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Introduction

Lecture 1: Dirichlet problem, direct method of the calculus of variations and the ori-
gin of the Sobolev space. Lecture 2: Sobolev space, basic results: Poincaré inequality,
Meyers-Serrin theorem, imbedding theorem ACL-characterisation, Rellich-Kondrachov
theorem, trace theorem, extension theorem. Lecture 3: Euler-Lagrange equations,
non coercive problems, Mountain-Pass theorem, bootstrap methd. Lecture 4: Pointwie
inequalitie and harmonic meatsures, Brenann’ conjecture and Øksendal’s theorem, Har-
nack’ inequality and exitence of non-tangential limits. Lecture 5: Sobolev spaces on
metric spaces, Sobolev meet Poincaré. Lecture 6: Sobolev mappings between manifod
and p-harmonic mapping, proof that x/|x| minimize 2-energy. Euler-Lagrange equa-
tions. Lecture 7: Bethuel-Brezis-Coron, Riviere and regularity for minimizers. Lecture
8: Sobolev mapping and algebraic topology. Bethuel’s theorem and Poincaeé con-
jecture. Lecture 9: Müllers theorem on the higher integrability of the Jacobian and
existence theorems in nonlinear ellasticity. Lecture 10: Theory of elliptic equations,
Minty-Browder’s theorem, Harnack’s inequality, Liouville’s theorem and minimal sur-
faces.

These are the notes from the lectures that I delivered in August 97 at the De-
partment of Mathematics in Helsinki. It is a pleasure for me to thank for this kind
invitation and the hospitality.

The theory of Sobolev spaces and calculus of variations develop for more than one
houndred years and it is not possible even to sketch all the main directions of the theory
within ten lectures. Thus I decided to select some topics that will show links between
many different ideas and areas in mathematics. Of course we will not pursue to state
our results in its most general form.

We will prove some results for a quite large class of elliptic operators of the diver-
gence form, while the other results will be proved just for the Laplace operator. One
can then ask whether those results for Laplace operator extend to more general opera-
tors. In most of the cases they do, but we will not care to state more general results.
This will show many questions that should be answered and, I hope, it will light the
way for further studies in the field.

The theory of Sobolev spaces is a basic technical tool for the calculus of variations,
however it suffices to know only basic results for most of the applications in that context.
Fortunately the scope of appliactions of the theory of Sobolev spaces go far beyound
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the calculus of variations.

The lectures will be divided into two almost independent streams. One of them is
the theory of Sobolev spaces with numerous aspect which go far beyound the calculus
of variations. The second setream is just calculus of variations.

At the end of the notes we collect some of the references to the subject. They are
very fer from being complete, however, they are sufficent for the further study of the
subject.

The notes are written in a very rough form, but I hope that still they can help to
follow lectures.

Throhough the lectures we use standard notation. The Lp norm is denoted by ‖·‖p.
The average value over the set E is denoted by

uE =
∫
E
u dµ =

1

µ(E)

∫
E
u dµ.

Balls will be denoted by B, B(x, r),. . . By τB we will denote the ball concentric with
B and with the radius τ times that of B. By C we will denote various constants. The
value of C may change even in a single string of estimates. The explicit depencednc on
parameters will be denoted for example by C = C(n, p).

Lecture 1

Dirichlet problem. The classical Dirichlet problem reads as follows. Given open
domain Ω ⊂ IRn and g ∈ C0(∂Ω). Find u ∈ C2(Ω) ∩ C0(Ω) such that{

∆u = 0 in Ω
u|∂Ω = g

This problem arose in 19’th century physics. We will explain it in more details now.
Our arguments will not be very rigorous. It is just to give intuition for the principles
of the calculus of variations that will be developed in the sequel.

Let Ω ⊂ IR3 be a region where we have a vacum and let E : Ω → IR3 be electric
field. Given two points x, y ∈ Ω, the integral∫ y

x
E · ds (1)

does not depend on the choice of the curve that joins x with y inside Ω (provided Ω is
simply connected). By the definition (1) equals to∫ b

a
E(γ(t)) · γ̇(t) dt,
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where γ is a parametrization of given curve that joins x with y. Here and in the sequel
A ·B denotes the scalar product alternatively we will also use notation 〈A,B〉.

Fix x0 ∈ Ω and define the potential u as follows

u(x) = −
∫ x

x0
E · ds.

Potential u is a scalar function defined up to a constant (since we can chcnge the base
point x0). We have

E = −∇u
It is well known that for electric field divE = 0 and hence

∆u = div∇u = −divE = 0.

Hence potential u is a harmonic function inside Ω. Assume that the vacum Ω is bounded
by a surface ∂Ω. Moreover assume that the surface contains an electrical charge that
induces potential g on ∂Ω. Electrical charge on the boundary induces an electrical field
in Ω and hence the induced potential u in Ω has the following properties: ∆u = 0 in
Ω, u|∂Ω = g. Thus u is a solution to the Dirichlet problem stated at the begining.

The energy of the electric field is given by the formula

Ep =
∫

Ω
|E|2 =

∫
Ω
|∇u|2

It is a general principle in physics that all the states approach to the configuration with
the minimal energy. Thus given potential g on the boundary ∂Ω one may expect that
induced potential u in Ω has the property that it minimizes the Dirichlet integral

I(u) =
∫

Ω
|∇u|2

among all the functions u ∈ C2(Ω) such that u|∂Ω = g. As we will see it is true. Now
we leave all the physics and we will be concerned with rigorous mathematics.

Theorem 1 (Dirichlet principle) Let Ω ⊂ IRn be an arbitrary open set and let u ∈
C2(Ω). Then the following statements are equivalent:

1. ∆u = 0 in Ω

2. u is a critical point of the functional I in the sense that

d

dt
I(u+ tϕ)|t=0 = 0 for all ϕ ∈ C∞0 (Ω)

If in addition Ω is bounded, has C1 boundary, u ∈ C2(Ω), and u|∂Ω = g then we have
one more equivalent condition:
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3. u minimizes I in the sense that I(u) ≤ I(w) for all w ∈ C2(Ω) with ϕ|∂Ω = g.

Proof. The equivalence between 1. and 2. follows from the identity

d

dt

∫
Ω
|∇(u+ tϕ)|2|t=0 = 2

∫
Ω
〈∇u,∇ϕ〉 = −2

∫
Ω

∆uϕ

The last equality follows from integration by parts and the fact that the support of ϕ
is compact.

Now we prove equivalence with 3. under given additional regularity conditions. For
u = w on ∂Ω we have∫

Ω
|∇w|2 =

∫
Ω
|∇(w − u) + u|2

=
∫

Ω
|∇(w − u)|2 +

∫
Ω
|∇u|2 + 2

∫
Ω
〈∇(w − u),∇u〉

=
∫

Ω
|∇(w − u)|2 +

∫
Ω
|∇u|2 − 2

∫
Ω

(w − u)∆u. (2)

The last equality follows from theintegration by parts (Green’s formula) and the fact
that w − u = 0 on ∂Ω.

1.⇒ 3. ∆u = 0 and hence the last summand in (2) equals zero, so
∫

Ω |∇w|2 >
∫

Ω |∇u|2
unless w = u.

3. ⇒ 2. Take w = u + tϕ. Then
∫

Ω |∇(u + tϕ)|2 ≥
∫

Ω |∇u|2 for all t and hence I has
minimum at t = 0. This implies 2.

Direct method of the calculus of variations. Riemann concluded that the Dirichlet
problem was sovable, reasoning that I is nonnegative and so must attain a minimum
value. Choosing a function u with I(u) = min I solves the problem.

Of course this “proof” of the existence of the solution is not correct. The function
I is defined on an infinite dimensional object: the space of functions and there is no
reason why the minimum of I should be attained.

The first rigirous proof of the existence of the solution of the Dirichlet probelem
were obtained by a different methods. Later, however, Hilbert showed that it is possible
to solve Dirichlet problem using Riemann’s strategy. This was the begining of the so
called direct method of the calculus of variations.

Now we describe the method in a very general setting.

Till the end of the lecture we assume that I : X → IR is a function (called functional)
defined on a Banach space X equipped with a norm ‖ · ‖. We want to find a condition
which will guarantee the existence of ū such that

I(ū) = inf
u∈X

I(u).
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We say that I is sequentially weakly lower semicontinuous (swslc) if for every sequence
un ⇀ u weakly convergent in X, I(u) ≤ lim infn→∞ I(un).

We say that the functional I is coercive if ‖un‖ → ∞ implies I(un)→∞.

The following result is a basic result for the direct method of the calculus of varia-
tions.

Theorem 2 If X is a reflexive Banach space and I : X → IR is swlsc and coercive
then there exists ū ∈ X such that I(ū) = infu∈X I(u).

Proof. Let un be a sequence such that I(un)→ infX I. Such a sequence will be always
called minimizing sequence.

Because of the coerciveness, the sequence un is a bounded sequence in X. Since
the space is reflexive, we can substract a subsequence a weakly convergent subsequence
unk
→ ū to some ū ∈ X. Then

I(ū) ≤ lim inf
k→∞

I(unk
) = inf

u∈X
I(u),

and hence the theorem follows.

In general, the most difficult condition to deal with is the swlsc condition. Note
that it does not follow from the continuity of I, which would be much easier to check.

The important class of functionals for which it is relatively easy to verify swlsc is
the class of convex functionals. Recall that the functional I : X → IR is convex if
I(tu+ (1− t)v) ≤ tI(u) + (1− t)I(v) whenever t ∈ [0, 1] and u, v ∈ X. We say that I is
strictly convex if I(tu+ (1− t)v) < tI(u) + (1− t)I(v) whenever t ∈ (0, 1) and u 6= v.

We say that I is lower semicontinuous if convergence in norm un → u implies
I(u) ≤ lim infn→∞ I(un).

Theorem 3 If X is a Banach space and I : X → IR is convex and lower semicontin-
uous, then I is swlsc.

Proof. In the proof we will need Mazur’s lemma which states that for a weakly
convergent sequence un ⇀ u in X a sequence of convex combinations of un converges
to u in the norm (we do not assume that the space is reflexive). Let us give a precision
statement of the lemma

Lemma 4 (Mazur’s lemma) Let X be a Banach space and let un ⇀ u be a sequence
weakly convergent in X. Then vn → u in the norm for some sequence vn of the form

vn =
N(n)∑
k=n

ankuk

where ank ≥ 0,
∑N(n)
k=n a

n
k = 1.
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The result follows from the Hahn–Banach theorem, but we will not go into details.

To prove the theorem we have to prove that un ⇀ u implies I(u) ≤ lim infn→∞ I(un).
We can assume that I(un) has a limit limn→∞ I(un) = g. Let vn be a sequence as in
Mazur’s lemma. Then by lower semicontinuity and convexity we have

I(u) ≤ lim inf
n→∞

I(vn) ≤ lim inf
n→∞

N(n)∑
k=n

ankI(uk) = g.

This completes the proof of the theorem.

Corollary 5 If I : X → IR is a convex, lower semicontinuous and coercive functional
defined an a reflexive Banach space, then I attains minimum on X i.e. there exists
ū ∈ X such that I(ū) = infX I(u). If in addition functional is strictly convex, then the
minimum is unique.

As we will see, in many situations it is very easy to verify assumptions of the above
corollary. Such an abstract approach to the existence of minimizers of variational
problems was proposed by Mazur and Schauder in 1936 on the International Congress
of Mathematics in Oslo.

Origin of the Sobolev spaces. Before we continue our abstract theory we will show
how does it apply to our Dirichlet problem stated at the begining of the lecture. We
were concerned with the functional I(u) =

∫
Ω |∇u|2. The functional was defined on the

space C2(Ω). The problem is that there is no reasonable Banach structure on C2 whcih
makes the functional I satisfy conditions of Corollary 5.

