder in this expansion. Solving the resulting linear equation gives the two displayed

derivatives. They are continuous, and repeated differentiation proves smoothness. In
particular |[DJ| < CT®,

For the second derivative it is useful to divide by A before estimating. For constant
directions v, w, write k, = Dk[v], u, = v,. Twice differentiating the inverse equation gives

Akvw - _hsskvkw - hsu(kvuw + kwuv) - huuuvuwa

where all coefficients on the right are evaluated at J (&, u). By (5.7), |hss| /A + |hsu|/A <
CT3, whereas |hy,|/A < CT?. For unit v, w the three terms are therefore bounded by CT'®,
CT?, and CT?. We have proved

(5.10) DT < CT®,  ID*T| < CT™.

No third derivative of the inverse will be needed.
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Step 3: extend the planar change to a contact map.

The planar stretch must act on a neighborhood of the plane. Keeping t = t and setting
T = h(z,t) leaves only the middle coordinate to determine. If its new value is ¥, the
contact identity requires

dt — y(Adx + h, dt) = k(dt — ydzx).

Equating the dt and dz coefficients gives k = 1 — yh,, and yA = ky. Here A = h, and
h, are evaluated at (s,u) = (z,t); the subscripts continue to denote the first and second
arguments. Solving for i gives the formula below. For small fixed ¢y, c3 > 0, set dy = co'™©
and d; = c3I'"'%/2. On Uy, define

(5.11) T(z,y,t) = <h(a:,t), y1ex) J:’yhu(x t),t> .

On Uy, its inverse is

_ yA(z,t) _
(5.12) r = k(z,t), y = T hz.d)’ t=t.

The forward denominator is at least 3A4/4, since dy||hy|| < Ccal' ™32 < Cey A. The inverse
denominator lies between 3/4 and 5/4, since di||h,|| < CesT™. Moreover |y| < CesI'™% <
do/2 if c3 is sufficiently small relative to ¢o. Thus the inverse is defined on the whole new
slab and takes values in Uy, C Us. The same formulas invert 7 on its full image: there
the inverse denominator equals A/(A + yh,) > 0.

Writing y = y/(A + yh,) and dh = Adx + h, dt, we find

- Y A
dt —ydr =dt — ——(Ad h,dt) = ——(dt — ydzx).
G = dt = =L (Ade by dt) = = (dt — y )
Hence
A
5.13 A= — .
(5.13) T A+ yh,

We give the derivative calculation on the whole inverse slab. Put Ay = Ao J and

Ho = hy 0 J, as functions of (z,t). Equivalently, the arguments (£, u) of J are (z,t) here,
so Du below is the differential of the second argument. Their bounds are

order ‘ 0 1 2
(5.14) Ao |3/2 19/2 37/2
Ho |9/2 19/2 37/2.

For Ay, the chain rule gives the first power 7/2+6 = 19/2 and the second powers 13/2+12 =
37/2 and 7/2 4+ 15 = 37/2. For H,, first use

DHo = (A, 0 T)Dk + (huy 0 J)Du.

Its powers are 7/2+6 and 15/2. At second order, we expand the two arguments separately.
This matters because the second component of 7 is exactly u and has no second derivative.
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With the directional notation from Step 2,
D*Holv, w] = (Ag 0 T ok
+ (A 0 ) (kytiy + kypuy)
+ (M © T )tytiy + (Ay 0 T ) K-
For unit v, w, the four terms have powers at most

13 37 13 25 21 7 37

—+12=— — = — — —+15=—

2 * 27 2 6 27 27 2 15 27
respectively. This proves the second row of (5.14), including all mixed derivatives.

The small transverse coordinate now offsets these large derivatives. Let
N = gyA,, v = yH,, R=(1-v)"
On |y| < dy, the product and reciprocal rules give

order ‘ 0 1 2

N | -6 2 11

(5.15) v -3 9/2 11
R 0 9/2 11

NR | —6 2 11.

For example, two base derivatives of N have power —15/2+37/2 = 11, while one transverse
and one base derivative have power 19/2. The corresponding powers for v are the same at
second order. At first order its transverse derivative has power 9/2. Since |v| < 1/4, the
second reciprocal derivative is bounded by C'(|Dv|? + |D?v|), whose powers are 9 and 11.
Finally the second derivative of N R uses powers 11, 24 9/2, and —6 + 11, all at most 11.
Here are also the lower-order entries. For a base index i,

Ng = -’407 NZ - ?jaiAOa N@ﬂ = 07

’Ug == Ho, V; = gj@ﬂ-[o, Ugg =0.
The values of N,v have powers —15/2 +3/2 = —6 and —15/2 4+ 9/2 = —3. The first
derivatives of N have powers 3/2 and —15/2 4+ 19/2 = 2; those of v have powers 9/2 and 2.

Since R is bounded, D(NR) = R DN + N DR has powers at most 2 and —6+9/2 = —3/2.
This verifies every entry of the table. Combining (5.12) and (5.10) therefore gives

(5.16) |IDT | < CTY, |D*T Y| < Cr's.
For later separation we need a forward Lipschitz bound as well. In the middle component
of (5.11) the transverse derivative is A/(A + yh,)?> < C/A. The base derivatives are

bounded by C(|y||DA| + y*|Dh,|)/A%. Their powers are at most —6 + 7/2 +3 = 1/2 and
—12+415/2 4 3 = —3/2. The first component has derivative at most CT"*/2. Thus

(5.17) |DT|| < CT%? on Uy,.

Step 4: record the stretched coordinates.
Define on Uy,

[1]

| =Z0T 71, Py =LoP, p = (noT R



24 P. HAJLASZ AND A. SCHIKORRA

The factor R is the inverse contact factor by (5.13): substituting the inverse formula gives
Atyhi\ o 1 p
A 1-— yH()

Also T ot = 10 L, so these data represent the original map on all of R%. The two chain
rules give

D=, < OT7, |D*Z,| < C(I'? 4 T1%) < o1,
(5.18) (20) ' < <21, Dl < CIT+TH?) < CT7,
IDP < CTM2 [Py ey < CT2,

The inverse derivative of P; is bounded by CT": compose P~!, whose derivative is at most
[ by (3.4), with J. Its domain is the whole plane, so this gives the inequality for every
pair. For the ambient coordinates, take &,& € Uy, and put w = T 1(£), w' = T 1(¢).
Both lie in the convex slab Uy, , where the forward derivative bound for 7 holds. Equations
(5.17) and (3.4) give

€ =€ < CT*2w — w'| < CTY2|E4(8) — Eu(¢)].
This is a bound for every pair, not just a bound for a local inverse.

