Homework 8 for Math 1530
Due day: December 13, 2019

Problem 84. Let (X, d) be a metric space. Prove that theset A = {x € X : d(x,z0) > 1}
is open, where xy € X is any fixed point.

Proof. WRITE YOUR SOLUTION HERE. 0J
Problem 85. Show that the following sets are not compact, by exhibiting an open cover
with no finite subcover

(a) {r eR": |z| < 1},
(b) Z C R.

Proof. WRITE YOUR SOLUTION HERE. O
Problem 86. Is it true that in a metric space the closed ball equals to the closure of the
open ball, that is B(x,r) = cl(B(z,r)), where

B(z,r)={y: d(z,y) <r} and B(z,r)={y: d(z,y) <r}?
Proof. WRITE YOUR SOLUTION HERE. O
Problem 87. Let (z,,)%%, be a sequence of points in R? such that ||z, —z,| < 1/(n*+n),
n > 1. Show that (z,) converges.

Proof. WRITE YOUR SOLUTION HERE. 0J

Problem 88. Prove that if K; and K, are nonempty compact and disjoint subsets of a
metric space X, then the set A = K; U K5 is disconnected.

Proof. WRITE YOUR SOLUTION HERE. O

Problem 89. Prove that (R", g), where

_ ==yl

is a metric space.

Proof. WRITE YOUR SOLUTION HERE. 0J

Problem 90. Prove that every compact metric space is separable.

Proof. WRITE YOUR SOLUTION HERE. O

Problem 91. Provide an example of a complete metric space that is not separable.
Proof. WRITE YOUR SOLUTION HERE. O

Problem 92. Let X be a complete metric space and let V,,, n = 1,2,3,... be open and
dense sets. Prove that (°2, V;, is dense in X.

Proof. WRITE YOUR SOLUTION HERE. 0J

Problem 93. Use previous problem to prove that the set of irrational numbers cannot be
written as a union of countably many closed subsets of R.
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Proof. WRITE YOUR SOLUTION HERE. 0J

Problem 94. Prove that ¢! is a metric space, where

[e.9] [e.9]

C={r=(v1,22,...): Y _|u| <o} dlx,y) =z =yl = |zn— yal-
n=1 n=1
Proof. WRITE YOUR SOLUTION HERE. ]

Problem 95. Prove that ¢! is complete.
Proof. WRITE YOUR SOLUTION HERE. ]

Problem 96. Prove that ¢! is separable.
Proof. WRITE YOUR SOLUTION HERE. O

Problem 97. Prove that if € ¢* and r > 0, then the closed ball in ¢!
Bz, 1)={ze€l' ||z —z|, <1}
is not compact.!

Proof. WRITE YOUR SOLUTION HERE. 0J

Problem 98. Let

0° ={x = (x1,29,...) : sup|z,| < o0} d(z,y) = ||r — Ylloo = sup |z, — yn|-

n n

Prove that the metric space £ is not separable.
Proof. WRITE YOUR SOLUTION HERE. O

Problem 99. Prove that for every separable metric space (X, d) there is an isometric

embedding k : X — £*°.
Hint: Let o € X and let {x;}32, be a countable and a dense subset. For each v € X
consider a sequence (d(z,x;) — d(x;,x0))2;.

Proof. WRITE YOUR SOLUTION HERE. O

Problem 100. Let X C R" be a compact set. Prove that the set
Y ={yeR": |z —y| =2019 for some z € X}
is compact.

Proof. WRITE YOUR SOLUTION HERE. 0J

Problem 101. Construct an example of a decreasing family of connected sets
013023033...,

such that the intersection (1,2, C; is disconnected. (It is enough if you define C; on a
picture.)

IThis provides an example of a complete metric space where bounded and closed sets are not necessarily
compact.



Proof. WRITE YOUR SOLUTION HERE. 0J

Problem 102. Let (f,)22,, fn : [0,1] = R be sequence of continuous functions such that
(a) fu(z) >0 for all x and n,

(b) fn-‘rl S fn for all n,
(¢) lim f,(x) =0 for all z € R.
n—oo

Prove that f, = 0 converges uniformly to 0.