The idea is to define a Banach space, which will contain C2 and such that we will
be able to apply Corollary 5. Since we want the functional I to be continuous (or at
least semicontinuous) the norm in the space should be related to the L2 norm of the
gradient. Note that ‖∇u‖2 is not a norm since it vanishes on constant functions, so it
seems reasonable to add L2 norm of the function ‖u‖2. This leads to the definition of
the Sobolev space that we next describe.

Let Ω ⊂ IRn be an open set. Sobolev space W 1,2(Ω) is defined as a closure of the
set of C2(Ω) functions in the norm

‖u‖1,2 = ‖u‖2 + ‖∇u‖2.

Of course we take into account only those C2 functions such that suitable norm is finite.

W 1,2 is a Hilbert space with the scalar product

〈u, v〉 =
∫

Ω
uv +

∫
Ω
∇u · ∇v.

It is still not a correct setting for the Dirichlet problem sice we want to seek for a
minimizer among those functions with fixed trace (restriction) to the boundary. Thus
we need more definitions.
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Let W 1,2
0 (Ω) ⊂ W 1,2(Ω) be defined as the closure of the subset C∞0 (Ω) in the Sobolev

norm. Rougly speaking W 1,2
0 (Ω) is a subspace of W 1,2(Ω) consisting of functions which

vanish on the boundary.

Fix w ∈ W 1,2(Ω) and define W 1,2
w (Ω) = w +W 1,2

0 (Ω). Thus W 1,2
w (Ω) consints of all

those functions in the Sobolev space that has the same trace at the boundary as w in
the sense that the differnce belongs to the subspace W 1,2

0 (Ω). Note that W 1,2
w (Ω) is not

linear but affine subspace of W 1,2(Ω).

Now we can formulate the variational problem of finding minimizer of I(u) =∫
Ω |∇u|2 with given trace on the boundary in the setting of Sobolev spaces.

Let Ω ⊂ IRn be an open and bounded set and let w ∈ W 1,2(Ω). Find ū ∈ W 1,2
w (Ω)

such that ∫
Ω
|∇ū|2 = inf

u∈W 1,2
w (Ω)

∫
Ω
|∇u|2. (3)

In a moment we will see that it easily follows from Corollary 5 that the above problem
has solution. The other problem is what is the meaning of such a solution. Sobolev
space in a subspace ot L2 and the functions in the Sobolev space does not have to be
continuous. Moreover since we the functions do not have to be continuous, what is
the meaning ot the trace to the boundary? How to compare the solution to the above
problem in the Sobolev space withe the classical solution of the Dirichlet problem as
stated at the begining.

The method of solving variational problems using Sobolev spaces consists, in gen-
eral, of two main steps. First we prove the existence of the solution in a Sobolev space.
This space is very large, to large. Then using the theory of Sobolev space one can prove
that this solution which a priori belongs to Sobolev space is in fact more regular, for
example one can prove that the Sobolev minimizer for I(u) =

∫
Ω |∇u|2 is C∞ smooth.

In our lectures we will be mostly concerned with the existence of solutions. The
regularity theorey is much more technical and we will simply have no time for that.

Theorem 6 Let Ω ⊂ IRn be an open and bounded set and let w ∈ W 1,2(Ω) then there
exists unique ū ∈ W 1,2

w (Ω) which minimizes the Dirichlet integral in the sense of (3).

Proof. In order to have functional defined on a Banach space set J(u) = I(u + w)
for u ∈ W 1,2

0 (Ω). Now the equivalent problem is to prove the existence of the unique
minimizer of the functional J on W 1,2

0 (Ω).

The functional J is strictly convex and continuous. It remains to prove coerciveness
of J . We need the following lemma.

Lemma 7 (Poincaré) If Ω ⊂ IRn is bounded, then there is a constant C > 0 such
that ∫

Ω
|u|2 ≤ C

∫
Ω
|∇u|2
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for all u ∈ W 1,2
0 (Ω).

We do not prove the lemma now. It will follow from a more general inequality that will
be extablished later.

The space W 1,2
0 (Ω) is equipped with a norm ‖u‖1,2 = ‖u‖2 + ‖∇u‖2. The Poincaré

inequality states that ‖∇u‖2 is an equivalent norm on the space W 1,2
0 (Ω). Hence for a

sequence uk ∈ W 1,2
0 (Ω) ‖u‖1,2 →∞ if and only if ‖∇u‖2 →∞.

Now the inequality ‖(u + w)‖2 ≥ ‖∇u‖2 − ‖∇w‖2 implies that if ‖u‖1,2 → ∞ in
W 1,2

0 (Ω), then J(u)→∞ which means the functional J is coercive.

Lecture 2.

Sobolev spaces. In the previous lecture we explained how does the Sobolev space
appear in a natural way in the context of the direct method of the calculus of variations.
Now we provide a more complete introduction.

Let Ω ⊂ IRn be an open set, u, v ∈ L1
loc(Ω) be locally integrable functions let α be

a multiindex. We say that Dαu = v in the weak sense if for every ϕ ∈ C∞0 (Ω)∫
Ω
uDαϕ = (−1)|α|

∫
Ω
vϕ.

If u ∈ C∞ then the weak and classical derivatives are equal to each other due to the
integration by parts formula. It is well known that the weak derivative is unique.
During the lectures all the derivatives will be understood in the weak sense.

Let 1 ≤ p ≤ ∞ and let m be an integer. Sobolev space Wm,p(Ω) is defined as the
set af all u ∈ Lp(Ω) such that all the partial derivatives of order less than or equal to
m exist in the weak sense and belong to Lp(Ω). The space is equipped with a norm

‖u‖m,p =
∑
|α|≤m

‖Dαu‖p.

The definition is of a different nature than the definition given in a previous lecture,
we will see, however, that the definitions are equivalent.

Theorem 8 Wm,p(Ω) is a Banach space.

Proof. If {uk} is a Cauchy sequence in Wm,p(Ω), then for every |α| ≤ m, Dαuk
converges in Lp(Ω) to some uα ∈ Lp(Ω) (we will write u instead of u0). Since∫

Ω
uDαϕ←

∫
Ω
ukD

αϕ = (−1)|α|
∫

Ω
Dαukϕ→ (−1)|α|

∫
Ω
uαϕ,

we conclude that uα = Dαu and that uk converges to u in the Wm,p norm.
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If u ∈ Wm,p(IRn), 1 ≤ p < ∞ and ϕε is a standard mollifier kernel, then it follows
readily from the properties of convolution and from the definition of weak derivative

that C∞ 3 u ∗ ϕε
ε→0−→ u in Wm,p(IRn). If ηR is a cutoff function then one easily checks

that ηRu
R→∞−→ u in Wm,p(Ω). As we have just noticed, ηRu can be approximated, via

convolution, by smooth functions. Since (ηRu) ∗ϕε has a compact support we arrive at
the following proposition.

Proposition 9 C∞0 (IRn) is dense in Wm,p(IRn) for all 1 ≤ p <∞ and m = 0, 1, 2, . . .

By Wm,p
0 (Ω) we denote the closure of C∞0 (Ω) in the Wm,p(Ω) norm (Proposition 9 can

be reformulated now as follows: Wm,p(IRn) = Wm,p
0 (IRn)).

If Ω = IRn, then, very often, we will write just Lp, Wm,p,... in place of Lp(Ω),
Wm,p(Ω),... If in the definition of Wm,p(Ω) the space Lp(Ω) is replaced by Lploc(Ω), then
we will obtain the definition of Wm,p

loc (Ω). In the following result we prove that smooth
functions form a dense subset of the Sobolev space. This implies that equivalently one
can defini Sobolev space as a closure of the set of smooth functions in the Sobolev
norm. Thus both definitions of the sSobolev space: the above one and the one from
the last lecture are equivalent.

Theorem 10 (Meyers–Serrin) If u ∈ Wm,p
loc (Ω) where 1 ≤ p < ∞ then to every

ε > 0 there exists v ∈ C∞(Ω) such that

1. u− v ∈ Wm,p
0 (Ω),

2. ‖u− v‖m,p < ε.

Proof. Let {Bk}∞k=1 be a locally finite covering of Ω by balls with subordinated parti-
tion of unity {ϕk}∞k=1 such that the family {2Bk}∞k=1 also forms a locally finite covering
of Ω (by 2Bk we denote a ball with the same center as Bk and twice the radius).

Let ε > 0 be taken at will. The function uϕk (which belongs to Wm,p(Ω)) can be
approximated by a smooth function with compact support contained in 2Bk (standard
approximation by convolution). Hence there exists the function vk ∈ C∞0 (2Bk) such
that

‖uϕk − vk‖m,p ≤ ε/2k.

Now the series
∑

(uϕk − vk) is convergent in Wm,p
0 (Ω), but we have also the pointwise

convergence
∑

(uϕk − vk) = u− v, where v =
∑
vk ∈ C∞(Ω) and hence

‖u− v‖m,p ≤
∞∑
k=1

‖uϕk − vk‖m,p ≤ ε.

For the sake of simplicity we assume during all lectures that m = 1. However we want
to point out that most of the results have laso counterparts for higher order derivatives.
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Theorem 11 If 1 < p <∞ then the space W 1,p(Ω) is reflexive.

Proof. Closed subspace of the reflexive space is reflexive. Thus is remains to find
an isomorphism between W 1,p(Ω) and a closed subspace of the product Lp(Ω)n+1 =
Lp(Ω) × . . . Lp(Ω). The isomorphism is given by the mapping Φ(u) = (u,∇u). The
proof is complete.

Functionals on the space can be identified with the functionals on the isomorphic
subspace ot Lp(Ω)n+1. By the Hahn–Banach theorem each such a functional can be
extended to the functional on Lp(Ω)n+1 and hence it can be identified with a function
in Lp

′
(Ω)n+1, where 1

p
+ 1

p′
= 1. Thus we obtain the following corollary

Corollary 12 If 1 ≤ p <∞, then every functional T ∈ (W 1,p(Ω))∗ is of the form

〈T, u〉 =
∫

Ω
uv +

n∑
i=1

∫
Ω

∂u

∂xi
vi

for some v, v1, . . . , vn ∈ Lp
′
(Ω), where 1

p
+ 1

p′
= 1.

Now we prove Poincaré inequality which was used during the last lecture.

Lemma 13 (Poincaré) Let Ω ⊂ IRn be an open and bounded set. For u ∈ W 1,p
0 (Ω),

1 ≤ p <∞ we have
‖u‖p,Ω ≤ C‖∇u‖p,Ω,

where C = C(p,Ω).

Proof. We can assume that u ∈ C∞0 (Ω). The general case readily follows by the
density argument. Let M > 0 be such that Ω ⊂ [−M,M ]n. Then for every x

u(x) =
∫ x1

−M
D1u(t, x2, . . . , xn) dt ≤

∫ M

−M
|D1u| dt.

By Hölder inequality,

|u(x)|p ≤ 2p−1Mp−1
∫ M

−M
|D1u|p dt,

and the assertion follows by integration with respect to x.

Corollary 14 If 1 ≤ p <∞, then every functional T ∈ (W 1,p
0 (Ω))∗ is of the form

〈T, u〉 =
∫

Ω
〈∇u, V 〉

for some V = (v1, . . . , vn) ∈ Lp′(Ω)n.

10



Very often the dual space is denoted by (W 1,p
0 (Ω))∗ = W−1,p′(Ω).

We say that the mapping T : Ω→ IRn, Ω ⊂ IRn is biLipschitz if there is a constant
C ≥ 1 such that

C−1|x− y| ≤ |T (x)− T (y)| ≤ C|x− y|

for all x, y ∈ Ω.

The following result is a generalization of the classical change of variables formula to
the case of biLipschitz transformations. First note that dut to Rademacher’s theorem,
T is differentiable a.e., and hence the Jacobian JT exists a.e.

Theorem 15 Let TΩ→ IRn, Ω ⊂ IRn be biLipschitz and f be measurable. Then∫
Ω

(f ◦ T )|JT | =
∫
T (Ω)

f

in the sense that if one of the integrals exists then the second one exists as well ant the
integrals are equal one to another.