Step 5: choose the shear coefficient.

At this step we distinguish explicitly the old and new plane variables. Define
Bi@?”) = a’rafll(&ovu)’ Bé@?“) = 8y5?(5>07u>7
ml(gau) - Ml(f) 07 ’LL) - m(j(ga U))
Differentiation of (5.12) on the plane gives
BioﬁzBl/A, BéOEZABQ

For the first identity, varying £ changes = by 1/A; for the second, varying y changes y by A
at y = 0. All other contributions in these two directions vanish on the plane. On P;(B?),
therefore,

(519) %le S |Bi| S 2\/TTL1.
The unwanted parallel coefficient is
<B27 Bl>

w(Ew) = (A (TEw), ¢ = 0

Here is its derivative estimate without differentiating =; twice. For clarity, the quotient
rule here is

DBy, B By, DB By, B
Dej = (DBa, B) ‘Z (B2, DBy) 2< 2 1>Db1.
by by
Consequently the original data give
r r I
< — De| <C|—+—=].
al <3 1Dgl< <b1+b%>

Since A < C(1+by/y/m), by >m/T, by >T72 and m > T, we get
A2|C||| S CF3, A2|DC||| S C’Fﬁ.
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For example, (1403 /m)T /by = T'/by+Tb;/m < 2T3 and (1+b3/m)T?/b? = T?/b3+T?%/m <
2I'%. The cross terms are bounded by these using 2ab < a? + b*. Together with (5.7), this
proves

DA
D] < 2244200y + 42Dy <
Composing with J yields |go| < CT? and |Dgo| < CT'2.

Cut off gy outside a square of radius CT®?, with the cutoff one on a smaller square
containing P;(B?). Its first derivative is O(I'">/2), so these bounds persist. Mollify at
scale ¢, I' 712 and call the result g. The absolute-error version of Lemma 4.1, with ¢, small
enough, gives
(5:20) lq—wl<1/Son A(ED, gl SCT%  |Digl <CI™ (1<j<3).

Thus Lemma 5.2 applies with M = CT® and K = C'T''2. Enlarge C’ so that K > M and
the resulting d = ¢/ K satisfies 2d < d;.

Step 6: compose the shear and finish the estimate.

Let ©, k be supplied by that lemma, and put
Ez:lo@ U; — R3, P = P, = (p1 0O)k.

The inclusion ©(U;) C Usy C Uy, makes these definitions valid. The contact identity
follows by composition. Since © fixes the plane, the represented map is still F'. The two
derivative bounds for © are CT*® and CT*®. Consequently

|IDZ|| < CTY,  ||D*E|| < C(IT*T° + 1T < CT%
Also i > ¢/T, ||| < CT, and ||Dp|| < C(T'T3+T) < CT'. The reciprocal width is CT*2.
For &, v € Uy, the global inverse bound for © and the pair bound from Step 4 give
€ —v| < CTP1O(€) — O(v)]
< CT*M2IE(6) — E(v)]-

Thus the ambient inverse inequality in (3.4) holds with constant CT'"/?. The bounds for
DP, P gz and the inverse of P remain those obtained for P; in Step 4. Set § = d. The
Wldth contact factor, derivative estimates, and both inverse inequalities therefore satisfy
Definition 3.1 with a common bound CT2.

Finally the new horizontal columns on the plane are B] and B} —gBj. Their determinant
is still my. By definition of ¢q, the perpendicular component of the second column has
length m,/|B}| < 2\/my, and its parallel component has length |¢ — qo||B}| < /mi/4.
Together with (5.19) this gives a sum of lengths at most (2 + 24 1/4)\/m1 < 8y/m;. On
the new plane i(&,0,u) = mq(&, u), so this is exactly (3.5). The normalization proposition
follows. 0

6. THE EMBEDDED GRAPH AND ITS FLATTENING

6.1. Periodic functions with the required cancellation. The next profiles are chosen
so that a certain scalar function ) is strictly increasing. This will prove that the corrected
plane remains an embedded graph, even though its derivatives may be large. Positivity
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of the second profile will also keep the graph inside one half-space, where its contact
coordinates have an explicit inverse. The quadratic cancellation follows the corrugation
mechanism of [11, Lemma 3.3 and Proposition 3.5]; the positive profiles below enforce
these additional graph properties.

Lemma 6.1 (Periodic profiles). There exist a constant co > 0, a smooth 1-periodic function
n:R =R, and, for every 0 < 6 < 1/4, smooth 1-periodic functions (g, xs : R — R, with
the following properties. At every u € R,
ol < Go(u) <2, xp(u) = Go(u)n'(u) — 1,

Co(u)n'(u) > —0/8.
Moreover, n(0) = x9(0) = 0. For every integer j > 0 there is a constant C; < oo,
independent of 0, such that

(6.1)

171l eswy + [1<ollcsmy + lIxolleiwy < Cj.

In particular, n is chosen once and does not change with 6.

Proof. The derivative 1 will have a positive part and a negative part. We make (y large
on the positive part and small on the negative part, so the weighted derivative has pos-
itive average and only a small negative part. Choose a nonnegative smooth bump p,
supported in (—1/16,1/16), with integral one; it can be constructed by the formula given
after Lemma 4.1. Periodize its translates to 1/4 and 3/4 to obtain a and b. Their supports
on the circle R/Z are disjoint, and their integrals on [0, 1] are one. Choose a smooth peri-
odic p, with 0 < p < 1, equal to one near the support of a and zero near that of b. Such
a function is obtained using the same smooth transition function on the two intervening
intervals of the circle. Set

B(w) = [ (a(v) =b(v))dv.  n(u) = Ew)

Since the integral of a — b over a period is zero, E' and 7 are periodic, and ' = a — b.
Choose 0 < ¢g < 1 so that cgl|b]|ec < 1/8, and set (4 = p + cpf. The integral needed for a
periodic primitive is

