Homework for Math 1540
Due day: Tuesday, January 28, recitations

Problem 20. Let A = [a;;] be the matrix of a linear mapping A € L(R",R™). Prove that
the norm

IA]l = Sup [ Az]

satisfies the inequality
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Hint: You may use the following argument: Write the components of the vector Ax as
scalar products of rows on A and x. Then use the Schwarz inequality to estimate the length

of the vector Ax.
Proof. WRITE YOUR SOLUTION HERE. O

Problem 21. Let f : R — R be differentiable and F' : R? — R be defined by F(z,y) =
f(zy). Prove that
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Proof. WRITE YOUR SOLUTION HERE. O

Problem 22. We say that a function f : R" — R is homogeneous of degree m if f(tx) =
t™f(x) for all z € R™ and all ¢ > 0. Prove that if f is differentiable on R” and homogeneous
of degree m, then

ixa—f(x) =mf(x) forall z € R"

i=1 ‘O
Proof. WRITE YOUR SOLUTION HERE. O

Problem 23. We know that a function f(x,y) is differentiable at (0,0). We also know
the directional derivatives

D,f(0,0) =1 where u = [1//5,2/V5],

D,f(0,0) =1 where v = [1/v/2,1/V/2].
Find the gradient V £(0,0).
Proof. WRITE YOUR SOLUTION HERE. O
Problem 24. Let f € C'(R?) be such that f(1,1) = 1 and Vf(1,1) = (a,b). Let
p(x) = f(z, (2, f(z,2))). Find o(1) and ¢'(1).
Proof. WRITE YOUR SOLUTION HERE. 0J

Problem 25. A function f : R” — R is differentiable. Find the derivative of the function
F(t) = (f(t,t*,...,t")? teR
of one variable.

Proof. WRITE YOUR SOLUTION HERE. 0J



Problem 26. Verify by a direct computation that the vector field F'(x) = z|z|™" defined
on R™\ {0} is divergence free, i.e.

divF(x)-Z?(xi ) =0 forall z #0.
=1 O

Ja]"
Proof. WRITE YOUR SOLUTION HERE. O
Problem 27. Prove that for a > 0 the function ¢ : R* — R",
O(z) = zfz[*
is of class C'. Find D®(x).
Proof. WRITE YOUR SOLUTION HERE. O

Problem 28. Find all the points (z,y) € R? where the function
flx,y) =le* =] - (z +y —2)
is differentiable.

Proof. WRITE YOUR SOLUTION HERE. 0J

Problem 29. Consider the function g : R* — R given by

glz,y) = 23?3, for all (z,y) € R2.
Prove that g is differentiable at (0,0).
Proof. WRITE YOUR SOLUTION HERE. 0J
Problem 30. Find a function f : R? — R that is differentiable at each point, but whose
partial derivatives are not continuous at (0, 0).
Proof. WRITE YOUR SOLUTION HERE. O

Problem 31. Prove that is the partial derivatives (of first order) of a function f: R” — R
exist everywhere and they are bounded, then the function f is continuous.

Proof. WRITE YOUR SOLUTION HERE. 0]
Problem 32. Prove that if f, g € C*(Q), Q@ C R, then for any multiindex o with |a] < k

we have
D*(fg) = Z (g) DPfD*Fgq,
BLa

where 8 < o means that §; < o for i =1,2,...,n,a — = (a; — B1,...,0, — ) and

(a) B a!
5 Bla—B)!
Proof. WRITE YOUR SOLUTION HERE. L]