As a consequence we obtain a transformation rule for the change of variables in the
Sobolev space.

Theorem 16 Let T : Ω1 → Ω2, be a biLipchitz homoeomorphism between domains
Ω2,Ω2 ⊂ IRn. Then u ∈ W 1,p(Ω2), 1 ≤ p ≤ ∞ if and only if v = u ◦ T ∈ W 1,p(Ω1).
Moreover

Dv(x) = Du(T (x)) ·DT (x) (4)

for almost all x ∈ Ω. Moreover the transformation T ∗ : W 1,p(Ω2)→ W 1,p(Ω1) given by
T ∗u = u ◦ T is an isomorphism of Sobolev spaces.

Proof. Chain rule (4) obviously holds for u ∈ C∞, then the approximationa regument
shows that it holds for any u ∈ W 1,p.

Since T is Lipschitz, we habe |DT | ≤ C, so the chain formula implies

|Dv(x)|p ≤ C|Du(T (x))|p.

The fact that T is biLipschitz implies that |JT | > C and hence

|Dv(x)|p ≤ C|Du(T (x))|p|JT (x)|

Now applying the change of variable formula we conclude∫
Ω1

|Dv|p ≤ C
∫

Ω1

|Du(T (x))|p|JT (x)| =
∫

Ω2

|Du|p.
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By a similar argument
∫

Ω1
|v|p ≤ C

∫
Ω2
|Du|p, and hence ‖T ∗u‖W 1,p(Ω1) ≤ C‖u‖W 1,p(Ω2).

Applying the same argument to T−1 we conclude that T ∗ is an isomorphism of Sobolev
spaces.

The change of variables transformation shows that one can define Sobolev spaces
on manifolds.

Let Mn be a smooth, compact, n-dimensional manifold without the boundary and
let {ϕi}ki=1, ϕi : Bn(2)→Mn be a smooth atlas such that

⋃k
i=1 ϕi(B

n(1)) = Mn. Then
we say that u ∈ W 1,p(Mn) if and only if u ◦ ϕi ∈ W 1,p(Bn(1)) for i = 1, 2, . . . , k. We
equipp the space with the norm

‖u‖W 1,p(Mn) =
k∑
i=1

‖u ◦ ϕi‖W 1,p(Bn(1)).

Hence um → u in W 1,p(Mn) if and only if um ◦ ϕi → u ◦ ϕi in W 1,p(Bn(1)) for
i = 1, 2, . . . , k.

It is easy to show that the definition of W 1,p(Mn) does not depend on the choice of
the atlas in the sense that norms obtained for different atlases are equivalent.

Slightly modifying the above definition we can define the Sobolev spac on a smooth
compat manifold with boundary.

It is a much more delicate ptoblem to define the Sobolev space on a noncompact
manifold as the following trivial example shoes. The whole IRn is diffeomorphic to the
open untball Bn(1). Thus the euclidean space and the unit ball represent in some sense
the same noncompact manifold. However he function constant equal to 1 belongs to
the Sobolev space on the unit ball, but it does not belong to the Sobolev space on IRn.

In what follows we will not discuss the construction of the Sobolev spaces on non-
compact manifolds.

One can ask if it is possible to construct Sobolev mappings between two manifolds.
The usual way of constructing smooth maps between manifolds is to use atlases on
both of the manifolds. Unfortunately the construction does not work for the Sobolev
mappings. Indeed, since the Sobolev functions are, in general, very discontinuous,
one cannot localize the map in a cart in the image manifold. Thus we need different
approach that we describe below.

Let M , N be two compact manifolds. Assume that ∂N 6= ∅ and that N is imbedded
in some Euclidean space N ⊂ IRν . Then we define

W 1,p(M,N) = {u ∈ W 1,p(M, IRν) : u(x) ∈ Na.e.}

Obviously u ∈ W 1,p(M, IRν) means that u = (u1, . . . , uν), ui ∈ W 1,p(M).

We equipp the spaceW 1,p(M,N) with a metric induced from the spaceW 1,p(M, IRν).

12



There are many questions that arise right after the difinition: How does the space
W 1,p(M,N) depend on the imbedding of N into the Euclidean space? Is the set of
smooth mappings C∞(M,N) dense in the space W 1,p(M,N)? The first question is
easy, while the second one leads to a deep study and the answer hevily depends on the
topological structure of the manifold N . We will come back to those questions during
the last lectures.

ACL characterization.

Imbedding theorem. By the definition the function u ∈ W 1,p(Ω) is only Lp inte-
grable. However as we will see, we can in fact say much more about the regularity of
u.

Later we will see that in the case p > n the function is Hölder continuous, so we
start with the case p < n.

Theorem 17 (Sobolev Imbedding Theorem) Let 1 ≤ p < n and p∗ = np/(n− p).
For u ∈ W 1,p(IRn) the inequality

(∫
IRn
|u(x)|p∗ dx

)1/p∗

≤ C
(∫

IRn
|∇u(x)|p dx

)1/p

, (5)

holds with C = C(n,m, p).

Proof. Step 1. p = 1. This is the crucial step of the proof. As we will see later, the
case of general 1 ≤ p < n easily follows from Sobolev imbedding for p = 1.

Of course we can assume that u ∈ C∞0 (IRn). We have

|u(x)| ≤
∫ x1

−∞
|D1u(t1, x2, . . . , xn)| dt1 ≤

∫ ∞
−∞
|D1u(t1, x2, . . . , xn)| dt1.

Here by Di we denote the partial derivative with respect to i-th coordinate. Analogous
inequalities hold with x1 replaced by x2, . . . , xn. Hence

|u(x)|
n

n−1 ≤
n∏
i=1

(∫ ∞
−∞
|Diu| dti

) 1
n−1

.

Now we integrate both sides with respect to x1 ∈ IR. Note that one integral in the
product on the right hand side does not depend on x1. Applying Hölder inequality to
the remaining n− 1 integrals we get

∫ ∞
−∞
|u(x)|

n
n−1 dx1 ≤

(∫ ∞
−∞
|D1u| dt1

) 1
n−1

n∏
i=2

(∫ ∞
−∞

∫ ∞
−∞
|Diu| dti dx1

) 1
n−1

.

Next, we integrate both sides with respect to x2 ∈ IR and apply Hölder’s inequality in
a similar way as above. This leads to an inequality which we then integrate then with

13



respect to x3 ∈ IR etc. In the end, we obtain the inequality

∫
IRn
|u(x)|

n
n−1 dx ≤

n∏
i=1

(∫
IRn
|Diu| dx

) 1
n−1

,

which readily implies (5) in the case m = p = 1.

Step 2. General case. Let u ∈ C∞0 (IRn). Define a nonnegative function f of class C1

by
f

n
n−1 = |u|

np
n−p .

Applying the special case m = p = 1 of (5) which has been proved before, we obtain∫
|u|

np
n−p =

∫
f

n
n−1 ≤ C

∫
|∇f |.

Since

|∇f | = p(n− 1)

n− p
|u|

n(p−1)
n−p |∇u|,

the theorem easily follows by Hölder’s inequality (with suitable exponents) applied to∫
|∇f |.

Extension operator. Now we will use the invariance of the Sobolev space to construct
an extension operator for Sobolev spaces.

We say that Ω ⊂ IRn is a Lipschitz domain if Ω is bounded and the boundary of Ω
is localy a graph of a Lipschchitz function.

Theorem 18 Let Ω ⊂ IRn be a bounded Lipschitz domain and 1 ≤ p ≤ ∞. Then there
exists a bounded linear operator E : W 1,p(Ω) → W 1,p(IRn) such that Eu|Ω = u. Such
an operator is called an extension operator.

Proof. Let IRn
+{(x1, x

′) : x1 > 0} be a halfspace. Then we can define an exten-
sion operator E : W 1,p(IRn

+) → W 1,p(IRn) be a reflection i.e. Eu = u on IRn
+ and

Eu(x1, x
′) = u(−x1, x

′) for x1 < 0. Note that is u is Lipschitz on IRn
+ then Eu is

Lipschitz on IRn and hence Eu ∈ W 1,p(IRn) with ‖Eu‖W 1,p(IRn) ≤ C‖u‖W 1,p(IRn
+). Then

the same holds for an arbitrary u ∈ W 1,p(IRn
+) by a density argument.

Here one needs to know that lipschitz functions are dense in W 1,p(IRn)+) whcich
does not follow from the Meyers–Serrin theorem. However it is not difficult to prove
and we leave it as an exercise.

Now if Ω is bounded Lipschitz domain then we use a partition of unity to localize
u near the boundary, then we flat small parts of the boundary using biLipschitz home-
omorphism and extend the function across the boundary using the above reflection.
This is only a sketch of the proof. We leave the details to the reader.
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Traces. Let Ω ⊂ IRn be a bounded Lipschitz dimain. We want to restrict the function
u ∈ W 1,p(Ω) to the boundary of Ω. If p > n, then the function u is Hölder continuous
and such a retriction makes sense. However if p ≤ n, then the function can be essentially
discontinuous everywhere and the restriction makes no sense in the usual way.

Thus in the case p ≤ n we want to describe the trace in he following way. Find
a function space defined on the boundary X(∂Ω) with a norm ‖ · ‖X such that the
operator of restriction Tu = u|∂Ω defined for u ∈ C∞(Ω) is continuous in the sense that
it satisfies the estimate ‖Tu‖X ≤ C‖u‖W 1,p(Ω).

Theorem 19 Let Ω be a bounded domain with ∂Ω ∈ C0,1, and 1 ≤ p < n. Then there
exists a unique bounded operator

Tr : W 1,p(Ω)→ Lp(n−1)/(n−p)(∂Ω),

such that Tr(u) = u|∂Ω, for all u ∈ C∞(Ω).

Proof. Using the partition of unity and flatting the boundary argument, it suffices to
assume that Ω = Qn = Qn−1 × [0, 1], u ∈ C∞(Ω), suppu ⊂ Qn−1 × [0, 1), and prove
the estimate

‖u‖Lq(Qn−1) ≤ C
(∫

Ω
|∇u|p dx

)1/p

,

where q = p(n− 1)/(n− p), and Qn−1 = Qn−1 × {0}.

In Qn we have the coordinates (x′, t), where x′ ∈ Qn−1, t ∈ [0, 1]. Let w = |u|q. We
have

w(x′, 0) = −
∫ 1

0

∂w

∂t
(x′, t) dt,

and hence

|u(x′, 0)|q ≤ q
∫ 1

0
|u(x′, t)|q−1|∂u

∂t
(x′, t)| dt.

Now we integrate both sides with respect to x′ ∈ Qn−1. If p = 1, then q = 1 and the
theorem follows. If p > 1, we use Hölder’s inequality which yields

∫
Qn−1
|u(x′, 0)|

p(n−1)
n−p dx′ ≤ p(n− 1)

n− p

(∫
Qn−1

∫ 1

0
|u(x′, t)|

np
n−p , dt dx′

)1−1/p

×
(∫

Qn−1

∫ 1

0

∣∣∣∣∂u∂t (x′, t)
∣∣∣∣p dt dx′

)1/p

.

Now we use Sobolev imbedding theorem to estimate the first integral on the right-hand
side and the theorem follows.

Lecture 3.
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Euler Lagrange Equations. The Dirichlet principle says that it is the same to look
either for the minimizer of the Dirichlet integral or for the solution to the Laplace
equation. The Laplace equation was derived by taking directional derivatives of the
functional I in all the directions ϕ ∈ C∞0 . We take derectional derivatives in the infinite
dimensional space of functions. Thus roughly speaking we can say that u is a minimizer
of the functional I if the “derivative” of I in point u is zero.

Now we will express this phenomen in the abstract context of functionals on Banach
spaces.

Let X be a Banach space and let I : X → IR. The directional derivative of I at
u ∈ X in the direction h ∈ X, h 6= 0 is defined as

DhI(u) = lim
t→0

I(u+ th)− I(u)

t
.