1 1 1 1 1
/Cen’=/pa—/pb+009</ a—/ b>:1—0+0=1.
0 0 0 0 0

Thus Ep(u) = [5'(¢en’ — 1) is periodic, and define yy(u) = Ey(u). This gives the claimed
differential identity and fixes its constant. The product (47’ is nonnegative on supp a,
equals —cofb on supp b, and is zero elsewhere. This proves (6.1). To verify the uniform
norms, note that n is fixed and {4 = p + o, with 0 < 6 < 1/4. All derivatives of these
functions are uniformly bounded. Derivatives of yy of positive order are derivatives of
Con' — 1 of one lower order, so are uniformly bounded by the product rule. Its value is
bounded by the L*(0,1) norm of that function, using the explicit primitive. This proves
every assertion of the lemma. O

6.2. The corrected plane and its explicit flattening. The next formula is the entire
oscillatory construction. The remaining work will be to express this corrected plane in the
old coordinates and to verify that another correction can follow it.
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Lemma 6.2 (Graph and contact coordinates). Fiz the profiles from Lemma 6.1. Let
0<60<1/4and0<e <1, and define
1—-46

L="57 () =u+eo(La),

The number L need not be an integer. There are constants ¢, > 0 and C' > 1, independent
of 0, ¢, for which the following statements hold.

(i) The corrected plane. The function 1 : R — R is a smooth increasing diffeomorphism,
with ' >760/8. The map

(6.2) G(s,u) = (3 + en(Lu), eCo(Lu), w(u))
is a smooth embedding of R? into R3. Its image is the graph

[(@,eCo (L (6)).1) : 2.t € R}
over the vertical plane {y = 0}, and its contact defect is

(6.3) G*\ =0du—e(y(Lu) ds.

(ii) Ambient and planar coordinates for this graph. Put d = c.e0. There exist smooth
diffeomorphisms

D :U; — D(Uy), B:R? — R?,
and a smooth positive function k on Uy satisfying
PoroB=G onR? O*\ = kX on Uy, det DB = 1.
The image ®(Uy) lies in the conver slab

(6.4) V =R x (cbe/2,4¢) x R.

(iii) Bounds for these coordinate maps. On the entire slab Uy,

(6.5) ID®||powy < Ce 4071, [|[D*®l|ze, < Ce'077,
. C09/2 <K< 4, HD/iHLoo(Ud) < 0871971.

On the entire parameter plane,
DB poe@2) + | DB~ || o2y < Ce,

(6.6) 2
|B(s,u)| < C(|s| + [u) /e ((s,u) € R).

(iv) Extension of the inverse. The inverse ®~! extends to a smooth diffeomorphism K from
the half-space {y > 0} onto its image. Thus K|e@w, = ®'. It satisfies

|K(p) — K(q)| <Ce'0%p—q|  (p,geV).

This estimate holds on the whole slab V', including pairs whose joining segment leaves

B(U,).
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Proof. Step 1: compute the defect and prove the graph is embedded.

The central-coordinate correction cancels the order-one oscillation in the contact form.
Suppress the subscript 6 on ¢, y. From x' = (' — 1,
P'(u) =0+ (1—0)(Lu)y'(Lu) > 760/8.

Indeed (n’ > —60/8 gives the stronger lower bound 6 — (1 —0)60/8. Also 9" is bounded above
by a fixed constant. Thus ) is strictly increasing and onto, since ¢ (u) — w is bounded. It
has a smooth inverse with derivative 1/¢’ at the corresponding point.

Equality of two images under G first gives equality of v from the central coordinate, then
equality of s from the z-coordinate. At an image point (x,y,t) the inverse is
u=(t), s =x —en(Lu).
The derivative columns are independent: the s column is (1,0, 0), while the u column has
positive central component ¢’(u). This proves smooth embeddedness. It also identifies the
image as

{(x,sC(L¢_1(t)),t) tx,t € ]R} :

an ordinary graph over the vertical (z,t)-plane. Direct differentiation gives

G'A =" (u)du — 5C(Lu)<ds +eLn' (Lu) du) = 0du — e((Lu) ds.

Step 2: choose coordinates from the phase parameter.

We make the new horizontal coordinate equal to u/e. This avoids repeated derivatives
of =1 in the forward coordinate map. Write
0

v(u) =¢'(v),  H(u) = /ou ¢(Lw)

The letter v denotes a scalar function, and primes on it denote u derivatives. The primitive
H is suggested by the contact form on the graph:

G A 0

C(Lu) ~ C(Lu) du —eds = d(H(u) - 55).
Thus H(u) — es is a natural new central coordinate on the surface. Together with the
horizontal coordinate u/e, it will give an explicit flattening. Here /2 < H' < 1/¢p and
|H (u)] < Clul.

dv.

For an ambient input (z,y,t), set u = ex and define

¥, 1) = (i) + T

eC(Lu)
1= (y/e)¢(Lu)/v(u)’
O'(,y,t) = ¥(u).
The superscripts specify the output coordinates of ®; its input coordinate ¢ is distinct from
the phase parameter u. For |y| < d = c,e6, choose for example ¢, = 1/100. Then
yC(Lu) 16c. 1

< < -.
ev(u) | = 7 4

(6-7) q)y(x’ Y, t) =
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The denominator in (6.7) lies between 3/4 and 5/4. In particular, putting

_ ¢(Lu)
o SRS 7RI
we have ¢p0/2 < k <4 and ®(Uy) C V.

— ),

We check the contact identity explicitly. The relation v = 6 + (1 — )(n’ implies

A9t = cvde,  dd* = Zdr — &
¢ €

Consequently,
P*\ = dP' — DY dP” = kdt + ev(1 — k/C) dx = K(dt — ydz).
The last equality follows from (1 — y(/(ev)) = .
Define the planar change by
(6.9) B(s,u) = (u/e, H(u) — €s).

Since ¢(s,u) = (s,0,u), substitution in (6.7) gives P oro B = G. At a target (£, v), the
inverse is u = €€ and s = (H(e€) — v)/e. Thus B is a global smooth diffeomorphism. Its
derivative and inverse derivative at corresponding points are

(0 ! 1 (H =&t
o= (2 5). om- (T %)
In particular, det DB = 1 and the derivative bounds in (6.6) follow from |H’'| < 1/¢. The

value bound follows from |H(u)| < Clu| and € < 1. This change has no additional inverse
power of 6.

