Analysis I

Piotr Hajtasz

1 Measure theory

1.1 o-algebra.

DEFINITION. Let X be a set. A collection 901 of subsets of X is o-algebra if 9 has the
following properties

1. X e I,
2. AeM = X \AeM;
3. Al,AQ,Ag,...Gm — UZIAIEW

The pair (X, M) is called measurable space and elements of 9 are called measurable
sets.

Exercise. Let (X,9M) be a measurable space. Show that

1. D eMm;
2. ABeM — A\ BeM;

3. M is closed under finite unions, finite intersections and countable intersections.
EXAMPLES.

1. 2%, the family of all subsets of X is a o-algebra.
2. M ={0,X} is a o-algebra.
3. If E C X is a fixed set, then M = {0, X, F, X \ E} is a o-algebra.



Proposition 1 If {9 }ier is a family of o-algebras, then
M =\ M;
icl
1S a o-algebra.

A simple proof is left to the reader.

Let R be a family of subsets of X. By o(R) we will denote the intersection of all
o-algebras that contain R. Note that there is at least one o-algebra that contains R,
namely 2%.

1. 0(R) is a o-algebra that contains R

2. 0(R) is the smallest o-algebra that contains R in the sense that if 91 is a o-algebra
that contains R, then o(R) C M.

We say that o(R) is a o-algebra generated by R.
EXAMPLE. If R = {E}, then 0(R) = {0, X, E, X \ E}.

In the sequel we will need the following result.

Proposition 2 The family 9 of subsets of a set X is a o-algebra if and only if it
satisfies the following three properties

1. X eIM;
2. If A,B €M, then A\ B € M.
3. If Ay, Ag, As, ... € MM are pairwise disjoint, then | ;o A; € M.

We leave the proof as an exercise cf. the proof of Theorem 3(d). a

1.2 Borel sets.

Let X be a metric space (or more generally a topological space). By B(X) we will
denote the o-algebra generated by the family of all open sets in X. Elements of 98(X)
are called Borel sets and B(X) is called o-algebra of Borel sets.

The following properties are obvious.

1. If Uy,Us,Us, ... C X are open, then (2, U; is a Borel set;
2. All closed sets are Borel;

3. If Iy, Fy, Fs,... C X are closed, then | J;°, F; is a Borel set.
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1.3 Measure.

DEFINITION. Let (X,91) be a measurable space. A measure (called also positive

measure) is a function
p: I — [0, 00

such that

L p(0) = 0;

2. pis countably additive i.e. if Ay, Ay, As, ... € I are pairwise disjoint, then
H (U Ai) = ZM(Ai)-
i=1 i=1

The triple (X, 9, u) is called measure space.
If u(X) < oo, then p is called finite measure.
If u(X) =1, then p is called probability or probability measure.

If we can write X = (J;2; A;, where A; € M and p(A4;) < oo forall i =1,2,3,...,
then we say that u is o-finite.

EXAMPLE. If X is an arbitrary set, and u : 2% — [0,00] is defined by u(E) = m if
E is finite and has m elements, u(E) = oo if E is infinite, then p is a measure. It is
called counting measure.

Theorem 3 (Elementary properties of measures) Let (X,9, 1) be a measure
space. Then

(a) If the sets Ay, Ag, ..., Ay € M are pairwise disjoint then p(A; U ... U A,) =
W)+ p(Ay).

(b) If A,Be M, AC B and u(B) < oo, then u(B\ A) = u(B) — u(A).
(¢) If A,B €M, AC B, then u(A) < u(B).
(d) ]fAl,AQ,Ag,... S Din, then

p (U Az’) < ZM(Ai)-

(e) If Ay, Ay, Ag, ... € M, u(A;) =0, fori=1,2,3,... then un(J;~, A4;) = 0.



(f) If Ay, Ag, Ag, ... € M, Ay C Ay C A3 C ... then

()

(9) If A1, Ag, Az, ... €M, A1 D Ay D A3 D ... and pu(A;) < oo, then
(ﬂA) = lim pu(A;).

Proof.
(a) The sets Ay, Ay, ..., Ay, 0,0,0,... are pairwise disjoint. Hence
pw(AyUu...UA,) = p(AU...UA,UDUDUDU..

)
= M(A1)+~'+M(An)+l~b(@) (@) + p(0) +

(b) Since B= AU (B \ A) and the sets A, B\ A are disjoint we have

p(B) = u(A) + (B \ A) (1)
and the claim easily follows.
(c) The claim follows from (1).
(d) We have
A = AAUAUA3U. ..
= é/ugAgiAlzugAg \ (AU A7) U (Ag\ (A1 U Ay U Ag)) U

Vo Vv
B B B3 By

The sets B; are pairwise disjoint and B; C A;. Hence

o0

= > u(B) < pl4)

i=1
(e) It easily follows from (d).
(f) Since A; C A; 41, we have
A = A UAUA3U...
= \A}/U (AglAlzugAg \ A2) U (Ag\ A3) U

~~ ~~
Bl B2 Bg B4




The sets B; are pairwise disjoint and hence

wA) =Y u(Bi) = I (p(By) + ..+ p(Bi)) = lim (B U U B;) = lim pu(A;).
i=1
The limit exist because p(A;) < pu(A;11) (since A; C Ajpq).
(g) It suffice to apply (f) to the sets A; \ A;.
The proof is complete. O

Exercise. Provide a detailed proof of (g). Where do we use the assumption that
w(Ay) < 00? Show an example that the conclusion of (g) need not be true without the
assumption that p(A;) < oo.

1.4 QOwuter measure and Carathéodory construction.

It is quite difficult to construct a measure with desired properties, but it is much
easier to construct so called outer measure which has less restrictive properties. The
Carathéodory theorem shows then how to extract a measure from an outer measure.

DEFINITION. Let X be a set. A function

w25 — [0, oc]

is called outer measure if

Lope(0) = 0;
2. ACB = p'(A) < ' (B);
3. for all sets A, Ag, A3, ... C X
w (U AZ) < (4.
i=1 i=1
We call a set E C X p*-measurable if
VACX p(A)=p"(ANE)+ u (A\E). (2)

Condition (2) is called Carathéodory condition. Since the inequality

p(A) S p (AN E) + p*(A\ E)
is always satisfied, in order to verify measurability of a set E it suffices to show that

W(A) > (AN E) + 1 (A\ E).
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Proposition 4 All sets with p*(E) =0 are p* measurable.

Proof. If p*(F) = 0, then for an arbitrary set A C X we have

WH(A) 2 5 (A\ B) = i (A\ B) + p*(AN B),
0

because ANE C E. O

Let 9t* be the class of all p*-measurable sets.

Theorem 5 (Carathéodory) I is a o-algebra and
w M — [0, o0

1S @ Measure.

Proof. We will split the proof into several steps.
STEP I: X € IM*
This is obvious.
STEP II: E,F e M —= EUF e IM".
Let A C X. We have
WH(A) = @ (AN B) + p*(A\ B) = (AN E) + 1 (A\ B) N F) + 1" (A\ E)\ F).
Since ANE=AN(EUF)NEand (A\E)NF =(AN(EUF))\ E, we have

(
W) = W(AN(EUF)NE)+p'(AN(EUF)\ E) + ' (A\ (EUF))
(AN (EUF)) +p*(A\ (EUF)).

STEP III: E,F e M* — E\ F € M".

It follows from the symmetry of the condition (2) that X \ E' € 9. Since £\ F' =
X\ ((X\ E)UF) the claim follows.

STEP IV: If the sets £y, Ey, E3,... € 9" are pairwise disjoint, then for every A C X
w(ANJE) =) w(ANE).
i=1 i=1

If £, F € 9" are pairwise disjoint, the for every A C X
WAN(EUF)) = (AN(EUF)NE)+ " (AN(EUF)\E) = u"(ANE)+u" (ANF).
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This, Step II and the induction argument implies that for every n
pwAnlJE) =) w(AnE). (3)
i=1 i=1
Hence - .
AN JE) =D w(ANE)
i=1 i=1
and thus in the limit - -
w(ANJE) 2> w(AnE).
i=1 i=1
Since the opposite inequality is a property of an outer measure, the claim follows.
STEP V: If the sets Ey, Es, E5, ... € I are pairwise disjoint, then | =, E; € ™.
Step II and the induction argument implies that for every n
U E; € M.
i=1
Hence (3) gives
wi(A) = <AHUEZ-> +u <A\UEi> > W(ANE)+u* (A\UEZ) ,
i=1 i=1 i=1 i=1
and in the limit
p(A) =) (ANE) + (A\U&) =y (AmUEi) + (A\UEZ) .
i=1 i=1 =1 =1

Since the opposite inequality is a property of an outer measure the claim follows.

STEP VI: Final step. It follows from Steps I, III, V and Proposition 2 that 91" is a
o-algebra and then Step IV with A = X implies that p* restricted to 9T is a measure.
The proof is complete. O

We say that a measure p : 9t — [0,00] is complete if every subset of a set of
measure zero is measurable (and hence has measure zero). Therefore it follows from
Proposition 4 that the measure described by the Carathéodory theorem is complete.

Let (X, d) be a metric space. For E, F C X we define

dist (E, F) = (x,y), diam F = sup d(z,v).

inf d
zeEyel z,yeL

DEFINITION. An outer measure p* defined on subsets of a metric space is called metric
outer measure if

W (EUF)=u (E)+ p*(F) whenever dist (E, F) > 0.
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Theorem 6 If y* is a metric outer measure, then all Borel sets are p*-measurable i.e.
B(X) CM”.

Proof. Since 9" is a o-algebra, it suffices to show that all open sets belong to 9. Let
G C X be open. It suffices to show that for every A C X

i(A) 2 (AN G) + ' (A\ G) (4)

(because the opposite inequality is obvious). We can assume that p*(A) < oo as
otherwise (4) is obviously satisfied.

For each positive integer n define

1
Gp,={reG: dist(z,X\G) > E}

Then 1
dist (G, X \ G) > — > 0. (5)
n
Let ] ]
= = L < di < -}
D, =G, \G,={zeqG e <dist (z, X \ G) < n}
Clearly
G\G, = U D; (6)
and 1 I
Since the mutual distances between the sets D1, D3, D5, ..., Dy, 1 are positive we have

W (AND) +p (ANDs)+... W (AN Dayy—q) = p (AN(D1UDsU...UDsg, 1)) < p*(A)
and similarly
(AN Do) + (AN Dy) + ...+ @' (AN Day) < i (A)

Hence ~
> w(AND;) < 2p*(A) < oc.
i=1
Now (6) yields
PAN(G\Ga) <Y p' (AN D)

and hence
wW(AN(G\G,) — 0 asn— oo.

8



Inequality (5) gives
WANGy) + (AN G) = (AN GL) U (A\ G)) < i*(A)
and thus

pANG) +p (ANG) < pr(ANGy) +p (AN (G\Gh)) + p7(A\G)

pH(A) + p (AN (G Gr))

IN A

and after passing to the limit
W (ANG) + p (A\G) < p*(A).
The proof is complete. O

We will use outer measures to prove the following important result.

Theorem 7 Let X be a metric space and p a measure in B(X). Suppose that X is a
union of countably many open sets of finite measure. Then

pE) = - p(U) = sup u(C). (7)
U—open C—closed

Before proving the theorem let’s discuss two of its corollaries. The first one shows that
in a situation described by the above theorem in order to prove that two measures are
equal it suffices to compare them on the class of open sets.

Corollary 8 If i is as in Theorem 7 and v is another measure on B(X) that satisfies
v(U) = w(U) for all open sets U C X
then
v(E) = p(E) foral E C B(X).
The second corollary describes an important class of measures satisfying assumptions

of theorem 7.

DEFINITION. Let X be a metric space and p a measure defined on the o-algebra of
Borel sets. We say that p is a Radon measure if (K) < oo for all compact sets and

pw(E)= inf p(U)= sup w(K) forall £ e B(X). (8)
Ul{gfen K KCE
—compac

Corollary 9 If X is a locally compact and separable metric space' and p is a measure
in B(X) such that p(K) < oo for every compact set K, then X is a union of countably
many open sets of finite measure and p is a Radon measure.

'Being locally compact means that ever point has a neighborhood whose closure is compact. IR™ is
locally compact, but also R™ \ {0} is locally compact.
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Proof. 1t follows from locally compactness of X that X is a union of a family of open
sets with compact closures. Since X is separable, every covering of X by open sets has
countable subcovering and hence we can write

X = U Ui, U; — compact.
i=1

This proves the first part of the corollary because u(U;) < u(U;) < co. Now (8) follows
from (7) and Theorem 3(f) because

n=1 =1
compact
and hence
u(C) = sup  p(K)
KcC
K —compact
for every closed set C. The proof is complete O

Proof of Theorem 7. For E C X we set
pr(E) = inf u(U).

UDE
U —open

It is easy to see that p* is a metric outer measure. Hence p* restricted to the class of
Borel sets is a measure. Clearly

p(U) = p*(U) for all open sets U C X, (9)

and
p(E) < p*(E) forall E € B(X). (10)

We can assume that X is a union of an increasing sequence of open sets with finite
measure. Indeed, if X is the union of open sets U; of finite measure, then the sets
V,=U,uUyU...UU, satisfy

X=UVe VaCVip, p(Wp)<oo.
n=1

Now inequality (10) implies that for all E € B(X)
p(Vu \ E) <p* (Vi \ E) and - p(V, N E) < p*(V N E), (11)

because both V,,\ E' and V,,NFE are Borel. Actually we have equalities in both inequalities
of (11) because otherwise we would have a sharp inequality

M(Vn) = N(Vn \ E) + M(Vn N E) < N*(Vn \ E) + N*(Vn N E) = N*(Vn)a
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which contradicts (9). Hence in particular u(V,, N E) = p*(V,, N E). Since
W(Va N B) = p(E) and u*(Va 1 E) — u(E)
as n — oo by Theorem 3(f) we conclude that u(F) = p*(E) and thus

wE) = it uU) (12)
U—open

by the definition of p*. To prove that the measure of a set E' € B(X) can be approxi-
mated by measures of closed subsets of E observe that V,, \ E has finite measure and
hence it follows from (12) that there is an open set G,, such that

V\ECGn  u(Ga\(Va\E)) < 2%

The set G = J,~, G, is open and C' = X \ G C E is closed. Now it suffices to observe
that

E\C’:EHGGnC GGn\(Vn\E)

n=1 n=1

and hence p(E \ C) < e. The proof is complete. O

1.5 Hausdorff measure.
Let wy, = 7/2/T(1 + £), s > 0. If s = n is a positive integer, then w, is volume of the
unit ball in IR".

Let X be a metric space. For ¢ > 0 and £ C X we define

H:(E) = inf ‘;— 3 (diam A,)°

i=1
where the infimum is taken over all possible coverings
oo
Ec|JA; with diam A; < e
i=1
Since the function € — HZ(E) is nonincreasing, the limit

H¥(B) = lim H:(E)

e—0
exists. H?® is called Hausdorff measure.

It is easy to see that if s = 0, HY is the counting measure.

Theorem 10 H°® is a metric outer measure.
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Proof. Clearly
HE 2% — [0, 0],

H*(0) =0,
ACB = H(A) <H)B).
In order to show that H?® is an outer measure it remains to show that
He (U En> < H(E,).
n=1 n=1

We can assume that the right hand side is finite. Hence
iHj(En) < oo for every e > 0.
n=1

Fix 0 > 0. We can find a covering of each set E,

E, C DAM’ diam A,,; < ¢
i=1

such that
] ws ZOO . L0

i=1

Hence

gHj(En) > “:— i (diam A,;)* — & > H: (G En> _,

i,n=1 n=1

because {A,;}75,—, forms a covering of U~ E,. Passing to the limit with 6 — 0 yields

SHE) = 3 HAB) 2 0 ([] E) .

n=1

Now passing to the limit with ¢ — 0 yields the result. We are left with the verification
of the metric condition. Let dist (£, F') > 0. It suffices to show that

HAEUF)=HIE)+ HF) (13)
for all e < dist (E, F). Let

EuFc|JA4, diam4; <e

i=1

be a covering of £ U F. We can assume that
AN(EUF)#0 (14)
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for all 7, as otherwise we could remove A; from the covering. Since diam A; < dist (£, F)
it follows from (14) that A; has a nonempty intersection with exactly one set E or F.
Accordingly, the family {A;}; splits into two disjoint subfamilies

{B;}; = all the sets A; such that A, N E # {);
{C;}; = all the sets A; such that A; N F # 0.
Hence
;— 21: (diam A;)* = C;SS ] (diam B;)® + % zj:(diam C;)’

> HI(E)+ Hi(F).

Since {A;}; was an arbitrary covering of F' U F' such that diam A; < &, we conclude
upon taking the infimum that

HIAEUF)>HIE)+HIF).
Since the opposite inequality is obvious (13) follows. O

Exercise. Show that if

e H*(E) < oo, then H'(E) =0 for all t > s;
o H(E) >0, then H'(E) = 0o for all 0 < t < s.

DEFINITION. The Hausdorff dimension is defined as follows. If H*(E) > 0 for all
s > 0, then dimpy (E) = oo. Otherwise we define

dimy(F) =inf{s > 0: H*(E) = 0}.

It follows from the exercise that there is s € [0, 00] such that H*(E) =0 for ¢ > s
and H'(E) = oo for 0 < ¢t < s. Hausdorff dimension of E equals s

1.6 Lebesgue measure.
For a closed interval
P =ay,b] x ... [a,,b,] CR" (15)

we define its volume by
’P| :(bl—al)(bn—an)

and for A C IR" we define .
—inf ) " |P|
i=1
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where the infimum is taken over all coverings

ACGB
i=1

by intervals as in (15).

Arguments similar to those in the proof that the Hausdorff measure is an outer
metric measure give the following result

Theorem 11 L} is a metric outer measure.

DEFINITION. L is called outer Lebesgue measure. L;-measurable sets are called
Lebesgue measurable. L restricted to Lebesgue measurable sets is called Lebesgue
measure and is denoted by L,,.

Corollary 12 All Borel sets are Lebesgue measurable.

All sets with £} (A) = 0 are Lebesgue measurable. Then £,(A) = 0. A set has
Lebesgue measure zero if and only it it can be covered by a sequence of intervals with
whose sum of volumes can be arbitrarily small. Note that this is the same as the sets
of measure zero in the setting of Riemann integral.

Theorem 13 If P is a closed interval as in (15), then

L"(P)=|P|.
In what follows we will often write |A| to denote the Lebesgue measure of a Lebesgue
measurable set A.

Proof. In order to prove the theorem we have to show that if P C |J;2, P, then
[Pl <235, R

We will need the following quite obvious special case of this fact.

Lemma 14 If P C Ule P; is a finite covering of a closed interval P by closed intervals
P,, then |P| < Y0, |-

Proof. This lemma follows from the theory of Riemann integral.? Indeed, volume of
the interval equals the integral of the characteristic function. Hence inequality yp <

S | xp, implies
k k
= [ =Y [ xn=3 IRl
R" i=1 JIR" i=1

2This lemma can be proved in a more elementary way without using the Riemann integral, but the
proof would be longer.
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The proof is complete. U

Now we can complete the proof of the theorem. Observe that each interval P; is
contained in a slightly bigger open interval P; such that

— €
Pi| = |P| + —,
[Fil = 1R+ 5

where Pf is the closure of Pf. Now from the covering P C |J;2, Pf we can select a

finite subcovering
k
e
j=1

(compactness) and hence the lemma yields

k o) [e'e)
PI< Y IPI< ) 1P =2 IRl +e.
j=1 i=1 i=1
Since ¢ > 0 was arbitrary the theorem follows. O

Proposition 15

o [f P=(ay,b1) X ...(an,by) is a bounded interval, then

LYP) = (b1 —a1) ... (by — an).

o L7(OP) = 0.

e If P is an unbounded interval in R™ and has nonempty interior (i.e. each side
has positive length), then L"(P) = oco.