We say that I is differentiable in the sense of Gateaux in a point u ∈ X if for every
h ∈ X, h 6= 0 the directional derivative DhI(u) exists and the function h 7→ DhI(u) is
linear and continuous. This defines functional DI(u) ∈ X∗ by the formula 〈DI(u), h〉 =
DhI(u). DI(u) is called Gateaux differential.

There is also a much stronger notion of differentiability. We say that the function
I : X → IR is differentiable in the sense of Frechet in u ∈ X if there exists a linear
continuous functional DI(u) ∈ X∗ (called Frechet differential) such that

|I(u+ h)− I(u)− 〈DI(u), h〉|
‖h‖

→ 0

as ‖h‖ → 0. Obviously Frechet differentiability implies Gateaux differentiability, how-
ever the notion of Frechet differentiability is much stronger.

If I is differentiable in Frechet’s sense in an open set U ⊂ X and the function
U 3 u 7→ DI(u) is continuous, then we say that I is of a class C1 on U .

Many results of the classcal analysis in IRn, like for example implicit function the-
orem, extends to the case of C1 functions defined on Banach spaces. We will use later
such results in appliactions to nonlinear elliptic equations.

The following elementary result is a generalization of the well known principle from
the mathematical analysis.

Proposition 20 If I : X → IR is Gateaux differentiable and I(u) = infu∈X I(u), then
DI(u) = 0.

As we will see later it is an abstract statement of the so called Euler–Lagrange equations.
For example we will see that when we differentiate the functional I(u) =

∫
|∇u|2 then

we obtain equation ∆u = 0 (for a moment it is, however, not obvious). This looks like
the Dirichlet principle.
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Theorem 21 Let I : X → IR be Gateaux differentiable. Then the following conditions
are equivalent.

1. I is convex,

2. I(v)− I(u) ≥ 〈DI(u), v − u〉 for all u, v ∈ X,

3. 〈DI(v)−DI(u), v − u〉 ≥ 0 for all u, v ∈ X.

Proof. 1.⇒ 2. Convexity implies that

I(u+ t(v − u))− I(u)

t
≤ I(v)− I(u)

for t ∈ (0, 1) and hence the claim follows by passing to the limit as t → 0. 2. ⇒ 3. It
follows directly from the assumption that 〈−DI(u), v−u〉 ≥ I(u)−I(v) and 〈DI(v), v−
u〉 ≥ I(v) − I(u). Adding both inequalities we obtain the desired inequality. 3. ⇒ 2.
We have to prove that for any two points u, v ∈ X, the function f(t) = I(u+ t(v− u))
is conver. To this end it suffices to prove that f ′(t) is increasing. This follows easily
from the assumed inequality and the formula for f ′.

In the case of convex functionals the necesary condition given in Proposition 20 is
also sufficient.

Proposition 22 If I : X → IR is convex and Gateaux differentiable, then I(u) =∫
u∈X I(u) if and only if DI(u) = 0.

Proof. It remains to prove the implication⇐. By the convexity and the above theorem
I(u)− I(u) ≥ 〈DI(u), u− u〉 = 0, hence I(u) ≥ I(u).

Note that we have similar situation in the case of the Dirichlet principle. The
condition ∆u = 0 is necessary and sufficient for u to be the minimizer.

The following result gives a very important example of C1 function on Banach space.

Proposition 23 Let f : Ω×IR→ IR be measurable in x ∈ Ω (for every u ∈ IR) and C1

in u ∈ IR (for almost every x ∈ Ω). Moreover assume the following growth conditions

|f(x, u)| ≤ a(x) + C|u|p, |f ′u(x, u)| ≤ b(x) + C|u|p−1

where a ∈ L1(Ω), b ∈ Lp/(p−1)(Ω) and 1 < p < ∞. Then the functional I(u) =∫
Ω f(x, u(x)) dx is of the class C1 on the space Lp(Ω) and its Frechet differential satisfies

〈DI(u), v〉 =
∫

Ω
f ′u(x, u)v

17



Very often in proofs of continuity of some functionals we will need the following variant
of the Lebesgue Dominated Convergence Theorem.

Lemma 24 Let |fk| ≤ gk, gk → g in L1 and fk → f a.e. Then
∫
fk →

∫
f .

We leave the proof to the reader.

Proof of Proposition 23. The growth condition and the lemma imply that I :
Lp(Ω)→ IR is continuous. Now we prove differentiability. To simplify our notation we
will write f(u) instead of f(x, u). We want to show that

A =
|I(u+ v)− I(u)− 〈DI(u), v〉|

‖v‖p
=
∣∣∣∣∫

Ω
f(u+ v)− f(u)− f ′(u)v

∣∣∣∣ ‖v‖−1
p → 0

as ‖v‖p → 0. We have

f(u+ v)− f(u)− f ′(u)v =
∫ 1

0
(f ′(u+ tv)− f ′(u))v,

and hence

A ≤ ‖v‖−1
p

∫
Ω

∫ 1

0
|f ′(u+ tv)− f ′(u)||v| ≤

(∫
Ω

∫ 1

0
|f ′(u+ tv)− f ′(u)|p′

)1/p′

,

where p′ = p/(p − 1). Let ‖v‖p → 0. We can assume that v → 0 a.e. and then
Lemma 24 implies that A → 0. Finally using Lemma 24 it is easy to show that the
map u 7→ DI(u) is continuous. This completes the proof.

It is also easy (but slightly more difficult) to prove Frechet differentiability of func-
tionals defined on W 1,p. The result below can be generalized in the spirit of the above
proposition, but we state it in a more elementary, sufficient for our applications, form.

Proposition 25 For 1 < p < ∞ the functional Ip =
∫

Ω |∇u|p is of the class C1 on
W 1,p(Ω) and its Frechet differential is given by the formula

〈DIp(u), v〉 = p
∫

Ω
|∇u|p−2〈∇u,∇v〉.

The above propositions and the Sobolev imbedding theorem lead to the following result.

Theorem 26 Let Ω ⊂ IRn be a bounded domain (with Lischitz boundary) and 1 < p <
∞. Assume that the function f : Ω × IR → IR is measurable in x, C1 in u ∈ IR and
satisfies

|f(x, u)| ≤ a(x) + C|u|q |f ′u(x, u)| ≤ b(x) + C|u|q−1

where q = np/(n− p) if p < n and q is any exponent if p ≥ n. Then the functional

I(u) =
∫

Ω

1

p
|∇u|p + f(x, u) (6)
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is of the class C1 on the space W 1,p
0 (Ω) (W 1,p(Ω)) and its Frechet differential satisfies

〈DI(u), v〉 =
∫

Ω
|∇u|p−2〈∇u,∇v〉+

∫
Ω
f ′u(x, u)v

for every v ∈ W 1,p
0 (Ω) (W 1,p(Ω)).

The most general functionals we are interested in are defined for u ∈ W 1,p(Ω, IRm) by
the formula I(u) =

∫
Ω f(x, u,∇u), where f : Ω × IRm × IRnm → IR and we require

measurability of f with respect to x ∈ Ω, some differentiability conditions with respect
to u ∈ IRm and ξ ∈ IRnm and of course some growth conditions for f .

If f satisfies suitable conditions of the kind described above we obtain that the
functional I is Frechet or at least Gateaux differentiable on W 1,p(Ω) and

〈DI(u), v〉 =
∫

Ω
A(x, u,∇u) · ∇v +

∫
Ω
B(x, u,∇u)v, (7)

where A(x, u,∇u) = ∇ξf(x, u,∇u), B(x, u,∇u) = ∇uf(x, u,∇u).

Let Ω ⊂ IRn be a bounded domain and w ∈ W 1,p(Ω), 1 < p < ∞. Assume that
u ∈ W 1,p

w (Ω) minimizes the functional I(u) = infu∈W 1,p
w (Ω) I(u). Then we want to say

that the differential of I at u is zero. Note, however, that the space W 1,p
w (Ω) is not

a Banach space, so we “shift” the functional to W 1,p
0 (Ω) by setting J(u) = I(u + w)

for u ∈ W 1,p
0 (Ω). Then J assumes the infimum at u − w. Thus DJ(u − w) = 0 i.e.

〈DI(u), ϕ〉 = 〈DJ(u − w), ϕ〉 = 0 for every ϕ ∈ W 1,p
0 (Ω). Using the explicit formula

for DI we have ∫
Ω
A(x, u,∇u) · ∇ϕ+B(x, u,∇u)ϕ = 0 (8)

for every ϕ ∈ W 1,p
0 (Ω). Note that since C∞0 (Ω) is a dense subset in W 1,p

0 (Ω) it is
equivalent to require that (8) holds for all u ∈ C∞0 (Ω).

Assume for a moment that A(x, u(x),∇u(x)) ∈ C1, then integrating (8) by parts
we obtain ∫

Ω
(−divA(x, u,∇u) +B(x, u,∇u))ϕ = 0

for every vi ∈ C∞0 (Ω) and hence we obtain the following (system of m equations)

divA(x, u,∇u) = B(x, u,∇u). (9)

For that reason we introduce the following definition.

We say that the function u satisfies the system of equations (9) in a weak sense if
(8) holds for every ϕ ∈ C∞0 (Ω). Now we can summarize the above discussion in the
following.

Corollary 27 Let Ω ⊂ IRn be a bounded domain and f : Ω × IRm × IRmn → IR be a
function that satisfies certain growth and differentiability properties as described above.
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The conditions are such that the functional I(u) =
∫

Ω f(x, u,∇u) is continuous and
Gateaux differentiable on W 1,p(Ω), 1 < p <∞ and the Gateaux differential is given by
the formula (7). Then if u ∈ W 1,p

w (Ω) minimizes the functional I is the space W 1,p
w (Ω)

then u satisfies equations (9) in the weak sense.

The above corollary states that the minimizers to the variational problems satisfy sys-
tem of Euler–Lagrange equations. If the functional is, however, convex, then we know
that the converse implication holds: u is a minimizer if and only if u satisfies the system
of Eular–Lagrange equations. How to check in terms of functions A and B that the
problem is convex? Using Theorem 21 we easily see that the problem is convex if and
only if∫

Ω
(A(x, u,∇u)−A(x, v,∇v))·(∇u−∇v)+(B(x, u,∇u)−B(x, v,∇v))(u−v) ≥ 0 (10)

for every u, v ∈ W 1,p(Ω).

Corollary 28 If in addition to assumptions of Corollary 27, the functional I is convex
or equivalently inequality (10) holds, then u is a minimizer of I in the class W 1,p

w (Ω)
if ad only if u is a weak solution to the system of Euler–Lagrange equations (9). If the
functional I is strictly convex, then the solution in unique.

If the functional I has one more property of being coercive i.e. I(u) → ∞ as
‖u‖1,p → ∞, then the minimizer exists or equivalently the system of Euler–Lagrange
equations has a solution.

In particular the functional I(u) =
∫

Ω |∇u|2 is convex and hence u is a minimizer in
the class W 1,2

w (Ω) if and only if u is a weak solution to the Euler–Lagrange equation
∆u = 0 with the boundary condition u − w ∈ W 1,p

0 (Ω). This is, however, a version of
the Dirichlet principle.

More generally, in the case of functional |Ip(u)| =
∫

Ω |∇u|p, 1 < p < ∞, we obtain
that u is a minimizer of Ip in the class W 1,p

w (Ω) if and only if u is a weak solution to the p-
harmonic equation div (|∇u|p−2∇u) = 0 with the boundary condition u−w ∈ W 1,p

0 (Ω).

If u is a minimizer of the functional (6) in the class W 1,p
0 (Ω), then u satisfies equation

div (|∇u|p−2∇u) = f ′u(x, u) in the sense.

One of the method of proving of the existence of solutions to equations of the form
divA(x, u,∇u) = B(x, u,∇u) is to show that this is the system of Euler–Lagrange
equations of some variational problem and then to prove using variational techniques
that the variational problem attains minimum.

