
Analysis III: homework # 2
Due day: Canvas, September 23

NAME:

Problem 12. Show an example of homeomorphic metric spaces X and Y such that X is
complete, but Y is not.

Problem 13. Prove that if normed spaces X and Y are isomorphic and X is a Banach
space, then Y is a Banach space too.

Problem 14. Prove that for every every s = (si) ∈ `1, 〈x∗, x〉 =
∑∞

i=1 sixi defines a
functional on `∞ with ‖x∗‖ = ‖s‖1.

Problem 15. Prove that u ∈ C0(Rn) if and only if u is continuous and lim|x|→∞ u(x) = 0.

Problem 16. Prove that if X is a locally compact metric space, then C0(X) is a Banach
space with the norm

‖u‖ = sup
x∈X
|u(x)|.

Prove also that Cc(X) is a dense subset of C0(X).

Problem 17. Prove that every separable metric space X can be isometrically embedded
into `∞. Hint: Consider a sequence (d(x, xk)−d(x0, xk))k, where x0 ∈ X and {xk}∞k=1 ⊂ X
is a dense subset.

Problem 18. Prove that every separable real Banach space is isometrically isomorphic to
a subspace of `∞.

Problem 19. Prove that there is an isometric embedding of R to real `∞2 that is not
linear.
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