Proof. The first claim follows from the observation that P can be approximated from
inside and from outside by closed intervals that differs arbitrarily small in volume. The
second claim follows from the first one £*"(0P) = L*(P) — L"(int P) = 0, and the lats
claim follows from the fact that P contains closed intervals of arbitrarily large measure.
O

R* ¢ R™, k < n is a subset generated by the first k& coordinates.
Corollary 16 If k < n, then L"(IR") = 0.

The next result shows that we can compute Lebesgue measure of an open set by
representing it as a union of cubes. We call a cube dyadic if its sidelength equals 2* for
some k € Z.
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Theorem 17 An arbitrary open set in IR" is a union of closed dyadic cubes with
pairwise disjoint interiors. Hence Lebesgue measure of the open set equals the sum of
the measures of these cubes.

Proof. Instead of a formal proof we will show a picture which explains how to represent
any open set as a union of cubes with sidelength 27%, k =0,1,2,3, ...

’ ; |
| / YYA VA7)
l/////////

N
NN

| //////
alzive Ay

e 7 ‘
iz ZI if
(//////%4// 4V// /4/// >
279 aann
T ‘
R ,
The proof is complete O

Compare the following result with Theorem 7.

Theorem 18 For an arbitrary set E C IR"
L (FE)=inf L"(U),

where the infimum is taken over all open sets U such that E C U.

Proof. L} = inf) . |P;| and each interval P is contained in an open set (interval) of
slightly bigger measure. a

Every Borel set B is Lebesgue measurable. Every set E with £*(F) = 0 is Lebesgue
measurable. Hence sets of the form B U E are Lebesgue measurable. These are all
Lebesgue measurable sets. More precisely we have the following characterization.
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DEFINITION. Let X be a metric space. By a Gy set we mean a set of the form
A =2, G;, where the sets G; C X are open and by F, we mean a set of the form
B = Uil F;, where the sets F; C X are closed. Clearly all Gs and F}, sets are Borel.

Theorem 19 Let A C R". Then the following conditions are equivalent

1. A is Lebesgue measurable;

2. For every e > 0 there is an open set G such that A C G and L;(G\ A) < ¢;
There is a G5 set H such that A C H and L:(H\ A) =0;

For every e > 0 there is a closed set F' such that F C A and L5(A\ F) < ¢;
There is a F, set M such that M C A and L5 (A\ M) =0;

S v A e

For every € > 0 there is an open set G and a closed set F' such that F C A C G
and L,(G\ F) < ¢.

Proof. (1)=-(2) Every measurable set can be represented as a union of sets with finite
measure A = | J;2, 4;, £,(A;) < oo. It follows from Theorem 18 that for every ¢ there
is an open set G; such that A; C G; and £, (G; \ A;) < &/2". Hence A C G =J;-, G,
L,(G\A)<e.

(2)=(3) We define H = ;2 U;, where U; are open sets such that A C U;, £ (U;\ A) <
1/i.
(3)=-(1) This implication is obvious.

(1)< (4)<(5) this equivalence follows from the equivalence of the conditions (1), (2)
and (3) applied to the set IR" \ A.

(1)=(6) If A is Lebesgue measurable then the existence of the sets F' and G follows
from the conditions (2) and (4).

(6)=-(1) Take closed and open sets F;, G; such that F; C A C Gy, L,(G; \ F;) < 1/i.
Then the set H = (2, G; is Gs and L (H \ A) = 0. O

The Lebesgue measure has an important property of being invariant under trans-
lations i.e. if A is a translation of a Lebesgue measurable set B, then A is Lebesgue
measurable and £"(A) = L"(B). This property follows immediately from the definition
of the Lebesgue measure. We will show not that this property implies that there is a
set which is not Lebesgue measurable.

Theorem 20 (Vitali) There is a set E C IR" which is not Lebesgue measurable.’

3The reader will easily check that the same proof applies to any translation invariant measure p
such that the measure of the unit cube if positive and finite; see also Theorem 21.
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Proof. We will prove the theorem for n = 1 only, but the same argument works for
an arbitrary n. The idea of the proof is to find a countable family of pairwise disjoint
and isometric (by translation)sets whose union F contains (0, 1) and is contained in
(—1,2). If the sets in the family are isometric to a set V, then V' cannot be Lebesgue
measurable, because measurability of V' would imply that a number between 1 and
3 (measure of F) be equal to infinite sum of equal numbers (equal to measure of V)
which is impossible. It should not be surprising that the construction of the set V' has
to involve axiom of choice.

For z,y € (0,1) we write x ~ y if x — y is a rational number. Clearly ~ is an
equivalence relation and hence (0, 1) is the union of a family F of pairwise disjoint sets

(2] ={y €(0,1): z ~ y}.

It follows from the axiom of choice that there is a set V' C (0, 1) which contains exactly
one element from each set in the family F. Let

E = U Vo, whereV, =V +a={x+a:zeV}.
ace@QN(—1,1)

It is easy to see that

e V.NV,=0ifa,beQ, a#b;
e (0,1)Cc EC(-1,2).

Suppose that V' is measurable. Then each V, is measurable, £1(V) = £(V,) and E is
measurable. If £1(V) > 0, then £!(E) = oo which is impossible and if £}(V') = 0, then
LY(F) = 0 which is also impossible. That proves that the set V' cannot be measurable.
O

The Lebesgue measure is translation invariant and £"([0, 1]*) = 1. It turns out that
the above two properties uniquely determine Lebesgue measure. This proves that the
Lebesgue measure is in a sense the only natural way of measuring length, area, volume
of general sets in one, two, three,...dimensional Euclidean spaces.

Theorem 21 If i is a measure on B(IR™) such that u(a+ E) = u(E) for all a € R,
E € B(IR") and p([0,1]") =1, then p(E) = L*(E) on B(IR").

Proof. According to Corollary 8 it suffices to prove that u(U) = £*(U) for all open
sets U.

Consider an open cube Q) = (0,27%)" where k is a positive integer. There are 2"
pairwise disjoint open cubes contained in the unit cube [0, 1]", each being a translation
of Q. Since the measure is invariant under translations we conclude that

w(Qr) <275,
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It is easy to see that we can cover the boundary 9@ by translations of (), in a way that
the sum of pu-measures of the cubes covering 0Q) goes to zero as k — oco. This proves

that 1(0Q) = 0.

Now [0, 1]™ can be covered by 2*" cubes each being a translation of the closed cube

—k . . . .
(. Since the measure is invariant under translations we conclude that

N(@k) > 2 kn
and hence B
p(Qr) = p(@Qy) =27 = L™(Qy). (16)

As we know (Theorem 17) an arbitrary open set U is a union of cubes with pairwise
disjoint interiors and sidelength 2% (k depends on the cube). Cubes are not disjoint,
but meet along the boundary which has py-measure zero. Hence the p(U) equals the
sum of the py-measures of the cubes which according to (16) equals £"(U). The proof
is complete. O

Theorem 22 H" = L,, on B(IR").

Sketch of the proof. Observe that the Hausdorff measure H"™ in IR" has the property
that
H'(E+a)=H"(E) forall E e B(R").

Therefore in order to prove that H™ = £,, on B(IR") it suffices to prove that
Hn([o’ 1]n) =1
This innocently looking result is however very difficult and we will not prove it here. O

Exercise. Using Theorem 22 prove that H" = L on the class of all subsets of IR".

If s < n, then H® is the s-dimensional measure in IR". Not that s is not required
to be an integer. If £k < m is an integer and M C IR" is a k-dimensional manifold,
then one can prove that H* coincides on M with the natural k-dimensional Lebesgue
measure on M.

ExamMpPLES. If C' C [0, 1] is the standard ternary Cantor set, then one can prove that
dimg(C) =log2/log3 = 0.6309... Moreover H*(C) =1 for s = log2/log 3.

The Van Koch curve is defined as the limiting curve for the following construction

4We have already seen how in the course of Advanced Calculus to measure subsets of M in the
setting of the Riemann integral. This construction can easily be generalized to the Lebesgue measure
on M. We will discuss it with more details later.
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The Van Koch curve, denoted by K is homeomorphic to the circle St, but dimy K =
log4/log3 =1,261...

Proposition 23 A set E C R" has Lebesgue measure zero if and only if for every e >
there is a family of balls B(x;,1;)}2, such that

EC GB(%7T¢)7 Zrl” <e.
i=1

=1

Proof. = Each bass B(z;,7;) is contained in a cube with sidelength 2r; and hence F
can be covered by a sequence of cubes whose sum of volumes is Y .=, (2r;)" < 2"e.

< If a set £ C IR" has Lebesgue measure zero, then for every ¢ > 0 there is an open
set U such that £ C U and L,,(U) < €. The set U can be represented as union of cubes
with pairwise disjoint interiors (Theorem 17). each cube @ of sidelength ¢ is contained
in a ball of radius r = \/nf and hence ™ = n™?|Q|. Therefore E can be covered by a
sequence of balls {B(z;,7;)}2°; such that Y50 r? < n"/2e. O

DEFINITION. We say that a function between metric spaces f : (X,d) — (Y,p) is
Lipschitz continuous if there is a constant L > 0 such that

p(f(z), f(y)) < Ld(z,y) forall z,y € X.

In this case we say that f is L-Lipschitz continuous and call L Lipschitz constant if f.

Proposition 24 If f : R" — IR" is Lipschitz continuous and E C IR" has Lebesque
measure zero, then f(E) has Lebesque measure zero too.

Proof. 1t follows from Proposition 23 and the fact that the L-Lipschitz image of a ball
of radius r is contained in a ball of radius Lr. O

Exercise. Let f : IR" — IR" be a homeomorphism. Prove that f(A) is Borel if and
only if A is Borel.

Although the theory of Lebesgue measure seems to work very well something very
important is missing: we haven’t proved so far that if ) is a unit cube whose sides are
not parallel to coordinate axes, then its measure equals 1. Indeed we considered only
intervals with sides parallel to coordinate directions. Fortunately this important fact
is contained in a result that we will prove now.
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Theorem 25 [f L : R" — IR" is a nondegenerate linear transformation with the
matriz A (det A # 0), then L(E) C IR" is a Borel (Lebesgue measurable) set if and
only if E C IR™ is Borel (Lebesgue measurable) set. Moreover

L (L(E)) = | det A|L,(B). (17)

Proof. Since L is a homeomorphism it preserves the class of Borel sets (see Exercise).
Since both L and L~! are Lipschitz continuous L preserves the class of sets of measure
zero (Proposition 24). Therefore L preserves the class of Lebesgue measurable sets
(because each Lebesgue measurable set is the union of a Borel set and a set of measure
zero). It follows from Proposition 24 that the formula (17) is satisfied for sets of measure
zero. Therefore it remains to prove (24) for Borel sets.

Define a new measure u(F) = L,,(L(E)). Clearly u is a measure on B(IR") that is
translation invariant. Let p([0,1]") = a > 0. Hence the measure o'y satisfies all the
assumptions of Theorem 21 and therefore a 'u(E) = L,,(E), so we have

L,(L(E))=aLl,(FE) forall Ee€ B(IR").

It remains to prove that a = | det A|. Clearly a = a(A4) : GL (n) — (0, 00) is a function
defined on the class of invertible matrices. We have

a(A1As) = a(Ay)a(As). (18)
Indeed, if Ay, Ay are matrices representing linear transformations L; and Ls, then
a(A1A2) L0 (E) = Ln(L1(L2(E)) = a(L1)Ln(L2(E)) = a(L1)a(L2) L, (E).

Also

a(s"I)=s", s>0. (19)
Here [ is the identity matrix. This property is quite obvious and we leave a formal
proof to the reader. Now it remains to prove the following fact.

Lemma 26 Leta: GL(n) — (0,00) be a function with properties (18) and (19). Then
a(A) = |det Al.

Proof. Let A;(s) be the diagonal matrix with —s on the ith place and s on all other
places on the diagonal. Since A;(s)* = s*I we have a(A;(s))? = a(A;(s)?) = s* and
hance a(A;(s)) = |s"| = | det A;(s)].

For k # [ let By(s) = [ai;] be the matrix such that ay = s, a;; = 1,71 =1,2,... and
all other entries equal zero. Multiplication by the matrix By, (s) from the right (left) is
equivalent to adding kth column (/th row) multiplied by s to ¢th column (kth row).

It is well known from linear algebra (and easy to prove) that applying such opera-
tions to any nonsingular matrix A it can be transformed to a matrix of the form t¢I or
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A, (t). Since multiplication by By(s) does not change determinant, ¢t = |det A['/". It
remains to prove that a(By(s)) = 1. Since By(—s) = Ak(1)B(s)Ar(1) we have
that a(Bg(—s)) = a(B(s)). On the other hand By (s)Br(—s) = I and hence
a(Br(s))?> = 1, so a(By(s)) = 1. The proof of the lemma and hence the proof of
the theorem is complete. a

2 Integration

2.1 Measurable functions.

DEFINITION. Let (X,90%) be a measurable space and Y a metric space. We say that a
function f : X — Y is measurable if

fH(U) €M for every open set U C Y.

If E € 9 is a measurable set, then we say that f : £ — Y is measurable if f~1(U) € M
for every open U C Y.

_ Clearly, f: E — Y is measurable if it can be extended to a measurable function
f: X — Y, but there is also another point of view.

Meg={ACE: AeM}={BNE: BeM}

is a o-algebra and measurability of f : ' — Y is equivalent to measurability of f with
respect to Mg.

Theorem 27 Let (X,9M) be a measurable space, f : X — Y a measurable function
and g :' Y — Z a continuous function. Then the function go f : X — Z is measurable.

Proof. For every open set U C Z we have

(go )™ HU) = f g ' (U)) e M.

open in Y

The proof is complete. a

Theorem 28 Let (X,9M) be a measurable space andY a metric space. If the functions
u,v: X — IR are measurable and ® : R* — Y is continuous, then the function

h(z) = ®(u(z),v(x)): X =Y
is measurable.
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Proof. Put f(x) = (u(z),v(z)), f : X — R?. According to Theorem 27 it suffices to
prove that f is measurable. Let R = (a,b) X (¢,d) be an open rectangle. Then

FHR) = F((a,b) x (e, d) = u'((a, b)) Nu"((c, d)) € M

Every open set U C IR? is a countable union of open rectangles

Uv=JR
i=1
and hence .
oy =Usrtm)em
i=1

The proof is complete. a

This theorem has many applications.
(a) If f=u+iv: X — C, where u,v : X — IR are measurable, then f is measurable.

Indeed, we take ®(u,v) = u + iv.

(b) If f = u+iv: X — C is measurable, then the functions u,v,|f| : X — R are
measurable.

Indeed, we take ®1(u + iv) = u, Po(u + ) = v, P3(u + ) = |u + wv|.
(c) If f,g : X — C are measurable, then the functions f+g, fg : X — C are measurable.

Indeed, we take ®; : € x C — C, ®1(21,22) = 21 + 290 and &5 : C x C — C,
(1)2(21722) = Z1%2.

(d) A set E C X is measurable if and only if the characteristic function if E

|1 ifxek,
Xﬂ@_{o ifr ¢ E,

18 measurable.

Indeed, this follows from the fact that for any open set U C IR

0 if0gU,1¢U,
U E if0gU, 1€,
0e) W) =3 x\E ifoev, 14U,
X ifoeU,1eU,



(e) If f : X — C is a measurable function, then there is a measurable function o : X —
C such that |a] =1 and f = aff].

The set E = {x: f(z) = 0} is measurable because
E= ﬁf—l(B(o 1)).
. "
i=1 ———
disc of radius 1/

Hence the function h(z) = f(z)+ xg(z) is measurable and h(x) # 0 for all x. Therefore
h is a measurable function as a function h : X — C\ {0}. Since ¢ : C\ {0} — C,
v(z) = z/|z| is continuous we conclude that

a(r) = o(f(z) + xe(r))

is measurable. If x € E, then a(z) = 1 and if z ¢ E, then a(z) = f(x)/|f(x)|.
Therefore f(z) = a(z)|f(z)| for all x € X.

DEFINITION. Let X, Y be two metric spaces. We say that f : X — Y is a Borel
mapping if it is measurable with respect to the o-algebra of Borel sets in X i.e.

f(U) € B(X) for every open set U C Y.

Clearly every continuous mapping is Borel.

Theorem 29 Let (X,9M) be a measurable space and Y a metric space. Let also f :
X — Y be a measurable mapping.

(a) If E CY is a Borel set, then f~}(E) € M.

(b) If Z is another metric space and g : Y — Z is a Borel mapping, then gof : X — Z
s measurable.

Proof. (a) Let R = {A C Y|f'(A) € M}. Clearly R contains all open sets. If we
prove that R is a o-algebra, we will have that B(Y) C R which is the claim.

e YER
Indeed, [~}(Y) =X € M.

e fAeR,then Y\ AeR.
Indeed, f~H(Y\ A) =X\ f1(A) e M.
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o If Al,AQ,... € R, then U;)il A,L €R.

Indeed, f~H(Uso, Ai) = Ui, f71(A;) € R. The above three properties imply that R
is a o-algebra.

(b) If U C Z is open, then g~ '(U) C Y is Borel and hence (go f)~}(U) = f~(¢7(U)) €
M by (a). O

DEFINITION. Let (X,9) be a measurable space. Let R = IR U {—o00,00}. We say
that a function f : X — IR is measurable if f~'(U) is measurable for every open set
U C R and if the sets f~'(+00), f~'(—00) are measurable. Similarly for £ € 9 we
define measurable functions f : F — R.

Exercise. Let (X,9) be a measurable space. Prove that a function f : X — R is
measurable if and only if f~'((a,oc]) € M for all a € R.

Let {a,} be a sequence in R. For k =1,2,... put

by = sup{ak, agr1, Agro, - - -} (20)
and
ﬁ:inf{bl,bg,...}. (21)
We call 3 upper limit of {a,} and write

6 =limsupa,

n—oo

Clearly {b;} is a decreasing sequence, so [ = limy_ bx. It is easy to see that there
is a subsequence {a,,} of {a,} such that lim; . a, = (. Moreover (3 is the largest
possible value for limits of all subsequences of {a,}.

The lower limit is defined by

liminf a,, = — limsup(—a,,). (22)

n—00 n—oo

Equivalently the lower limit can be defined by interchanging sup and inf in (20) and
(21). The lower limit equals to the lowest possible value for limits of subsequences of

{an}.

For a sequence of functions f, : X — R we define new functions
sup,, fn,limsup,, f, : X — IR by

<Sup fn) (x) = sup fu(x) for every x € X,

n n

(hm sup fn) (x) = limsup f,(x) for every z € X.

25



Similarly we can define functions inf,, f,, and liminf,_, . f,.

If f(x) =1lim, .o fu(z) for every x € X, then we say that f is a pointwise limit of

{/n}-

Theorem 30 Suppose that f, : X — R is a sequence of measurable functions. Then
the functions sup,, f, inf,, f,, limsup,,_, . fn, liminf, . f. are measurable.

