Analysis 1: homework # 1
Due day: Friday August 28, 2020

NAME (print):

If you do not have a complete solution do not submit it as you will get negative points for an
incomplete solution. All solutions have to be written in LaTeX using this template and submitted

as a pdf file.

Problem 1. Prove that 9 is a o-algebra of subsets of X if and only is

(1) X e,
(2) If A,B € M, then A\ B € M,
(3) If Ay, Ag, A ... € M are pairwise disjoint, then (J;2, A; € M.

Proof. (Write your solution here.)

Problem 2. Use counting measure p to show that it can happen that A; D As D A3 D ..

u (Q Az) # lim pi(A;).
Proof. (Write your solution here.)
Problem 3. Let X be a metric space and let ¢ be a measure in B(X). Prove that
p(E)=inf u(U)
U—open
defines a metric outer measure.

Proof. (Write your solution here.)

Problem 4. Show that

o If #*(E) < oo, then H!(E) = 0 for all t > s;
o If H*(E) > 0, then H!(F) = oo forall 0 <t < s.

Proof. (Write your solution here.)
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Problem 5. Let f : R™ — R™ be a homeomorphism. Prove that A C R" is Borel if and only if

f(A) is Borel.

Proof. (Write your solution here.)

Problem 6. Let € C [0, 1] be the ternary Cantor set. Prove that dimy(€) < log2/log 3.

Proof. (Write your solution here. I did explain the proof in a lecture, but it is only in the video
so you need to understand it and the best way to do it is to write your solution. It is okay if you

copy my argument.)
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Problem 7. Prove that the set of irrational numbers R\ Q is a Borel set.

Proof. (Write your solution here.)