Proof. WRITE YOUR SOLUTION HERE. 0J

Problem 103. Let F': R® — R be a norm, that is for all z,y € R® and t € R,
(a) F(z) > 0 and F(x) =0 if and only if x = 0,
(b) F(z +y) < F(x) + F(y),
(c) F(tx) = [t|F(x).
Prove that there are constants A, B > 0 such that
Allz|| < F(z) < Bljz|| for all z € R™.

Proof. WRITE YOUR SOLUTION HERE. O

Problem 104. Prove that if X is a metric space and f : X x [0,1] — R is continuous,
then

g: X =R, g(z)= sup f(z,1)
te(0,1]

1S continuous.

Proof. WRITE YOUR SOLUTION HERE. OJ

Problem 105. Prove that is A C X is a dense subset of a metric pace X, and f: A — R
is continuous, then there is a unique function F' : X — R such that F(x) = f(x) for all
x € A. Prove then that F' is uniformly continuous.

Proof. WRITE YOUR SOLUTION HERE. 0J

Problem 106. Let f : A — X be a mapping between a dense subset A C R" and a
complete metric space (X, d). Assume that d(f(z), f(y)) < |z —y| for all z,y € A.

(a) Prove that there is a mapping F' : R" — X such that d(F(z), F(y)) < |z — y| for
all z,y € R" and F(x) = f(x) whenever z € A.

(b) Provide an example showing that the claim in (a) is not true if we do not assume
that the space (X, d) is complete.

Proof. WRITE YOUR SOLUTION HERE. 0

Problem 107. Show that the Hilbert cube
H={x=(21,79,...): 0<x, <27" for each n € N}

is compact when equipped with the ¢* metric d(z,y) = Z |T0 — Ynl.
n=1

Proof. WRITE YOUR SOLUTION HERE. 0J



Problem 108. Let f, : R* — R™ be continuous maps (n = 1,2,...) Let K C R* be
compact. Prove that if f, = f uniformly on K, then the set

S=f(K)U U fn(K) is compact.
n=1
Proof. WRITE YOUR SOLUTION HERE. O

Problem 109. Let f, : X — R, n=1,2,... be a sequence of continuous functions on a
metric space X such that the series Y~ | f,(z) converges for all x € X and

- 1/2
sup ( fn(a:)2> < 00.
1

zeX n—

Prove that if a series of real numbers c,, n = 1,2, ... satisfies Y >~ ¢2 < oo, then the series

n=1"n
> enfalx)
n=1

converges uniformly to a continuous function.

Proof. WRITE YOUR SOLUTION HERE. O

Problem 110. A graph of a mapping f : X — Y is defined as
Gr=Alz,y) e X XY :y=flz)}.

Prove that if X is a metric space and Y is a compact metric space, then themap f: X — Y
is continuous if and only if G is a closed subset of X x Y.

Proof. WRITE YOUR SOLUTION HERE. O
Problem 111. Let (X,d) be a compact metric space and z € Z. Let T : X — X be

a maping that satisfies d(z,y) < d(T'(z),T(y) for all z,y € X, that is the distances are
non-decreasing under the mapping 7". Define {z,} by

1 =T(2) and x4 =T (x,) for n > 1.

Prove that there is a subsequence of {x, } which converges to z.

Proof. WRITE YOUR SOLUTION HERE. 0
Problem 112. Let (X, d) be a compact metric space and f : X — R be a continuous
function. Prove that for any € > 0, there is C' > 0 such that

|f(@) = f(y)l < Cd(z,y) +¢ forallz,y e X.

Proof. WRITE YOUR SOLUTION HERE. O
Problem 113. Let (X, d) be a metric space and f : X — X be a contraction mapping.

Prove that if a non-empty and compact set K C X satisfies f(K) = K, then K contains
exactly one point.

Proof. WRITE YOUR SOLUTION HERE. 0J



Problem 114. Let (X, d) be a compact metric space. Prove that if f : X — X satisfies
d(f(x), fy)) < d(z,y) for all z,y € X, x # y, then, there is a unique point x € X such
that f(z) = x.

Proof. WRITE YOUR SOLUTION HERE. O
Problem 115. Find an example of a function f : R — R such that

[f(2) = fy)l <l|z—y| forallz,yeR z#y.

and f has no fixed point. You can find an explicit formula for f, but you do not have to.
It is enough if you find a convincing argument that such a function exists. You do not
have to be very precise, but your argument has to be convincing.

Proof. WRITE YOUR SOLUTION HERE. OJ