Proof. Since - )
(5w 5) o0 = Ui (@osh em

measurability of sup,, f, follows from the exercise. By a similar argument we prove
that the function inf,, f,, is measurable. The two facts imply measurability of lim sup f,
because

limsup f, = inf{sup ;1.

n—00 =1 >k

Now measurability of liminf,, f,, is an obvious consequence of the equality

liminf f,, = —limsup(—f,).

n—0o0 n—o00
The proof is complete. g

Corollary 31 The limit of every pointwise convergent sequence of functions f, : X —
C (or fn: X — R) is measurable.

Corollary 32 If f,g: X — IR are measurable functions, then the functions max{f, g},
min{ f, g} are measurable. In particular the fuctions

/T =max{f,0}, f~ = —min{f,0}

are measurable.

The functions f* and f~ are called positive part and negative part of f. Note that
f=r=rf=r+sr.

Corollary 31 has the following generalization to the case of metric space valued
mappings.

Theorem 33 Let f, : X — Y be a sequence of measurable mappings with values in
a separable metric space. If f,(x) — f(x) for every x € X, then f : X — Y is
measurable.
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Proof. Let {y;}2, be a countable dense set. Then the functions d; : Y — R, d;(y) =
d(y;,y) are continuous. Hence d; o f,, : X — IR are measurable. Since d; o f,, — d; o f,
the functions d; o f : X — IR are measurable too by Corollary 31. In particular the
sets

{w:d(y;, f(z)) > d(y:, F)} = (di o f)7 ([d(y;, F), 00))

are measurable. To prove measurability of f it suffices to prove measurability of f~*(F)
for every closed set F' and it follows from the equality

fHF) = ﬂ{l‘ s d(yi, f(2) = d(yi, F)}- (23)

To prove this equality observe that if z € f~'(F), then f(z) € F and hence
d(y;, f(x)) > d(y;, F) for every i, so x belongs to the right hand side of (23). On
the other hand if z ¢ f~'(F), then f(z) ¢ F and hence there is i such that
d(y;, f(x)) < d(y;, F') (because {y;}32, is a dense subset of Y and so we can find y;
arbitrarily close to f(z)), therefore x cannot belong to the right hand side of (23). O

DEFINITION. Let (X,90) be a measurable space. A measurable function s : X — C is
called simple function if it has only a finite number of values. Simple functions can be
represented in the form
s = Z QiXA;
i=1

where o; # o for ¢ # j and A, are disjoint measurable sets.

Theorem 34 If f : X — [0,00] is measurable, then there is a sequence of simple
functions s, on X such that

1. 0< 51 <5< ... < f;

2. lim, o sp(x) = f(x) for every xz € X.

If in addition f is bounded, then s, converges to f uniformly.

Proof. 1t is easy to see that the sequence

n if f(x) >n,
Sn(x) =
n(@) { Eoifk < f(a) < kL <o,
has all properties that we need. O
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2.2 Integral

In the integration theory we will assume that 0 - oo = 0.

DEFINITION. If s : X — [0,00) is a simple function of the form

n
S = E CkiXAi )
i=1

where o; # o for ¢ # j and A; are pairwise disjoint measurable sets, then for any

E € 9 we define .
sdu = a; (AN E).
[ sdu=Y antanE)

i=1

According to our assumption 0- 00 =0, s0 0- u(A; N E) =0, even if u(A; N E) =
If f:X — [0,00] is measurable, and E € 9, we define the Lebesque integral of f

over E by
/fduzsup/sdm
E E

where the supremum is over all simple functions s such that 0 < s < f.

(a) If 0 < f < g, then [, fdu < [, gdp.

(b) f AC B and f >0, therAfd/L<fod/L
(
(d) If f(z) =0forall z € E, thenfEfd,u—O even if u(E) = oo.

)
)
¢) If f>0and cis a constant 0 < ¢ < oo, then [, fdu=c [, fdu.
)
) If u(E) =0, then [, fdu =0, even if f(z) = oo for all z € E.
)

(e
(f) If f >0, then [, fdu= [y xefdu.

In the proof of the next two theorems we will need the following lemma.

Lemma 35 Let s and t be nonnegative measurable simple functions on X. Then the
function

go(E)—/sdu, Eem
E

defines a measure in M. Moreover
/(5+t)du:/sd,u—i—/td,u. (24)
X X X
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Proof. Since () = 0, it remains to prove that ¢ is countably additive. If Ej, F, ...
are disjoint measurable sets, then

so(kf]E> - iaiu<GEkﬂAi> Za,zugkm

=1

= ZZO[Z/,L (B NA;) :ng
k=1

k=1 i=1

This completes the proof of the first part. Let now

k m
s=Y aixa, t=Y_ Bixs
i=1 Jj=1

be a representation of the simple functions as in the definition, then for £;; = A; N B;

we have
/ 5+tdﬂz(ai+ﬁj)M(Eij):/ 5dﬂ+/ tdp.

iJ ij iJ
Since X is a union of disjoint sets E;; we conclude (24) from the first part of the lemma.
O

The following theorem is one of the most important results of the theory of inte-
gration.

Theorem 36 (Lebesgue monotone convergence theorem) Let {f,} be a se-
quence of measurable functions on X such that:

1.0< fi<fi<... <00 foreveryx € X;

2. lim, o0 ful(z) = f(x) for every x € X.

Then f is measurable and

n—oo

i [ fodu= /fdu
X

Proof. Measurability of f follows from Corollary 31. The sequence | « Jfn dp is increasing
and hence it has a limit o = lim, .o [ fo dp. Since f,, < f, we have [, fodu < [, fdp
and hence a < fX fdp. Let 0 < s < f be asimple function. Fix a constant 0 < ¢ < 1
and define

E,={x: fu(z) >ecs(x)}, n=1,23,...

It is easy to see that £y C Ey C ... and |J,—, E, = X (because f,(x) — f(z) for every

x € X.) Hence
/fnduz/ fndMZC/ sdj. (25)
X E7L E7L
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Since p(E) = [, sdu is a measure and Ey C E; C ... we conclude (Theorem 3(f)) that

/ sduzso(En)Hw(DEr) =<,0(X)=/X8du-

n n=1

Thus after passing to the limit in (25) we obtain a > ¢ [, s dp and hence

/fWZaZ/sw,
X X

because 0 < ¢ < 1 was arbitrary. Taking supremum over all simple functions 0 < s < f
yields
[ranzaz [ san.
X X
i.e. [y fdu= o and the theorem follows. O
Theorem 37 If f,, : X — [0,00] is measurable, forn =1,2,3,... and
f(z) = an(x) forallx € X,
n=1
then f 1s measurable and

Lj@zééﬁ@-

Proof. The function f is a limit of measurable functions, so it is measurable. Let {s;}
and {t;} be increasing sequences of simple nonnegative function such that s; — fi,
ti — fo (Theorem 34). Then s; +t; — fi + fo and hence (24) combined with the
monotone convergence theorem gives

Lﬁ+ﬁw=éﬁw+éﬁm.

Applying an induction argument we obtain

N
/X(f1+f2—|—...—|—f1v)dNZ;/}(fndu.

Since gy = f1+...+ fy is an increasing sequence of measurable functions and gy — f
the theorem follows from the monotone convergence theorem. O

Theorem 38 (Fatou’s lemma) If f, : X — [0, 00| is measurable, forn =1,2,3,...,

then
/ <liminf fn) dy < lim inf / fodu.
X n—oo n—oo .X
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Exercise. Construct a sequence of measurable functions f, : IR — [0, 00] such that the
imequality in Fatou’s lemma 1s sharp.

Proof of the theorem. Let g, = inf{f,, fus1, fus2, ...} Then g, < f, and hence

/Xgnd/LS/andu‘ (26)

Since 0 < ¢; < g2 < ..., all the functions g, are measurable (Theorem 30) and
gn — liminfy_ o f,, inequality (26) combined with the monotone convergence theorem
yields the result. a

Theorem 39 Let f: X — [0,00] be measurable. Then
o(E) :/fdu for E €M
E
defines a measure in M. Moreover

/chhp:/ngdu (27)

for every measurable function g : X — [0, o0].

Proof. Clearly ¢(0) = 0. To prove that ¢ is a measure it remains to prove countable
additivity. Let Ey, Es, ... € 9 be disjoint sets and E = |J,_, E,,. Then obviously

xef = Z XE. [
n=1
and

p(B) = /Xfodu—/XZxEnfdu
= ;/XxEnfduzgsO(En),

by Theorem 37. To prove (27) observe that it is true if g = xg, E € 9. Hence it is also
true for simple functions and the general case follows from the monotone convergence
theorem combined with Theorem 34. O

DEFINITION. Let (X, 9, ) be a measure space. The space L'(u) consists of all
measurable functions f : X — C for which || f|ly = [ |f|dp < oo. Elements of L'(u)
are called Lebesgue integrable functions or summable functions.

31



If f = u+ 4v, then the functions u*, u~, v*, v~ are measurable and Lebesgue
integrable as bounded by |f|. For a set E € 9t we define

/EfdMZ/EuJ“d,u—/Eu_d,ujLi(/Eerdu—/Ev_d,u).

If f: X — R is measurable and each of the integrals fE fTdp, fE f~ dp is finite, then

we also define
[ran=[ rrau= [ 5 au.
E E E

Theorem 40 Suppose that f,g € L'(n). If a, 8 € C, then af + Bg € L*(u) and

/X(aerﬁg)dM:Of/deﬂJrﬂ/ngu.

We leave the proof as a simple exercise.

This theorem says that L' (p) is a linear space and f +— [ + J dp is alinear functional
in L'(u).

Similarly we define L'(u,IR™) as the class of all measurable mappings f =
(f1,f2,---, fu) : X — IR™ such that [, |f|du < co and then we set

/deu:</xf1du,...,/xfndu).

Theorem 41 If f € L'(u,R"), then

/deu'é/xlf\du-

Proof. Let o = (a,...,,) € IR" be a unit vector such that | [, fdu| = (o, [ fdu).

Then
fdﬂ‘: Oé;/fd,u: Oéz‘/fid,u
/X < X ) ; b's
— [ S asdu= [ tapran< [ 151
X5 X X
by Schwarz inequality. O

Theorem 42 (Lebesgue’s dominated convergence theorem) Suppose {f,} is a
sequence of complex valued functions on X such that the limit f(x) = lim, . fn(x)
exists for every x € X. If there is a function g € L'(u) such that

|fu(2)] < g(x) for everyx € X and alln=1,2,...,
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then f € L'(u),
lim |f faldp =0

n—0o0

and

lim fn dp = / fdpu.
X

n—oo

Proof. Clearly f is measurable and |f| < g. Hence f € L'(u). It is easy to see that
29 — |f — fu| > 0 and hence Fatou’s lemma yields

/diu < hmmf/(Zg—]f fal) dp
X

n—oo

- /2g+mmm(—/ﬁf—ﬁ¢m)

= J/ 29-—1Hnsupt/1|f fol dpe.

The integral [, 2gdpu is finite and hence
fimsup [ [, ~ fldu < 0.
n—00 X

This immediately implies
lim [ |f,— fldu=0.
n—oo X

Now
/nw-/ﬂﬂs/mﬁﬂme
X X X
SO
lim fn dp = / fdu.
n—oo X
The proof is complete. g

2.3 Almost everywhere

DEFINITION. If there is a set N € M of measure zero, p(N) = 0 such that a property
P(z) is satisfied for all x € X \ N, then we say that the property P(z) is satisfied
almost everywhere (a.e.)

For example f, — f a.e. means that there is a set N € 9, p(N) = 0 such that
fa(z) — f(z) for all z € X \ N.
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If f =g a.e., then we write f ~ g. It is easy to see that ~ is an equivalence relation
(f~g,g~h= f~h follows from the fact that the union of two sets of measure zero
is a set of measure zero). Note that if f ~ g, then

/fdu /gd,u for every X € 9.
E

Therefore from the point of view of the integration theory, functions which are equal
a.e. cannot be distinguished. Moreover if fE fdu= ngd,u for all E € M, then f =g
a.e. This follows from part (b) of Theorem 43 below applied to f — g. Thus two
functions f and g cannot be distinguished in the integration theory if and only if they
are equal a.e. Therefore it is natural to identify such functions.

Theorem 43
(a) Suppose f: X — [0,00] is measurable, E € M and fEfd,u =0, then f =0 a.e.
n E.
(b) Suppose f € L' () and [, fdu =0 for every E € M. Then f =0 a.e. in X.

Proof. (a) Suppose A, ={z € E: f(x)>1/n}. Then

S/AnfdMS[Efd,uzo.

Hence p(A,) = 0 and therefore the set {x € E: f(z) > 0} = |, 4, has measure
zero.

(b) Let = u +iv. Define £ = {z € X : u(xz) > 0}. Then

0 = real part of/fdu—/ud,u—/u*du,
E E E

and hence u™ = 0 a.e. by (a). Similarly u=,v", v~ =0 a.e. Accordingly, f =0 a.e. O

Recall that a measure p is complete if every subset of a set of measure zero is
measurable (and hence has measure zero). All the measures obtained through the
Carathéodory construction are complete (Proposition 4), e.g. the Hausforff measure
and the Lebesgue measure are complete. However, we can assume that any measure
is complete, because we can add all subsets of sets of measure zero to the o-algebra.
More precisely one can prove.

Theorem 44 Let (X,9M, 1) be a measure space, let M be the collection of all E C X
for which there exist sets A, B € MM such that A C E C B and u(B\ A) =0 and define

w(E) = u(A) in this situation. Then IM* is a o-algebra and p is a complete measure
on IN*.
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For a proof, see Rudin page 28.
Therefore, whenever needed, we can assume that the measure is complete.

Remark. If 4 is a measure on B(IR") and there is an uncountable set E € B(IR")
such that pu(F) = 0, then pu cannot be complete, because one can prove that the
cardinality of all Borel sets in B(IR") is the same as the cardinality of real numbers
and the cardinality of all subsets of F is the same as the cardinality of all subsets of real
numbers which is bigger than the cardinality of real numbers. Hence in order to make
the measure p complete we have to enlarge B(IR") to a bigger o-algebra by including
also sets which are not Borel. This is the case of the Lebesgue measure. The o-algebra
of Lebesgue measurable sets is larger, than the o-algebra of Borel sets.

DEFINITION. Suppose now that p is a complete measure. If a function with values in
a metric space Y is defined only at almost all points of X, i.e.

frX\N=Y, p(N)=0,
then we say that f is measurable if there is yy € Y such that

sy | fle) ifze X\ N,
f(ﬂ?)—{ Yo ifﬁUGN,

is measurable. In such a situation we say that f : X — Y is a measurable function

defined a.e.

Note that it follows from the assumption that j is complete that f can be defined
in N in an arbitrary way and still the resulting function f is measurable and f ~ f.

In particular functions in L'(x) need to be defined a.e. only. L'(u) is a linear space.
Since we identify functions that are equal a.e. we identify L'(u) with the quotient space

LY(u)/ ~ (check that L'(u)/ ~ is a linear space). Therefore f € L' (i) satisfies f = 0 in
L'(p) if and only if f = 0 a.e., if and only if || | = [y |f| d = 0 (see Theorem 43(a)).

In all the previously discussed convergence theorems (Theorem 36, Theorem 37,
Theorem 38, Theorem 42) we can replace the requirement of everywhere convergence
by the a.e. convergence. For example the Lebesgue dominated convergence theorem
can be formulated as follows.

Theorem 45 (Lebesgue dominated convergence theorem) Suppose that {f,} is
a sequence of complexr valued functino on X defined a.e. If the limit f(x) =
lim,, oo fn(x) exists a.e. and if there is a function g € L*(u) such that

|fu(@)] < g(x) a.e., foralln=1,2,3,...
then f € L'Y(p),
lim |f_fn’d,u:0
n—oo X
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and
lim fndu:/fdu.
n—x Jx X

Not surprisingly, this theorem is an easy consequence of the previous version of the
Lebesgue dominated convergence theorem. We leave details to the reader.

Recall that if Y is a metric space, then a mapping f : IR" — Y is Lebesgue
measurable if f~!}(U) is a Lebesgue measurable set for every open U C Y. Since the
o-algebra of Lebesgue measurable sets is larger, than that of Borel sets, the mapping
f need not be Borel. I turns out, however, that f equals a.e. to a Borel mapping, at
least when Y is separable.

Theorem 46 IfY is a separable metric space and f : IR™ — Y is Lebesgue measurable,
then there is a Borel mapping g : IR" — Y such that f = g a.e.

Proof. Since Y is separable, there is a countable family of open sets {U;}2, in Y such
that every open set in Y is a union of open sets from the family. Indeed, it suffices to
take the family of balls with rational length radii and centers in a countable dense set
inY.

Fori=1,2,... let M; C IR" be a F, set such that
M; C [N, La(fTHU)\ M) =0,

see Theorem 19. Clearly the set E = (J°,(f~1(U;) \ M;) has Lebesgue measure zero
and hence there is a G set H such that £ C H, £,,(H) = 0 (Theorem 19). Fix yp € Y

and define o) g
x) ifee H,
g(x):{ yo ifxe H.

Clearly f = g a.e. and it remains to prove that the mapping g is Borel. It is easy to
see that® if yo &€ U;, then ¢~ (U;) = M; \ H and if yg € U;, then ¢~ '(U;) = M; U H.
In each case g~1(U;) is a Borel set. Since every open set U C Y can be represented as

U =U;2, Ui, the set
g () =Jo' (W)
j=1

is Borel. O

A good picture is useful here.
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2.4 Theorems of Lusin and Egorov

Theorem 47 (Lusin) Let X be a metric space and p a measure in B(X) such that
X is a union of countably many open sets of finite measure. If f : X — Y is a Borel
mapping with values in a separable metric space, then for every € > 0 there is a closed
set I C X such that W/(X \ F) < e and f|r is continuous.

Proof. Let {U;}3°, be a countable family of open sets such that every open set in Y is
a union of open sets from the family. It follows from Theorem 7 that for every i there
is an open set V; C X such that®

fHU;) cV; w(Vi\ fHUy)) < 27t

Let -
E=JVi\ f (.
=1

Clearly u(E) < €/2. We will prove that the mapping g = f|x\g is continuous. Observe
that”
g U) =Vin(X\ E). (28)

Indeed, ¢g7'(U;) C V; N (X \ E), but on the other hand
ViN(X\E) CVin(X\(V;\ f7 (i) = f~(Uy),

ViN(X\E)C fHU)N(X\E) =g ().

In order to prove that g is continuous it suffices to prove that for every open set U C Y
there is an open set V' C X such that® g~ (U) = VN (X \ E). Let U = |J;Z, U;. Then
(28) gives g~ (U) = (U2, Vi;) N (X \ E) which proves continuity of g in X'\ E. The set
E need not be closed, but it follows from Theorem 7 that there is an open set G C X
such that £ C G and pu(G \ E) < /2. Now f|p is continuous, where F'= X \ G, F' is
closed and (X \ F) = u(G) = w(E) + p(G\ E) < e. 0

As a corollary we will prove the following characterization of Lebesgue measurable
functions also known as the Lusin theorem.

Let E C IR" be a Lebesgue measurable set. Recall that f : £ — IR is Lebesgue
measurable if f~1(U) is Lebesgue measurable for every open U C R (f~(U) is a subset
of F).

6 Actually to prove this fact we need first to split f~*(U;) into sets of finite measure and then apply
Theorem 7 to each such set.

Tt is easy to see if you make an appropriate picture, but a formal proof is enclosed below.

8Because the class of open sets in the metric space X \ E is exactly the class of sets of the form
VN (X\E), where V C X is open.
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Theorem 48 (Lusin) Let E C IR" be Lebesgue measurable. Then a function f : E —
R is Lebesque measurable if and only if for every € > 0 there is a closed set F' C E
such that f|p is continuous and L,(E\ F) < e.