We will show how does the method work in a particular situation. Recall that if
1 < p < n, then p∗ = np/(n− p) is the Sobolev exponent. Assume that the function

|g(x, u)| ≤ C(1 + |u|q) g(x, u)u ≥ 0,
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where q ≤ p∗ − 1 if 1 < p < n or q <∞ is arbitrary when n ≤ p <∞ is measurable in
x and continuous in u. Then the equation

div (|∇u|p−2∇u) = g(x, u) (11)

with the boundary condition u ∈ W 1,p
0 (Ω) is the Euler–Lagrange equation for the

functional

I(u) =
∫

Ω

1

p
|∇u|p +G(x, u) (12)

where G(x, u) =
∫ u
0 g(x, t) dt.

Because of the growth condition functiona I is of the class C1 on the space W 1,p
0 (Ω).

Theorem 29 Let g be as above and let the functional (12) be defined on W 1,p
0 (Ω).

Then the functional is coercive. If in addition q < p∗ − 1 1 < p < n (in the case
p ≥ n we do not change the assumption) then the functional (12) is swlsc and hence
it assumes the minimum which solves the Dirichlet problem (11) with the boundary
condition u ∈ W 1,p

0 (Ω).

Proof. The functional I is coercive becaise G(x, u) ≥ 0 and
∫

Ω |∇u|p ≈ ‖u‖
p
1,p for

u ∈ W 1,p
0 (Ω).

If we make the additional assumption aboun q, then the imbeddingW 1,p
0 (Ω) ⊂ Lq(Ω)

is compact. Note that 0 ≤ G(x, u) ≤ C(1 + |u|q).

Let uk ⇀ u weakly in W 1,p
0 (Ω). We have to prove that

I(u) ≤ lim inf
k→∞

I(uk).

First note that ∫
Ω
|∇u|p ≤ lim inf

k→∞

∫
Ω
|∇uk|p.

This is a direct consequence of Theorem 3 (or more directly, the consequence of the
Banach–Steinhaus theorem which states that the norm in the Banach space is swlsc).
Now the theorem follows directly form Theorem 2.

We leave as an exercise the proof of the following variant of the above result.

Theorem 30 Let Ω ⊂ IRn be a bounded domain, 1 < p < ∞. Then for every f ∈
W−1,p′(Ω) there exists the unique solution to the following boundary value problem

div (|∇u|p−2∇u) = f in Ω u ∈ W 1,p
0 (Ω).

In the above examples we did not have any problems to prove swlsc property of the
functional I. However in general it is a very difficult problem to find necessary and
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sufficient conditions for the function f(x, u,∇u) that will guarantee the swlsc property
of the functional I(u) =

∫
Ω f(x, u,∇u). We will come back to the problem, but now we

will be concerned with equations (11) and associated variational problems.

We conclude the lecture with one general result concerning the existence of solutions
in nonvariational situation.

In the above described method we proved the existence of solutions to (9) by finding
the functional I such that the differential DI(u) is given by (7) and hence the equation
(9) is equaivalent to DI(u) = 0. Then we can deduce the existence of the solution for
example from Corollary 5 and Theorem 21 which we can reformulate as follows.

Proposition 31 Let I : X → IR, where X is reflexive Banach space be lower semicon-
tinuous, Gateaux differentiable and satisfy

〈DI(v)−DI(u), v − u〉 ≥ 0,

for all u, v ∈ X. Then there exists u ∈ X such that DI(u) = 0.

It can however that the equations (9) do not have variational orogin. Nemely the
functional defined by

〈Eu, v〉 =
∫

Ω
A(x, u,∇u) · ∇v +

∫
Ω
B(x, u,∇u)v, (13)

does not need to be of the form E = DI. In such a situation one can prove the existence
of solutions using Minty–Browder theorem which is a generalization of Proposition 31.

Theorem 32 (Minty–Browder) Let X be a reflexive Banach space equipped with a
norm ‖ · ‖ and let E : X → X∗ be a mapping such that

1. uk → u⇒ Euk ⇀ Eu

2. (Ev − Eu, v − u) ≥ 0 for all u, v ∈ X

3. There exists r > 0 such that (Eu, u) ≥ 0 sor all u with ‖u‖ = r.

Condition 2. is called monotonicity. In the case of E = DI it is equivalent to convexity
of I. In the case of (13) the monotonicity condition is equivalent to (10).

Before we prove the theorem we show two generalizations of the result and an
application to PDE.

Corollary 33 If in the theorem the condition 2. is replaced by strict monotonicity
(Ev − Eu, v − u) > 0 for all u 6= v, then the solution to Eu = 0 is unique.
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Proof. If Eu = 0 and Fv = 0 then (Ev−Eu, v−u) = 0. Now the strict monotonicity
implies u = v.

Corollary 34 If in the above theorem the condition 3. is replaced by the following
coercivity condition

lim
‖u‖→∞

(Eu, u)

‖u‖
=∞,

then for every f ∈ X∗ the equation Eu = f has at leas one solution.

Proof. Let Ēu = Eu−f . Then the conditions 1. and 2. in the Minty–Browder theorem
are satisfied. It remains to check condition 3. Let r be so large that (Eu, u)/‖u‖ ≥ ‖f‖
for all ‖u‖ = r. Then (Ēu, u) = (Eu, u)−〈f, u〉 ≥ (Eu, u)−‖f‖‖u‖ ≥ 0 for all ‖u‖ = r.

Now we show how does the theorem apply to the existence results for solutions to
equations (9) which do not have variational origin. For the simplicity sake we will be
concerned with a very elementary case.

Let Ω ⊂ IRn be a bounded domain and A : Ω× IRn → IR a function measurable in
x ∈ Ω and continuous in ξ ∈ IRn such that

|A(x, ξ)| ≤ C1|ξ|p−1 A(x, ξ) · ξ ≥ c2|ξ|p

(A(x, ξ)− A(x, η)) · (ξ − η) > 0 for all ξ 6= η,

where 1 < p < ∞, then for every w ∈ W 1,p(Ω) and every f ∈ W−1,p′(Ω) there exists
unique u ∈ W 1,p

w (Ω) whichi solves the quation

divA(x,∇u) = f

in Ω. Namely the result follows by a direct application of the above theorem and its
corollaries to the operator

〈Eu, v〉 =
∫

Ω
A(x,∇u+∇w) · ∇v

defined on W 1,p
0 (Ω).

Proof of Theorem 32. Proof is elementary but very tricky and it reduces the problem
to the Browder fixed point theorem.

For every u ∈ X define

U(u) = {v : ‖v‖ ≤ r, 〈Eu, u− v〉 ≥ 0}.

It suffices to prove that
⋂
u∈X U(u) 6= ∅. Indeed, if v∗ ∈ ⋂u∈X U(u), then ‖v∗‖ ≤ r and

for every u ∈ X
〈Eu, u− v∗〉 ≥ 0.
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Take u = v∗ + tw, t > 0. Then for every w ∈ X

〈E(v∗ + tw), w〉 ≥ 0.

Passing to the limit as t→ 0 we have v∗+ tw → v∗ and hence for every w ∈ X we have
〈Ev∗, w〉 ≥ 0 Thus Ev∗ = 0.

So it remains to prove that
⋂
u∈X U(u) 6= ∅. By contradiction suppose that

⋂
u∈X U(u) =

∅. The space B(r) = {‖v‖ ≤ r} is weakly compact. Now for every u ∈ X the set U(u)
is a closed subset of B(r) in the weak topology. Thus {B(r) \ U(u)}u∈X is an open
covering of B(r) (because

⋂
u∈X U(u) = ∅). Hence we an select an open subcovering

which means there exist u1, . . . um ∈ X such that
⋂m
i=1 U(ui) = ∅.

Let z1, . . . , zn be a linear basis of the space X0 = span (u1 . . . , um). Define the map
G : X0 → X0 by the formula

Gu =
n∑
i=1

〈Eu, zi〉zi.

Note that it remains to prove that there exists u0 ∈ X0, ‖u0‖ ≤ r such that Gu0 = 0.
Indeed, since {zi} are liearly independent we would have 〈Eu0, zi〉 = 0 for i = 1, . . . , n
and then

〈Eui, ui − u0〉 = 〈Eui − Eu0, ui − u0〉 ≥ 0

which means u0 ∈
⋃m
i=1 U(ui). Contradiction. So it remains to prove the existence of

u0 ∈ X0 such that ‖u0‖ ≤ r and Gu0 = 0.

Suppose by contradiction that Gu 6= 0 in the whole (n-dimensional) ball ‖u‖ ≤ r
in X0. Then the vector field Gu is homotopic to a constant vector field on a sphere
‖u‖ = r. Thus there exists u0 on the sphere ‖u‖ = r such that the angle between u0

and Gu0 is π (otherwise the vector field Gu would be homotopic to u on the sphere,
but it follows from the Browder fixed point theorem that the identity vector field is not
homotopic to a constant vector field). Hence

n∑
i=1

〈Eu0, zi〉zi = −Cu0

for some C > 0. Evaluating both sides on Eu0 we have

n∑
i=1

〈Eu0, zi〉2 = −C〈Eu0, u0〉 ≤ 0

and hence Gu0 = 0. Contradiction. This completes the proof of the theorem.

Lecture 4.

In the last lecture we described two methods of proving the existence of solutions
to differential equations of the form divA(x, u,∇u) = B(x, u,∇u). The variational
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method and the method based on the Minty–Browder theorem. Today we will show a
variety of other methods. Of course we will not cover all the subject. We just want to
show how the different analytical tools interact.

Eigenvalue problem. We start with considering the following two problems.

1. The best constant in the Poincaré inequality.

Let Ω ⊂ IRn be a bounded domain and 1 < p < ∞. Find the smallest constant µ
such that the inequality ∫

Ω
|u|p ≤ µ

∫
Ω
|∇u|p (14)

holds for every u ∈ W 1,p
0 (Ω).

Of course such a constant exists and is positive. This follows from the Poincaré
inequality Lemma 13. The smallest constant is called the best constant in the Poincaré
inequality and it will be denoted by µ1 throhought the lecture.

The second problem looks much different.

2. The first eigenvalue of the p-Laplace operator.

We say that λ is an eigenvalue of the p-Laplace operator −div (|∇u|p−2∇u) on
W 1,p

0 (Ω), where 1 < p <∞ if there exists 0 6= u ∈ W 1,p
0 (Ω) such that

−div (|∇u|p−2∇u) = λu|u|p−2. (15)

Such a function u is called eigenfunction. If p = 2, then we have the classical problem
of the eigenvalues of the Laplace operator.

Observe that the every eigenvalue is positive. Indeed, by the definition of the weak
solution (15) means that ∫

Ω
|∇u|p−2〈∇u,∇v〉 = λ

∫
Ω
|u|p−2uv

for every v ∈ C∞0 (Ω) and hence for every v ∈ W 1,p
0 (Ω). Taking v = u we obtain∫

Ω
|∇u|p = λ

∫
Ω
|u|p, (16)

and hence λ > 0. Note that inequality (16) implies that λ ≥ µ−1
1 . This gives the lower

bound for the eigenvalues. The following theorem says much more.

Theorem 35 There exists the smallest eigenvalue λ1 of the problem (15) and it satis-
fies λ1 = µ−1

1 , where µ1 is the best constant in the Poincaré inequality (14).

The eigenvalue λ1 is called the first eigenvalue.
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Note that (15) is the Euler–Lagrange equation of the functional

I(u) =
1

p

∫
Ω

(|∇u|p − λ|u|p)

The similar, but different, situation was in Theorem 29, where we discussed the exis-
tence of solutions to the equation

div (|∇u|p−2∇u) = g(x, u) (17)

in W 1,p
0 (Ω) under some conditions about g. Let us briefly recall the approach give there.