Step 3: give the inverse and the estimate for every pair.
For any point (z,y,t) with y > 0, put u = ¢~(¢) and set

u ev(u)  v(u)
e’ ((Lu) y

(6.10) K(z,y,t) = ( . H(u) +e’n(Lu) — 5x> :

To verify the inverse, denote the recovered input of ® by g z,y,t). The last equation in
(6.7) determines u = t)!(t), hence Z = u/e. The first gives ¢t = H(u) 4+ *n(Lu) — ex. The
middle equation is equivalent to

gt (L)
ev(u) y
which gives the middle component of K. Conversely, substitution of these variables into

® returns (z,y,t). These substitutions also give K o ® = id wherever the denominator in
(6.7) is positive. More explicitly, K maps {y > 0} onto

o< i)

The formula for ® is smooth on this set and has positive denominator. This proves the
global extension and smooth invertibility on Uy.

1

Y
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There is a useful cancellation in differentiating the central component of K:
dt dt
—edr, dK*® = )
C(Lu) ev(u)

The first identity uses H' + 2Ly’ = v/ and du = dt/v. These formulas also verify the
inverse contact identity:

dK" =

K*\ = dK' — KY dK*
_dt (e v dt
< ¢ y)ev
:;(dt—ydx).

For the derivative bounds on V', use y > cofe/2, v > 70/8, |V'| < Ce™2, and |('| < C. The
remaining nonzero derivatives of the middle component are

0 KV — e?v(u)
Y yg )

,  V(u) 1 e\ eL{(Lu)
=W (g(m) y> ((Lw?

Their bounds are C0~2 and Ce~1072, respectively. All first derivatives of K%, K* have the
latter bound as well. The slab V' is convex, so integrating DK along any segment in V'
gives the stated Lipschitz inequality for every pair. The segment need not lie in the smaller
set ©(Uy).

Step 4: estimate two derivatives of the forward coordinates.

We retain the factor ¢ in front of ®¥ when differentiating. Write (.(z) = ((Lex), vi(z) =
v(ex), and ¢ = (. /v,.. Both (,,v, have first and second derivative bounds Ce™t, Ce™2.
Their values are bounded, and v, > 76/8. With primes in the next display denoting z
derivatives, the quotient rule gives

r_ G Gy
¢ ="—="5
Vi vy
p_ G20+ Gl 26(1)?
¢ === > +
Vi V* V*

Using the lower bound term by term yields
gl <CO7Y, || <CeTh0? || < CeTPR
Put v = (y/e)q(z), so k = (,(1 — v)~L. The small range of y on Uy gives
lv] < 1/4, |Dv| < Ce™ o7, |D?v| < Ce2072,

Indeed v, = q/e, v, = (y/e)q, voy = ¢' /€, vow = (y/€)q”, and vy, = 0. The reciprocal and
product rules give

|Dr| < Ce1071, |D?*k| < Ce™2072
The second estimate is used here to bound ®Y = ek; it is not retained as contact-factor
data in the iteration.
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The central component satisfies |[D®!| < Ce and |D?*®!| < C. For the first component
the only nonzero first derivatives are

0
0" = —¢7 1 0, 9" = 1—0)y(Lex).
t € 7, C(L&fl’)—i_( )77( 81‘)
The latter is bounded by a fixed constant. Its only nonzero second derivative is
0¢'(Lex)
0pe® = Le | ————2 + (1 =0)n"(L ,
(- (- oy (ae)
which is bounded by Ce™'6~!. Together with |[D®Y| < CO~! and |D?*®Y| < Ce~'672, these
bounds prove (6.5). O

6.3. A short estimate for the oscillatory amplitudes. The normalization gives an
amplitude bounded by C+/m, while the contact defect gives |DU| < r/m. To combine
these bounds when m varies, we use its minimum on the segment joining two arguments.
No derivative of m is needed.

Lemma 6.3 (An oscillation with variable amplitude). Let Cy > 1, ' > 2, 0 < r < 1,
0<e<1,and0< L <e72 Letm:B2— (0,00) be continuous, and let U : B2 — R and
v: B2 = RY be restrictions of smooth functions defined on a neighborhood of B2. Assume
that, at every a € B2,

m(a) <T,  m(a)|DU(a)| <,

lv(a)] < Coy/m(a), |Dv(a)| < CoT.
Let ¢ € CY(R) satisfy ||C]| 1o @)+ | Loy < Co. Then the function W (a) = ev(a)((LU (a))
satisfies
HWHCW(@) < C(Vr +el?),

where C' depends only on Cy. No derivative bound for m is assumed.

Proof. Put W = ev((LU) and take distinct a,b € B2. Choose ¢ € [a, b] where m is smallest,
and set m, = m(c) > 0 and d = |a — b|. Convexity of the disk and integration along the
segment give

|U(a) = U(b)| < rd/m..
All these segments lie in the original disk B2. In the application, no convexity of its
image P(B2?) is required. Freeze the amplitude at the minimizing point c. The exact
decomposition is

W (a) = W (b) = e(v(a) — v(c))((LU (a))
+ev(e) (C(LU(a)) = C(LU(D)))
+&(v(c) = v(0))C(LU(D)).

The first and last terms together are at most Cel'*d, because |a — ¢| + |¢ — b| = d. The
middle term is at most

Cey/m, min{1, Lrd/m.} < CeVLVrd < CV'rd,

where we used min{1,7} < /7 for 7 > 0. Dividing by v/d and using d < 2 proves the
seminorm bound. Finally ||[W || < CevT < Cel. O
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7. PROOF OF THE MAIN CORRECTION PROPOSITION

The defect controls the derivative of the phase. It should therefore appear not only
in the half-Holder estimate, but also in the first derivative estimate. Retaining this small
factor improves interpolation. We first compute the exact defect and Taylor expansion, and
only then estimate their terms. The final part checks the coordinate hypotheses needed to
repeat the proposition.

Proof of Proposition 3.2. Step 1: construct the embedded correction.

Take G from Lemma 6.2 and define
G=Zo0GoP.

