Analysis III: homework # 4
Due day: October 24, 2021, Canvas

NAME (print):

Problem 28. Find a bounded and closed set in ¢? that is not compact.

Problem 29. Find a nonempty closed set in ¢ that contains no element of smallest norm.
Problem 30. Find a measure for which R” is isometric to L*(p).

Problem 31. Show an example of f € L'(R")\ L*(R").

Problem 32. Let X be a normed space and let ¢ be a linear and discontinuous functional
on X. Prove that ker/ is a dense subset of X.

Problem 33. Prove that if f € L _(R™)\ L*(R"), then there is an orthonormal basis

loc

{pn}se, of L*(R™) consisting of C§°(R™) functions such that
f(x)pn(x)dr =0 foralln=1,23,...
Rn
Hint: Use f to define a discontinuous functional and use Problem 32.

Problem 34. Let {u,}°, be an orthonormal basis in a Hilbert space H. Prove that if
{vn}22; is an orthonormal set such that

o0
Z [t = va | < 00,
n=1

then {v,}5°, is also an orthonormal basis.

Problem 35. Let {e,}>°, be an orthonormal basis in a Hilbert space. Prove that the set

o
Q= {Z anep : |an| <n '}
n=1

is compact.