Equation (17) is the Euler–Lagrange equation for the functional

J(u) =
∫

Ω

1

p
|∇u|p +G(x, u)

where G(x, u) =
∫ u

0 g(x, t) dt. If in particular the function g satisfies

|g(x, u)| ≤ C|u|p−1, g(x, u)u ≥ 0, (18)

then the functional is swlsc. Since G ≥ 0 the functional is coercive. Thus it assumes
the minimum in W 1,p

0 (Ω) which is a solution to (17).

In our situation the functional I(u) is swlsc, but it fails to be coercive. Moreover we
would like to find the minimizer with the additional condition that it is not constant
equal to zero. Both of those reasone make the situation much different from the that
in Theorem 29.

Proof of Theorem 35. We know that λ ≥ µ−1
1 . It remains to prove that there exists

u0 ∈ W 1,p(Ω) such that

−div (|∇u|p−2∇u) = µ−1
1 u|u|p−2. (19)

First note that u0 ∈ W 1,p
0 (Ω) satisfies (19) if and only it satisfies∫

Ω
|u|p = µ1

∫
Ω
|∇u|p. (20)

Assume that u0 satisfies (19). Integrating both sides of (19) against the test function
u0 we obtain (20). In the oposite direction, if u0 satisfies (20), then u0 is a minimizer
of the functional

E(u) =
1

p

∫
Ω

(
|∇u|p − µ−1

1 |u|p
)
.

Indeed E(u0) = 0 and always E(u) ≥ 0 because of the Poincaré inequality. Hence u0

satisfies Euler–Lagrange equations (19).

Thus it remains to prove that there exists a nontrivial minimizer 0 6= u0 ∈ W 1,p
0 (Ω)

of the functinal E.
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Let M consint of all u ∈ W 1,p
0 (Ω) such that

∫
Ω |u|p = 1. Minimize the functional

Ip(u) =
∫

Ω |∇u|p over M . Let uk ∈ M , Ip(uk) → infM Ip = µ−1
1 . By reflexivity of

the space W 1,p
0 (Ω) we can select a weakly convergent subsequence uk ⇀ u0 ∈ W 1,p

0 (Ω).
Then

∫
Ω |∇u0|p ≤ µ−1

1 . Since the imbedding W 1,p
0 (Ω) ⊂ Lp(Ω) is compact we conclude

that u0 ∈ M . Hence E(u0) = 0 and thus u0 is the desired minimizer. This completes
the proof.

Note that in fact the functional E has infinitly many minimizers. Each of the
functions tu0, t ∈ IR minimizes E. One can prove, bt it is not easy, that there are no
other minimizers, see [?]. In other words all the eigenfunctions of the problem (15)
corresponding to the first eigenvalue are of the form tu0 for some t ∈ IR.

There are many open problems concerning the eigenvalues of the problem (15).

In the linear case p = 2 the eigenvalues form an infinite discrete set 0 < λ1 < λ2 <
. . ., λi → ∞. No such result is known for λ 6= 2. It is easy to show that the set of
eigenvalues of (15) is closed. Moreover one can prove that the set of eigenvalues is
infinite, unbounded and that the first eigenvalue is isolated, see...

We conclude the discussion about the eigenfunctions with the following proposition
that will be useful later.

Proposition 36 Let Ω ⊂ IRn be a bounded domain and let 1 < p < ∞. Then each
eigenfunction continuous and bounded. Moreover the eigenfunction corresponding to
the first eigenvalue is either positive or negative everywhere is Ω

For the proof see...

Sub- super-solution method. Let Ω ⊂ IRn be a bounded domain. Fix w ∈ W 1,p(Ω).
The equation

−div (|∇u|p−2∇u) = g(x, u), (21)

u− w ∈ W 1,p
0 (Ω) (22)

has a solution provided g satisfies some sign and growth conditions. In the case w = 0,
see Theorem 29. The same method works for w 6= 0. Now we prosent so called sub-
super-solution method which can be used in many situation to prove the existence of the
solution of the equation as above withaut almost no assumptions about the funcionn g.
However, one assumes instead the existence of suitable sub- and super-solutions. The
reader familiar with the classical Perron’s method will see that the method presented
below has a lot in common.

The only assumption we about the function g is that for every t > 0

sup
|u|≤t

ess sup
x∈Ω

|g(x, u)| <∞

Now we seed some definitions.
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Let u ∈ W 1,p(Ω). We say that u ≤ 0 on ∂Ω if u+ = max{u, 0} ∈ W 1,p
0 (Ω). Then we

say that u ≤ v on ∂Ω if u− v ≤ 0 on ∂Ω.

Function u ∈ W 1,p(Ω) (u ∈ W 1,p(Ω) is called sub-solution (super-solution) of the
equation (21), (22) if u ≤ w on ∂Ω (u ≥ w on ∂Ω) and

−div (|∇u|p−2∇u) ≤ g(x, u)

in Ω in the sense that ∫
Ω
|∇u|p−2〈∇u,∇ϕ〉 ≤

∫
Ω
g(x, u)ϕ

for every ϕ ∈ C∞0 (Ω) (−div (|∇u|p−2∇u) ≥ g(x, u) in Ω).

Theorem 37 If there exist sub- and supersolutions u, u ∈ L∞ of (21), (22) such that
u ≤ u a.e. then there exists a solution to (21), (22) satisfing the condition u ≤ u ≤ u
a.e. in Ω.

Proof. For simplicity assume that w = 0. The general case follows by exactly the
same argument. Let

ḡ(x, s) =


g(x, u(x)) if s ≤ u(x)
g(x, s) if u(x) ≤ s ≤ u(x)

g(x, u(x)) if s ≥ u(x)

Note that ḡ is bounded. Consider the functional

Ī(u) =
∫

Ω

1

p
|∇u|p − Ḡ(x, u),

where Ḡ(x, u) =
∫ u
0 ḡ(x, s) ds. Since ḡ is bounded we get |Ḡ(x, u)| ≤ C|u|. This implies

that Ī is coercive on W 1,p
0 (Ω). Indeed

Ī(u) ≥
∫

Ω

1

p
|∇u|p − C|u|

≥ C(‖u‖p
W 1,p

0 (Ω)
− ‖u‖1)

≥ C‖u‖W 1,p
0 (Ω)(‖u‖

p−1

W 1,p
0 (Ω)

− 1)→ 0

as ‖u‖W 1,p
0 (Ω) → ∞. In the last inequality we employed the Poincaré inequality. We

also knw that Ī is swlsc. Thus Ī assumes the infimum at some u0 ∈ W 1,p
0 (Ω). Obviously

u0 satisfies the following Euler–Lagrange equation

−div (|∇u0|p−2∇u0) = ḡ(x, u0).

If we prove that u ≤ u0 ≤ u a.e. then by the definition of ḡ we will have ḡ(x, u0) =
g(x, u0) and the theorem will follow. We will prove the inequality u ≤ u0 only. The
proof of the other inequality exactly in the same way.
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We have ∫
Ω

(|∇u|p−2∇u− |∇u0|p−2∇u0) · ∇ϕ ≤
∫
ω
g(x, u)− g(x, u0)ϕ

for every ϕ ∈ W 1,p
0 (Ω), ϕ ≥ 0. Let ϕ = max{u− u0, 0} ∈ W 1,p

0 (Ω). Then∫
{u≥u0}

(|∇u|p−2∇u− |∇u0|p−2∇u0) · (∇u−∇u0) ≤ 0

because u(x, u)− g(x, u0) = 0 on the set {u ≥ u0}. Hence |{u ≥ u0}| = 0 since

(|ξ|p−2ξ − |η|p−2η) · (ξ − η) > 0

for all ξ 6= η. This completes the proof.

Now we will ilustrate the theorem on one example. For the simplicity sake we will
be cocerned with the case p = 2.

Consider the following problem
−∆u = λf(x, u)
u > 0 in Ω

u ∈ W 1,p
0 (Ω)

(23)

Theorem 38 If there exist δ, τ > 0 such that lim infu→0+ f(x, u)u−1 ≥ δ uniformly in
Ω and f(x, τ) ≤ o for all x ∈ Ω, then there exists λ0 > 0 such that for each λ > λ0 the
problem (23) has at least one solution.

Proof. Let λ1 be the first eigenvalue for the laplace operator −∆u = λ1u and let u0

be a first eigenfunction. We can assume, see Proposition 36, that u0 > 0 in Ω, u0 ∈ L∞
and ‖u0‖2 = 1. For θ > 0 we have

−∆(θu0)− λf(x, θu0) = λ1θu0 − λf(x, θu0) ≤ (provided θ is small)

≤ λ1θu0 − λδθu0 ≤ (provided λ > λ1/δ) ≤ 0.

Thus for λ > λ1/δ and sufficiently small θ > 0, the function u = θu0 is a sub-solution to
the problem. Moreover the constant function u = τ > 0 is a super-solution. Obviously
u ≤ u provided θ is small and u ≤ 0 on ∂Ω, u ≥ 0 on ∂Ω. Thus the theorem follows by
a direct application of the Theorem 37.

Now we describe method of proving of the existence of multiple solutions to the
equations of the form ∆u = g(x, u) based on the so called Mountain–Pass theorem.
Using the variational method or sub- supersolution method we can prove the existence
of one solution. The solution obtained by a variational method is a local minimizer
of the variational functional. The solution obtained by the Mountain–Pass theorem is
not a minimizer. We will explain it on an example. Assume that we have a smooth

29



mountains on IR2 and consider the height function h. Then the point on a “mountain
pass” is a solution to Dh = 0, but it is not a local minimizer. Assume now that the
mountains are such that h(0) = 0, h ≥ α > 0 on some sphere |x| = r and that h(y) < α
for some |y| > r. Then there exists a mountain pass between 0 and y, so there exists a
solution to Dh = 0.

We will see that the same method can be generalized to the case of functionals
defined on Banach spaces and that it can be used to obtain the existence of new
solutions to equations of the form ∆u = g(x, u).

Let X be a Banach space and E ∈ C1(X, IR). We say that a sequence {um} ⊂ X is
a Palais–Smale sequence for E if the sequence |E(um)| is bounded and ‖DE(um)‖ → 0
as m→∞.

We say that the functional E ∈ C1(X, IR) satisfies the Palais–Smale (PS) condition
if any Palais –Smale sequence for E contains a subsequence convergent in the norm of
X.

The following proposition described a class of functionals which satisies the (PS)
condition.

Proposition 39 Let the functional E ∈ C1(X, IR) have the following properties

1. Ever Palais–Smale sequence for E is bounded,

2. there exists an isomorphism L : X → X∗ and a compact map K : X → X∗ such
that DE(u) = Lu+K(u).

Then E satisfies the (PS) condition.

Proof. Let {um} ⊂ X be a Palais–Smale sequence. Then {um} is bounded and
DE(um) = Lum + K(um) → 0 as m → ∞. Hence Lum = −K(um) + o(1), where as
usual o(1) denotes an arbitrary expression that tends to 0 as m→∞. Then applying
the map L−1 we obtain um = o(1)−L−1K(um). Now, since K is compact the sequence
contains a convergent subsequence. This completes the proof.

The theorem of Ambrosetti and Rabinovitz from 1973 called often the Mountain–
Pass theorem reads as follows.

Theorem 40 (Mountain–Pass) Let E ∈ C1(X, IR) be a (PS) functional which, in
addition, satisfies the following three conditions

1. E(0) = 0,

2. There exist R,α > 0 such that E(u) ≥ α for all u with ‖u‖ = r,
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3. There exists u1 ∈ X such that ‖u1‖ > r and E(u1) < α.

Let
P = {p ∈ C([0, 1], X) : p(0) = 0, p(1) = u1}.

Then β = infp∈P supu∈pE(u) is a critical value of E i.e. there exists u ∈ X such that
E(u) = β and DE(u) = 0.

The proof is very technical and we will not present it here.

We will use the above theorem to prove the existence of solutions to the following
problem {

−∆u = g(x, u) in Ω

u ∈ W 1,2
0 (Ω)

(24)

which cannot be obtained by minimizing the variational problem. A usual we will use
the notation G(x, u) =

∫ u
0 g(x, s, ds.