Proof. Since f equals a.e. to a Borel function necessity follows from Theorem 47. To
prove sufficiency it suffices to show that for every a € IR the set E, = {z : f(z) > a} is
Lebesgue measurable (this is a variant of the exercise from page 25.) Let F' be a closed
set such that f|r is continuous and L£,,(E \ F) < e. Then the set F' = {z: (f|r)(x) >
a} = E, N F is closed and L:(E, \ F') < L,(E \ F) < ¢, hence measurability of E,
follows from Theorem 19. a

In the next theorem g is a measure on an arbitrary set X (not necessarily a metric
space), but it is crucial that p(X) < oo.

Theorem 49 (Egorov) Let p be a finite measure on a set X. Let f, : X — Y be a
sequence of measurable functions with values in a separable metric space. If f, — f
e., then f is measurable and for every € > 0 there is a measurable set E C X such

that pn(X \ F) < e and f, = f uniformly on E.

Proof. Measurability of f follows from Theorem 33. Let d be the metric in Y. Define
U{g; fal@), f(z)) =2 27"}

We will prove that this set is measurable. First observe that the mapping F' = (f,,, f) :
X — Y xY is measurable. Indeed, if {U;}3°, is a collection of open sets in Y such that
every open set in Y is a countable union of open sets from the family, it easily follows
that every open set in ¥ x Y is a countable union of open sets of the form U; x U;.
Therefore to prove measurability of F' it suffices to observe that each set

FH U x Uy) = £, 1 (Us) 0 fH(U;)

is measurable. Since the function d : ¥ x Y — IR is continuous, the composed map
do F: X — IR is measurable and hence

{z: d(ful@), f(2)) > 27"}

FY{(y1,2) €Y xY d(yr,y2) 2 27 }
FHd™([27",00)) = (do F)7'([27", 00))

is measurable. That proves measurability of the sets C; ;. Now observe that C; ; is a
decreasing sequence of sets with respect to j, u(C;1) < pu(X) < oo and hence

DX

w(Cij) = p([ |Cik) =0 asj— oo (29)

k=1
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by Theorem 3(g). Indeed, this intersection has measure zero because if z € (N, Ci.
then there is a subsequence f,, () such that d(f,, (), f(x)) > 27 for all j, which can be
true only for x in a set of measure zero. Now it follows from (29) that for every i there
is an integer J(¢) such that pu(C; ;) < €27 It is easy to see that (U, Cium) < €
and that f, converges uniformly to f on E = X \ |J;2; C; jq), because for every ¢
d(fn(z), f(z)) <2 " for allm > J(i) and all z € E. O

Again if X is a metric space and p is a finite measure of B(X) we can assume that
the set F in the above theorem is closed, see Theorem 7.

Exercise. Show an example that if 1(X) = oo, then the claim of Egorov’s theorem
may be false.

2.5 Convergence in measure

DEFINITION. We say that a sequence of measurable functions f,, : X — IR converges
in measure to a measurable function f: X — IR if for every € > 0

Tim p({: |fule) = fl@)] > £}) = 0.

We denote convergence in measure by f, - f. As usual we assume that the functions
fn and f are defined a.e.

Theorem 50 (Lebesgue) If u(X) < oo and a sequence of measurable functions f, :
X — IR converges to f: X — IR a.e., then it converges in measure, f, - f.

Proof. Given € > 0, let
Ei ={z: [fi(z) - fx)] = €}

The sequence of sets | J;°, E; is a decreasing sequence of sets of finite measure and

hence . o
(0 (3)

n=11i=n

The last set has measure zero, because if x € J;2, E; for every n, then z belongs to
infinitely many E;’s so there is a subsequence f,, such that |f,,(z) — f(z)| > ¢ which
is true only on a set of measure zero. Hence

plz = |fulz) = f(2)] 2 e}) = p(E,) < u(U Ei) =0,

which proves convergence in measure. O

39



Theorem 51 (Riesz) If f, L f, then there is a subsequence fn; such that f,, — f
a.e.

Remark. In this theorem measure of the space can be infinite, pu(X) = co.

Proof. For every i there is n; such that

plo: Lfule) — F@)] 2 1) < o

We can assume that ny < ng < ngs... Let

S| =

Fo=X\{z: [ful2) - f@)] > -}

i=k
Clearly (X \ Fy) < 02,270 = 27" and hence pu(X \ Uj—, Fr) = 0. We will
prove that f,, — f pointwise on |J,-, Fx. To this end it suffices to show that f,,
converges to f pointwise on every set Fj, but we will actually show a stronger fact
that f,, = f uniformly on Fj. Indeed, for all z € F}, = does not belong to the set
Uit {z : | fui(x) — f(x)] > 1/i}, so for every j > k and all x € F,

1
[y (2) = f(2)] < 7
which proves uniform convergence of f,. to f on Fy O

Remark. We actually proved not only convergence a.e. but also uniform convergence
on subsets of X whose complement has arbitrary small measure. Note that Lebesgue’s
theorem combined with this stronger conclusion of Riesz’ theorem implies Egorov’s
theorem for sequences of real valued functions.

Exercise. Generalize the Lebesgue and the Riesz theorems to the case of sequences of
measurable mappings with values into separable metric spaces.

2.6 Absolute continuity of the integral
The following result is known as the absolute continuity of the integral.

Theorem 52 Let f € L' (). Then for every e > 0 there is § > 0 such that [, |f|dp <
e whenever u(E) < 4.

Proof. For if not, there would exist €9 > 0 and sets E,, € 9 such that u(E,) < 27"
and | B, |fldp > eo. The sequence of sets A, = |J;—, E, is decreasing and

u(ﬁ Ak) =0, (30)
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because (e Ak) < w(A,) < Do p(E;) < 27"t for every n. Since p(E) =
[z fldp is a measure on M (Theorem 39) and (A1) = [, |fldu < [y |fldp < oo,
Theorem 3(g) implies that

Ay) — A | = Fldu=0
o(Ay) @(ﬂ ) /m;olAk”“

by (30). This is, however, a clear contradiction, because p(4y) > ¢(Ey) = || g, |fldp =
0. O

2.7 Riesz representation theorem

DEerFiNITION. If f : X — IR is a continuous function on a metric space X, then
supp f = {x € X : f(x) # 0} is called the support of f and C.(X) = C.(X,IR) denotes
the linear space of continuous functions on X with compact support. We say that a
linear functional [ : C.(X) — R is positive if

I(f) >0 whenever f > 0.

Let X be a locally compact metric space and p a measure on B(X) such that
1(X) < oo for every compact set K C X, i.e. p is a Radon measure, see Corollary 9.

Then
:/fw
X

is a positive linear functional on C.(X). Surprisingly, every positive linear functional
on C.(X) can be represented as an integral with respect to a Radon measure.

Theorem 53 (Riesz representation theorem) Let X be a locally compact metric
space’ and let I : C.(X) — TR be a positive linear functional. Then there is a unique
Radon measure p such that

:/deu. (31)

Proof. For an open set G C X denote by I'(G) the class of continuous functions
0 < f <1 with compact support in G.

Lemma 54 Let G1,Gs, ..., Gy C X be open sets. If f € T'(G1U...UGYy), then there
exist functions f; € T(G;), i =1,2,... such that f = f1 + ...+ fi.

9This theorem is true for a more general class of locally compact Hausdorff topological spaces.
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Proof. Since X is locally compact, there is a compact set E such that
supp f C int F| EcCcGU...UG.

The sets H; = G; N E form an open covering of the compact space E. If we can find
continuous nonnegative functions ¢y, ..., g in E such that

o=@e1+...+¢r>0in E, suppy; C H;,

then the functions
fi(z) = { f(x)pi(x)/p(x) ifz e E,
' 0 ife g F

will have desired properties. To construct functions ¢; observe that there is an open
covering of F by sets D;, i =1,2,...,k such that D; C H; and then we define p;(z) =
dist (X, E\ D;). -

Let now [ : C.(X) — IR be a positive linear functional. Obviously
I(0)=0 and I(f)<I(g)for f<yg

(because I(g — f) > 0).

Exercise. Prove that if ¢ : [0,00) — [0,00) is an increasing function such that (s +

t) = (s) +14(t), then (t) = tp(1).

It follows from the exercise that
I(tf) =tI(f) forallt>0and f € C.(X). (32)
Now for E € B(X) we define

pw(E)= inf AG), (33)

ECG—open

where

ANG) = sup I(f).
JEr(G)

In order to prove that u is a measure on B(X) it suffices to prove that for any open

sets G1, G, . ..

[e.9]

AU Ga) <D oAG) (34)

=1
and
)\(Gl U Gg) = )\(Gl) + )\(Gg) provided Gl N GQ = @ (35)

Indeed, the two properties easily imply that the function p* defined on the class of all
subsets of X by (33) is a metric outer measure.
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Let {G,}°, be a sequence of open sets and L < A(J,~, G,). Then there is a
function f € T'({J;~, G,,) such that I(f) > L. Since supp f is compact, f € F(Ufj:l Gr)
for some finite N. According to the lemma f = fi + ...+ fn, fi € I'(G)), so

L<I(f)=Y I(fr) <> MGy

and (34) easily follows.

If f eI(G1), g€ '(Gy), GiNGy =0, then f+ g € T'(G1 U Gs). Indeed, the
condition G; N Gy = @ implies that f + g < 1. Hence

I(f) +1(g) = I(f +9) < MG1UG2)
and (35) follows upon taking the supremum over f and g.

We proved that 4 is a measure in B(X). The measure p is finite on compact sets.
Indeed, if K C G C G and G is compact, then there is a function h € C.(X) such that
h =1 on G and therefore

p(K) < sup I(f) <I(h)<oo.
fer(@)

Clearly

w(G) = sup I(f) for every open G C X
fer(@)

and
p(E)= inf u(G) for every E € B(X).

ECG—open

Let g € C.(X), g > 0. Since I,(f) = I(fg) is a positive functional it follows from what
we have already proved that

py(G) = sup I(fg) for every open G C X
fer@)

and

pe(E) = inf  p,(G) for every E € B(X)

ECG—open

is a measure in B(X) that is finite on compact sets.
Lemma 55 I(g) = p4(X).

Proof. For f € I'(X), fg < g and hence I(fg) < I(g). On the other hand if f € I'(X),
f=1onsuppg, then fg =g and hence I(fg) = I(g). Therefore

1g(X) = sup I(fg)=1I(g).
fer(x)
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Lemma 56 (infg g)u(E) < py(E) < (supg g)u(E) for every E € B(X).

Proof. 1f supp f C G, then it follows from (32) that
(inf9)I(f) < I(fg) < (sup9)(f).
Taking the supremum over f € ['(G) yields
(inf 9)u(G) < 1y(G) < (sup g)u(G)
and then the lemma follows after taking the infimum over all open sets G such that
E C G. This is because continuity of g implies

inf (inf g) = inf inf = :
pellpen B9 =1 e S = b

Lemma 57 y,(FE) = [, gdu for all E € B(X).

Proof. The measure p is finite on compact sets and hence every Borel set is a union of
sets of finite measure (Corollary 9). Therefore it suffices to prove the equality for sets
E of finite measure p(E) < co. Given € > 0let s = > | axxpg, be a simple function
such that s < g < s+ ¢ (Theorem 34). Here the sets Ej are pairwise disjoint and!”
Ui Br = X.

Then
[sdn = S an(BnE) <Y (it (BN E)
E =1 k=1 "
< S y(Bin E) = p(E)
k=1
and

n

/E (se)dn = 3 (an+ (BN E) > (sup g)u(Ee N E)

=1 h=1 ErNE
> (B E) = (B,

k=1

v

We proved that

/E(9—5)dM§/ESdMSMg(E)S/E(s+£)du§/(g+8)du.

E

10j e. we include the set where aj, = 0. For example if s = g, then we write s =1-yg +0 - XX\E-
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Since £ > 0 was arbitrary and p(F) < oo, the lemma easily follows. O

Comparing Lemma 55 and Lemma 57 we obtain that I(g) = [, g dp which proves
(31) for g > 0. The general case follows from the fact that every function in C.(X) is
a difference of two nonnegative functions.

We are left with the proof of uniqueness of the measure. Suppose that

](f):/de/L:/del/ for all f € C.(X),

where p and v are measures on X that are finite on compact sets. According to
Corollary 9 and Corollary 8 it suffices to prove that the measures 1 and v agree on the
class of open sets.

Let G be an open set and K C G a compact set. Let f € I'(G) be such that f =1
on K. Then

u(G)Z/Gfduzf(f)z/GdeZV(K)-

Taking supremum over compact sets K C GG and applying Corollary 9 we obtain that
w(G) > v(G). Similarly we prove the opposite inequality. The proof of the theorem is
complete. O

3 Integration on product spaces

This should be a word for word copy of Chapter 8 from Rudin’s book. There is no need
to rewrite the whole chapter, so I will not include anything here.

4 Vitali covering lemma, doubling and Hausdorff
measures

4.1 Doubling measures
If o > 0 and B is a ball in a metric space, then by ¢ B we will denote a ball concentric
with B and with the radius ¢ times that of B.

DEFINITION. Let X be a metric space and p a measure on B(X). We say that u is a
doubling measure if there is a constant C;; > 0 such that for every ball B, 0 < u(B) < oo
and p(2B) < Cyu(B).

The Lebesgue measure is an example of a doubling measure with Cy = 2". It turns
out that general doubling measures inherit many properties of the Lebesgue measure.
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DEFINITION. We say that a metric space X is a doubling-metric space if there is a
constant M > 0 such that every ball B can be covered by no more than M balls of half
the radius.

ExAMPLES. IR" is metric-doubling. If X is a metric-doubling space, then every subset
of X is metric-doubling. In particular every subset of IR" is metric-doubling. If X is
an infinite discrete space, then X is not metric-doubling.

Proposition 58 If a metric space is complete and metric-doubling, then it is locally
compact.

Proof. It suffices to prove that any closed ball is compact. It easily follows from the
metric-doubling condition that each closed ball is totally bounded. Since it is complete
(as a closed subset of a complete metric space) it is compact. One can also prove this
theorem more directly by mimicking the proof that the interval [0, 1] is compact. O

Proposition 59 If i is a doubling measure on a metric space X, then X is metric-
doubling.

Proof. We will prove that X satisfies the metric-doubling condition with M = C%. Let
{z;}ier C B(z,7) be a maximal r/2-separated set, i.e.

Vijer d(z;,z;) >

N3

r
vyeB(w,r) Tier d(xi,y) < 5

From the second condition we have B(x,r) C (J;c; B(z;,7/2) and it suffices to show
that the number of elements in I is bounded by C4, i.e. #I < C4. The balls B(z;,7/4)
are pairwise disjoint and B(z;,7/4) C B(z,2r) C B(x;,4r). We have

u(B(x,2r)) 2 ) n(Blas,r/4)) = C* Y p(Blai, 4r)) = O u(B(a, 2r)) (#1)

iel el

and hence #1 < C. 0

Theorem 60 (Volberg-Konyagin) If X is a complete metric-doubling metric space,
then there is doubling measure on X.

This theorem is very difficult and we will not prove it. Note that according to the pre-
vious proposition metric-doubling condition is necessary for the existence of a doubling
measure, so Volberg-Konyagin’s theorem is very sharp.

The Euclidean space is metric doubling and hence any subset of the Euclidean space
is metric-doubling. Therefore we have
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Corollary 61 If X C IR" is closed, then there is a doubling measure on X.

Proposition 62 Let p be a doubling measure on a metric space X. Then there is a

constant C' > 0 such that .
pu(B(z,7)) >0 (1)
p(B(zo,70)) o

whenever x© € B(xg,10), 1 < 19 and s = log Cy/ log 2.

Remark. For the Lebesgue measure in IR", Cy = 2", logCy/log2 = n and hence
L, (B(z,7))/L(B(0,1)) > Cr™ which is the sharp lower bound estimate for the
Lebesgue measure of the ball. That shows that the exponent s in the above lemma
cannot be any smaller.

Proof. Let x € B(xg,rg), 7 < 79. Let k be the largest integer such that 2871y < 2r.
Hence 2r > 2ry and thus B(xzg,70) C B(z,2*r). We have

u(B(wo,10)) < p(B(x,2"r)) < Ciu(B(x, 1)),

p(B(, 7)) o ek
(B(z070) >C " (36)

Since 28~ < 27, /1o < 47127% and hence

r s r log Cy/log 2
(_) _ (_) < (4—1)long/logQ(Q—k)long/log2 _ ACd—kz

To To _\—V—/
A

This estimate together with (36) yields the claim. O

4.2 Covering lemmas

Theorem 63 (5r-covering lemma) Let B be a family of balls in a metric space such
that sup{diam B : B € B} < oco. Then there is a subfamily of pairwise disjoint balls
B' C B such that

If the metric space is separable, then the family B’ is countable and we can arrange it
as a sequence B = {B;}2,, so

UBC[OJ5BZ-.
=1

BeB
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Remark. Here B can be either a family of open balls or closed balls. In both cases
proof is the same.

Proof. Let sup{diam B : B € B} = R < co. Divide the family B according to the
diameter of the balls

R . R
]-"j:{BEB:§<d1amB§W :
Clearly B = U;’;l Fj. Define B; C F; to be the maximal family of pairwise disjoint
balls. Suppose the families By, ..., B;_; are already defined. Then we define B; to be
the maximal family of pairwise disjoint balls in

j-1
Fin{B: BNB = forall B' €| JB;}.
i=1
Next we define B’ = U;’il B;. Observe that every ball B € F; intersects with a ball in
J_, B;. Suppose that BN By # 0, B, € |J_, Bi. Then

R R
diamB < — =2 — < 2diam B;
21 27

and hence B C 5B;. The proof is complete. O
Remark. We have actually proved more: every ball B € B is contained in 5B; for

some ball B; € B’ such that B; N B # (). This fact will be used in the proof of the next
result.

DEFINITION. We say that a family F of closed balls covers a set A in the Vitali sense
if for every a € A there is a ball B € F of arbitrarily small radius such that a € B. In
other words

Voca inf{diamB: a€ B € F} =0.

Theorem 64 (Vitali covering theorem) Let pu be a doubling measure on X and
A C X a measurable set. Let F be a family of closed balls that covers A in the Vitali
sense. Then there is a subfamily G C F of pairwise disjoint balls such that

w(a\ U B) =0. 37)

Beg

Proof. Let F' C F be a subfamily of all balls with diameters less than 1. Observe that
the family F’ also covers A in the Vitali sense. According to the 5r-covering lemma
there is a countable subfamily G C F’ of pairwise disjoint balls such that

Ac |JBc|J5B.
BeF’ Beg
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We will prove that the family G satisfies (37). To this end it suffices to prove that for
any ball @) of radius bigger than 1

p(@nN(A\ | B) =

Beg

nA\JB)=@n(A\ |J B).

