
Analysis 4: homework # 2
Due day: March 6, 11:59 pm

Solutions must be typed in LaTeX and submitted through Canvas.

Problem 12. Prove that if f ∈ L1
loc(Rn), then

Mf(x) ≤ lim inf
y→x

Mf(y) for all x ∈ Rn,

where Mf is the Hardy-Littlewood maximal function.

Problem 13. Prove that if f, g ∈ L2(Rn), then f ∗ g is uniformly continuous.

Problem 14. Prove that if f ∈ L1(Rn) and f ∗ f = 0, then f = 0 a.e. Hint: Use the
Fourier transform.

Problem 15. Let Pf =
∑
|α|≤m aαD

αf be a partial differential operator with constant

coefficients (at least one coefficient is different than 0). Prove that there are no functions
f ∈ Sn satisfying Pf = 0 on Rn. Hint: Use the Fourier transform.

Problem 16. Assume f ∈ L1 ∩ L∞ and f̂ ≥ 0. Prove that f̂ ∈ L1. Hint: Use the
Gauss-Weierstrass summability method.

Problem 17. Evaluate
∫∞
0
e−y

a
dy, a > 0. Provide the answer in terms of the Γ function.

Problem 18. Find δa ∗ δb, where δa and δb are Dirac measures concentrated at points
a, b ∈ Rn.

Problem 19. Prove that if µ1, µ2 are measures of finite total variation, then

µ̂1 ∗ µ2 = µ̂1 · µ̂2,

Problem 20. Prove that if µ is a finite positive Borel measure on Rn, then the function
h(x) = µ̂(x) satisfies

n∑
i,j=1

h(xi − xj)ξiξj ≥ 0 for all xi ∈ Rn and ξi ∈ C, i = 1, 2, . . . , n.
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