Theorem 41 Let Ω ⊂ IRn, n ≥ 3 be a bounded domain. Assume that

1. lim supu→0 g(x, u)u−1 ≤ 0 uniformly in Ω,

2. |g(x, u)| ≤ C(1 + |u|p) for some p < (n+ 2)/(n− 2),

3. There existsq > 2 and R0 > 0 such that 0 < qG(x, u) ≤ g(x, u)u for almost every
x ∈ Ω and every |u| ≥ R0.

Then the problem (24) has a nontrivial solution.

Before we prove the theorem we make some comments.

1. By a nontrivial solution we mean a solution which is different than a function
constant equal to zero. In fact slightly modifying the method presented below it is easy
to prove the existence of two nontrivial solutions u+ ≤ u ≥ u−.

2. The theorem can be easily extende to the case n = 2 This requires a minor
changes in the statement of the theorem. We leave it to the reader as an exercise.

3. Given equation is the Euler–Lagrange equation for the functional

E(u) =
1

2

∫
Ω
|∇u|2 −

∫
Ω
G(x, u). (25)

As we know, given growth conditions put upon g imply that E ∈ C1. Moreover E is
swlsc. However the functional is not coercive. Namely the condition 3. implies that if
u 6= 0, then E(λu)→ −∞ as λ→∞.
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Note that E(u) = 0. Now if we prove that E(u) ≥ λ > 0 on some sphere ‖u‖ = r,
and that E satisfies the (PS) condition, then the theorem will follow directly from the
Mountain–Pass theorem. This is the main idea of the proof.

As an example take g(u) = u|u|p−1 where 1 < p < (n + 2)/(n − 2). Then the
assumptions of the theorem are satisfied. Note that u = 0 is a solution. The theorem
states that there are nontrivial solutions.

Sketch of the proof. First we prove that functional (25) satisfies the (PS) condition.
We will verify the assumptions of Proposition 39. First note thatDE(u) = −∆−g(x, u).
The operator ∆ : W 1,p

0 (Ω) → W−1,2(Ω) is an isomorphism, cf. Theorem 30. Moreover
it follows from the compactness of the imbedding W 1,2

0 (Ω)→ Lp(Ω) that the operator
K : W 1,p

0 (Ω)→ W−1,2(Ω) defined by the formula K(u) = g(·, u) is compact. Thus if we
prove that every Palais–Smale sequence is bounded, then we will have that E satisfies
the (PS) condition. Then it will remain to prove that for some r, α > 0, E(u) ≥ α
whenever ‖u‖ = r and that E(λu) → −∞ whenever u 6= 0 and λ → ∞. All those
properties follow from a straightforward computation inveoving only the properties of
g. We skip details.

Lagrange multiplier theorem. The theorem is very well known in the setting of con-
straint extremum on surfaces in IRn. It easily extends to functions in Banach spaces and
then it leads to Euler-Lagrange equations with contraints. We will state the theorem
in its most simply form which is howefer sufficent our applications.

Theorem 42 Let G ⊂ X be an open subset of a Banach space X, f : G → IR, and
F ∈ C1(G, IR). Denote S = F−1(0) and fS = f |S. Assume that for every x ∈ S,
DF (x) 6= 0. If fS has a local extremum in x0 ∈ S and f is (Frechet) differentiable in
x0 then there exists λ ∈ IR such that Df(x0) = λDF (x0).

Proof is almost the same as in the case of functions defined in Euclidean spaces and it
can be found in many textbooks.

Lecture 5.

Conformal mappings and Sobolev spaces. Theory of Sobolev spaces has many
applications in the areas different than calculus of variations or PDE. Today we describe
some of the basic applications to the theory of conformal mappings.

Let Ω ⊂ C be bounded and simply connected. Let ψ : D → Ω be a Riemann
mapping, where D is the unit disc D = B2(1).

It follows from the Cauchy–Riemann equations that |ψ′|2 = Jψ, where Jψ denotes
the Jacobian. Hence ∫

D
|ψ′|2 =

∫
D
Jψ = |ψ(D)| = |Ω| <∞.
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Hence ψ ∈ W 1,2(D). As we will see this simply observation has many important
consequences. At the first glance it is be surprising. We know that ψ is smooth, but
Sobolev functions are measurable only, so how does the information that the Riemann
mapping belongs to the Sobolev space can be used?

Let u : IRn → IRn be Borel mapping. We say that u has Lusin’s property (N) if it
maps sets of Lebesgue measure zero into sets of measure zero. |E| = 0 ⇒ |f(E)| = 0.
Here |E| as usual denotes the Lebesgue measure.

Theorem 43 Any mapping u ∈ W 1,p(IRn, IRn), where p > n has the Lusin property.

Here u ∈ W 1,p(IRn, IRn) means that the coordinate functions of u belong to the Sobolev
space W 1,p(IRn).

Before we prove the theorem we show that the theorem fails if we take p = n.

Let Ω be a bounded Jordan domain whose boundary has positive two dimensional
Lebesgue measure and let ψ : D → Ω be a Riemann mapping. Since ψ ∈ W 1,2 we
can extend it to a mapping Eψ ∈ W 1,2(IR2, IR2). Note that ψ is continuous up to the
boundary of D, so Eψ is continuous on the entire IR2. Now Eψ(∂D) = ∂Ω and ∂Ω has
positive measure, so Eψ does not have Lusin’s property. It is possible the example to
any dimension n ≥ 2. However in dimensions greater than 2 the cnastruction has to
be different: we cannot use Riemann’s mapping.

Proof of Theorem 43. Let |E| = 0. Given ε > 0 take an open set Ω such that E ⊂ Ω
and |Ω| < ε Let Ω =

⋃
iQi be a decomposition of Ω into a family of cubes with pairwise

disjoint interiors.

By the Sobolev inequality

|u(x)− u(y)| ≤ C|x− y|1−n/p
(∫

Qi

|∇u|p
)1/p

,

for all x, y ∈ Qi and hence

diamu(Qi) ≤ C(diam (Qi))
1−n/p

(∫
Qi

|∇u|p
)1/p

.

since the set u(E) is covered by
⋃
i u(Qi) we have

|u(E)| ≤ C
∑
i

(diamu(Qi))
n ≤ C

∑
i

(diamQi)
n( p−n

p )
(∫

Qi

|∇u|p
)n/p

≤ C

(∑
i

(diamQi)
n

)(p−n)/p (∑
i

∫
Qi

|∇u|p
)n/p

≤ Cε
p−n
p

(∫
IRn
|∇u|p

)n/p
→ 0

as ε→ 0. This completes the proof.
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Corollary 44 Let Ω ⊂ C be a bounded Jordan domain with |∂| > 0 and let ψ : D → Ω
be a Riemann mapping. Then ∫

D
|ψ′|p =∞,

for every p > 2.

Here of course ∂Ω denotes the two dimensional measure. The problem of finding the
best exponent of the integrability of a inverse Riemann mapping is vey difficult and
very deep. Brenann’s conjecture states that for every simply connected domain Ω ⊂ C
and a Riemann mapping φ : Ω→ D there is

∫
Ω |φ′|p <∞ for every p < 4.

Proof of the corollary. Suppose that
∫
D |ψ′|p < ∞ for some p > 2. Then we can

extend ψ to Eψ ∈ W 1,p(IR2, IR2) and we arrive to a contradiction between the Lusin
property for Eψ abd the fact that |ψ(∂D)| = |∂Ω| > 0.

The next application will concern the estimates for harmonic measure. Let Ω ⊂ C
be a bounded Jordan domain. Then for every ϕ ∈ C(∂Ω) one can solve the following
classical Dirichlet problem.

Find u ∈ C2(Ω) ∩ C(Ω) such that{
∆u = 0 in Ω
u|∂Ω = ϕ

Given boundary condition ϕ denote the solution to the above provlem by uϕ. Fix
z ∈ Ω. The mapping ϕ 7→ uϕ(z) is a continuous linear functional on the Banach space
C(∂Ω). Thus there exists a Borel measure ωz supported on ∂Ω such that for every
ϕ ∈ C(∂Ω)

uϕ(z) =
∫
∂Ω
ϕdωz.

The measure ωz is called harmonic measure. It does not essentially depend on the
choice of z in the sense that for any z1, z2 ∈ Ω the measures ωz1 and ωz2 are mutually
absolutely continuous. For example the measure Ωz1 is supported by a set E (i.e.,
ωz1(C \ E) = 0) if and only if the measure ωz2 is supported by set E.

For that reason very often when we talk about harmonic measures, we simply forget
about the dependence on the point z.

Theorem 45 (Øksendal) Harminic measure is singular with respect to the two di-
mensional Lebesgue measure i.e. it is supported by a set of two dimensional measure
zero.

This result is 25 years old. Now there are much more sophisticated results saying that
the harmonic measure is supported by a set of Hausdorff dimension 1. However we
will not go into details of such generalizations and we simply show how the theory
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of Sobolev spaces can be used to give a rather simple proof of the above Øksendal’s
theorem.

Before we prceed to the proof, we need know more about harmonic measures and
Sobolev spaces.

The following picture shows how to solve the Dirichlet problem in a Jordan domain
Ω. Fix z ∈ Ω and let ψ : DΩ be a Riemann mapping such that ψ(0) = z.

For ϕ ∈ C(∂Ω), the function ϕ ◦ ψ is contnuous on ∂D and hence we can find the
harmonic function v in D which coincides with ϕ ◦ψ on ∂D. Since harmonic functions
are invariant under conformal mappings and ψ is continuous up to the boundary we
conclude that u = v ◦ ψ−1 is harmonic in Ω such that u|∂Ω = ϕ. Now∫

∂Ω
ϕdωz = u(z) = v(0) =

1

2π

∫
∂D
ϕ ◦ ψ dH1 (26)

for every ϕ ∈ C(∂Ω). The lase equality follows from the mean value property for
harminic functions. Identity (26) implies that ωz is the image of the measure (2π)−1H1

under the mapping ψ i.e.

ωz(A) = (2π)−1H1(ψ−1(A)), (27)

for every Borel set A ⊂ ∂Ω.

We want to prove that there exists F ⊂ ∂Ω such that H2(F ) = 0 and ωz(∂Ω\F ) = 0.
Because of (27) the equivalent problem is to find E ⊂ ∂D such that H1(E) = 0 and
H2(ψ(∂D \E)) = 0. Indeed, then the set F = ψ(∂D \E) will have desired properties.

Thus Øksendal’s theorem follows from the following more general result.

Theorem 46 Let G ⊂ IRn be a bounded domain with smooth boundary and let u ∈
W 1,n(G, IRn) be continuous up to the boundary. Then there exists E ⊂ ∂G such that
Hn−1(E) = 0 and Hn(u(∂G \ E)) = 0.

In the last theorem the condition Hn−1(E) = 0 can be replaced by a much stronger
condition that the Hausdorff dimension of the set E is zero. However we will not go
into details.
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We proceed the proof be several lemmas concerning Sobolev spaces.

For λ,R > 0 and g ∈ L1
loc the fractional maximal function is defined as follows.

Mλ
Rg(x) = sup

r<R
rλ
∫
B(x,r)

|g(z)| dz.

Lemma 47 If γ > λ ≥ 0 then there exists a constant C such that∫
B

|g(z)|
|x− z|n−γ

dz ≤ C(diamB)γ−λMλ
diamBg(x)

for any ball B, g ∈ L1(B) and all x ∈ B.

Proof. We break the integral on the left hand side into the sum of the integrals over
‘rings’ B ∩ (B(x, diamB/2k) \B(x, diamB/2k+1)). In each ‘ring’ we have |x− z|γ−n ≈
(diamB/2k)γ−n. Now we estimate the integral over the ‘ring’ by the integral over the
ball B(x, diamB/2k) and the lemma follows easily.

Lemma 48 If u ∈ W 1,p(IRn) and 0 < λ < 1 then the following inequality holds almost
everywhere

|u(x)− u(y)| ≤ C|x− y|1−λ
(
Mλ
|x−y||∇u|(x) +Mλ

|x−y||∇u|(y)
)
.

