
Analysis 4: homework # 3
Due day: March 20, 11:59 pm

Solutions must be typed in LaTeX and submitted through Canvas.

Problem 21. Show carefully that letting t→ 0+ in the equality
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=
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1− e−2πt
, t > 0

yields
∞∑
n=1
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=
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Problem 22. We proved the Heisenberg inequality under the assumption that f ∈ S1. Prove the
Heisenberg inequality for f ∈ L2.

Problem 23. Suppose that a function f satisfies the estimate |f(x)| ≤ C(1 + |x|)−N for some integer

N > n. Prove that f̂ ∈ CN−n−1(Rn).

Problem 24. Prove that C∞0 (Rn) is dense in Sn using the argument described below:

Let η ∈ C∞0 (Rn), 0 ≤ η ≤ 1, η(x) = 1 for |x| ≤ 1, η(x) = 0 for |x| ≥ 2. Let ηR(x) = η(x/R) for R > 0.
Prove that if ψ ∈ Sn, then ηRψ → ψ in Sn as R→∞.

Problem 25. Prove that if ϕ ∈ Sn,
∫
Rn ϕ = 1 and ϕε(x) = ε−nϕ(x/ε), then for any ψ ∈ Sn, ϕε ∗ψ → ψ

in Sn. Hint: Using the fact that the Fourier transform is a homeomorphism of Sn onto itself simplifies
computations.

Problem 26. Prove that the space Sn is a complete metric space.
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