Homework 3 for Math 1540
Due day: February 21, Canvas.

Problem 21. We say that a subset E of a metric space is Gy if there is a sequence of open sets
{Ui}2, such that E = ()72, U;. Let f: X — R be a function defined on a metric space. Prove
that the set

{z € X : f is continuous at z}
is Gs.
Hint: Let m and n denote positive integers. It is very easy to verify and you can take it for granted
that f is continuous at x iff

VnImVz,w (d(z, z) < m~t d(z,w) <m™t = |f(2) - f(w)] < n_l) :
Now the idea is to define sets Uy, ,, and then characterize the set of all points of continuity of f in
terms of Up -

Proof. O

Problem 22. Prove (using only the material covered in the course) that there is no continuous
and one-to-one function f : R?> — R. Hint: Assume that such a function exists and then restrict
the function to the unit circle in R?.

Proof. O

Problem 23. Let (X,d) be a compact metric space and z € X. Let T : X — X be a function
which satisfies d(x,y) < d(T(z),T(y)) for all z,y € X, i.e. the distances are non-decreasing under
the mapping T'. Define {x,} by

x1=T(z) and xp41 = T(zy) for n > 1.
Prove that there exists a subsequence of {z,,} which converges to z.

Proof. O

Problem 24. Let (X,d) be a nonempty complete metric space. Let S : X — X be a given
mapping and write S2 for So S i.e. S?(x) = S(S(x)). Suppose that S? is a contraction. Show that
S has a unique fixed point.

Proof. O

Problem 25. Let A € R™™™ be an invertible matrix.
(a) Show that there exists A > 0 such that |z| < A|Az| for all x € R™.
(b) Let 0 < A < A~! and let f: R® — R" be a Lipschitz map with |f(z) — f(y)| < Az — y| for
all z,y € R™. Show that for any y € R"”, there exists exactly one z € R" satisfying
Az + f(x) = y.
Proof. O

Problem 26. Prove that is a sequence of L-Lipschitz functions fj : R™ — R is such that (fx(q))x
convergent for every ¢ € R™ with all rational coordinates, then the sequence (fx(z))x is convergent
for every x € R™.

Proof. O

Problem 27. Let {f,}>°, be a uniformly bounded equicontinuous sequence of real-valued func-
tions on a compact metric space (X, d).
(a) Prove that the family g,(z) = max{fi(x),..., fo(z)}, n € X is uniformly bounded and

equicontinuous.
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(b) Prove that the sequence {gn}22, converges uniformly on X.
Proof. O
Problem 28. Show that

K :={fec((0,1))nC’(0,1]): f'(x)=|f(x) and |f(z)| <2 holds for all z € (0,1)}
is a compact set when equipped with the metric

d(f,9) :== sup |f(z) —g(z)|+ sup |f'(x) —g'(2)].

z€[0,1] z€(0,1)

Proof. O
Problem 29. Let h : [0,27] — R be continuous and D = {(x,y) : 22 + y?> < 1}. Define the
sequence of functions {F,} on D by

27
Fo(z,y) = / cos(zsinf + ycosd — nh(6))do
0

for (z,y) € D and n € N. Prove that {F},} has a subsequence that converges uniformly on D.
Proof. O

Problem 30. Let f : R® — R be bounded and uniformly continuous. Prove that the family of
functions {g,}.ern, g.(x) = f(z)f(z — z) is equicontinuous.

Proof. O