Proof. Let x, y ∈ B, diamB ≈ |x− y|. We have

|u(x)− u(y)| ≤ |u(x)− uB|+ |u(y)− uB| ≤ C

(∫
B

|∇u(z)|
|x− z|n−1

dz +
∫
B

|∇u(z)|
|y − z|n−1

dz

)
≤ C|x− y|1−λ

(
Mλ
|x−y||∇u|(x) +Mλ

|x−y||∇u|(y)
)
.

The last inequality follows from the previous lemma with γ = 1.

Lemma 49 Let G be as above and 1 ≤ p <∞. Then there exsts a constant C > 0such
that

Hn−1({x ∈ ∂G : M
1/p
1 g(x) > t}) ≤ C

tp

∫
IRn
|g(z)|p dz

for all g ∈ Lp(IRn).

The lemma states that the operater M
1/p
1 has weak type (p, p) as an operator between

Lp(IRn) and Lp(∂G). The proof follows from a standard application of the Vitali type
covering lemma, in the same way as in the proof that Hardy–Littlewood maximal
operator is of weak type (1, 1). We leave the details to the reader.
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Lemma 50 Let G be as above, 1 ≤ p < ∞ and g ∈ Lp(IRn). Then to every ε > 0
there exists E ⊂ ∂G with Hn−1(E) < ε such that M1/p

r g(x) → 0 as r → 0 uniformly
with respect to x ∈ ∂G \ E.

Proof. Let k ∈ C∞0 (Rn) be such that ‖k − g‖pLp < εp+1. Let h = k − g. Obviously

there exists R < 1 with supx∈Rn M
1/p
R k < ε (because k ∈ C∞0 ). Now since M

1/p
R g ≤

M
1/p
1 h+M

1/p
R k, then

Hn−1({M1/p
R g > 2ε}) ≤ Hn−1({M1/p

1 h > ε}) ≤ C

εp

∫
Rn
|h|p < Cε.

Let Ri, εi → 0 be such that Hn−1({M1/p
Ri
g > εi}) < ε/2i. Now it suffices to put

E =
⋃
i{M

1/p
Ri
g > εi}.

Proof of Theorem 46. We prove that theorem holds with E =
⋂
iEi, where Ei

is as in Lemma 50 with g = |∇u| and ε = 1/i. It suffices to prove that for every i,
Hn(u(∂G\Ei)) = 0. Let ∂G\Ei ⊂

⋃
j B(xj, rj), xj ∈ ∂G\Ei,

∑
rn−1
j < CHn−1(∂G\Ei),

supj rj < ε < 1. Since u is (1− 1/p)-Hölder continuous on ∂G \Ei, then u(B(xj, rj) ∩
(∂G \ Ei) ⊂ B(u(xj), sj) where

sj < C( sup
∂G\Ei

M1/p
ε |∇u|)r

1−1/p
j .

Hence Hn(u(∂G \ Ei)) = 0, because according to Lemma 50∑
j

snj ≤ ( sup
∂G\Ei

M1/p
ε |∇u|)n

∑
j

rn−1
j → 0,

as ε→ 0. This completes the proof.

Lecture 6.

Sobolev spaces on metric spaces. It seems that by its nature Sobolev space can
be defined only on smooth manifold. Indeed, we need compute the Lp norm of the
gradient. As we will see it is possibel, however, to develope theory of Sobolev spaces
on metric spaces equipped with measure. That is all what we need. We do not require
any differentiable structure. Such a general approach has many applications to the
theory of nonlinear subelliptic operators and to the theory of quasiconformal mappings.
Unfortunately we will have no time to discuss those applications.

Given a triple (X, d, µ), where (X, d) is a metric space and µ a positive Borel measure
that is finite on every ball. For 1 ≤ p < ∞ we define Sobolev space M1,p(X, d, µ) as
the set of all u ∈ Lp(X) for which there exists 0 ≤ g ∈ Lp such that the inequality

|u(x)− u(y)| ≤ d(x, y)(g(x) + g(y)) (28)
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holds a.e. When we say that the inequality like (28) holds a.e. we mean that there
exists E ⊂ X with µ(E) = 0 such that inequality (28) holds for all x, y ∈ X \ E.

The space is equipped with a Banach norm

‖u‖M1,p = ‖u‖p + inf
g
‖g‖p

where the infimum is over the set of all functions 0 ≤ g ∈ Lp that satisfy (28) a.e.

Lecture 7.

Sobolev mappings between manifolds. Consider the following variational problem.

Among all the mappings u : Bn → Sn−1 with given trace on the boundary of the
ball find the mappling which minimizes p-energy:

Ip(u) =
∫
Bn
|∇u|p =

∫
Bn

 n∑
i,j=1

(
∂ui
∂xj

)2
p/2 .

A natural space on which the functional is defined should be expressed in terms of
Sobolev functions. This will be so called called space of Sobolev mappings between Bn

and Sn−1.

First we need define carefully the space of Sobolev mappings between manifolds.
Let Ω ⊂ IRn be an open set and X ⊂ IRk a closed set. Then the space of Sobolev
mappings W 1,p(Ω, X) is defined as the set of those mappings uΩ → IRk such that
coordinate functions belong to W 1,p(Ω) and u ∈ X a.e.

Fix w ∈ W 1,p(Ω, X). By W 1,p
w (Ω, X) we will denote the space those Sobolev map-

pings between Ω and X whichi coincide with w on the boundary in the sense of Sobolev
functions. If ∂Ω is sufficently smooth and g ∈ W 1−1/p,p(∂Ω, X) then we can define in
an obvious way W 1,p

g (Ω, X).

It is not always true that W 1,p
g (Ω, X) 6= ∅. For example if g(x) = x for x ∈ ∂Bn

and p > n, then W 1,p
g (Bn, Sn−1) = ∅. This is a direct consequence of the Sobolev

imbedding theorem. If p < n, then W 1,p
g (Bn, Sn−1) 6= ∅. Indeed, we have already seen

during Lecture !!! that the mapping u(x) = x/|x| belong to the sobolev space for given
range of exponents.

Fix g such that W 1,p
g (Bn, Sn−1) 6= ∅ and define the functionl Ip on the class

W 1,p
g (Bn, Sn−1).

It is very easy to prove the existence of the minimizer in W 1,p
g (Bn, Sn−1). Let

uk ∈ W 1,p
g (Bn, Sn−1) be a sequence minimizing the p-energy. Then there is a sub-

sequence (still denoted by uk) weakly convergent to some u. As we know Ip(u) ≤
lim infk→∞ Ip(uk). Now by the Theorem!!! the sequence uk is convergent a.e. and
hence u0 ∈ W 1,p

g (Bn, Sn−1), so u is a desired minimiser.
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It is not obvious how to derive the Euler-Lagrange equations for the minimizer u.
The problem is that if ϕ ∈ C∞0 (Bn, IRn) then, in general, the mapping u+ tϕ does not
belong to W 1,p

g (Bn, Sn−1), and hence, in general, it is not true that Ip(u+ tϕ) ≤ Ip(u),
so we cannot derive Euler–Lagrange equations in a standard way.

Let π : IRn \{0} → Sn−1, π(x) = x/|x| be the radial projection on the sphere. Then
for t sufficently close to 0, π(u + tϕ) ∈ W 1,p

g (Bn, Sn−1), so we can use that family of
mappings to derive E.-L. equations. Namely the minimizer satifies

d

dt
Ip

(
u+ tϕ

|u+ tϕ|

)
|t=0 = 0,

for everyϕ ∈ C∞0 (Bn, IRk).

The straightforward, but rather technical and boring computation leads to desired
Euler–Lagrange equations. We will not give here all details, but we will sketch the
main steps.

We will use notation u(t) = (u + tϕ)/|u + tϕ|. Note that u(0) = u. The function
u(t) depends on t and x. When we write ∇u(t) we mean the gradient with respec to
x. We have

d

dt
|t=0Ip(u(t)) =

d

dt
|t=0

∫
Bn
|∇u(t)|p dx =

∫
Bn

p

2
|∇u|p−2 d

dt
|t=0|∇u(t)|2 dx (29)

Lemma 51

d

dt
|t=0|∇u(t)|2 = 2〈∇u,∇ϕ〉 − 2|∇u|2〈u, ϕ〉 = 2

n∑
i,j=1

∂ui
∂xj

∂ϕi
∂xj
− 2|∇u|2

n∑
i=1

uiϕi.

This lemma is the most technical part of the proof and we leave details to the reader
as an exercise.

Using the lemma we can write (29) as follows

p
∫
Bn

(
|∇u|p−2〈∇u,∇ϕ〉 − |∇u|p〈u, ϕ〉

)
dx = 0

In other words this is the weak formulation of the following system of Euler–Lagrange
equations

div |∇u|p−2∇ui + ui|∇u|p = 0, (30)

for i = 1, 2, . . . , n. Note that since the above system is the system of Euler–Lagrange
equations for the variational problem which admitts a minimizer, this implies that for
g = (g1, . . . , gn) such that W 1,p

g (Bn, Sn−1) 6= ∅ system (30) has a solution with the
boundary conditions ui = gi and the constrain

∑n
i=1 u

2
i = 1.

So far we did not give any example of the solution to the system (30). Let g(x) = x.
A direct computation shows that the mapping u0(x) = x/|x| solves the above system.
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A much less trivial result is that this is minimizer of the p-energy for some p. The
known results are: ...

We will prove the following.

Theorem 52 The mapping u0(x) = x/|x|, u0 : Bn → Sn−1 minimizes 2-energy in the
class of the mappings which are identity on the boundary of the ball.

Before we present a proof, we need introduce a ncecssary technical machinery which is
of independent interest.

The first question we want to deal with is whether every mapping u ∈ W 1,p(Bn, Sn−1)
can be approximated by smooth maps C∞(Bn, Sn−1). The Meyers–Serrin theorem says
that smooth functions are dense in the Sobolev space. However, if we try to approxi-
mate u by a sequence of smooth mappings uk, then values of uk belong to the linear
space IRn that contain Sn−1. It is not clear whether it is possible to arrange uk with
values in Sn−1. In fact in general the answer is no.

Theorem 53 Let u0(x) = x/|x|. Then u0 ∈ W 1,p(Bn, Sn−1) for 1 ≤ p < n. If
n− 1 ≤ p < n, then u0 cannot be approximated by C∞(Bn, Sn−1) maps. On the other
hand C∞(Bn, Sn−1) is dense in W 1,p(Bn, Sn−1) for 1 ≤ p < n− 1.

The detailic proof will be given in the next lecture. Now we only show that u0 cannot
be approximated by smooth maps for n − 1 < p < n. Fix such a p and assume
that uk ∈ C∞(Bn, Sn−1) converges to u0 is the Sobolev norm. Then Fubuni’s theorem
implies that uk|Sn−1(r) → u0|Sn−1(r) in the Sobolev space W 1,p(Sn−1(r)). Since p > n−1,
we have the uniform convergence on almost every sphere by Sobolev imbedding theorem.
This, however, contradicts the fact that the mapping u0|Sn−1(r) : Sn−1(r) → Sn−1 has
topological degree 1, while the mapping uk|Sn−1(r) : Sn−1(r) → Sn−1 has degree 0.
(Indeed, uk has smooth extension to the whole ball, so uk|Sn−1(r) is homotopical to a
constant map.)

Lecture 8.

Sobolev mappings and algebraic topology.

Exercises and examples
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Carathéodory spaces and the existence of minimal surfaces. Comm. Pure Appl. Math.
49 (1996), 1081–1144.

[18] Giaquinta, M.: Multiple integrals in the calculus of variations and nonlinear ellptic
systems, Ann. Math. Studies, Vol. 105, Princeton Univ. Press, 1983.

41



[19] Gilbarg, D. & Trudinger, N., Elliptic partial differential equations of second order.
Springer-Verlag, 1983.
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