Beg _Beg
BC10Q

Indeed, if B is not contained in 10Q, then'' BN (Q N A) = §. The family of balls
B such that B € G and B C 10Q is countable and hence we can name the balls by
Bl; BQ, Bg, ... We have

Observe that

Z“ (5B;) <CZM ) < Cu(10Q) <

The first inequality follows from the doubling condition and the second inequality from
the fact that the balls B; are pairwise disjoint and contained in 10Q). The above
inequality implies that

“<U5§i>§2“(5§i)_)0 as N — oo
i=N i=N
and it remains to prove that

(38)

||C2
ICg

Qm(A\ U F) cRN(A
Beia

The first inclusion is obvious. To prove the second one let a € Q N (A\ UY, B;). The
set vazl B; is closed _and a & Ufil B;, so there is a ball B, of sufficiently small radius
r < 1 such that a € B, € F' and

N
B.n|JB.=0. (39)
=1

On the other hand it follows from the remark stated after the proof of the 5r-covering
lemma that there is B € G such that B, N B # (), B, C 5B. Since diam B < 1 and
a € Q, it follows that B C 10Q and hence B = B; for some j. Now (39) implies that
7 > N and hence
a€5B;C | 5B
i=N
which proves (38). O

"Because diam B < 1 and the radius of @ is bigger than 1.
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Corollary 65 For an open set U C R"™ and every e > 0 there is a sequence of pairwise
disjoint closed balls By, Bg, Bs, ... contained in U and of radii less than € such that

L. (U\JB) =0.
i=1
Exercise. Show a direct proof of the corollary without using the Vitali covering lemma.

4.3 Doubling measures and the Hausdorff measure

We will snow now how to use the covering lemmas to prove important results about
Hausdorff measures.

Theorem 66 For any Borel set A C IR" and any 0 < 6 < oo

Ln(A) =Hg(A) = H"(A).

Proof. STEP 1. If £,,(Z) = 0, then H}(Z) = 0.

Indeed, for every € > 0, Z can be covered by cubes @);, each of diameter less than

§ such that Y, |Q;| < e. Since'? (diam Q;)" = C(n)|Q;| we have that

Wn,

H3(Z) < 5D (diam Q)" = TECm) Y- 1Qi] < 55 C(n)

and hence H}(Z) = 0.
STEP 2. H}(A) < L,(A).

Let A C ;2 Q,, where the cubes @Q); have pairwise disjoint interiors and
D 1Qi < Lu(A) +e.
i=1

Fix i. It follows from Corollary 65 that there are pairwise disjoint balls B; C Q;,
j=1,2,3,... such that

£.@\UB) 0.

12By C(n) we denote a constant which depends on n only.
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Now applying Step 1 w have

H;@Q) = HE (B <D Hi(Bi) < 3wt

Therefore

8

Hj (A) < HAU@) <Y HPQ) <) La(@) < La(A) + <

= =1 =1

Since € > 0 was arbitrary, the claim follows.
STEP 3. L,(A) < HJ(A).

We will need the following fact.

Lemma 67 (Isodiametric inequality) For any Lebesgue measurable set A C R"
diam A\ "
2

L, (A) <w, (

We will prove this lemma in Section 6. Observe that if A is a ball, then we have the
equality. Therefore the lemma says that among all sets of fixed diameter, ball has the
largest volume.

Now we can complete the proof of Step 3. Let A C |J;2, C;, diam C; < ¢. Then

o0

i ) < an (dlar;C) % 3 (diam C;)".

=1

Taking the infimum over all such coverings we obtain

L,(A) <H5(A).

STEP 4. General case. We proved in steps 2 and 3 that £,(A) = HF(A) for all §.
Hence

L,(A) = lim Hy(A) =H"(A).
The proof is complete. O

Now we will compare doubling measures with Hausdorff measures in metric spaces.
Recall that in a given metric space there is 0 < s < oo such that

H(X)=00 fort<s and  H'(X)=0 fort>s.

This unique number s is called Hausdorff dimension of X and is denoted by s = dimy X.
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Theorem 68 Let i be a doubling measure on a metric space X, (2B) < Cyu(B) for
every ball B. Let s =log Cy/log2. Then

dimyg X <s.

Proof. Tt suffices to prove that H*(B) < oo for every ball B. Indeed, then H'(B) = 0
for ¢ > s and hence H'(X) = 0 for ¢ > s. This, however, implies that dimg X < s.

Let B = B(zg, R). According to Proposition 62 there is a constant C' > 0 such that
for every x € B and r < R, u(B(z,r)) > Cr®.

Fix 0 < 0 < R. Let {z;};°; C B be a maximal §/2-separated set, i.e. d(x;,x;) > /2
for i # j and for every x € B there is i € I such that d(z,z;) < §/2. Therefore the balls
B(z;,0/4) are disjoint, contained in B(x,2R) and B C |J,.; B(z;,7/2). We estimate
the number of elements in 1.

n(B(w,2R)) = Y w(B(x:,6/4) = Y C(6/4)" = (#1)C(6/4)°.

icl

iel iel
Hence
#I < p(B(x,2R))C 145 67 =C'6*.
does not (Ierpend on §
Now B C J;c; B(xi,6/2) is a covering of the ball by sets of diameters less than or
equal to 9, and hence
s Ws : s wss stl—s_wS !
H3(B) < EZ(ohamB(a;i,5/2)) < S0 < 50°C T = 2C

icl
Hence w
H*(B) = (lsirr(l)Hf;(B) < 2—880’ < 00

DEFINITION. We say that a Borel measure p on a metric space X is s-regular, if there
is a constant C' > 1 such that

Cr* < u(B(z,r)) < Orf

for all z € X and all 0 < r < diam X.

Clearly, every s-regular measure is doubling.

Theorem 69 Let i be an s-reqular measure on X. Then there are constants Cy, Cy > 0
such that
Ciu(E) < H(E) < Cop(E)

for every Borel set E C X. In particular H® is s-reqular.
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Proof. First we will prove that there is a constant C such that Cyu(E) < H*(E) for
every Borel set E. Obviously we can assume that H*(F) < oo. Since every bounded
set is contained in a ball of radius diam A, then u(A) < C(diam A)* by the s-regularity
of the measure. For every ¢ > 0 there is a covering E C |J;2, E; such that
W >
25

i=1

(diam E;)* < H*(E) + ¢

We have

u(E) < (UE)<iM <C’Zd1amE)

=1

o0
2% wy

= C=20 ) (diam B)* <2 ((B) + o).

S i=1 S
Since € > 0 was arbitrary we conclude that Cyu(E) < H*(E), where C; = C 1w, /25

The proof of the opposite inequality is more difficult.

Lemma 70 If u is an s-reqular measure on a metric space X, then there is a constant
M > 0 such that for every ball B of radius R and any r < R, the ball B can be covered
by no more than M(R/r)® balls of radius r.

Proof. Let {x;}ie; C B be a maximal r-separated set, i.e. d(z;,xz;) > r for i # j
and for every x € B there is ¢ € I such that x € B(xz;,r). Hence B C |J;c; B(zs,7)
and B(x;,7/2) N B(xj,r/2) =0 for i # j. Since B(z;,7/2) C 2B and pu(B(x;,r/2)) >
~(r/2)* we have
C(2R)" = n(2B) > (#1)C™'(r/2)".
Hence #1 < C?4*(R/r)* and hence the lemma follows with M = C?4°. O

The lemma implies that Hj(B) < C'u(B) where B is a ball of radius R. Indeed,
we can cover B by M(R/r)® balls of radius r and we can take r so small that 2r < 4.
Hence

Hy(B) < M (5)5 (2r)* = wME* < C'u(B).

r

Since the constant C” is independent of 6 we conclude that H*(B) < C'u(B). We will
now prove a stronger inequality which says that for an arbitrary open set U C X

H(U) < C"uw(U).
This will imply that H*(E) < C"u(E) for any Borel set £ C X. Indeed, both measures

1 and H?® have the property that X is a union of a countably family of open sets of finite
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measure. Therefore both measures have the property that the measure of any Borel
set equals infimum of measures of open sets that contain given Borel set (Theorem 7).

It follows from the proof of Lemma 70 that X is separable, so according to the
5r-covering lemma we can find disjoint balls B; C U such that U C |J;2, 5B;. Hence

<ZH5 (5B;) <C’ZM5B <C”Zu ) < C"u(U).

The proof is complete. a

5 Differentiation

5.1 Lebesgue differentiation theorem
DEFINITION. We say that f € L} _(u), if for every z € X there is r > 0 such that
fB(:p,T) |f| d,LL < o0.

The integral average of f over a measurable set E of finite measure will be denote

! ‘1[Efdu=7[Efdu-

Theorem 71 (Lebesgue differentiation theorem) If i is a doubling measure on
a metric space X and f € L (1), then

lim fdu= f(x) for p-a.e. v € X . (40)

=0/ B(a,r)

Proof. We can assume that f > 0. Since X is separable, it is a countable union of
balls such that f is integrable on each such ball. Therefore, it suffices to prove that if
J fdp < oo, then (40) is satisfied for p-a.e. z € B.

If for a measurable set A C B we have

liminf][ fdu <t forallx € A,
B(z,r)

r—0

then
/A fdp < tu(A).

Indeed, given € > 0, let U be an open set such that A C U, u(U) < pu(A) +e. For
every x € A there is arbitrarily small » > 0 such that B(z,r) C U and

][ fdu<t+e.
B(z,r)
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Such closed balls form a covering of U in the Vitali sense and hence we can select

pairwise disjoint balls By, Bs, Bs, ... from the covering such that

u(U\UEi):(), 7[fdu§t+5.
i=1 :

k3

We have
Jraw < [ran=3" [ rin<s03 uB)
A U i—=1 Y Bi i=1
= (t+e)uU) < (t+e)(u(A) +e).
Since € > 0 was arbitrary, we conclude
[t <t
A
Similarly, if A C B is a measurable set such that

limsup][ fdu>t forall x € A,
B(z,r)

r—0

then
[ fdu=tuta).
A
Let
Ags={reB: liminf][ fdu§s<t§limsup7[ fdu}.
r—0 B(z,r) r—0 B(z,r)
Then

t,u(AS,t> < / fdp < SN(As,t)
As,t

and hence p(As;) = 0. This easily implies that

lim inf][ fdp =lim supjl fdup for p-a.e. x € B,
B(z,r) B(z,r)

r— r—0

i.e. the limit lim, g jCB(a: T)f du exists for p-a.e. x € B. Denote this limit by

g(z) = lim fdu

=0/ B(z,r)

whenever the limit exists. We have to prove that f(z) = g(z) for p-a.e. x € B.

Fix a measurable set /' C B and € > 0. Let
Ap={reF: (1+e)"<glx)<(1+e)"™}, neZ.
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Observe that

r—0

lim sup][ fdp=g(xz)>1+¢)" forall z € A,
B(z,r)

and hence [, fdu > (1+4¢)"u(A,) by (41). We have

/ngu = i /ngduﬁ i(Ha)”Hu(An)

n=—oo n=-—o00

<0y [ sww-aa [ ran

n=—00
Similarly we prove that

/nguZ(H—s)‘l/Ffdu.

Since € > 0 was arbitrary we conclude that for every measurable set F' C B

/Ffduz/ngu

and hence f = g p-a.e. a

Among all representatives of f in the class of functions that are equal f a.e. we
select the following one

f(zx) = limsup]{g( )fdu. (42)

r—0

It follows from the Lebesgue differentiation theorem that the right hand side of (42)
which is defined everywhere equals f a.e.

DEFINITION. Let f € LL (). We say that z € X is a Lebesgue point of f if

lim |f(y) = f(@)| duly) =0,

"0 B(a,r)

where f(x) is defined by (42).

Theorem 72 Let pu be a doubling measure and f € Ll (). Then p-a.e. point v € X
1s a Lebesgue point of f.

Proof. For every ¢ € IR

lim{  |f) —cldu(y) = |f@) —c  pae. (43)

r—0 B(z,r)
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Let
E ={x € X : (43) holds for all c € Q}.

Since ® is countable, u(X \ F) = 0. Let = € E, be such that |f(z)| < oo, and let
@ > ¢, — f(x). Then it follows from (43) that

lim [f(y) = f(@)dp = [f(z) = f(x)] = 0.

=0/ B(a,r)
O

DEFINITION. We say that a family F of measurable sets in X is reqular at x € X if
there is a constant C' > 0 such that for every S € F there is a ball B(z,rg) such that

SCB(I7TS)7 M(B(I7TS)) SC,U(S),
and for every € > 0 there is a set S € F with u(S) < e.

Theorem 73 Let pu be a doubling measure and f € Li (). If v € X is a Lebesque
point of f and F is a reqular family at x € X, then

lim ffdu I
u(8)—0

Proof. For S € F let s be defined as above. Observe that if u(S) — 0, then ry — 0
by Proposition 62. We have

[ fin- st ][ ) — F(@)] dpuly) < u(S)™ / )\f(y)—f(x)ldu(y)
p(B(z,rs
Wﬁm' (v) — J(2)| duly <CJ[W ~ f(@) duly) — 0
as u(S) — 0. 0

Corollary 74 If f € L. (IR") and x € R" is a Lebesgue point of f, then for any
sequence of cubes Q; such that x € Q;, diam Q); — 0 we have

lim o fdu=fz).
Qi

1—00

Corollary 75 Let F(x) = [T f(t)dt, where f € L'(a,b). Then F'(z) = f(x) for a.c.
€ (a,b).

Proof. We have
F(z+ h

7[ f)dt — f(x) as h — 0,

whenever x is a Lebesgue point of f. O

o7



Theorem 76 If A C IR" is a measurable set, then for almost all x € A

. |B(z,r)NA| _

| 1
=0 [B(z.r)]

and for almost all z € IR"\ A
i BE&NOAL_
=0 |B(z,7)]

Proof. Applying the Lebesgue differentiation theorem to f = x4 € Li_(IR") we have
that for a.e. v € A

|[B(z,7) N Al ][
Bl T 0 7AW
and for a.e. z € R"\ A
|B(x, )N A
om0

O

DEFINITION. Let A C IR" be a measurable set. We say that x € IR" is a density point

of A if AnB
L A0 B, )
8B, )]

Thus the above theorem says that almost every point of a measurable set A C IR" is a
density point.

=1.

6 Brunn-Minkowski inequality

In this section we will prove the Brunn-Minkowski inequality, isodiametric inequality
and the isoperimetric inequality.

Theorem 77 (Brunn-Minkowski inequality) If A, B C IR" are compact sets, then
L,(A+ B)Y" > L, (A" + L, (B)"".

where A+ B={a+0b: a€ A, be B}.

Proof. Observe that if we translate the sets, then the set A + B will also translate,

so the inequality will remain the same. In particular, we can locate the origin of the
coordinate system at any point.

We divide the proof into several steps.
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STEP 1. A and B are rectangular boxes with sides parallel to the coordinate axes.

Denote the edges of A and B by a4,...,a, and by,... b, respectively. Then A + B
is also a rectangular box with edges a; + b1,...,a, + b,. Hence the Brunn-Minkowski
inequality takes the form

n

H(ai + b)Y/ > ﬁai/"jtﬁb}/”

i=1 =1 =1

which is equivalent to

7 LP spaces

DEFINITION. Let (X, 1) be a measure space. For 0 < p < oo, ip(p) denotes the class
of all complex valued measurable functions such that

1/p
£l = (/le\pdu) <0

and we define LP(u) = LP(j1)/ ~, where f ~ g if f = g a.e.

For p = 0o we define L™ to be the class of essentially bounded measurable functions,
i.e. such that there is M > 0 with

[f@)| <M p-ae. (44)

It is easy to see that there is a smallest number M satisfying (44). We denote this
number by || f||e. Therefore

f(@)] < |Ifllee p-ace.
and for any € > 0, u({z : |f(z)| > ||fllc — €}) > 0. Finally we set L®(u) = L(u)/ ~.

EXAMPLE. Let p be a counting measure on IN = {1,2,3,...}, i.e. for A C NN,
wu(A) = #A, the number of elements in the set A if A is finite and u(A) = oo is A is
infinite. Clearly if f: IN — C, then

/]Nfduz if(n)-

The functions f : IN — C can be identified with complex sequences and it is easy to
see that

LP(p) = {x = (@), ¢ llzll, = (Y Jzal?)'"” < o0},
and

L) = Az = (@n)azy + [lloe = sup ] < oo}

In this particular situation we denote LP(u) by 7 for all 0 < p < oc.
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Theorem 78 (Jensen’s inequality) Let (X, p) be a measure space such that u(X) =
1. If f € LY () satisfies a < f(x) < b for a.e. x and ¢ is a convex function on (a,b),

" ¢(/deu) S/X(sOOf)du-

Remark. We do not exclude the cases a = —oo and b = oo.

Recall that ¢ is convex on (a, b) if

(1 =Nz +Ay) < (1 —=XNp(z) + Ap(y) forall z,y € (a,b) and 0 < XA < 1.

(-2 eoa+Xee) Lo
PE-Mx+Xy)
Pex) ). ..

(l-a)xﬂ\g J

It is easy to see that this condition is equivalent to

p(t) —pls) _ o) — ()

for all s,t,u such that a < s <t <u<b  (45)

t—s - u—t
_ - @)
5“’1" = u-t
Slope @) ~qs)
+-5
3 + o«

Lemma 79 FEvery convex function on (a,b) is continuous.
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Proof. Fix a < s <t < b and take x,y such that a < s < x <y <t < b. Denote by

S, X, Y, T the corresponding points on the graph of .

T&point Y belongs to the angle with the vertex X formed by the half-lines SX
and XT. This easily implies that if y is decreasing to x, then Y — X, which proves the
right hand side continuity of . The proof of the left hand side continuity is similar. O

Proof of Jensen’s inequality. For t = fX fdu we have a < t < b. Fix this value of ¢t and

define
b wp £l

a<s<t t—s

It follow from (45) that

< p(u) — p(t)

u—t

forallt<u<b

and hence

o(u) > @(t)+ Bu—t) forallt <u<b.

On the other hand .
Mgﬂ foralla <s <t
— s

and hence
o(s) > p(t)+PB(s—t) foralla<s<t

The inequalities (46) and (47) imply that

o(s) > @(t)+PB(s—t) foralla<s<b.

In particular

p(f(z)) —@(t) = B(f(z) —1) 20 ae.
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Integrating with respect to p yields

/Xw(f(fv))—90</xfdu) —ﬁ(f(af)—/xfdu)duzo.

constant constant

Since pu(X) = 1 we conclude

/X(wf)du—sO(/deM)—5(/}(fdu—/xfd;f>zo

and hence

/X(SOOf)dMZ<P</deM>-

The numbers 1 < p,q < oo such that 1/p+1/¢g = 1 or p = 1 and ¢ = oo are
called Hélder conjugate or just conjugate exponents. Observe that if 1 < p < oo, then

¢=p/lp-1).

O

Theorem 80 (Holder’s inequality) Let (X, i) be a measure space and 1 < p,q < 00
be conjugate exponents. Then for any two complexr valued measurable functions f and
g we have

/ Faldu < 1F Il -
X

Proof. We will need the following lemma.

Lemma 81 (Young’s inequality) If a,b > 0, then
ab bl

ab< —+ —.
p q

Proof. We can assume that a,b > 0, otherwise the inequality is obvious. Then a = e%/?,
b = e/ for some s,t € IR and the inequality is equivalent to

eS/PHT < et fp et q.

Now the lemma follows from the convexity of e”. O

We can assume that 0 < ||f]|, < oo and 0 < ||g||; < oo, otherwise the Holder
inequality is obvious. The lemma yields

[f@)g@)| _ 1 (Lf@N" 1 (g
[Mlgl, = ( ||f||p) Ty ( Hg|lq) '
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Integrating this inequality yields

1 1
foldn < 1A lolle (5 [ 1P dit oo [ ot
st < 1ot J 1+ g J b o)

-~
=1/p+1/q=1

and the theorem follows. O

Theorem 82 (Minkowski’s inequality) Let (X, ) be a measure space and 1 < p <
0o. Then for any two complex valued measurable functions f and g we have

1+ gllp < [1fllp +llgll»-

Proof. If p = 1, the inequality is obvious. If p = oo, then

[f(2) + g(@)] < [f(@)] +[g(@)] < [[flloo + llglloc  ae.