Since 6 > I'"t and ¢ < ¢I'"2, choosing ¢ < 1/8 ensures 4 < §. The graph lies inside Us,
so this is a composition of an embedding and diffeomorphisms on their correct domains.
In particular G is a smooth embedding of the entire plane. The distance between G(P(a))
and ¢(P(a)) is at most Ce. The segment between these points lies in Us. The mean value
estimate for = proves the global displacement bound.

Step 2: compute the new defect.
Put m = u(c(P)) and my = p(G(P)). The graph identity in Lemma 6.2 gives
(7.1) F'A=mdU,  G'A=m(0dU - =¢(LU)dS).
To see precisely which terms need estimating, write this as
G\ =0F*\+ Egc + Eyy,
(7.2) Ete = 0(my —m)dU,
Eiy = —emy (p(LU) dS.

The first error records variation of the contact factor when moving off the plane; the second
comes from the transverse oscillation. There is no further oscillatory term of order one: it
was canceled exactly by the central coordinate of G.

Since ||Dp|| < T' and the displacement in the old coordinates is at most Ce, we have
|m, —m| < CTe. Combining this with m|DU| < r and m > I'"! gives

| Btac|o < COT= — < COT2r.
m

Choose ¢ in ¢ < ¢['"2 so that the last bound is at most fr. Also m, < T, |DS| <T, and
Co < 2, 50 || Ey|]oe < 2eI'. Together with ||[§F*A|| < 6r, this proves the defect estimate in
(3.9).

Step 3: separate the leading oscillations.

The displacement is small even though its derivative may be large. Taylor expansion
in the displacement therefore separates the two principal oscillations from terms with an
extra factor of . Write p = +(P) and

w = (en(LU),eC(LU), e*xg(LU)).
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The full columns a; = 0,Z(p) and ay = 9,Z(p) satisty

(7.3) la;| < Cv/m, |Da;| < CT2.
Indeed the contact identity at y = 0 says af = F¥a?. Therefore

* = laf|* + (1 + [FY]))]a7[* < 2/(af, af)[".

|ai 79 Y

The normalization controls the last expression by C'm. For the derivative, the chain rule
gives Da; = D(9,E)(p) Dp for j = x or y; its norm is at most I'T" = T'2. This is why the
global bound on the second coordinate of the surface is among the hypotheses.

Taylor’s formula, obtained by integrating twice in the scalar variable along p + 7w, is
(7.4) G —F =en(LU)ay 4+ €Cp(LU)ay + Ry + Ry,
where

Ry = °xo(LU),E(p),
1
Ry = / (1 —7)D*Z(p + rw)|w, w] dr.
0

The term Ry is the smaller correction in the central coordinate; R is the nonlinear Taylor
remainder. The leading two terms have the balanced amplitudes a;, as, which is exactly
where the normalization enters the proof. Every point of this integral belongs to Us. Its
middle coordinate is between zero and e(y(LU).

Step 4: keep the small factor in the phase derivative.

Using only |DU| < T' here would throw away the improvement obtained by making the
contact defect small. We keep r every time the phase is differentiated. The exact inequality
m|DU| < r and m > T'~! give

(7.5) lw| < Ce, |Dp| <T, |Dw| < CeL|DU| < Crl'/e.
For a unit parameter direction v, differentiating the first remainder gives
DRolv] = e*Lx(LU) DU[v] 9,=(p)
+e*xo(LU) D(0,Z) (p) [ Dp[v]].

Therefore ||DRy|| < CT?(r + &2). For the second remainder, use Lemma 4.2 instead of
differentiating its integral formula. Equation (7.5) gives

|DR;| < CTe(2T + 1T /e) < OT?(e + ).
Also ||Ro|| + || R1|| < CTe?. Hence
(7.6) IRy + Rilloo < CTe*,  ||ID(Ro+ Ri)|oc < CT?(e+7).

This is slightly weaker in € than a bound using D3Z, but it will give the same correction
estimates. Only D?Z and DP have been used, with no second derivative of P.

For each leading term in (7.4), differentiation of the amplitude costs at most Cel2.
Differentiation of the profile costs at most

Cr
L DUI < ——< I'/e.
CeLy/m | U|_€m_0r\/_/5
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We conclude that
r
|ID(G—-F)| <C <5F2 + r\g/_ + F%) :

Under eI'? < /r we have r > £2I'%, and hence
el? £213/2
rvT /e o

For the last term the ratio is [?r/(rvT/e) = e['®/2 < 1, by e < c['"? after taking ¢ < 1.
This proves (3.10).

<I%2 <.

Step 5: the Holder estimate.

Apply Lemma 6.3 to the leading terms of (7.4), using (7.3) and m|DU| < r. The
remainders satisfy, even without the extra smallness assumption,

[R() + Rl]l/g S (2||R0 + Rl||oo||D(R0 + R1)||Oo)1/2 S C6F3/2 S CEF2,

since r,e < 1. This proves the half-Hélder bound in (3.9). Under eI'* < /r, its seminorm
is at most C'y/r. Interpolation (4.3) with v = 1/2 and (3.10) gives

G~ Fla < Ca(ViP 2 (VT fe)* ™! = Cor® (Ve
Adding the global supremum bound proves (3.11).
Step 6: prepare the next coordinates.
Let @, B, k be given by Lemma 6.2, with d = c,e6, and put
1 =Z0®:U; >R, P =BoP, = (uo®)k.

The image of ® is inside the old slab since 4¢ < §. The data (d, =, Py, j11) represent G on
all of R, and Z*\ = 3\ on Uy. Set W = 72 + 71072, The two derivative orders give

IDE|| < CT(e™ +671),
ID*Z4]| < CT((e7" + 67" +e7'072) < CTW,
cofl/(2T) < py < 4T,
1D <CT (e + 67" +7'67") < CTW.

[1]

(7.7)

For example, the last line is the product rule applied to (@ o ®)x. We used €,0 < 1 to
absorb =2 and all first-order terms into W. Equation (6.6) also gives

1D+ IDPTH] + 1P e ) < CT /e

Here |[DP~!|| < T follows from the original pair inequality by taking a difference quotient.
Since P! is defined on all of R?, its derivative bound implies the corresponding inequality
for every pair.