Hence ||f + gl < [[flloe + |9lloc- If 1 < p < 00, then we need to use the Holder
inequality.

/!f+g|pdu§/ |f||f+g\”1du+/ 9| f + 9P dp
X X X

1/p 1/q 1/p 1/q
< (L) (Lo moan) o ([ ban) ([ 1+ o an)
X X X X
1/q

< (1l + llgll) ( / |f+g|”dﬂ)

and hence
1-1/q
( / |f+9\pdu) < 11£1ls + Nl

Since 1 — 1/q = 1/p the theorem follows. O

ExAMPLE. In the case of space /7, the Holder and the Minkowski inequality read as

follows
o0 00 1/17 00 1/q
S il < (z|xn|p) (z\ynw) ,
n=1 n=1 n=1
oo 1/p o 1/p 00 1/p
(zmw) s(Zw) +(z|ym) |
n=1 n=1 n=1

DEFINITION. Let K denote IR or C. The normed space is a pair (X, || - ||), where X is
a linear space over K and

[ X = [0, 00)

is a function such that:
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(&) llz+yll < llzll + [lyll for all 2,y € X;
(b) [Jax|| + ||||z] for all z € X and o € K;
(c) ||z|| =0iff z = 0.

The function || - | is called a norm.

Since [l — yl| = [I( = ) + (z = y)I| < & — 2I| + ||z — yI| we see that

d(z,y) = |z = yll

defines a metric in X. Normed spaces are always regarded as metric spaces with respect
to this metric.

DEFINITION. We say that a normed space (X, || - ||) is a Banach space if it is complete
with respect to the metric d(z,y) = ||z — y||.

It follows from the Minkowski inequality that (LP(u), || - ||,) is a normed space for
all 1 <p < o0.

Theorem 83 LP(u) is a Banach space for all 1 < p < co.

Proof. We will prove this theorem for 1 < p < oo and leave the case p = oo as an
exercise. Let {f,} be a Cauchy sequence in LP(u). Let {f,,} be a subsequence such
that

| friy = frillp <27% i=1,2,3,...

Let

k 0
gk:Z|fm+1_fm ) g:Z|fni+l_fni .
i=1 =1

It follows from the Minkowski inequality that ||gk|l, < 1, and then Fatou’s lemma
applied to the sequence ¢ yields

/ g’ dy = / (liminf ¢7) du < liminf/ grdp <1,
X x k—oo k—o00 X

so ||lgll, < 1. In particular g(x) < oo a.e. Thus the series

fnl ($) + Z(fni+1 (QT) - fnz(z))

converges absolutely for a.e. x. Since

k

fnl (:E) + Z(fni+1(x) - fm(‘r)) = fnk+1 (JZ)

i=1
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we conclude that the sequence f,, (x) converges for a.e. z. Denote its limit by f(z),
ie.

lim f,, (z) = f(z) ae.

k—o0

It suffices to prove that f € L? and || f — f,.||, — 0 as n — oc.

For every € > 0 there is N such that ||f, — fi.|[, < ¢ for all n,m > N. Applying
Fatou’s lemma to |f,,, — fi|P with m > N fixed and i = 1,2, 3, ... we have

J1r = gl i< timint [ 1, = gl du<er,
X e JXx
Hence f — f,, € LP and thus f € LP. Moreover ||f — fu|, — 0 as m — oo. a

Exercise. Prove the above theorem for p = oco.

The following fact follows from the proof of the above theorem.

Corollary 84 If f,, — f in LP(u), then there is a subsequence f,, which converges to
f ae.

Lemma 85 Let S be the class of complex, measurable, simple functions s on X such
that

u({o: s(z) £ 0}) < oo.
If 1 <p < oo, then S is dense in LP(u).

Proof. Clearly S C LP(u). If f € LP(u) and f > 0, let s, be a sequence of simple
functions such that 0 < s, < f, s, — f pointwise. Since s, € LP it easily follows that
sp € S. Now inequality 0 < |f — s,? < fP and the dominated convergence theorem
implies that s, — f in LP. In the general case we write f = (vt —u™) +i(vT —v7)
and apply the above argument to each of the functions u*,u~,v", v~ separately. O

Theorem 86 Let X be a locally compact metric space and p a Radon measure on X.
Then the class of compactly supported continuous functions C.(X) is dense in LP ()
forall1 < p < o0.

Proof. According to the lemma it suffices to prove that the characteristic function of
a set of finite measure can be approximated in LP by compactly supported continuous
functions. Let F be a measurable set of finite measure. Given € > 0 let K C E be a
compact set such that u(E \ K) < (¢/2)?. Let U be an open set such that K C U, U
is compact and p(U \ K) < (¢/2)?. Finally let ¢ € C.(X) be such that suppp C U,
0<¢<1, p(x)=1forze K. We have

1/p 1/p 1/p
e =ely = ([ e—epan) < ([ palran) ([ teran)
X\K X\K X\K

< WENK)YP 4 (UK <.

65



7.1 Convolution

Let us start with an observation that since the Lebesgue measure in invariant under
translations and under the mapping x +— —x, for any f € L'(IR") and any y € R" we

" [ were= [ e sari= [ aiayan

Also since for every measurable set £ and any ¢ > 0 the set t£ = {tz : © € E}
has measure £,,(tE) = t"L,(E) we easily conclude that the Lebesgue integral has the
following scaling property

/nu(zt/t)dx:t"/nu(az)da:.

Observe that in the case of the Riemann integral the above equalities are direct con-
sequences of the change of variables formula. We will prove a corresponding change
of variables formula for the Lebesgue integral later, but as for the proof of the above
equalities we do not have to refer to the general change of variables formula as they
follow directly from the properties of the Lebesgue measure mentioned above.

DEFINITION. For measurable functions f and g on IR" we define the convolution by

(f xg)(z) = - flx—y)g(y)dy

and it is a question under what conditions the convolution is well defined.

If f e L. (IR") and g is bounded, measurable and vanishes outside a bounded set,
then the function y — f(x —y)g(y) is integrable, so (f % g)(x) is well defined and finite
for every x € R". If f,g € L*(IR"), then it can happen that for a given z the function
y— f(x —y)g(y) is not integrable and hence (f * ¢g)(z) is not defined. However as a

powerful application of the Fubini theorem we can prove the following surprising result.

Theorem 87 If f,g € L'(IR"), then for a.e. x € R" the function y — f(z —y)g(y)
is integrable and hence (f * g)(x) exists. Moreover f * g € L'(IR™) and

1+ gl < AN llglh -

Proof. The function |f(z — 3)g(y)| as a function of a variable (z,y) € IR*" is measur-
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able.!? Hence Fubini’s theorem yields

[ = ngasas= [ ([ 156 - nlswlac) a

= [ ([ 1= n1ae) latl s =10l

Therefore
= — ) dy ) d — dy| dx = .
ot = [ ([ = satlar) ae= [ [ e ot as] o= 117l
O

Theorem 88 If f,g,h € L*(IR") and a, 3 € C, then

L fxg=gx*f

2. fx(gxh)=(fxg)*xh;

3. fx(ag+ Bh)=af xg+ Bf *h.
Remark. This theorem says that (L!, %) is a commutative algebra.
Proof. (1) We have
(fxg)(x) = - fa—=y)g(y) dy = - f(=y)gly+z)dy = - F)g(z—y) dy = (gxf)(x) .
(2) We have

Frlgem@ = [ fa—ygrhdy= f(w—)(/ g(y—z)h()dz)dy

:/ (/ f@—y) —zdy)dz—/ (/ f(- —z+x)dy)dz

= [ we) ([ w2 - ) dz=/nh(2)(f*g)(x—z) &= = (f %) * ().
(3) It is easy and left to the reader. O

Theorem 89 If f € L. (R") and g is continuous with compact support, then

loc

1. f*g is continuous on IR".

13Why?
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2. If f € CY(IR™), then f* g € CY(IR™) and

(] £ 9)(&) = (5 %) (o).

3. If g € CY(IR"), then fxg € CYIR") and

0
8:131-

(4 9)a) = (1 52)(@).

4. If f € C"(R"™) or g € C"(IR"), then fxg € C"(R").

Proof. (1) Since g is bounded and has compact support, (f * g)(z) is well defined and
finite for all x € IR". Fix x € IR". The function y — f(y)g(x — y) vanishes outside a
sufficiently large ball B (because g as compact support). Let z,, — x. Then there is a
ball B (perhaps larger than the one above), so that all the functions

y— fWglzn —y)

vanish outside B. Hence

1f(W)g(zn — )| < llgllsel f (W) IxB(y) € L'(R™)

and the dominated convergence theorem yields
(frg)wn) = [ fWele,—y)dy — [ fy)gle—y)dy=(f*g)(r)
R” R”
which proves continuity of f * g.

(2) The function df/dx; is bounded on bounded subsets of IR" (because it is continu-
ous). Fix z € R". For any r > 0 there is a constant M > 0 such that

of
al‘i

<M for all z € B(x,r +1).

Let ty — 0, |tx] < 1. We have

fatte =10 ) )
k T

The functions on the left hand side are bounded by M ||g||o for all y with |y| < r (by
the mean value theorem). Take r so large that supp ¢ C B(0,r). Then

(f * g)(z +tre;) — (f * g)(2)
178

e ) (G ) YR Y ) _f
a /B(o,r) th 9(y) dy /B o 50, (&~ 9)9W) dy (55 *9)(x).
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We could pass to the limit under the sign of the integral, because the functions were
uniformly bounded.

(3) The proof is similar to that in the case (2); details are left to the reader.
(4) This result follows from (2) and (3) by induction. O

Let ¢ € C3°(B(0,1)) be such a function that ¢ > 0 and [ ¢(z) dz = 1. A function
with the given properties can be constructed explicitly. Indeed,

_1 i
(z) = exp (Ir\2—1> if |z < 1,
0 if |z| > 1.
belongs to C§°(IR") and we define

o)
ol) = Jrne(y) dy

For ¢ > 0 we set
pe(x) = "p(z/e).
Then supp¢. C B(0,¢), ¢ > 0 and [, () dz = 1. For f € L (IR") we put

loc
fe =T *¢e.
It follows from Theorem 89 that f. € C°.

Theorem 90 Let f be a function defined on R".

1. If f is continuous, then f. = f uniformly on compact sets as € — 0.

2. If f € C", then D*f. = D f uniformly on compact sets for all |a| < r.

Proof. (1) Uniform continuity of f on compact sets implies that for any compact set K

sup sup |f(z) — f(x —y)| — 0 as e — 0.
ly|<e z€K

Since [p. we(y) dy = 1, we have [, f(x)¢-(y)dy = f(x) and hence for any compact
set K

sup (o)~ f@) = sup| [ (#(a) = S~ w)p.l)dy
< swp [ |f@) = S ple)dy =0 ase 0.
z€K J B(0,¢)

(2) It follows from Theorem 89 and the induction argument that D*(fxp.) = (D f)*p.
for all || < r and hence the theorem follows from the part (1). O
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Lemma 91 If f € L?, 1 <p < oo, then f. € LP(IR") and || f|l, < || fll,-

Proof. If p =1, then

[felle = 11 el < A llallells = (1 £l

by Theorem 87. Let then 1 < p < co. Holder’s inequality yields

p

ol = |[ sa-vema] < ([ 1m0 e )

([ ve=wrean) ([ o dy)p/q P+ ().

Ifelly < /}R [f17 5 e(@) da = | [P+ @ells < WL Hlleelle = 15

IA

Hence

The following result proves density of the class of smooth functions in L?(IR").

Theorem 92 If f € LP(IR") and 1 < p < oo, then f. € LP(R") and || f — f:||, — 0 as
e—0.

Proof. We will need the following result.
Lemma 93 If f € LP(IR"), 1 < p < oo, then

lim [ |f(x+y) - f@)de=0.

Proof. For y € R" let 7, : LP(IR") — LP(IR™) be the translation operator defined by

(ryf)(x) = flz+y)  for f e LP(IR").

The lemma says that 7, is continuous, i.e. |7,f — f|[, = 0 as y — 0. Given e > 0
let g be a compactly supported continuous function such that ||f — g||, < /3, see
Theorem 86. Then

HTyf_pr < HTyf_Tngp+"Tyg_gl‘p+"f_g‘|p = QHf_QHP"‘HTyg_ng < 25/3"’”@9_9“?'

Since 7,9 = ¢ converges uniformly, there is 6 > 0 such that ||7,9—g||, < /3 for |y| < 6
and hence
Iy f = fllp <& for [y| <34,
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which proves the lemma. O

Now we can complete the proof of the theorem. Assume first that 1 < p < oo.
Holder’s inequality and Fubini’s theorem yield

15 =2l = [ [ 0@ -1 -uey

[ ([ 156~ e = glen et ) az

[ ([ 15— s —upeta [ et a
—_—

1

p

dx

IN

IN

N / /B(OE) |f(@) = [z —y)[Pe(y) dy dx
- /B(O,e) </IR” (@) = fle =yl dx) ee(y)dy — 0 as e — 0.

by Lemma 93. If p = 1, then the above argument simplifies, because we do not have
to use Holder’s inequality. a

Corollary 94 C§° is dense in LP(IR"™) for all 1 < p < occ.

Proof. Since continuous functions with compact support are dense in L? it suffices to
prove that every compactly supported continuous function can be approximated in L?
by Cg°. This, however, immediately follows from Theorem 92, because if f vanishes
outside a bounded set, then f. has compact support. O

8 Functions of bounded variation

DEFINITION. We say that a function f : [a,b] — IR has bounded variation if its
variation defined by

b n—1
\/f = SUPZ |f(zip1) — f(z)] < o0
a 1=0

is finite, where the supremum is taken over all n and all partitions a = xg < 21 < ... <
z, = b.

Clearly monotonic functions have bounded variation

V F=110) = fla)l.
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If a function f : [a,b] — IR has bounded variation, then the function z — \/7 f is
nondecreasing on [a,b]. Also the function x — \/; f — f(x) is nondecreasing, because
fly) — f(z) <\ f for y > 2. Therefore every function of bounded variation is a
difference of two nondecreasing functions.

f@y=\f-(\Vf-rf@). (48)
We proved

Theorem 95 (Jordan) A function f : [a,b] — IR has bounded variation if and only
if it is a difference of two nondecreasing functions.

Exercise. Prove that if f : [a,b] — R is a continuous function of bounded variation,
then the function x — \/\ f is continuous.

The exercise and the formula (48) implies

Theorem 96 A continuous function has bounded variation if and only if it is a differ-
ence of two continuous nondecreasing functions.

Geometrically bounded variation is related to the length of a curve. Recall that if
©=(¢1,...,0k) : [a,b] — R" is a continuous curve, then its length is defined by

I @xpey) ~o0x)))
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(o) = sw Y liotein) - o)

= SUPZ V(er1(@ivr) —e1(:)? + .+ (er(zin) — erlas))?

where the supremum is taken over all n and all partitions a =z < 21 < ... <z, = b.

DEFINITION. We say that a curve ¢ : [a,b] — IRF is rectifiable if it has finite length
l(p) < 0.

The following result easily follows from the definition of length and the definition
of variation.

Theorem 97 A continuous curve o : [a,b] — IRF is rectifiable if and only if the
coordinate functions ; : [a,b] — R are of bounded variation fori=1,2,... k.

The following result is an easy exercise.

Theorem 98 If functions f,g : [a,b] — IR have bounded variation, then the functions
f + g and fg have bounded variation. If in addition g > ¢ > 0, then the function f/g
has bounded variation.

Exercise. Prove the above theorem.

Proposition 99 Let f be a monotonic function on (a,b). Then the set of points of
(a,b) at which f is discontinuous is at most countable.

Proof. Suppose f is nondecreasing. If f is discontinuous at = € (a,b), then
li t) < li t
A S < B 70

and hence there is a rational number r(z) such that

lim f(t) <r(x) < lim f(¢).

t—xz— T—tt

It is easy to see that if f is discontinuous at x1 and at zy, 1 # xo, then r(xy) # r(xs).
Therefore there is a one-to-one correspondence between the set of points where f is
discontinuous and the following subset of Q

{r(z) : f is discontinuous at =}
which clearly is at most countable. a
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Corollary 100 If f : [a,b] — IR has bounded variation, then the set of points at which
f is discontinuous is at most countable.

We will prove now a deep and important result.
Theorem 101 Functions of bounded variation are differentiable a.e.

Proof. Tt suffices to prove that nondecreasing functions are differentiable a.e.

Lemma 102 If f : [a,b] — R is nondecreasing, then
fl@+h) - f(z)

lim sup < 00 a.e. (49)
h—0t h

Proof. Let E be the set of points where the upper limit (49) equals co. Fix an arbitrary
K > 0. For every x € E there is an arbitrarily small interval [z, x + h] such that

flz+h) - f(x)
h

> K,
B h< K-\(f(x+h)— f(x)). (50)

Such intervals cover the set F in the Vitali sense. Accordingly, we can select disjoint
intervals Iy, I, ... such that |E'\ U,—, Ix] =0, so |E| < >77, |Ix| and hence

Bl <Y k] < K7H(f(b) — f(a)

k=1

by (50) and the fact that f is nondecreasing. Since the above inequality holds for any
K > 0 it follows that |E| = 0. O

DEFINITION. The Dini derivatives are defined as follows

x+h)— f(z x+h)— fx
D*f(x)zli}rji%gpf( +; f(), D+f(x):hhr£(i)x+1ff( +})L fU,

D™ f(z) = limsup flat h})L —J@  p @)= lim in flo+ h})l —f@)

The lemma says that DT f < oo a.e. Similarly we prove that all other Dini deriva-
tives Dy f, D™ f, D_ f are finite a.e.

We need to prove that
Dff=D.f=D f=D_f ae. (51)
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To this end it suffices to prove that
D_f>D"f ae. and D,f>D f a.e.
because then (51) will follow from the inequality
DYf>D.f>D f>D_f>D"f ae.

We will prove only that D_f > DT f a.e. as the prof of the inequality D, f > D~ f
a.e. is very similar.

We need to prove that the set {D_f < DT f} has measure zero. We have
{D_f<D"f}=|J {D_f<u<v<D'f}.

O<u<wv
u,vERQ E(u,v)

This is a countable union of sets E(u,v) and thus it suffices to prove that each set
E(u,v) has measure zero. Let U be an arbitrary open set such that E(u,v) C U. For
every v € E(u,v) there is an arbitrarily small A > 0 such that [z — h,z] C U and

(f(x —h) — f(x))/(=h) < u, iel?
\7 f < hu. (52)

Such intervals cover the set E(u, v) in the Vitali sense, so we can select pairwise disjoint
intervals I, I5, ... such that

\E(u,v)\UIk =0.

We have - -
DV F<u) L] <ulU].
k=1 I k=1

The first inequality follows from (52) and the second inequality from the fact that the
intervals [, I5, ... are disjoint and contained in U.

Denote'® G = E(u,v)NJs, int Iy. Clearly |E(u,v)\ G| = 0. For every x € G there
is an arbitrarily short interval [z, + h] C |, int I}, such that (f(z +h) — f(z))/h > v

and hence
x+h

\/f>hv.

1We take [z — h,x] because D_f < u is a condition for the limit as h — 0~.
15int I;, denotes the interior of Ij.
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These intervals cover the set GG in the Vitali sense, so we can select pairwise disjoint
intervals Jy, Jo, ... C |J, I such that |G\ U, Ji| = 0 and

SN F=0d 1l =v|lJ -
k=1 Jg k=1 k=1

We have

SVIEX V<l

k=1 Jj k=1 Iy

v|E(u,v)] =v|G| <w

U
k=1

Since the measure of U can be arbitrarily close to the measure of F(u,v) we obtain

v|E(u,v)| < v|E(u,v)]

and hence |E(u,v)| = 0, because v > u. The proof is complete. O

Theorem 103 If a function f : [a,b] — IR has bounded variation, then f' € L'(a,b).
If in addition f is nondecreasing, then

b
/ f(@)de < F(b) — f(a).

ExAMPLE. The Cantor Staircase Function. This is a continuous nondecreasing function
f:[0,1] — [0,1] such that f(0) =0, f(1) =1 and f is constant in each of the intervals
in the complement of the Cantor set. Since the Cantor set has measure zero we conclude
that f'(0) =0 a.e.

Therefore the function f has bounded variation (as a nondecreasing function) and

0‘/0 f@)de < f(1) — F(0) =1.
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Actually Sierpinski provided a more surprising example. He constructed a strictly
increasing function with the derivative equal to zero a.e.

Proof of the theorem. We can assume that f is nondecreasing. Let a. > a and b, < b
be points of differentiability of the function F(z) = [ f(¢) dt such that |a — ac| < e,
|b—b.| <eand F'(a.) = f(a.), F'(b.) = f(b:). Since

i S h) — f@)

h—0+ h

= f'(z) ae.

Fatou’s lemma yields

bs be be h Qg h
fl(x)dx < liminf flw+h) = Jw) dz = liminf (][ : f—][ ' f)
be ae

ae h—0+ ae h h—0
= f(ba)_f(aa)éf(m_f(a)
Passing to the limit with ¢ — 0 yields the result. a

8.1 Absolutely continuous functions

DEFINITION. We say that a function f : [a,b] — IR is absolutely continuous if for every
e > 0 there is § > 0 such that if (xy,21 + h1),..., (2, 2k + hy) are pairwise disjoint
intervals in [a, 0] of total length less than §, i.c. S2F  h; <4, then

k

Z’f(ﬂfz +hi) — fz)] < e.

i=1
Theorem 104 Absolutely continuous functions have bounded variation.

We leave the proof as an exercise.

Theorem 105 If f,g : [a,b] — IR are absolutely continuous, then also the functions
[+ g and fg are absolutely continuous. If, in addition, g > ¢ > 0 on [a,b], then f/g
15 absolutely continuous.

We leave the proof as an exercise.

The following result provides a complete characterization of absolutely continuous
functions as the functions for which the fundamental theorem of calculus holds.

Theorem 106 If f € L'([a,b]), then the function F(xz) = [’ f(t)dt is absolutely
continuous. On the other hand if F s absolutely continuous, then its derivative is

integrable F' € L'(|a,b]) and

F(z) = F(a) +/Z F'(t)dt for all x € [a,b].
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Proof. Absolute continuity of the function F'(z f f(t) dt follows from the absolute
continuity of the integral, Theorem 52.

If F is absolutely continuous, then it has bounded variation and hence F’ € L'([a, b])
by Theorem 103. This implies that the function

x»—>/ F'(t) dt

is absolutely continuous. Hence the function

wwzﬂw—ﬂ@—/EWMt

is absolutely continuous, p(a) = 0, and'® ¢'(z) = 0 for a.e. x. It suffices to prove that
@(x) = 0 for all . This will immediately follow from the next lemma.

Lemma 107 If ¢ : [a,b] — IR is absolutely continuous and ¢'(x) = 0 a.e., then ¢ is
constant.

Proof. Fix 8 € (a,b) and £ > 0. For almost every x € (a, 3) there is an arbitrary small
interval [z, z + h| C (a, 3) such that

p(z +h) = p(x)
h

<e€.

Such intervals form a Vitali covering of the set of points in (a, 3) where the derivative of
¢ equals 0 (almost all points in (a, 3)). Hence we can select pairwise disjoint intervals
from this covering [x1, 1 + h1], [x2, 22 + ho|, ... C (a, B) that cover almost all points of

(a,3).

For a given £ > 0 we choose § > 0 as in the condition for the absolute continuity
of . For N sufficiently large, the set (a,3) \ U, [%s, #; + hi] has measure less than
0. This set is a union of N + 1 open intervals. Denote these intervals by (;,&)),
7=12,...,N+ 1. We have

N+1

lp(B) — p(a)] < Z|@($i+hi) o(zi) |+Z p(&5) — (&)l < e(B—a)+e.

Since this inequality holds for any £ > 0 we conclude that ¢(3) = ¢(a), so the function
 is constant. This proves the lemma and also completes the proof of the theorem. O

Theorem 108 (Integration by parts) If the functions f,g : [a,b] — R are abso-

lutely continuous, then
b b
[ as=rtal= [ 19

16Because [ F'(t)dt = F'(z) a.e. by the Lebesgue differentiation theorem.
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Proof. Clearly fg' = (fg)' — f'g a.e. and absolute continuity of fg implies

LHJ:[@W—LH@:mmiffg

Theorem 109 FEvery function of bounded variation is a sum of an absolutely contin-
wous function and a singular function, i.e. such a function that its derivative equals O
a.e.

Proof. The theorem follows immediately from the equality

f@ﬁ{ﬂ@—l%ﬁﬂﬁ+l@ﬁﬁt
O

EXAMPLE. Every Lipschitz function f : [a,b] — IR is absolutely continuous and hence
it is differentiable a.e. and satisfies the claim of the fundamental theorem of calculus.

DEFINITION. For a function f : [a,b] — IR, the Banach indicatriz is defined by

N(f,y)=#f""(y) foryeR,

i.e. N(f,y) is the number of points in the preimage of y (it can be equal to 0 or to oo
for some 7).

Theorem 110 (Banach) For a continuous function f : [a,b] — R its indicatriz is
measurable and

ijAN%w@- (53)

Remark. We do not assume that the function f has bounded variation, so if the
function f has unbounded variation, then the theorem says that the integral of the
function on the right hand side of (53) equals co.

Proof. Under construction.

Theorem 111 If f : [a,b] — TR is absolutely continuous, then

b b
vfz/mew.
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Proof. Under construction.

The above two theorems immediately imply the following result.

Corollary 112 If f : [a,b] — IR is absolutely continuous, then

fwwwzéwmw@

Theorem 113 (Rademacher) If f : Q — IR is Lipschitz continuous, where Q@ C IR™
1s open, then f is differentiable a.e., i.e.

Vi) = (@) g )

exists a.e. and

o ) = 1) = V(@) - (g = )

y—e ly — |

=0 forae xel.

Proof. Let v € S™! and
d
Dl/f<x> = %f(x + ty)‘t=0

be the directional derivative whenever it exists. Since D, f(x) exists precisely when the
Borel-measurable functions

lim sup fle+tv) = f(@) and liminf flz+tv) = f@)
t—0 t t—0 t

coincide, the set A, on which D, f fails to exist is Borel-measurable. The function
t — f(xz+tv) is absolutely continuous and hence differentiable a.e. Thus the intersection
of the set A, with any line parallel to v has one dimensional measure zero and hence
Fubini’s theorem implies that A, has measure zero. Accordingly, for every v € S~}

D, f(x) exists for a.e. x € Q)

Take any ¢ € C§°(Q2) and note that for each sufficiently small 2 > 0

—h

Indeed, invariance of the integral with respect to translations yields

/Qf(a:—i-hy d:c—/f o(x — hv) dx
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and h has to be so small that x+hv € ) for all x € supp . The dominated convergence

theorem yields
| Dt@reta)dn == [ f@)Dp(o) do
Q Q
This is true for any v € S~ ! and in particular we have

0 0
03{;( )cp(a:)dx:—/gf(m) afi(x)d:v fori=1,2,...,n

/QD,,f(:c)go(x)d:c = /f D,p(x /f (Vo(x) - v)de
— _Z/ yldx—Z/ 8% z) v; dx
= [ o)) v .

Lemma 114 If g € L (Q) and [, g(z)p(z) dx = 0 for every ¢ € Cg°(Q), then g =0
a.e.

We leave the proof of this lemma as an exercise. The lemma implies that
D,f(z) =V f(x)-v ae.
Now let 11,15, ... be a countable dense subset of S*~! and let
Ay ={2€Q: Vf(z), D, f(z) exists and D,, f(z) =V f(z)-v}.
Let A =(,—, As. Clearly |2\ A] =0 and
D, f(x)=Vf(x) v foralze Aandall k=1,2,...

We will prove that f is differentiable at each point of the set A. To this end, for any
x €A, ve S and h > 0 define

Qv 1) = flz+ hz) — f()

and it suffices to prove that if z € A, then for every ¢ > 0 there is § > 0 such that

—Vf(x) v

|Q(z,v,h)] <& whenever 0 < h < § and v € S

Let the function f be L-Lipschitz, i.e. |f(z) — f(y)| < Lz — y| for all x,y € Q. This
implies that |0f/0x;| < L a.e. and thus |V f(x)] < /nL a.e. Hence for any = € A,
v,y € S tand h >0

1Q(x,v,h) — Q(z,V,h)| < (Vn+ 1)Ly —V|.
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Given ¢ > 0 let p be so large that for each v € S"~!

5
|V — 1| < ——=———= forsome k=1,2,...,p.

2(y/n+1)L

Since

lim+Q(a:,l/i,h) =0 forallz € Aandalli=1,2,...
h—0

we see that for a given x € A there is § > 0 such that
|Q(z,v;,h)| <e/2 whenever 0 <h<dandi=1,2,...,p.

Now

|Q(x, v, h)| < |Q(x,vp, h)| +|Q(x, v, h) — Q(z, v, h)| <e/2+ (Vn+ 1)Ly, —v| <e¢

whenever v € S" ! and 0 < h < § and the theorem follows. O

Theorem 115 (McShane) If f : A — IR is an L-Lipschitz function defined on a
subset A C X of a metric space X, then there is an L-Lipschitz function f : X — IR
such that fla = f.

Proof. For x € X we define

f(z) = inf(f(y) + Ld(z,y))

yeEA

and it a a routine exercise to check that f is L-Lipschitz and satisfies f la=f. O

Theorem 116 (Stepanov) Let Q@ C IR" be open. Then a measurable function f :
Q — R is differentiable a.e. in € if and only if

lim sup () = f()] < oo fora.e x €. (54)

yor Ny =2l
The implication = is obvious. To prove the implication <« first we show that (54)
implies that f is Lipschitz continuous on a big set A in the sense that the measure of
2\ A is small. Then we extend f|4 to a Lipschitz function on IR" using McShane’s
theorem. Now f is differentiable a.e. by Rademacher theorem. In particular it is
differentiable at a.e. point of A and it remains to prove that f is differentiable at every
density point of A at which f is differentiable. We leave details as an exercise. a
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9 Signed measures

DEFINITION. Let 9t be a c-algebra. A function p : 9 — [—o0,00] is called signed
measure if

L p(0) = 0;
2. p attains at most one of the values +o0o;

3. u is countably additive.
EXAMPLES.

1. g = py — po, where py and po are (positive) measures and one of them is finite.

2.
uB) = [ rav seriw).

DEFINITION. A measurable set E € 9 is called positive if (A) > 0 for every measur-
able subset A C E.

ExamMPLE. If E = El U EQ, El N EQ = @, ,U(El) = 7, ILL(EQ) = —3, then /L(E) =4 > 0,
but E is not positive.

Lemma 117 If ju is a signed measure, then every measurable set such that 0 < u(E) <
00 contains a positive set A of positive measure.

Proof. If E is positive, then we take A = E. Otherwise there is B C F, u(B) < 0. Let
n1 be the smallest positive integer such that there is By C E with

1
By) < ——.
w(Br) < = -
If Ay = E'\ By is positive, then we take A = A; (observe that p(A;) > 0 as otherwise
pu(E) < 0). If A; is not positive, then let ny be the smallest positive integer such that
there is B, C F'\ B; with
1
B) < ——.
pu(Bs) < o
If Ay = E'\(B1UBy) is positive, then we take A = Ay (observe that u(Asz) > 0). If Ay is
not positive, then we define A3 as above and so on. If A, = E'\ UTZI B; is positive for
some m, then we take A = A, (1(An) > 0). Otherwise we obtain an infinite sequence

B; and we set

A:E\GBj.

J=1
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We will prove that A is positive and p(A) > 0. We have

R > u(A) = u(E) - Zu(Bj)

and hence
oo o 1
0<u(B)=p(A)+> puB;) <p(A)=> —
j=1 =1 "
=1
— < u(A). (55)
— 15
7j=1

Note that p(A) < oo as otherwise u(E) = pu(A) + u(E\ A) = oo + pu(E \ A) = oc.
Hence (55) yields u(A) > 0 and 377, 1/n; < oco. In particular n; — oo ad j — oo.
It remains to prove that A is positive. If C' C A = E'\ |J;Z, B, is measurable, the for
every m, C'C E'\ Jj_, B; and the definition of n,,4, yields

1
u(C)y > ———0 asm— oo
N1 — 1
and hence p(C) > 0. This proves positivity of A. O

Theorem 118 (Hahn’s decomposition theorem) If p is a signed measure, then
there exist two disjoint measurable sets X+ and X~ such that

X=XtuXx-, XtNnX" =90,

w is positive on X and p is negative on X~ (i.e. —pu is positive on X~ ).

Therefore every signed measure is on the form
po=pt =

where pt and p~ are positive measures defined by u*(E) = p(ENXT), p (E) =
—u(E N X7). Moreover the measures ut and p~ are concentrated on disjoint sets X
and X .

Exercise. Prove that the decomposition X = XTUX ™ is unique up to sets of p-measure
zero, i.e. if X = XU X~ is another decomposition, then

PXTNXT) = p(XT\NXT) = p(XT\XT) = p(X7\X7) =0,

EXAMPLE. Let u(E) = [}, f dv, where f € L'(v). Then p is a signed measure and

M(E)—/EerdV—/Ef_du.
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Hence we can take

Xt={e: flx)20}, X ={z: f(x) <0},
but we also can take

Xt={a: fl&)>0}, X ={z: f(x) <0}.

In general X+ # XT, X~ # X~ however, the sets differ by the set where f equals 0
and this set has measure zero

u({z f(r)zo})z/{fo}fdvz()-

Proof of Hahn’s theorem. Suppose p does not attain value +o0o. Let
M =sup{u(A) : A€M, Ais positive}.
Then there is a sequence of positive sets
Af C A CA3C ..y w(A) — M
and if A = J;2, A, then A is positive with u(A4) = M < co. It remains to prove that
X\ A is negative (then we take X+t = A, X~ = X \ A). For if not, thereis E C X \ A

with 0 < u(E) < oco. Hence Lemma 117 implies that there is a positive subset C' C E
of positive measure. Now A U C' is positive and

AU C) = p(A) + (C) > M

which is an obvious contradiction. O

As an application we will prove the Radon-Nikodym-Lebesgue theorem and then
we will classify all continuous linear functionals on LP(p) for 1 < p < oo.

DEFINITION. Let u be a (positive) measure in a o-algebra 9. If v is another (positive)
measure in 97 such that

EeM wFE)=0=v(F)=0,
then we say that v is absolutely continuous with respect to p and we write

V<L .

ExaMpPLE. If f > 0 is measurable, and a measure v is defined by

V(E)—/Efdu,
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then v < p.
DEFINITION. Let A be a measure in 9. We say that \ is concentrated on A € 9 if
ME)=ANANE) forall E€M.
Equivalently \ is concentrated on A € M if A(X \ A) = 0.
DEFINITION. Let A;, Ay be two measures in 91. If there are sets
A BedMm, AnNB=1

such that
A1 is concentrated on A,

Ao is concentrated on B,

then we say that the measures A\ and Ay are mutually singular and we write

AL Ae.

Lemma 119 Let A\, Ay be two measures in M. If there is a set E € M such that
M (E) =0 and Ay is concentrated on E, then Ay L As.

Proof. 1t suffices to take A= X \ £ and B = E. O

EXAMPLES.

1. For a € IR" the Dirac mass is a Borel measure defined by 6,(E) = 1 if a € F and
do(FE) =0if a € E. The lemma yields L, L d,.

2. If M is a k-dimensional submanifold in R", k < n, and A\(E) = H¥(E N M) for
E Cc R", then £, L A

3. if O is the standard ternary Cantor set and A\(E) = H°¢2/1°83(ENC) for E C IR,
then A L £;.

Theorem 120 (Radon-Nikodym-Lebesgue) Let p and v be two (positive), o-finite
measures on M. Then

(a) There is a unique pair of measures \,, As on M such that

A= Ag+ A, Ao < 10, As Lp.
(b) There is a M-measurable function h > 0 on X such that
M(FE) = / hdp — for all E € M.
E

If in addition X is finite (i.e. N(X) < 00), then the measures \,, s are finite and
h e L'(u).

36



Remark. Part (a) is due to Lebesgue and part (b) due to Radon and Nikodym.

In particular if A < pu, then

ME) = /E hdp (56)

for some h > 0 and all E € 91 which is a striking characterization of all absolutely
continuous measures. The function A is called Radon-Nikodym derivative and is often
denoted by h = dA\/du. With this notation (56) can be rewritten as

)\(E):/;l—)\d,u for all £ € 9.
E Qf

Proposition 121 If X is a finite measure, absolutely continuous with respect to the
Lebesque measure, N < L, then

d\ . MB(z,r))

—_— = _— .e. R".
T Tes AL

Proof. Tt follows from the Radon-Nikodym theorem that d\/dL, € L'(IR™) and

AN B(z, 1)) _7[ d\ d\ N
Blw.r)| = ) L. dLt, — dﬁn(w) asr — 0

for a.e. © € IR" by the Lebesgue differentiation theorem. O

Proof of the Radon-Nikodym-Lebesgue theorem. First we will prove the second part of
the theorem which is due to Radon and Nikodym. We can state it as follows.

Theorem 122 (Radon-Nikodym) If A\ and p are o-finite measures on a o-algebra
M and A < p, then there is a nonnegative measurable function h : X — [0,00] such
that

)\(E):/hdu for all E € M.
E

If in addition X is finite, then h € L*(p).

Proof. We will prove the theorem under the additional assumption that u(X) < oo
and A(X) < oo. The general case of o-finite measures easily follows from this special
case and the details are left to the reader. Let

®={p: X —[0,00] : ¢ is measurable and / edp < A(E) for all E € M} .
E
Clearly ® # (), because ¢ =0 € ®. If 1, po € D, then max{py, p2} € ®. Indeed,
/ max{y1, 2} dp = / p1dy +/ pa dp
E En{p1>¢2} En{p1<y2}
< MEN{e1r 2 e2}) + MEN{p1 < p2}) = A(E).
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Define
M:sup/ edp < MNX) < o0.
b

ped

There is a sequence ¢,, € ® such that

/(pndu—>]\/[ as n — 00.
X

Let h, = max{p1,p2,...,0,} € ®. Then h, is an increasing sequence of functions
pointwise convergent to a function h. Since [, h, du < A(E) for all E € 9 it follows
from the monotone convergence theorem that [, hdu < A(E) for all E € 9. Hence
h € ®. Moreover

n—oo

/hd,uzlim h, dy = M.
b's b's

We will show that
/ hdp=AE) forall E€ M.
E

Clearly
o(E) = AE) = [ hau

defines a positive measure in 91 and we need to show that n = 0. For if not there would
exist a set A € M such that n(A) > 0. This implies that A(A) > 0 and hence p(A4) >0
(because A < ). Thus there is € > 0 such that n(A) —epu(A) > 0. Define & =n — ep.
Then £ is a signed measure and we can assume that A is positive with respect to & by
Lemma 117. Hence if £ € M, {(AN E) > 0 and thus

OSS(AQE)ZU(ADE)—S;L(AQE):)\(AQE)—/ hdu —ep(ANE),

ANE

/ hdpu+eu(ANE) < ANANE),
ANE

but also
[ hdn <
E\A

because h € ®. Adding up the two inequalities yields
[E(mm)du - [Ehdu+au(AﬂE) < \E).
This implies that h +ex4 € ®. Since
/X(h+€XA)du:M+5,u(A) > M,

we get a contradiction. The proof is complete. O

Now we can prove the first part of the theorem which is due to Lebesgue.
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Theorem 123 (Lebesgue) If A\ and p are o-finite measures, then there exist unique
measures A, and As; such that

A=A+ A, Ao K [, As L.