For the ambient pair bound, take u, v’ € Uy and put v = ®(u), v' = ®(v’). These belong
to the convex slab V in (6.4). Its inverse estimate gives

lu— | = |K() — K@) < Ce 0 2|v — |
< CTe 10722 (u) — 21 (u)).
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Finally d=! = ¢;'e7107' < CW and p;' < CT'/0 < CTW. Together with the preceding
derivative and inverse estimates, these bounds verify all four conditions of Definition 3.1
for (d, =1, P1, p1), with a common bound CT'W. Applying Proposition 5.1 gives normalized
data of size CT#*W?? without changing G. This proves (3.7). If ¢ < 62, then W < 2¢72,
proving (3.8) as well. O

8. PARAMETERS, INDUCTION, AND CONVERGENCE

We now choose numerical sequences before constructing any map. The displacement
must decrease faster than finite-stage separation, the defect must decrease to zero, and the
Holder increments must be summable. Each requirement is checked separately.

8.1. Why these parameters are chosen. Suppose ¢, = I'.” and 6}, = (4I'¢)~'. When
p > 2a, a sufficiently large initial 'y ensures e, < 2. The cost (3.8) is then CT2>"** | so
we can choose b = 22 + 44p. This is the benefit of the new phase coordinates.

The displacement bound is CT';,?, whereas separation is at least T'; 2ju — v|. Thus p > 3
makes the remaining displacement smaller than separation for each fixed distinct pair. We
take p = 4. The defect error is then CF,?. We take a = 99/50 < 2, leaving a small power
to absorb ;! in the defect estimate. These choices also give p — 2a = 1/25 > 0. All
constants in these comparisons are checked below.

Now b = 22+44-4 = 198. A convenient upper bound for r has power o = a/b = 1/100.
The Hoélder summability condition is
9
oa > 5(204 —1).

Choose the following rational parameters:

99 1 901
(8.1) P== 4= 5y B =000 T RO

For constants Cy > 2 and I'g > Cj, define the sequences recursively, for every integer k > 0,
by

1—‘k:-f—l = COF27 To = 17 74](:-{-1 = Tk‘F];a7
ep =034 0, =Ty h

The numerical lemma below uses only I'y > Cy > 2. The additional choices needed for the
geometric construction are stated explicitly in Proposition 8.2.

(8.2)

8.2. Bounds for the numerical sequences.

Lemma 8.1 (Bounds for the parameter sequences). Fix Cy > 2 and 'y > Cy, and define
Cg, 7 by (8.2), with a,b,0 as in (8.1). For every integer k > 0,

(8.3) /T < rp <TYT;E.

Moreover, I'y, — oo and r, — 0. For every s > 0 and every integer k > 0,

o0 1—\78
r*<—f <.
j;k J — 1 _ 275 0
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In particular, 3272, 173 < or;?.

Proof. Multiplying the recurrence for r by the appropriate power of I' gives
7"k+1F/1gf{) _ 7ak11]16/506,3/50Fl(ffl)/s)ofa.
The exponent is 49/25 > 0, so this product is nondecreasing. For the other direction,
ren D7, = rDCeT ™0 = 1 17 (Co /T1)° .
Here (b —1) —a = —o, and I'y, > I'g > (4. This product is nonincreasing, proving (8.3).
Also T'yyq > 2T and in fact T'y, > ng. The first inequality gives I';® < F,;SQ_S(j_k) for
j > k. Summing the geometric series proves the stated estimate for the tails. For s = 3

the factor is (1 —273)7! = 8/7 < 2, which gives the stated tail bound. The upper bound
in (8.3) also proves 1, — 0. O

8.3. Construction of the maps and the limit.

Proposition 8.2 (The sequence of embeddings and its limit). Let ¢, C' be the constants
in Proposition 3.2, and choose Cy; > max{l,C} and Cy > max{2,C,}. Choose I'y > Cy
satisfying

(8.4) I;2<e, TIyY®>16, Ty >20, 20I7°<1.

Define Ty, g, ek, O by (8.2) and set a = 901/1800, as in (8.1).

There exist smooth embeddings F, : R? — R?, for k > 0, and normalized coordinate data
(01, Zk, Py, p) of size at most Ty, such that

F,==p010P, onR% Fy=1.

At every stage,
sup [FL@)| <1, | FA ey < 1
ac

The increments satisfy

| Fi1 — Fill @z < C1T32, > N Fig1 — Fk||ca(@) < o0.
k=0

Consequently, the restrictions Fy|gz converge in the Euclidean C* norm to an injective map
F : B2 — R3. This limit obeys
“F - Fk”Loo(@) < 2011—‘];3 (lf > 0)

Proof. The choices in the statement fix all constants before the induction. They are pos-
sible: taking T at least max{Cp, /2 162, (2C})>°} satisfies all four conditions in (8.4).
The constant C'; bounds both the coordinate constant in (3.8) and the defect and displace-
ment constants in (3.9). We use these same constants at every stage.

Step 1: initialization.

Take =9 = id, pp = 1, Py = id, and § = 1. Then Fy(s,u) = (s,0,u), F§ = 0,
and FjA = du. The two horizontal columns have lengths one. All four conditions of
Definition 3.1 hold for I'y > 2, and their sum of lengths is 2 < 8,/ug, which verifies
normalization.



HOLDER EMBEDDINGS INTO THE HEISENBERG GROUP 37

Step 2: the coordinate and defect inequalities close.

The first inequality in (8.4), together with Ty, > Ty, ensures €, < c['; 2. The second gives
the compatibility needed for the improved coordinate cost:

€k a— —1/25
8—13:161“2 =160, < 1.
The coordinate power is exactly 224 44p = 198 = b, so the next normalized data have size
at most I'y41. For the defect estimate, the lower bound in (8.3) is used in the following
direction:

oy

99/50 =

or?/ 2

];(1/50+99/50) > Clrf = C1€kri'

The last inequality is the third condition in (8.4). The other defect term is 20,1, =
e/ (ZFZQ/ *%). Their sum is r4,1. The extra smallness condition for (3.11) also holds:

a2 =T;2 <1, < /rr.

Step 3: the coordinate F stays bounded globally.
At each step (3.9) gives
(85) HFk+1 — FkHLoo(R2) S ClFI;S.