Proof. We leave the proof of the uniqueness as an exercise and so we are left with the
proof of the existence of A\, and A;. Let v = p+ A. Then y < v and A < v. By the
Radon-Nikodym theorem

u(E) = / fdv, AME) = / gdv
E E
for some measurable functions f,g: X — [0,00] and all E € 9. Define
M(E) = MEN{f =0}, M(E)=MNEN{f>0}).
Since A = A\g + A1 it suffices to prove that
Mo Lp and A\ < p.

The measure ) is concentrated on the set {f = 0}. Since p({f = 0}) = 0, we conclude
that \g L p. To prove that \; < p let u(E) =0. Then f =0, v-a.e. in the set E, i.e.
v(EN{f>0}) =0 and thus

M(E) = gdv =0.

En{f>0}

O

We will apply now the Radon-Nikodym theorem to classify all continuous linear
functionals on LP(u) for 1 < p < oco. Let us start first with some general facts about
continuous linear mappings between normed spaces.

Theorem 124 Let L : X — Y be a linear mapping between normed spaces. Then the
following conditinos are equivalent

(a) L is continuous;
(b) L is continuous at 0;

(c) L is bounded, i.e. there is C' > 0 such that

|Lz|| < Cllz|]| forallz e X.
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Remark. Formally we should use different symbols to denote norms in spaces X and
Y. Since it will always be clear in which space we take the norm it is not dangerous to
use the same symbol || - || to denote apparently different norms in X and Y.

Proof. The implication (a)=-(b) is obvious.

(b)=-(c). Suppose L is continuous at 0 but not bounded. Then there is a sequence
z, € X such that
[Ln]| = nll2n]]

Hence
Tp

0<—HL

=
nlza |

which is a contradiction'”.

(¢)=(a). Let x,, — x. Then
[Lx = Lay|| = [[L(z = 2,)|| < Cllz = 2] = 0

and hence Lz, — Lx which proves continuity of L. a

In particular if X is a normed space over R (or C), then a linear functional
A: X —=TR (or Q)

is continuous if and only if it is bounded, i.e. there is C' > 0 such that

|Az| < Cllz|| for all z € X. (57)
The number
Al = sup |Az|
lzll<1

is called the norm of A.

Lemma 125 The norm A is the smallest number C for which the inequality (57) is
satisfied.

Proof. Suppose |Az| < C||z|| for all z € X. If ||z|| < 1, then |[Az| < Cllz|| < C and
hence
[All = sup |Az[ < C.

l[=I<1

Thus the number C'is (57) cannot be smaller than ||A]|. It remains to prove that

|Az| < ||A]| [|z|| forall z € X.

17Convergence to 0 follows from the continuity of L at 0.
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If x = 0, then the inequality is obvious. If x # 0, then

T
|Az| = ‘A— [l < [l
]
The last inequality follows from the fact that ||z/||z]||| = 1. O

ExampLE. If 1/p+1/¢g=1,1 < p,q < oo are Holder conjugate, and g € L?, then

M = [ Fodu

defines a bounded linear functional on LP(p) and ||Ay]| < |lgll,- Indeed, Hélder’s
inequality yields

Ay f] = \ / fgdu] < Ngllal 1
Similarly if g € L>(p), then
Agf=/ fgdu
X

defines a bounded linear functional on L'(x) and ||A,]| < ||g]|c-

It turns out that under reasonable assumptions every functional on LP(u), 1 < p <
oo is on the form A, for some g € L? (or g € L™ if p = 1).

Theorem 126 Suppose 1 < p < 0o and p is a o-finite measure. Assume that A is a
bounded linear functional on LP(u). Then there is a unique g € L4(p), 1/p+1/q =1
such that

Af:/ngdu for all f € LP(u) .

Moreover

AL = llgllg -

Proof. Uniqueness. Suppose

AfZ/ngldMZ/ngzdu

for some g1,90 € L) and all f € LP(u). We need to show that g3 = g2 a.e. For
E € M with p(E) < co we have

/gldu—A(xE)—/gzdu-
E FE

[E(gl—gz)du—()

91
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for every £ € M with pu(F) < oco. This easily implies that g; — g2 = 0 a.e. and hence
g1 = g2 p-a.e.

We will prove the theorem under the additional assumption that pu(X) < co. The
general case of o-finite measure can be reduced to the case of finite measure and we
leave details to the reader. Define

AE) = A(xe)
It is obvious that A is finitely additive
MAUB)=XNA)+ X(B) for ABeM ANB=1 .
Indeed,
MAU B) = A(xaus) = Axa + x8) = AMxa) + Alxs) = AMA) + A(B).

We will use this fact to prove that actually X is conuntably additive. Let E = | J:2, E;,
where E; € M and E; N E; = () for i # j. Let Ay, = E; U... U E;. We have

IxE — Xayllp = w(E\ A)Y? -0 ask — oo |

because the sets E'\ Ay form a decreasing sequence of sets with empty intersection and
w(E\ Ar) < u(X) < co. Continuity of the functional A implies

Axa, — Axe

and hence finite additivity of A yields

i)\(EZ) = MAr) = AM(E) ask — o0.

i=1
Accordingly
D AME) = A(E)
i=1
which is countable additivity of A\. Note that A is not necessarily positive, so
AM— 1R

is a signed measure. By the Hahn decomposition theorem A = A™ — A~ where A" and
A~ are positive finite measures concentrated on disjoint sets. Clearly pu(E) = 0 implies
that A\(E) = 0 and also AT (E) = A" (E) = 0. Hence A", A~ < p. The Radon-Nikodym
theorem yields the existence of 0 < g* € L!(u) such that

)\i(E)—/Egid,u.
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Now
ANE) = / gdp  where g =g — g~ € L' (u).
E

We can write the last statement as
Axe) = / XEg dp .
X

Since simple functions are linear combinations of characteristic functions

Af = /X fody (58)

whenever f is a simple function. Now every f € L*(u) is a uniform limit of a sequence
of simple functions and hence (58) holds for all f € L*°(u). It remains to prove the
following three statements

(a) g € Li(u) (we know that g € L'(u));

(b) [|A] = |lglly (we know that ||[A|| < ||g|, by Holder’s inequality);

(¢) Af = [ fgdp for all f e LP(u) (we know it for f € L>®(u)) .

We will complete the proof in the case 1 < p < co. The case p = 1 is easier and left to

the reader. Let
alz) = { g(x)/|g(x)| if g(z) #0,
0 if g(x) =0,

and
B.={o: lg(e) <n}.
Define
f=lg|""axa,
Clearly f € L=(u) (because |f| < n??). Moreover

() (b)
IfIP = 191"xE, = f9g.

Hence

1/p
by (b) Lo by (a)
[ ot /X Fodu < Af < IANIAL "2 A ( / Iglqdu) .

This yields
1-1/p
([ wlran) " <pa
En
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The left hand side converges to ||g||, as n — oo and hence ||g||, < [|A]l. Since we
already know the opposite inequality ||[A|| < ||g||, we conclude

1AL = llgllq -

This yields the claims (a) and (b). Now (c) follows from the continuity of the functional.
Indeed, there is a sequence'® L> 3 f;, — f in L” and hence

'Af—/xfgdu‘ < |Af—Afk|+'Afk—/ngdu‘=|Af—Afk|+
< A = Afel i — FlL gl — 0 as k — oo

/X(fk - f)gdﬂ’

which proves (c). 0

DEFINITION. Let X be a locally compact metric space. The class of continuous func-
tions vanishing at infinity Co(X) consists of all continuous functions u : X — IR such
that for every € > 0 there is a compact set K C X such that |u(x)| < eforallz € X\ K.

Exercise. Prove that u € Co(R"™) if and only if u is continuous on IR" and
limm_,oo u(x) = 0.

ExAMPLE. The set of positive integers IN is a locally compact metric space with
respect to the metric |z — y|. Functions on IN can be identified with infinite sequences.
Indeed, a sequence (x;)$2; corresponds to a function f(i) = x;. Every function on IN
is continuous and compact sets in IN are exactly finite subsets. It easily follows that

Co(IN) consists of sequences such that |z;] — 0 as i — oo. This space is denoted by
co = Co(IN). Thus

Co = {(xz)?i1 z; € R, |ZEZ| — 0 asz'—>oo}.

It is easy to see that cg is a Banach space with respect to the norm |z|. =
SUp;_; o |%i|, where x = (;)§2,. Therefore ¢, is a closed subspace in £*°.

Recall that C.(X) consists of all continuous functions on X that have compact
support. Clearly C.(X) C Cp(X).

Theorem 127 Let X be a locally compact metric space. Then Cy(X) is a Banach
space with the norm

[[ulloc = sup Ju(z)].
zeX

Moreover C.(X) is a dense subset of Co(X).

We leave the proof as an exercise.

Observe that if p is a measure on X, then Cy(X) is a closed subspace of L™ (u).
Hence Cy(X) is the closure of C.(X) in the metric of L>(u). If p is a Radon measure on

18Because simple functions are dense in LP.
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a locally compact metric space, then the closure of C.(X) in the metric of LP(u) equals
LP(p) for all 1 < p < oo (Theorem 86). However the closure of C..(X) in the metric of
L () equals Co(X) & L>®(u). We managed to characterize bounded linear functional
on LP(u) for all 1 < p < oo (Theorem 126). It is not so easy to characterize bounded
linear functionals on L>°(u). However Theorem 128 below provides a characterization
of bounded linear functionals on Cy(X).

Recall that if i is a signed measure, then Hahn’s decomposition theorem provides a
unique representation g = pu*—p~, where ™ and p~ are positive measures concentrated
on disjoint sets. We define the measure |u| by |u| = p™ 4 p~ and call the number |u|(X)
the total variation of .

If a signed measure p is given by

w(E) = [Efd)\ for some f € L*(\),

then

Hl(E) = /E fldx.

If 41 is a signed measure and f € L'(|u|), then we define

/deuzfxfdw—/xfdu—.

Theorem 128 (Riesz Representation Theorem) Let X be a locally compact met-
ric space and let A be a bounded linear functional on Co(X). Then there is a unique
Borel signed measure ju of finite total variation such that

Af:/de,u for all f € Co(X). (59)

Moreover

[A[] = [pl(X) .
In the proof we will need the following abstract and general result.

Lemma 129 Let Xy C X be a dense linear subspace in a normed space X. If A :
Xo — R is a bounded linear functional (with respect to the norm in X ), then there is
a unique functional A : X — IR (called extension of A) such that

Ar=Az forallz e Xy and |A| =]|Al.

Remarks. Here . B
[All = sup [Az| and [[A]| = sup |Az].

lell <1 flzll <1
zeX zeX(
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Usually the extension is denoted by the same symbol A rather than A.

ExAMPLE. Let X be a locally compact metric space and A a Radon measure on X. If
A C.(X) — R is a linear functional such that

IAf] < M| fllpry forall feCo(X),

then there is unique bounded linear functional A : L'()\) — IR such that Af = Af for
f e C.(X) and )
IAfI < M|l forall fe LY(N).

Indeed, C.(X) is a linear and dense subspace of L'()\) by Theorem 86.

Proof of the lemma. Let Xy 3 x, — v € X. Then we define

Az = lim Az, (60)

n—~o0

and we have to prove that:

(a) the limit exists;

(b) the limit does not depend on the particular choice of a sequence x, € Xj that
converges to x;

(¢) Az = Az for x € X;
(d) 1A = Al

If x, — x, x, € Xy, then
Az, — Az, | = |A(zp, — 20)| < ||Alll|2n — zm]] = 0 asn,m — oo,

which shows that Az, is a Cauchy sequence of real numbers and hence it is convergent.
This proves (a). If z, — x, y, — x, Tp, yn € Xo, then

[Azy — Ayn| = |A@n — ya)| < (Al —ynl| = 0 asn — oo

which proves (b). If 2 € X,, then taking x, = z we have x, — z and hence Az =
lim,, o, Az = Az which proves (c). Clearly

1Al = sup |Az| < sup [Az| = A],
llzl <1 lel| <1
zeX rzeX

but we actually have equality because if x € X, then there is a sequence z, € Xj,
z, — x and hence

[Ax| = lim [Az,] < [IA] lim [l ] = [|A] 2]
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which proves that ||A|| < ||A]| (see Lemma 125). The above two inequalities prove (d).
a

Remark. In the proof we used the fact that every Cauchy sequence in IR is convergent,
i.e. we used the fact that IR is Banach space. Therefore the same proof gives a more
general result about extensions of bounded linear mappings L : Xq — Y defined on a
dense linear subspace Xy C X of a noremd space X into a Banach space Y. The reader
should find an appropriate statement.

Proof of Theorem 128. First we prove uniqueness of the measure p. To this end we need
to prove that if 41 is a signed Borel measure of finite total variation such that [ < fdp=0
for all f € Co(X), then p = 0. Let p = ut — u~ be the Hahn decomposition with
measures ut and p~ concentrated on disjoint sets Xt and X~ respectively. If

1 ifzrzeXT,
W”—{—1ﬁmex,

then h? = 1 and du = hd|u|. Hence

() = /X dlu] = /X W dju). (61)

Let f, € C.(X) be a sequence that converges to h in L'(Ju|) (Theorem 86). Note that

0= ndp = nhd|p) . 62
/X 4 /X fahdli (62)
Now (61) and (62) yield

IMI(X)Z/){(hQ—fnh)dIMIZ/X(h—fn)hdlulS/th—fnldlul—>0 as 1 — 00

Hence |p|(X) = 0 and thus p = 0.

Now let A be a bounded linear functional on Cy(X). We can assume without lost
of generality that'® ||A]| = 1. We would like to apply the Riesz representation theorem
for positive functionals on C.(X), but unfortunately the functional A is not necessarily
positive. So we want to construct a positive functional ® such that

A< @) < [[fllee for all f e Ce(X). (63)

Once the functional ® is constructed we can finish the proof of the theorem as follows.
By the Riesz representation theorem there is a (positive) Radon measure A such that

yﬁzéjwfmwfequ

Y90therwise we multiply A by [|A[~1.
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Observe that
AX) = sup{®(f): 0< f<1, feCuX)}. (64)

Indeed, for 0 < f < 1, f € C.(X) we have [, fd\ < A(X). On the other hand for
every compact set K C X thereis 0 < f <1, f € C.(X) such that f =1 on K and
hence [, fd\ > A\(K). Now (64) follows from the fact that

AMX) = sup AMK).
K —compact

Observe that (64) implies
AX) < 1. (65)

It follows from (63) that

A< @) = [ 11N =l
Thus A is a bounded linear functional defined on a linear subspace* C.(X) C L'(\).

Hence the functional can be uniquely extended to a bounded linear functional A on

LY(\) such that Af = Af for f € C.(X) and
IAfl < Il forall f e LY(N).

According to Theorem 126 there is a unique function g € L>®(\), ||g]/coc < 1 such that
Af = /X fgd\ for all f e LY(\).

If feCy(X)and f, € Co(X), fr, — f in the norm of Cy(X), then

Af = lim fngd/\ Af, — Af

n—oo

and hence Af = Af for all f € Cy(X). Thus

Af:/ngd)\ for all f € Co(X).

Accordingly, we have the representation (59) with dy = gdA. Since ||A] = 1 and
d|u| = |g| dX it follows that

(X / lgldA = sup{IAf] : f € Co(X), [ flleo < 1} = IA]l = 1.

On the other hand ||g]|eo <1 and A(X) <1 so

(X /|g|dx<1

20Bounded with respect to the norm of L!(\)
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Thus
|l (X) =1 =[[A]
and the proof is complete. Therefore we are left with the construction of the positive

functional ® satisfying (63).

Denote by Cf(X) the class of nonnegative functions in C.(X) and for f € CF(X)
define
O(f) = sup{|Ah] - h e Co(X), |h| < f}.

If feCuX),then f=f"—f~, fT f~ € CHX) and we define
o(f)=2(f") —2(f).

Clearly ®(f) > 0 for f € CH(X), so ® is positive and P satisfies (63). Therefore we
only need to show that ® is linear. Obviously ®(cf) = ¢®(f) and hence we are left
with the proof that

O(f+g) =2(f) +P(g) forall f,g e Ce(X). (66)

Observe that it suffices to verify (66) for f,g € CF(X). Indeed, for f,g € C.(X) we
will have then?!

f+9)" =U+9) == +9" -9
and hence

9"+ +g =+ +/"+g".
Now, the assumed linearity of ® on C.(X)" yields

O((f+9))+ Q)+ 2(g7) =2((f+9)7) +2(f7) + 2(g7)

B((f +9)") —B((f +9)7) = D) — B+ D(g") ~ B(g) .

. i

B(f+g) (/) 3(g)

Thus we are left with the proof of (66) for f,g € C.(X)T. Fix f,g € CH(X). Given
e > 0, there exist hy, hy € C.(X) such that |hq| < f, |he| < g and

O(f) <|Ah|+¢e/2, @(g) < [Aho| +¢/2.
Let ¢; = £1, ¢y = %1 be such that |Ahq| = ¢ Ahy, [Ahy| = coAhy. We have

(I)(f) + @(g) |Ah1’ —+ |Ah2| +e= A(Clhl + Cghz) +é

<
< O(|hy|+ |he]) +e<P(f+9g)+e

and hence
O(f) +P(9) < O(f +9).

21Because both sides are equal f + g.
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Now we need to prove the opposite inequality. Let h € C.(X) satisfy |h| < f + g, let
V ={xz: f(z) 4+ g(x) > 0}, and define

J@h(@) g@h(z) -
hi(z) = { T@+el) ifeeV, ha(z) = { T@+e@ ifreV,
0 ifr gV, 0 ife gV.

It is easy to see that the functions hy and hy are continuous, h = hy + he, and |hy| < f,
|he| < g. We have

|AR| = |Ahy + Aho| < |ARq| + |Ahs| < ®(f) + P(9)
and after taking the supremum over all functions h we have

O(f +9) < (f) + 2(9)
which completes the proof. O

10 Maximal function

DEFINITION. For a function u € L .(IR") we define the Hardy-Littlewood mazimal
function by

Mu(z) = supf ()| dy.
B(z,r)

r>0

Clearly Mu : IR" — [0, o0] is a measurable function.

Theorem 130 (Mardy-Littlewood maximal theorem) If u € LP(IR"), 1 < p <
00, then Mu < oo a.e. Moreover

(a) If u € L*(IR™), then for everyt >0
H{z: Mu(z) >t} < @/ lul . (67)
(b) If u e LP(IR"™), 1 < p < oo, then Mu € LP(IR") and
[ Mull, < C(n,p)|lull,- (68)

Remarks. Let u = x(o1). Then for x > 1

1 [ 1
M > dy=—¢& L.
u(zr) > 2$/o X(0,11(y) dy 97 4

Hence the inequality (68) does not hold for p = 1. If g € L'(IR"), then

i lg(x) > ) :/

n
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