Suppose Fy, ..., F} have been constructed and the global bound holds for F}. The correc-
tion proposition gives Fj 1 and (8.5). Since F{ = 0, summing only the already constructed
increments yields

k
sup |[F | < Cp Y T;7% <20iT0° < 1.
R2 =0

The last inequality is the fourth condition in (8.4). This proves the global bound at the
next stage. This establishes that the hypothesis used in constructing the next map remains
true; there is no reliance on a bound available only on the disk. Steps 1-3 therefore give
the entire sequence by induction.

Step 4: Holder increments are summable.

The improved estimate (3.11) becomes
HFk-}-l — FkHCa(IBj) < Ca (1"];3 + T?F’(C9/2)(2a71)) ‘

By (8.3), the second term is bounded by I'J*I',™*, where the strictly positive margin is
the exact rational number
901 1 1
)= 180000 ~ 200 ~ 180000°
The series of these norms converges by Lemma 8.1. Consequently the uniform limit F'

exists, and the seminorm of any tail is bounded by the sum of its seminorms. These tail
sums tend to zero, proving convergence in C'*. In particular sup,, || F|| ;o @) < 00

(8.6) My = oo — 2(204 —
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Step 5: the limit is injective.

It remains to prevent two distinct points from merging in the limit. The global displace-
ment estimate gives

|F — F}, <2017

@)
Fix distinct u,v € B2 and write d = |u — v| > 0. The finite-stage separation (3.6) yields
|F(u) = F(u)] = [Fi(u) = Fy(0)] = 2[|F = Filloo
> I}%d — 40, T2 =T % (d — 40T H).
Choose k so large that 4C1I';! < d/2. The last expression is positive, so F(u) # F(v). O

Remark 8.3 (The slightly larger open range). For the same sequence Fj and the same
limit F from Proposition 8.2, the sum of the C%(B?) increment norms is finite for every
1/2 < av < 4925/9839. Here « is allowed to vary; its fixed value 901/1800 in Proposition 8.2
gave a convenient rational margin. We verify the larger range from the exact recurrence.
Put

a 99
T = =—.
b—1 9850
Since ['yy1 = Col'?Y, direct induction gives the exact identity
(8.7) r, = ToCy T, 7.

If
9
T > 5(2@ —1),
the Holder increment is bounded by a negative power of I'y times C5™. This is summable:

taking logarithms gives a negative term of size b* and a positive term of size k. To solve
the inequality, move the terms containing « to one side:

- 9/2 4925
9 —99/9850 9839

The equality case is not obtained by this calculation. Injectivity and all other induction
requirements are unchanged.

Ta>22a-1 <= (O-7Ta<? = o«

9. PASSAGE TO THE HEISENBERG METRIC

9.1. A dyadic integration estimate. The following is the elementary smooth-function
case of Young’s integration estimate [14]; compare [6, Corollary 3.16]. We prove exactly
the version required for our approximations.

Lemma 9.1 (A dyadic bound for a signed area integral). Let 1/2 < a < 1 and let
u,v € CH([0,1];R). Using the Euclidean Hélder seminorms on [0, 1], one has

1 , 2—204
| @) = u(@)(r) dr| < Calulao oo, Co= T3

The integral is the ordinary integral of a continuous function; the constant depends only on
a.

(9.1)
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Proof. A refinement of a Riemann sum produces a product of two small increments. Their
Holder bounds make the refinement errors summable when 2o > 1. On the partition
7, =277 put

R = Z (u(73) — w(0)) (v(7ipn) — v(7)).

Then Ry = 0. On a partition interval [a,b] with midpoint m, subtracting the coarse
summand from its two refined summands leaves (u(m) — u(a))(v(b) — v(m)). Hence

|Rj1 — Rj| < 2[ufa[v]a 272000
The geometric series in j sums to the constant in (9.1). Moreover R; converges to the
indicated integral: rewrite each v(7;1) — v(7;) as [["*' v', and use uniform continuity of u

to estimate the difference from the integral by sup|,_<o- |[u(T) — u(s)| 3 [v']. This tends
to zero. The denominator in C,, is positive precisely because 2a > 1. U

The next proposition is the approximation version of the contact characterization in |6,
Theorem 7.4]. We use smooth line integrals and then pass to endpoint values. This also
follows the signed-area estimate in [11, Lemma 2.2].

Proposition 9.2 (From smooth contact defects to Heisenberg regularity). Fiz 1/2 < a <
1. Let Fy, : B2 — R be restrictions of smooth maps defined on neighborhoods of B2, and
suppose that Fj, converges uniformly in Euclidean coordinates to a map F : B2 — R3.
Assume that there are a finite constant A and numbers rp > 0, with r, — 0, such that, for
every k,

[Fkllga@zrsy <A IFXA poo @y < 7k
Then, for all a,b € B2,
[F'(b) — F'(a) — F¥(a)(F"(b) — F"(a))|
< CuA?|a — b)*®,

where C,, is the constant in Lemma 9.1. Consequently, for the Heisenberg metric in the
matriz model (2.2),

deo(F(a), F(b) < (24 4y/C,)Ala — b|® (a,b € B?).
If F is injective, this makes F : B2 — H' a Hélder embedding.
Proof. The horizontal group increment already has the required Hélder bound. Since the
metric takes a square root of the central increment, we must prove that the latter has order

la — b|**. Fix a,b € B2. The segment [a,b] lies in B2. Write AF] = F/(b) — F!(a) for
Jj = x,y,t. Integrating Fy'\ = dF} — F dF{ along the segment gives

AF,gz/ FYAFE +en,  lew] < rila—b].
[a,b]

The error bound is the pointwise bound on the defect integrated along a segment of length
la — b.
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The group difference formula (2.5) provides the cancellation. The central coordinate of
Fk(a)_l ©O) Fk(b) is

Ep = AF} — FY(a)AF?

Z[AW_W@WW+%

Indeed, AF{ = [, dFy, so the endpoint product subtracts the constant value F/(a) from
the integrand. The resulting signed area integral involves two small horizontal increments.

Parametrize the segment by a+7(b—a), 0 < 7 < 1. The C® seminorms of F{, F}* along
this parametrization are at most Ala — b|®. Lemma 9.1 gives

| By < ColN?|la — b** + rgla — ).
The defining expression for Fj, uses only endpoint values. Uniform convergence and r, — 0
consequently imply that
E = F'(b) = F'(a) — F*(a)(F"(b) — F"(a)) satisfies |E| < CoaA?|a — b**.
Thus no limit has to be passed under an integral. The horizontal increments satisfy
[F(b) = F*(a)| + |[F(b) — F¥(a)| < 2A]a —b[*.
Left invariance and the upper bound in Lemma 2.1, applied to F(a)™! ® F(b), yield

deo(F(a), F(b) < (24 4y/C,)Ala — b|°.
This proves the asserted regularity for F' itself.

If F is injective, its inverse on its image is continuous: a closed subset of the compact disk
is compact, its image is compact, and a compact subset of a metric space is closed. The
bijection onto the image is therefore a closed map, proving the embedding assertion. [J

Completion of the proof of Theorem 1.1. The limit F' supplied by Proposition 8.2 is injec-
tive. Its smooth approximations have uniformly bounded C' norms and contact defects
tending to zero. Proposition 9.2 shows that this same map F : B2 — H' is the required
Holder embedding. Remark 8.3 proves the larger open range stated in the theorem. O

10. WHAT REMAINS BEFORE THE EXPONENT 2/3

The exponent in Theorem 1.1 is close to 1/2. The estimates permit a precise explanation
of this limitation. We first separate the simplifications proved above from further ideas
which would need a new geometric construction.

10.1. What the isometric immersion arguments contribute. The proof uses three
elementary simplifications. The remainder estimate (4.5) requires only D?= and DP. Rel-
ative smoothing in (4.4) preserves the ratio |[DA|/A, which is needed when differentiating
the inverse stretch. Finally, the phase coordinate u/e in (6.7) reduces the cost of the for-
ward map. Together they give normalization at cost CT'?? and a complete correction at
cost CT??e~* when ¢ < 62.
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The organization was guided by [3, Proposition 4.1 and Sections 6-8|, and the derivative
estimates by the elementary composition rules in [4, Proposition 2.1] and [1, Lemma A.1].
The formulas and inverse estimates needed for the contact problem were proved here. In
particular, the algebraic error corrections of [3, Proposition 5.4] and [1, Lemma 2.2] have
not been applied as lemmas: their geometric hypotheses concern a metric defect, not our
one-form defect.

There is a simple reason why the conformal-coordinate device in [4, Proposition 2.3 and
Section 3.4] cannot be transferred unchanged. If a contact diffeomorphism © preserves the
plane and © o ¢ = 1 o (S, U,), restriction of its contact identity to the plane gives

dU, = (ko) du.

Thus 0,U, = 0. A general conformal change of the two plane variables need not satisfy
this condition. Our triangular stretch and the shear respect this restriction.

Cao—Hirsch-Inauen [1, Proposition 2.4] use repeated integration by parts to reorganize
oscillatory errors. A possible contact analogue starts from the following identity:

d(L™'f H(LU)) = fh(LU)dU + L"H(LU)df, ~ H'=h,

where h is periodic with zero mean, so a periodic H exists. Thus subtracting d(L~! fH(LU))
removes the term fh(LU)dU and leaves —L 'H(LU) df. The remaining term has an ex-
plicit factor L~!; to make it small, one must also control df. This alone does not remove
the transverse error —em ((LU)dS in (7.2). For that error, a new correction would have
to preserve both embedding and quantitative contact coordinates for the next step. No
such additional lemma is assumed here, and the numerical improvement above does not
depend on the theorem in [1].

10.2. The inequality that further parameter tuning cannot fix. Consider power
choices

Ek — F,;p, Qk = iI’;a, Fk+1 = C()FZ, Tkt1 = rkl“,;“.
Using the general cost (3.7), the coordinate recurrence is closed by
(10.1) b > 22 + 22 max{2p,p + 2a}.

The asymptotic power of the defect relative to 'y is 7 = a/(b — 1), as in (8.7). At the
level of powers, the defect error requires p — 2 > a + 7, and comparison of the available
displacement and separation estimates uses p > 3. Strict inequalities leave room for fixed
constants. The Holder summability condition from (3.11) is

(10.2) Ta> (p+3)(2a—1).
At o = 2/3 this would require 7 > (p + 1/2)/2. However (10.1), for a,p > 0, gives
a_ a - 1
T = —
b—17" 21+22(p+2a) 44’

whereas (p +1/2)/2 > 7/4 for p > 3. Thus the estimates in this article do not close at
2/3, or at exponents near it, by changing the numerical parameters. This is a limitation
of these estimates, not an upper bound for all embedded constructions or for all possible
estimates of our maps.
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10.3. The remaining geometric issue. One scalar I" still bounds several different quan-
tities: the first and second derivatives of the ambient map, the contact factor and its
first derivative, the plane parametrization, the slab width, and the constants protecting
separation. Feeding all of them into one normalization bound loses information. A fur-
ther advance would need separate recurrences for these quantities, or a correction whose
coordinate and inverse bounds remain controlled at the oscillation scale.

This is also where the analogy with Isett is incomplete. His proof [8, Section 6] includes
a gluing construction specific to the Euler equation, in addition to frequency and error
estimates. We have used the discipline of retaining scales in the explicit estimates, but
have not proved an embedded contact analogue of that gluing.

A proposed replacement must retain the three limiting properties in (3.12). A finite
correction at a fixed cutoff does not provide an iteration if its smallness threshold is uncon-
trolled as the cutoffs change. A construction using characteristic flows would likewise need
uniform bounds on their inverse derivatives. Most importantly, favorable Holder estimates
alone do not protect distinct points: one must compare finite-stage separation with the
entire remaining displacement. The explicit pair estimates above perform that comparison
for the present construction.

There is a direct obstruction to copying exact-solution gluing. If a smooth planar map
satisfies F*\ = 0 on an open patch, differentiating gives dF* A dFY = 0. Since dF" =
FYdF?*, its differential then has rank at most one. Such a patch cannot be a smooth
immersed disk. Thus exact Euler intervals have no literal counterpart made of smooth
contact disks.

Finally, obtaining every fixed o < 2/3 and attaining ov = 2/3 are different goals. At the
endpoint even a strict summability inequality may disappear. Neither goal is established
by the present improvement.
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